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A CONVERGENCE THEOREM FOR A CLASS OF NYSTROM
METHODS FOR WEAKLY SINGULAR INTEGRAL EQUATIONS
ON SURFACES IN R?

OSCAR GONZALEZ AND JUN LI

ABSTRACT. A convergence theorem is proved for a class of Nystréom methods
for weakly singular integral equations on surfaces in three dimensions. Fred-
holm equations of the second kind as arise in connection with linear elliptic
boundary value problems for scalar and vector fields are considered. In con-
trast to methods based on product integration, coordinate transformation and
singularity subtraction, the family of Nystrom methods studied here is based
on a local polynomial correction determined by an auxiliary system of moment
equations. The polynomial correction is shown to remove the weak singular-
ity in the integral equation and provide control over the approximation error.
Convergence results for the family of methods are established under minimal
regularity assumptions consistent with classic potential theory. Rates of con-
vergence are shown to depend on the regularity of the problem, the degree of
the polynomial correction, and the order of the quadrature rule employed in
the discretization. As a corollary, a simple method based on singularity sub-
traction which has been employed by many authors is shown to be convergent.

1. INTRODUCTION

The method of integral equations has a long and rich history in both the analysis
and numerical treatment of boundary value problems [7, 9, 14, 19, 23, 24, 26, 29,
31, 45]. On the analysis side, the method provides a classic approach to the study of
existence and uniqueness questions. On the numerical side, the method provides an
alternative formulation which can be efficiently discretized. In the basic approach, a
boundary value problem described by a partial differential equation on a domain of
interest is reduced to an integral equation on the bounding surface. The unknown
scalar or vector field throughout the domain is represented in terms of one or more
integral potentials which depend on an unknown surface density. The representation
can take various different direct and indirect forms and the integral potentials
usually involve kernels that are at least weakly singular. The reduction in dimension
makes the method of integral equations extremely attractive, especially for problems
on exterior domains. Indeed, the method has been used in many different modern
applications in acoustics and electromagnetics [15, 39], hydrodynamics [42, 43],
elastostatics [27, 37], and molecular modeling [1, 5, 8, 10, 21].

Once a problem has been reduced to an integral equation, various different types
of methods are available for its numerical resolution [7, 19, 24, 31, 45]. In Galerkin
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methods, the unknown density and integral equation are projected onto a finite-
dimensional subspace of functions on the surface, where the projection is defined
through an inner-product on the space. Basis functions for the space may be piece-
wise polynomials, splines or wavelets with local supports [2, 7, 19, 34], or related
eigenfunctions with global supports [6, 17, 18, 22]. A method is completed through
the specification of appropriate quadrature formulae for the evaluation of double
surface integrals in the inner-product. In collocation methods, the unknown density
and integral equation are projected similar to before, but the projection is defined
through pointwise interpolation on the surface. As a consequence, only single sur-
face integrals arise, which is computationally attractive. In Nystrom methods, the
integrals in the integral equation are directly approximated by a quadrature rule,
which leads to a direct approximation of the unknown density at the quadrature
nodes, which can then be interpolated over the surface. For problems with contin-
uous kernels, the Nystrém approach leads to simple, efficient and well-understood
schemes, and for problems with weakly singular kernels, various modifications are
required to handle the singularities, such as product integration, coordinate trans-
formation and singularity subtraction [4, 7, 12, 13, 19, 31, 36, 44, 48].

In this article, we study a class of modified Nystrom methods based on local
polynomial corrections. The methods studied here share some similarities with
product integration and singularity subtraction methods, but have various impor-
tant differences. The basic approach is to employ standard quadrature weights
away from the diagonal of the weakly singular kernel, and generalized or corrected
weights near the diagonal. In product integration methods, the corrected weights
are defined so as to include the action of the kernel on a mesh-dependent basis of
interpolating polynomials. In the methods considered here, the corrected weights
include the action of the kernel on a mesh-independent basis of local floating poly-
nomials, and furthermore the weights themselves are expressed as the pointwise
values of such a polynomial. The local polynomial that generates the corrected
weights is determined through an auxiliary system of moment equations. Such a
local polynomial correction is shown to implicitly regularize the weak singularity in
the kernel, as would occur in a singularity subtraction method, and provide control
over the approximation error.

We establish a convergence theorem for a family of modified Nystrom methods
for integral equations on surfaces in three dimensions. We restrict attention to
Fredholm equations of the second kind with weakly singular kernels as arise in con-
nection with linear elliptic boundary value problems for scalar and vector fields. In
contrast to methods based on product integration, coordinate transformation and
singularity subtraction, we consider methods based on a local polynomial correc-
tion as described above. Convergence results in the standard maximum norm are
established under minimal regularity assumptions consistent with classic potential
theory. Rates of convergence are shown to depend on the regularity of the surface
and data, the degree of the local polynomial correction, and the order of the un-
derlying quadrature rule. In the minimal regularity case, there is no lower bound
on the rate, and in the smooth case, there is no upper bound on the rate. Indeed,
arbitrarily high rates of convergence can be achieved with local polynomial cor-
rections of arbitrarily high degree. Various important assumptions on the weakly
singular kernel and the quadrature rule are discussed in detail. As a corollary of
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our result, we show that a simple method based on singularity subtraction which
has been employed by many authors is convergent under the same assumptions.

The mathematical theory of convergence of Nystrom methods of integral equa-
tions of the second kind on regular surfaces is a well-studied subject. The conver-
gence theory for standard methods on problems with continuous kernels is classic
[7, 19, 31]. Similarly, the theory for product integration methods on problems with
weakly singular kernels is also well-established [7, 19, 31], although some of the
hypotheses may be difficult to verify in three-dimensional problems. Convergence
results for methods based on floating polar coordinate transformations are described
in [12, 11, 48]. Convergence results for methods based on the classic idea of singular-
ity subtraction as introduced by Kantorovich and Krylov [28] have been established
for one-dimensional problems in [4], and have been studied for higher-dimensional
problems in [44]. Methods similar to those introduced here were considered in
[13], but no mathematical convergence results were given. Numerical experiments
which illustrate several aspects of the lowest-order method of the family introduced
here can be found in [36]. Related convergence results under different regularity
assumptions are given in [35].

The presentation is structured as follows. In Section 2 we define the class of
boundary integral equations to be studied. We outline various important assump-
tions on the surface and kernels associated with the equation, and introduce no-
tation and results that will be needed throughout our developments. In Section 3
we define our family of Nystrom methods with local polynomial corrections as de-
scribed above. We outline essential assumptions on the quadrature rule and other
elements of the method and then state our main result. In Section 4 we provide
a proof of our result. The proof is based on the theory of collectively compact
operators and several technical lemmas; the latter are established herein and may
be of independent interest.

2. BOUNDARY INTEGRAL EQUATION

2.1. Preliminaries, notation. Throughout our developments, we consider a sur-
face I" in R? consisting of a finite number of disjoint, closed, bounded and orientable
components. We invoke the standard assumptions of classic potential theory [23, 29]
and assume that I" is a Lyapunov surface. Thus:

(L1) there exists a well-defined outward unit normal v(z) and tangent plane T,,I"
at every x € I',

(L2) there exists constants C' > 0 and 0 < A < 1 such that 6(v(z),v(y)) <
Clz — y|* for all x,y € I', where (v(x),v(y)) is the angle between v/(z)
and v(y), and |z — y| denotes the Euclidean distance,

(L3) there exists a constant d > 0 such that, for every x € I', the subset I' N
B(z,d) is a graph over T,,I", where B(z, d) denotes the closed ball of radius
d centered at x.

We refer to A and d as a Lyapunov exponent and radius associated with I, and
for any = € I', refer to B(x,d) as a Lyapunov ball at z. Notice that, if (L2) and
(L3) hold for some values of A and d, then they also hold for all smaller values.
We assume that values for A and d are fixed once and for all, and for simplicity we
assume from the outset that A = 1.

For any zo € I', we use I, 4 to denote the portion of I" within the Lyapunov ball
at g, and use (2, 4 to denote the image of I, 4 on T, I" under projection parallel
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to v(xo). We refer to I, 4 as the Lyapunov patch at zo. Without loss of generality,
we identify §2,, 4 with a subset of R?, and identify zo with the origin. We reserve
the notation Ty, I" to indicate the tangent plane considered as a subspace of R®.
The Lyapunov condition (L3) implies that the map

(1) Y= wwo(g)u Yy e Fwo,d7 5 S Qwo,du

defined by projection parallel to v(xg), is a bijection. We refer to y = ), (§) with
inverse & = w;ﬂl (y) as a local Cartesian parameterization of I" at xo. When there
is no cause for confusion, we abbreviate 1z, (&) by ¥, (&), and abbreviate ¢! (y)
by &u,(y). For any ¢ € I' and y € I, 4, the local Cartesian coordinates &, (y)
are uniquely defined up to the choice of orthonormal basis {ts, 1,2} in Tyl
Specifically, we have

(2) gl = w;()l,l(y) = (y - .’IJQ) : two,iu 1= 17 2.

Throughout our analysis, we will also have need to consider a local polar param-
eterization of I" at xy of the form

(3) y =Y (p,€) = Yoy (@(p,€)), Y € [upar  (p,€) € 2V,

where Qp‘)l;" is a subset of Ry x S. Here R, denotes the non-negative reals and
S denotes the unit circle. Notice that the map & = @ (p, 5) = p§ is one-to-one for
all £ # 0, with inverse (p, {) =w &) = (|¢],€/|€]), and is many-to-one at £ = 0,
with 0 = w(0, 5) for all £ € S. For any xg € I and y € I}, 4 with y # x¢ the map
in (3) is invertible. Specifically, for any choice of orthonormal basis {t4,1,tz,,2} in
T.,I", we have

@) (p,©) = [¥2™) (y) where p=|y—ao |§z—70',i=1,2-

We use C™(U,V) to denote the space of m-times continuously differentiable
functions from U C R™ into V C R¥, and C™ (U, V) to denote the subspace of
functions whose derivatives up to order m are Lipschitz. When U is not an open
set or the closure of an open set in R™, we interpret C™ (U, V) to mean functions
possessing an m-times continuously differentiable extension to an open set or the
closure of an open set which contains U. For instance, when U is a Lyapunov patch
on I', we may consider extensions that are constant in the normal direction. We say
that I" is of class C™, and use the notation I € C™, if 1, € C™({2y, .4, R?) and
(2, L e C™(Iyy.4, R?) for every g € I'. Similarly, we say that I is of class C™!, and
use the notation I' € C™1, if ¥, € C™(§2,,,4,R?) and ¢} € C™ (I,,q4,R?) for
every xg € I', and additionally the Lipschitz constant for each derivative is uniform
in xg.

To any f € CH(IRF) we associate a surface derivative Df € CO(I',RF*3).
Specifically, for any point y € I', we define D f(y) € R¥*3 as the usual derivative
matrix at y of an extension of f, where the extension is constant in the normal
direction to I'. When f € C'(I',R¥) is the restriction of some given g € C*(R3, R¥),
the matrix Df(y) is equivalent to the composition of the usual derivative matrix
of g with the projection matrix for orthogonal projection onto 7 I". In the case
when g is constant in the normal direction, the projection matrix can be replaced
by the identity matrix and the two descriptions coincide. Notice that, for any curve

y(r) € I, we have - f(y(7)) = Df(y(7)) f=y(7).
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Given a function of the form f(z,y) with z,y € I', we use the notation f,(y) and
fy(x) to denote the functions obtained by fixing the values of « and y, respectively.
Similarly, we use the notation D, f(x,y) and D, f(x,y) to denote the surface deriva-
tives of f(x,y) with respect to x and y, respectively, where the other variable is held
fixed. Hence D, f(x,y) = Df,(x) and D, f(z,y) = Df,(y). Higher-order surface
derivatives for a function f(y) are defined in a natural way. For instance, if we iden-
tify R¥*3 with R®* and Df € CH(I,R?*), then D2f = D(Df) € CO(I,R3**3) is
defined exactly as above. We denote the diagonal subset of I' x I' by T = {(x,y) €
I x I'| y = x}. Moreover, for any 6 > 0 we also define an open §-neighborhood of
the diagonal by X5 = {(x,y) € I' x I'' | |y —z| < 0}. Throughout our developments,
we use | - | to denote a Euclidean norm or the measure of a surface, as determined
by the context.

2.2. Problem statement. Given a Lyapunov surface I" in three-dimensional space
R?, we consider the problem of finding a function ¢ € C°(I',R¥) that satisfies

(5) cp—Ap = f,

where ¢ # 0 is a given constant, f € C°(I''R¥) is a given function, and A :
CO(I,RF) — CO(I',R¥) is a given integral operator of the form

(6) Ap = Gp + He,

where
0 (Se)) = /F G, 1) pW)dAy,  (Hp)(x) = /F H(w, y)p(y)dA,.

In the above, dA, denotes an infinitesimal area element at y, G € CO(I" x I', RF*¥)
is a continuous kernel, and H € C°(I" x I'\T,R***) is a weakly singular kernel,
which is unbounded along the diagonal subset 7. The above equation is typically
considered with £ = 1 or 3. The first case corresponds to a scalar-valued problem
in three-dimensional space, as would arise in applications to electrostatics, and the
second case corresponds to a vector-valued problem in three-dimensional space, as
would arise in applications to elastostatics and hydrodynamics.

Our study of (5) will rely on various assumptions about the surface I and the
kernels G and H. Specifically, we assume:

(A0) I' € C™F11 for some m > 0, with Lyapunov radius d > 0.
(A1) G € C™(I" x T, RF*F).
(A2) H € C"™YT" x I'\Ts,R¥*F) for every 0 < § < d. Moreover, H can be
decomposed as
®) H(z,y) = u(z,y)/|o —y[*~,

for some function u € CO(I" x I'\Y,R¥**) and exponent 0 < p < 1. Fur-
thermore, on I x I'\Y the component functions u;; (1 <4,j < k) satisfy,
for some positive constant C,

9) luij (2, y)| < C,
(10) |Djuij(z,y) <Cly—z|™°%, 1<s<m+1,
(11) |Dyuij(x,y)] < Cly—z|7°, 1<s<m.
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(A3) When m > 1 we additionally assume that g = 1 and that u has the prop-

erties
(i) uBolr e CON(QPOT RFR) Wag € T,
(i) ul™(0,—€) = ub'™(0,€), VE €S,

(ili) uly € COM(Ihy,a, RFF), Vzg €T,

where Lipschitz constants are uniform in zo and ugglar = Ug, O 1/15(?1"” and

~

12) uﬂw:¥@W@@—@?W£MﬁpMWW@,y#%

0, Y = Zp.
Assumption (A0Q) states that I" must be at least of class C1'1, which implies that
I' is differentiable, with a curvature that is defined almost everywhere and bounded.
Assumption (A1) states that the regularity of G may be one order less than that
of I', which will be convenient for our analysis. Assumption (A2) essentially states
that H is a weakly singular kernel, with regularity properties consistent with those
of G. While the parameter i could be identified with the Lyapunov exponent A,
we keep these parameters distinct for generality; indeed, various technical results
presented later hold for arbitrary 0 < p < 1 and may be of independent interest.
Assumption (A3) outlines additional regularity conditions on H in the case when
I is at least of class C%!. The most specific condition is (A3)(ii), which states that
the function ugﬁl"” is an even function on S at p = 0. As we will see, this implies
that certain local moments of H will vanish. This condition will be important in our
analysis of numerical methods and is related to the classic Tricomi condition that
arises in the study of singular integral operators [47]. This condition is satisfied
by weakly singular kernels H arising in different applications, for example, the
classic double-layer kernel in three-dimensional electrostatics, and incompressible
elastostatics and hydrodynamics. We remark that condition (A3)(ii) is required for
only the lowest-order method studied herein corresponding to a local polynomial

correction of degree zero; it is not required for the higher-order methods.

2.3. Solvability theorem. The following result establishes the solvability of the
boundary integral equation in (5). Its proof follows from the classic Fredholm
Theorems for compact operators and is omitted for brevity, see for example [31,
Chapter 4]. The compactness of A = G+ H will be established in Lemma 4.5.

Theorem 2.1. Under conditions (A0)—(A2) the operator A on C°(I',R¥) is com-
pact. Hence, provided c is not an associated eigenvalue, there exists a unique so-
lution ¢ € C°(I',R¥) for any closed, bounded Lyapunov surface I' € C*' and
boundary data f € CO(I',R¥).

Thus, under mild conditions, the boundary integral equation in (5) has a unique
solution ¢ for any data f. Moreover, because the operator ¢I — A can be shown
to have a bounded inverse, it follows that ¢ depends continuously on f. The
regularity of the solution ¢ is determined by that of the surface I' and data f,
and properties of the operator A. The specific form of A given in (6) arises in
various applications as mentioned above. The component H may be interpreted as
a double-layer potential. The component § may be zero, or may be interpreted as a
range completion term necessary for the uniqueness of solutions. In the latter case,
G may represent a potential due to a discrete or continuous distribution of sources
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located away from the surface. Such operators can be motivated beginning from a
generalized boundary integral representation of a field by a linear combination of
single- and double-layer potentials, and then moving the single-layer potential to
an offset surface, and then possibly also shrinking the offset surface to a curve or
point, or collection thereof. Various forms of such operators have been previously
considered [20, 23, 25, 30, 33, 38, 40, 41].

3. NYSTROM APPROXIMATION

3.1. Mesh, quadrature rule. We consider an arbitrary decomposition of I" into
non-overlapping quadrature elements I'°, e = 1,..., E, each with area |I"®| > 0.
To any such decomposition we associate a size parameter h = max,(diam(I'¢)) >
0. For simplicity, we assume that the elements are either all quadrilateral or all
triangular. In our analysis, we consider sequences of decompositions with increasing
E, or equivalently, decreasing h. We will only consider sequences that satisfy a
uniform refinement condition in the sense that the area of all elements is reduced
at the same rate. Specifically, we assume

Ch* < || <C'h* VYe=1,...,E, E> E. (A4)

Here C, C’ and Ej are positive constants whose values may change from one ap-
pearance to the next.

In each element ', we introduce quadrature nodes zf and weights W7 > 0,
g=1,...,Q, where @ is independent of e, such that

E Q

E
(1) [ r@an =3 [ jwaa =23 rapw;.

e=1qg=1

We assume that the quadrature nodes and weights are defined by mapping each
element I'° to a standard, planar domain using a local parameterization, and ap-
plying a local quadrature rule in the standard domain. In this case, the Jacobian
of the parameterization would be included in the weights W7. We assume that the
quadrature weights remain bounded and that the quadrature points remain distinct
and in the element interiors. Specifically, for any sequence of decompositions that
satisfy the uniform refinement condition, we assume

Ch* < Y2 W <C'h? VYe=1,..E, EZ>E,
Ch < dist(xy,0I°) < h, Vg=1,...,Q, e=1,....FE, E > Ej,
Ch< min |2¢—25|<h, VY¢,¢d=1,....,Q, e =1,...,E, E>E,.
S ot e~ | < a “ =
(A5)

To quantify the error in a quadrature rule for a given function f on a given
surface I', we introduce the normalized local truncation errors

Q

/Fef(x)dAm—Zf(xg)qu , e=1,...,E.

q=1

(14) (e, fh) = |F—1|
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For sequences of decompositions that satisfy a uniform refinement condition, we
require that the above truncation errors vanish uniformly in e depending on prop-
erties of f. Specifically, we assume there exists an integer £ > 1 such that

max 7(e, f,h) — 0 as h — 0 for each f € C°(I,R),

, (A6)
max 7(e, f,h) < Ch® for each f € C*~L1(IR).

In the above, the constant C' may depend on f, but is independent of e and h, and
the integer ¢ > 1 is called the order of convergence of the quadrature rule.

For convenience, we will often replace the element and node indicese=1,..., F
and g =1,...,Q with a single, general index a = 1,...,n, where n = EQ. We will
use the multi- and single-index notation interchangeably with the understanding
that there is a bijective map between the two.

3.2. Partition of unity functions. To each quadrature node z, in a decompo-
sition of I" we associate nodal partition of unity functions (,,(, € C°(I',R). We
assume that these functions take values in the unit interval and are complementary
so that their sum is equal to one. Moreover, we assume that (, vanishes at least
quadratically in a neighborhood of z,, and that the support of (, is bounded from
above by a multiple of the mesh parameter h. Specifically, we assume

0< (@), Calz) €1, Cal2) +Cal2) =1, Yz el

Clo — x4 . ~ (A7)
|Ca()] < —r diam(supp(¢,)) < Ch, VYa=1,...,n, n>ng.

The functions (, and Za will play an important role in the family of numerical meth-
ods that we introduce and in the associated convergence proof. Specifically, these
functions will help isolate the weak singularity of the kernel H at each quadrature
point and control the numerical error there.

3.3. Discretization of integral equation. Let a decomposition, quadrature rule,
and nodal partition of unity functions for I be given. For any function f, let G
and H}, denote approximations to § and H of the form

n

(15) (Gnf)(@) =Y Go(@)f(xs), (Hnf)(x) = Hy(x)f(w),
b=1

b=1
where G} and H; are functions to be specified. Moreover, in view of (5), let ¢y,
denote an approximation to ¢ defined by
(16) con — Anpn = f where Ap = G + Hp.

The equation for ¢; can be reduced to an n x n linear system for the nodal
values ¢p(x,). Indeed, from (15) and (16) we get, for each a =1,...,n,

n

(17) con(ta) = > Gola)pn(@s) — Y Hy(wa)pn(as) = f(@a)-

b=1 b=1
Notice that, for every solution of the discrete system (17), we obtain a solution of
the continuous system (16), namely

n n

F@)+> Go(@)on(as) + Y Ho(w)on ()

b=1 b=1

(18)  enl) =
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Moreover, the converse is also true; every solution of the continuous system provides
a solution of the discrete system by restriction to the nodes.

The method is completed by specifying the functions Gy(z) and Hp(x). In view
of (7), (13) and (15), we define Gy(x) = G(z, z,)W,. However, due to the weakly
singular nature of the kernel function H(z,y), a similar definition cannot be made
for Hy(z), because H(z, xp) is not continuous or even defined when = = x;. Instead,
for any integer p > 0 we define

(19) Hy(x) = Co(2) H (x, 2) Wy + G () Ry (23),

where R, (xp) is a local polynomial of degree p at x, evaluated at quadrature point
xp. By a local polynomial at x we mean a polynomial in any system of rectangular
coordinates in the tangent plane with origin at z; see (21) below. For a Lyapunov
surface I', such polynomials are well-defined in a neighborhood of each point z, and
there is a uniform bound on the size of this neighborhood; indeed, they are well-
defined in the Lyapunov patch I} 4q. The unknown coefficients in R, are defined
by enforcing the local moment conditions

(20)  (Hpnefo)(x) = (Hngfz)(x), for all local polynomials f, up to degree p.

Here n, € C™1(I,[0,1]) is any given cutoff function which is identically one in a
fixed neighborhood of z, for example I, 4/4, and which is identically zero outside
some fixed neighborhood of z, for example I, 4/. The local polynomials R, and f,
can be described as floating since they are defined in a tangent plane that depends
on x.

The basic structural form of Hp is similar to Gy, but with a correction in a
neighborhood of z,. By construction, for all x outside a neighborhood of zy, we
have ¢, = 1 and ¢, = 0, so that Hy is defined by the quadrature rule applied
to H. On the other hand, as x approaches x;, we have (, — 0 and (, — 1, so
that Hp is determined by the local polynomial R,. The value of R, at a node x
can be interpreted as a generalized quadrature weight as would arise in a product
integration method. There are various freedoms in the choice of 7, used in the
moment conditions. For the lowest-order method with p = 0, the local polynomial
R, reduces to a constant polynomial which can be extended to the entire surface,
and the cut-off function is unnecessary and can be taken as unity. However, for
higher-order methods with p > 1, the local polynomial R, in general cannot be
extended to the entire surface, and a non-trivial cut-off function as described above
is necessary. Moreover, a different cut-off function could be used for each different
coefficient in R,. For convenience, we employ a single cut-off function 7, for all the
moment conditions in our analysis below.

The moment conditions in (20) lead to a linear system of equations for the
unknown coeflicients of the local polynomial R, which can be solved for any given
point x. Specifically, for any given x € I', the local polynomial R, : I}, 4 — R*¥*¥
of degree p > 0 has the form

(21) Ra(2) = Z Co,a &5 (2),

la|<p

where @ = (ay,az) is a bi-index with non-negative integer components, |a| =
a1 + a denotes its associated degree, and the sum extends over all bi-indices « of
degree up to p. In the above, C, ., € R¥** are the coefficients of the polynomial,
and £ € R denote monomials in the local Cartesian coordinates & = (£4,1,8x.2)



10 O. GONZALEZ AND J. LI

such that £ = . Substituting (21) into (19), and using the standard basis
for the local polynomlals fa, we find that the moment conditions in (20) lead to a
linear system for the coefficients C; o, namely

(22) Z Mgacw,a = A? |a| <p,

la|<p

where a and @ are bi-indices, and M, € R and AY € R** are defined as

Zcb ) () €2 (1) €2 (w3),
(23)
/ H(z,y)n.(y)&; (y) dAy — ZCb H (@, )0, (20)E5 (20) Wi

A straightforward count in (22) shows that the number of k£ x k unknowns and
the number of k x k equations are the same and equal to (p+ 1)(p+ 2)/2. For
instance, in the case p = 0, we have a single k£ x k& unknown C, o and a single k x k
equation M OCI o = AY where the zero subscripts and superscripts denote bi-
indices Whose components are zero. Notice that the definition of the system involves
various integral moments of the weakly singular kernel H. These moments can be
evaluated numerically using techniques such as Duffy [16] or local polar coordinate
[12, 11, 48] transformations. In the case when p = 0 and the cut-off function is
taken as unity, the required moment is known analytically in many applications.
However, in the case when p > 1 and the cut-off function is non-trivial, the required
moments must generally be obtained numerically.

For any given point & € I', the solvability of the linear system in (22) for the
coefficients Cy o of the local polynomial R, depends on the support of the nodal
functions . Specifically, let J, = {b | (,(x) > 0} and consider sufficiently refined
surface decompositions such that n,(x,) = 1 for all b € J,. For any local scalar-
valued polynomial f,, let F, denote the vector of size (p + 1)(p + 2)/2 of polynomial
coefficients, and let M, denote the corresponding square, symmetric coefficient
matrix of size (p+ 1)(p + 2)/2 associated with the equations in (22). Then by
direct computation we find

(24) F, MFI_ZQ) Mo (@o) 202 (zs) = > Go(@)[fa(20)]* > 0.

b=1 beJ,

From this we can deduce sufficient conditions for the positive-definiteness of M, and
hence the unique solvability of (22). Specifically, for each x € I', it is sufficient that
Jz be non-empty, and that the only polynomial of degree p which satisfies f,(xp) =
0 for all b € J, be the zero polynomial. In view of the number of polynomial
coefficients, this condition implies that J, must contain at least (p + 1)(p + 2)/2
quadrature nodes for each z € I'. When =z is itself a quadrature node, this implies
that the support of each function ¢, must contain at least as many nodes. Hence
the support of the functions (;, determines the solvability of (22). In our analysis,
we will assume that M, has a uniformly bounded inverse, namely

MY <C VYxel, n>ng. (A8)

A straightforward choice of functions ¢, which satisfy conditions (A7) and (A8) in
the case p = 0 is described below; see also [36].
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The implementation of the numerical method is centered upon (17), (18) and
(22). For each quadrature node z,, the linear system (22) is solved to obtain the
local polynomials R, , which are then used in the linear system (17) to obtain the
nodal values ¢, (z,). Once these nodal values are determined, they can be extended
to a continuous function. Specifically, given any point z, the linear system in (22)
can be solved to obtain the local polynomial R,, which can then be used in the
interpolation equation (18) to obtain the value of ¢y, (x). Notice that, in general, the
construction of the local polynomials R, and R, requires the evaluation of local
moments of the weakly singular kernel H, and the evaluation of local Cartesian
coordinates &,, and &,. As will be shown later, the values of R,, and R, are
independent of the choice of orthonormal basis associated with &, and &,.

3.4. Illustrative example. Here we illustrate the form of the nodal equations (17)
in the lowest-order case with p = 0. In this case, the equations take a particularly
simple form and the evaluation of local Cartesian coordinates is not necessary, and
the evaluation of weakly singular integrals is typically not necessary.

We begin by describing partition of unity functions {, and (, which satisfy
conditions (A7) and (A8). Consider an auxiliary decomposition of I" into Voronoi
cells, where each cell contains a single quadrature point z,. Each cell can be
mapped to a unit circle, with 2, mapped to the center. A simple quadratic function
z = (224 y?)/2 in the unit circle can be mapped back to the cell as the central part
of (,. We can then introduce an offset boundary which is displaced outward from
the cell boundary by a distance of €/2, where € = mingy [z, — 23|. The mapped
quadratic function, which by design has the value 1/2 on the cell boundary, can be
extended to achieve a value of 1 on the offset boundary, and then further extended
to the rest of I'" with the constant value 1. Notice that the functions (, and
Ca so constructed have the convenient nodal property that (u(zp) = 1 — 04 and
Ca(xp) = dap. Moreover, the supports of (, overlap on the entire surface and we
have >~ (qo(x) > 1/2forallz € I'.

For the method with p = 0, the local polynomial R, reduces to a constant
polynomial R, (z) = Cy0, and the cutoff function 7, can be taken as unity. The
linear system in (22) reduces to the single equation MY ,C, o = A), which implies
fp H(ZE, y) dAy - ZZ:l Cb(I)H(xv xb)Wb

> het G(2)
This solution is well-defined and bounded for any sequence of decompositions by
properties of the nodal functions (, and (, and the kernel function H. In var-
ious applications, the weakly singular integral in the above expression is known
analytically and hence numerical evaluation is not necessary.

The nodal equations in (17) take a particularly simple form. Indeed, because

our choice of the nodal partition of unity functions ¢, and ¢, has the property that
Ca(y) =1 — 6ap and (4 (xp) = dap, the equations become

Y(@a)on(xa) — ZG(%, xp)on (xp) Wy
b=1 n
(26) =37 Hlzasn)lipn (@) — (@) Wy = f(xa),

b=1
bta

(25) Cro =

where y(z,) = ¢I — [ H(zq,y) dA,. This discrete system is similar to the classic
singularity subtraction method discussed by various authors [4, 28]. The factor



12 O. GONZALEZ AND J. LI

[on(zp) —@n(ze)] can be interpreted as cancelling the weak singularity in H (24, 3).
Indeed, since the sum extends over b # a only, the product H(zq,zs)[pn(zs) —
©n(2q)] can be interpreted as vanishing when b = a. For methods with p > 1, a
similar but higher-order cancellation can be interpreted to occur. Once the nodal
values of ¢, are determined, they can be extended to a continuous function using
the interpolation equation in (18). Notice that the nodal values of ¢} can be
computed without explicit knowledge of the partition of unity functions. Various
numerical examples with this method are given in [36].

3.5. Solvability and convergence theorem. The following result establishes
the solvability and convergence of the locally-corrected Nystrom method defined
in (15)—(23). We consider the method with a quadrature rule of arbitrary order
£ > 1, a local polynomial correction of arbitrary degree p > 0, and a surface with
regularity index m > 0. In view of Theorem 2.1, we suppose that the constant
¢ # 0 is not an associated eigenvalue of the operator A, so that the given boundary
integral equation has a unique solution ¢. Below we use C, to denote a constant
depending on ¢.

Theorem 3.1. Under conditions (A0)—(A8), there exists a unique approrimation
on € CO(I,R¥) for any closed, bounded Lyapunov surface I' € C*' and boundary
data f € CO(I',R¥) for all h > 0 sufficiently small. Moreover, if ¢ € C™'(I,R¥)
and I’ € C™+L1 then as h — 0

(i) |len =l =0, Ve>1,p>0,m>0,
(i) llon = @l| < Cyph, Ve>1,p=0m>1,
(iii) llon — @] < C pminEpm) Ve>1,p>1,m>1.

Thus, under suitable assumptions, the method defined by (15)—(23) is conver-
gent in the usual maximum or C°-norm. The rate of convergence depends on the
order ¢ of the quadrature rule, the degree p of the local polynomial correction,
and the the regularity index m of the exact solution ¢ and the surface I'. In the
minimal regularity case with m = 0, there is no lower bound on the rate, and
in the higher regularity case with m > 1, the rate is at least linear. The rate of
convergence is independent of the order of the quadrature rule in the case when
p = 0, which corresponds to the lowest degree of correction. Higher rates of conver-
gence are obtained when p > 1, which corresponds to higher degrees of correction.
Notice that the rates of convergence stated above are lower bounds; they could
possibly be higher in certain circumstances, for example in smooth problems with
periodicity, for which some quadrature rules are known to have special properties
[12, 32]. We remark that the method considered here is based on open quadrature
rules as required by condition (A5), with positive weights. Straightforward rules of
the Gauss-Legendre type are one example; various other possibilities for standard
triangular and rectangular domains can be found in [46].

As a special case, Theorem 3.1 with p = 0 establishes the convergence of a
method similar to the classic singularity subtraction method considered previously
by various authors [4, 28]. The two methods lead to apparently identical discrete
systems for the nodal approximations, but differ in how the nodal approximations
are interpolated over the surface. Convergence results for this method appear to
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be not well-known. The results derived here make crucial use of the structure of
the nodal functions Hy(z) defined in (19), the moment conditions defined in (20),
and various properties of the nodal partition of unity functions ¢, and (. Such
ingredients appear to have not been considered in previous studies of the classic
method. We remark that the linear convergence result for p = 0 is delicate and
relies on a Tricomi-like property of the potential 3 implied by condition (A3)(ii).
The results for p > 1 are qualitatively different and rely mainly on the regularizing
effect of the local polynomial correction. Specifically, the linear convergence result
in part (ii) requires condition (A3)(ii) whereas the convergence results in parts (i)
and (iii) do not.

4. PROOF

In this section we provide a proof of Theorem 3.1. We use the same notation
and conventions as in previous sections. Specifically, we use C', C’, C" and so on,
to denote generic positive constants whose value may change from one appearance

to the next, use | - | to denote a Euclidean norm or the measure of a surface, as
determined by the context, and use || - || to denote the usual maximum norm on
CO(I',R¥).

4.1. Collective compactness. We first outline a result, based on the theory of
collectively compact operators [3], which plays a fundamental role in the analysis
of Nystrém methods [7, 19, 31]. Let A be a linear, compact operator on C°(I", R¥)
as given in (6), and let A,, (n > ng) be a sequence of linear, finite-rank operators
on C°(I',R¥) as given in (16), where for convenience we consider subscripts n — oo
in place of h,, — 0. Consider the following conditions:

(C1) For each v € CO(I,R¥), (A,v)(z) — (Av)(z) uniformly in z € I

(C2) |(Anv)(z)| < C forall z € I' and v € CO(I,R*) with ||v]| < 1.

(C3) For every € > 0 there exists 6 > 0 and N > ng such that [(A,v)(z) —

(Anv)(y)| < efor all 2,y € I’ with |z —y| < 6, v € CO(I,RF) with ||v]| < 1,
and n > N.

Condition (C1) states that A,, converges to A pointwise in C°(I, R¥). Conditions
(C2) and (C3) state, respectively, that S = {A,v | n > ng, ||v|]| < 1} is an
equibounded and equicontinuous subset of C°(I",R¥). These two conditions imply,
by the Arzela-Ascoli Theorem, that S is relatively compact; by definition, the
sequence A, is then called collectively compact. For such sequences the following
well-known result holds, see for example [7, Chapter 4] or [31, Chapter 10].

Theorem 4.1. Let A and A, (n > ng) be linear operators on C°(I',R*), where A
is compact and A, are finite-rank, and assume that (C1)—(C3) hold. If cpo—Ap = f
is uniquely solvable for o, then there exist constants C > 0 and N > ng such that
con — Anpn = [ is uniquely solvable for ¢, and moreover

(27) llen — || < CllAnp — Ap||, Vn>N.

In what follows, we establish conditions (C1)—(C3) for the operator A,, = §,+H,
defined in (16). We concentrate on H,, since the result for G, is straightforward by
continuity of its kernel. Once (C1)—(C3) are established, the result in Theorem 3.1
will follow from a bound on ||A,p — Ayp|| under regularity assumptions on I" and

®.
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4.2. Lemmata. We begin with a collection of useful results regarding the weakly
singular kernel H. Parts (i) and (ii) below show that the integral operator defined
by H indeed maps C°(I', R¥) into itself, and is equibounded and equicontinuous on
bounded subsets, hence compact. Part (iii) is an important inequality that will be
used in the sequel.

Lemma 4.2. Let I' satisfy (A0) with Lyapunov radius d > 0 and let H satisfy
(A2) with exponent 0 < pn < 1. Then:
i) [, |H(x,y)|dA, <C forallzel.
(ii) For every e > 0 there exists 0 > 0 such that [ |H (x.,y)—H (x0,y)|dAy <€
for all xg,z, € T with |xg — x| < 0.
(iii) |H (2«,y) — H(z0,y)| < Clas — mo|/ly — 20> for all zo,z.,y € I' with
0 < |ze — x0] < d/3 and 2|z, — x| < |y — x0] < d.

Proof. Parts (i) and (ii) are classic results for weakly singular integrals, see for
example [23, Chapters 1,2], where the proof of (ii) relies on (iii). For brevity, we
illustrate only (iii). To begin, we consider the form of H in (8) and use the triangle
inequality to get

u(x*ay) U($0,y)
|H(‘T 7y) (‘TOv )l_ — —
o8 i T
< |u($*7y) - U((EO, ‘ :Ean) u(xf)ay)
R e Ve Ve

For the first term in (28), we consider the local Cartesian coordinate map %y,
in the Lyapunov patch I, 4, and the curve z(7) = ¢4, (7¢), 0 < 7 < 1, from
2o = Py, (0) to x. = 1y, (£4). Using this curve, together with (10) and the relation
da/dT = (O, /)&, and the facts that |0y, /0¢| < C and || < Cla. — xo|,
which follow from the Lipschitz properties of 1., and 1!, we get

Zo ?

E ' Cla, —
/Du x(7) dr S/Mdr
W o lz(r)—vy
From the definition of x(7), we deduce that |x(7) — z¢| is an increasing function,
and hence |z(7) — x| < |z — xo| for all 0 < 7 < 1. Moreover, by hypothesis, we

have 0 < |z« — xo| < |y — zo|/2. These two results imply, with the help of the
triangle inequality,

(29)  fu(@s,y) — ulzo,y)| =

=zl 3 L _ly—=zl 3
30 {——<<- Vrel0,1] and = < -,
(30) 27 Jy—m| ~ 2 0.1} 2 = ly — xo] ~ 2
and using (30) in (29), we find
Clzy — x|
31 UW(Ts,y) — u(xo,y)| < ——m.

For the second term in (28), we notice that |u| < C by (9). Hence, using the
notation r = |y — x|, we have

B C|r27“ T57”|
- Hp2—p
T

ly — @271 |y —@ol?H

<C

2
To
From (30) and the hypothesis 0 < 2|z, —xo| < |y—zo| < d we notice that 0 < ro < d
and 0 < 19 < 2r, < 3rg < 3d. Moreover, since the function 7!~* is monotonic,



A CONVERGENCE THEOREM FOR A CLASS OF NYSTROM METHODS 15

we have |rg * — i H| = |f:0* d%[rzf“] dr| < (2 —p) max{ry ", *}r. — 7ol.

Combining these observations with (32), we find

(33) u(xo,gé) 3 u(aco,gé) < C|r§j 7o < Clx. —?iEo|,
ly — . >7# [y — @+ ro ly — o[>+

where the last inequality follows from the definitions of ry and 7., and the straight-
forward inequality |r. — ro| < |z, — 2o|. Substituting (33) and (31) into (28), and
again using (30) on the first term, we obtain the desired result. (]

The next result can be viewed, in part, as a discrete analog of Lemma 4.2. It
will play a central role in establishing the collective compactness of the operators
H,, associated with the numerical method. The defining elements of the method,
which are the surface decomposition, quadrature rule, and nodal partition of unity
functions, are denoted by the set {I"°, x5, W¢, (S, (¢}

Lemma 4.3. Let I' satisfy (AO) with Lyapunov radius d >0, H satisfy (A2) with
exponent 0 < pp < 1, and {I"°, x5, Wg, (5, (o} satisfy (A4)—(AT). Then:

(1) G(x)H (z,2p) (:=0 at © = xp) is continuous in x € I' for eachb=1,...,n
and n > ng.
(i) >y [Co(x)H (2, 2p)Wp| < C for allz € I' and n > ng.
(iii) For every € > 0 there exists 6 > 0 such that >y, |Co(s)H (v, xp)Wpy —
Co(ao)H (20, xp)Wh| < € for all g, 2. € I' with |xg — 24| < § and n > ng.

Proof. For part (i), we notice that (3(z) is continuous for all =, and H(z,zp) is
continuous for all x # x,. Hence, to establish the result, we need only verify that
Co(x)H (z,2) — 0 as ¢ — xp. From (A2) and (A7), we get

_ G@u(a, )| _ Clr — x|

(34) Q@) H e, = 52T < S

and the result follows since 0 < p < 1.

For part (ii), let 6 € (0,d/3] and 8 > 10 be any given numbers and consider
sufficiently refined surface decompositions with £ > Ej3 5, where Egs > Ej is a
given integer defined such that 0 < Sh < §/2 for all E > Ej3s. We consider an

arbitrary x = xg € I" and consider collections of surface elements I'*,; e =1,..., F,
defined by
(35) Iogs ={e| I'° C Iy s} and  Ipygn ={e| I C Iy pn},

and note that, by design, the sets I, 5, Izo.8n C Izg,s and Iy, s\Iz,,pn are non-
empty for all E > Fg 5. Moreover, we consider the decomposition

(36) Z Go(wo) H (20, 25) Wy = 81(0) + S2(w0) + 83(20),
b=1
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where

(37) Z ZC ,TO JJQ, q)We

eGIiO sn =1

(38) Sa(z0) = > Zce o) H (20, 28)WE,

ecl xQ, J\Imo gh 9= 1

(39) = > ZC o) H (o, 25)W¢.

BQIIO 5 q=1

To establish the result, we show that each of the sums 81, 82 and 83 is uniformly
bounded for all £ > Fgs and 9 € I'. Boundedness for the finite interval £ €
[Eo, Es 5] is a straightforward consequence of part (i) and will be omitted for brevity.

For the term 8; in (36), we consider the local Cartesian coordinate map ), in
the Lyapunov patch I, 4. Since I, gn C Iy,.d, and ¢, and w;ﬂl are Lipschitz,
we have the area bound |I, gn| < Ch?. Moreover, from (A4) and the fact that
(Ueer,y 5n 1) C Tugpn, we get Ch®|L, pn| < |y pnl, where |I, gn| denotes the
number of elements in the index set I, gp. From these two observations, we deduce
the uniform bound

(40) |Im0,,8h| <C, VE>Egs, €l
From (37) we get, using (A2) and (A7)

C|:EO — ag|? C .
(41) sl X oo —agPr

e€ley,pn 9=1

Since zf; € I'® C Iy, n We have [zg — x| < Bh, and from (A5) we have Equl Wy <
Ch?. Using these results together with (41) and (40), we find that

(42) |81(I0)| < Ch’u, VE > Eﬁyg, T € F,

which establishes the result for 81 since 0 < p < 1. Indeed, the sum 8;(x¢) — 0 as
E — oo (h — 0) uniformly in zg € T'.

For the term 8 in (36), we notice first that I, (s3—1)n C Izpn and that
dist(0Iy,,(3—1)h OLwo,pn) > h > diam(I®). Hence, if I'® N I} (g—1)n # 0, then
I' C I'y, gn. From this we deduce that I'® C I}, 5 and I'° N me(,@ yn = 0 for all
e € Iy 5\1zo,pn, Which implies 0 < (8 — 1)h < [x§ — 20| < 6 for all e € Iy, 5\ Lo pn
and ¢ = 1,...,Q. Now, to each quadrature element I'® with e € I, 5\Is,.8n We
associate a distinguished node ¢(zg,€) € {1,...,Q}, radius A(zg,€) € ((8 — 1)h,d]
and subset I'; ;, C I'® defined by

min |:1c — Zo| = [Zg(4,,e) — Tol,
(43) =
Mz, €) = |x§(10,8) — Zo, Iy =10 B(xo, A0, €))-

From (A5) we get Ch < dist(xg,0I'°) < h for all ¢ = 1,...,Q, and from this
we deduce that the area of I'¢ ., is bounded from below, namely |I'g ;.| > Ch?.

Combining this result with (A4), we find that
(44) CII| <yl SIT¢L Ve € Lng s\ lao pns - E 2> Eps.

zg,in
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From (38) we get, using (A2), (A4) and (A5), and the fact that [(S(zo)| < 1,
together with (43); and (44),

|52(170)|< Z Z|x _xe|2 m Wy

Ipg,6\1zg.pn 4=1

(45) < > |0_a:C |MZ :

€€1uy,6\1ug, o0 q(zo,e)

< ¥

e€lyg,6\1uq,pn

Clry

|xg — ¢

x0, 1n|

P b

Moreover, by definition of I'; ;, and the fact that =, . € 9B(zo, A(zo,€)), we

0,in q(xo,e
get
1 1
(46) c S Vy er zo in®
|xq(10 e) zo| |y — ol
Combining (46) with (45), and using the fact that Iy ; C I'°, we find
<
saal < 3 | e
Iz, 6\1zq,pn T2o.in
(47) Sp> | e A
ey — @ 560|
Iz, 6\Izq,8n
C
< —— dA, < C¢", VE>Egs;, x0€l,
STy wor |
Ty,

where the last inequality follows from a direct estimate of the integral using polar
coordinates and the fact that the local coordinate maps 1,, and 1/1;01 are Lipschitz.
Thus the result for 85 is established.

For the final term 83 in (36), we notice that I' N I, s—p = 0 for all e & I, 5,
which implies 0 < § —h < |y —xo| for all y € I'®, e & I, s and E > Eg 4. Using
this fact in (39) we get, together with (A2), (A4) and (A5), and the fact that
Ce(x0)| < 1 and Bh < 6/2,

(48)  [8s(mo)l < > Z xe|2 Wi <C"7%, VE>Ezs, ag€l
eg]m ,6 4= 1

Thus the result for 83 is established. The desired result stated in part (ii) follows
from (48), (47), (42) and (36).

For part (iii), let 6 € (0,d/3], § > 10 and Egs > FEy be given numbers defined
as before, so that 0 < 8h < 6/2 for all E > Egs. Moreover, in view of (A7), w
suppose that Ej3 s is sufficiently large so that dlam(supp(cb)) < 4/2 for all b. Slnce
the result in part (iii) trivially holds when zy = z,, we consider, without loss of
generality, arbitrary points xg, z. € I’ with 0 < |z¢ — x| < d. Given such points,
we consider the following collections of surface elements I'®, e = 1,..., FE, defined
in the same way as before:

(49) Izo,ﬁh C Ix0,26 C Iacg,d and Iz*,ﬁh C Ix*,SJ C Iz*,d-
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By design, each of the above sets is non-empty, as well as each of I, 4\Iz,.25,
Ipo.25\ 0,80, 1o, .d\Iz. 35 and I, 35\I. gn for all E > Egs. Moreover, we have
the inclusion I, 25 C I, 35 for all E > Egs. Analogous to before, we consider the
decomposition

(50) > [F(wo) = Fo(w.)| = Fa(wo, ) + Falwo, w.) + F(wo, 2.),
b=1

where Fy(x) = (p(x)H (z, zp) W), and

(51) 1(xo, x4) = Z Z{Fe xo) Fe(x*)},

€€l 25 q=1

Q
(52) Falwo,w) = . D |Felwo) - Fy(w,)],

e€l. zQ, d\ImO 25 9=1

(53) s(wo,e) = > Z [F 20) — Fe(x )}.
eZlz,.qa =1

To establish the result, we show that, for every e > 0, there exists a § € (0,d/3]
such that |F1]| < ¢, [F2| < e and |Fs| < efor all 0 < |zg —z,| < ¢ and E > Eg 5.
Results for the finite interval E € [Ey, Eg ] are a straightforward consequence of
part (i) and will be omitted for brevity.

For the term F; in (50), we use the inclusion I, 25 C I, 36, and the inclusions
Lo pn C Iy 25 and I, gy C I, 35, to obtain

Q
Fr(zo,z)| <> ZIFG o)l + D D |Fg(x)]

ee]mo 25 =1 ee]m*,?x& q=1

(54) =( oo+ > )ZQ:IFj(wo)I

e€log,pn  e€lpg,26\Izg,pn  4=1

Q
(X v X )X
e€ly, pn €€ly, 35\Iz, pn q=1

From the definition of F7, and the same arguments in part (ii) that yielded (42)
and (47), we find

(55) |F1 (0, 2:)| < (Ch* + C*) + (Ch* + C6*) < Co*, VE > Egs,

where 0 < p < 1 and the last inequality follows from the fact that h < §/(20).
Thus, for every € > 0, we can choose ¢ € (0, d/3] sufficiently small to get the uniform
bound

(56) |F1(zo,z4)| <€, VE>Egs, zo,2 €, 0<|zg— a4 <6,

For the term F» in (50), we notice first that I'® C I'y,.q and I'* N Iy, 26— = 0
for all e € I, 4\Iy, 25, which implies 285 <20 —h<|y—ao| <dforallyel®
e € Iy.d\Iu.25 and E > Eg 5. Thus, by a slight generalization of Lemma 4.2(iii), we
have |H (2, y) — H(xo,y)| < Clz. — x0|/|y — o[> # for all y € I'°, € € Ly a\Ig.26
and E > FEg ;. Furthermore, since diam(supp(zb)) < §/2, we have (7(zg) = 1
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and qu(x*) =1lforallzy € I, e € Ipo.a\Izy,26 and E > Egs. Combining these
observations with (52), and using the fact that 0 < |xg — z.| < J, we get

Q
Fowo,w)| < DD [CE (o) H (wo, x5 W — G () H (., ) W],

eelzo,d\ImO,QJ g=1

Q
(57) < > D |H(zo,xf) — H(ww, x8)| W

ecl zQ, d\ImO 25 9=1
< 2 Z Wy
: e
e€lzy,a\lzg,25 9=1

Using the same arguments as in (45)—(47) with analogous quantities q(zo, €), A(zo, €)
and IS we obtain

xo,in?
Fo(zo, )| < Y /e|y_x0|3u ”

e€lyy,a\lzg,25

co
(58) < / T3, 44y,

Tug,d\Iwg,26—n |y - x0|3 H

I
{05+05, O<pu<l VE> Hps,

O + C|lné|, p=1

where the last inequality follows from a direct estimate of the integral using polar
coordinates and the fact that the local coordinate maps v, and ¥ 01 are Lipschitz.
Hence, for every ¢ > 0, we can choose § € (0,d/3] sufficiently small to get the
uniform bound

(59) |Fa(zo,z:)| <€, VE>Egs, zo,2€, 0<|rg— x| <9,

For the last term JF3 in (50), we notice that I'® N Iy, q—p = 0 for all e & I, 4.
Using this, together with the fact that h < 6/(28) < d/(68), we find 33d < d—h <
ly — zo| for all y € I'°, e & I,.q and E > Egs. Moreover, since 0 < |zg — x| <
0 < d/3, we deduce from the triangle inequality that %dAS ly — 24| for all y € I,
e € I,.q and E > Eg 5. Furthermore, since diam(supp(¢y)) < 6/2 < d/6, we have
Co(zo) = 1 and (f(z.) = 1 for all zf € I'%, e & I;,q and E > Eg ;. Combining
these observations with (53), and using the fact that H(x,y) is Lipschitz on the set
ly — z| > 39d/60 by (A2), and the fact that 0 < |zg — z.| < 0, we get

|Fa(zo,2.)| < Y Z|< (z0) H (0, x5)W§ — C& () H (a4, 25) W,

eZlzy,a =1

(60) < > ZIH (0, 25) = H (., 2)| W

eZl:y.qa =1
Q
< Y Y Clao — @ |Wg < C|T |z — ] < CO.

eZl:y.qa =1
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Thus, for every € > 0, we can choose § € (0, d/3] sufficiently small to get the uniform
bound

(61) |Fs(zo,2:)| <€, VE>Egs, zo,2€, 0<|rg— x| <.

The desired result stated in part (iii) follows from (61), (59), (56) and (50). O

Our next result establishes some important properties of the local polynomial
R, (z) of degree p > 0 with coefficients C, o defined in (21)—(23). Part (i) below is
straightforward and is included for completeness.

Lemma 4.4. Let I' satisfy (AO) with Lyapunov radius d > 0, H satisfy (A2) with
exponent 0 < pp < 1, and {I"°, x5, Wg, (5, (o} satisfy (A4)—~(A8). Then:
(i) For each x € I' and n > ng, the local polynomial Ry : I'yq — RExE g
inwvariant to the choice of orthonormal basis in T, I .
(ii) Ry(2) is continuous in x € I and z € Iy ¢ for eachn > ng and d’ € (0,d).
(iii) For every € > 0 there exists N > 0 such that |Ry(z)| < € for all x € I',
z€ly,qandn> N.

Proof. The result in part (i) follows from a standard change-of-basis argument in
T, T, along with the uniqueness of solutions of (22) guaranteed by (A8).

For part (ii), let n > ng, d’' € (0,d), xo € I" and z9 € I, o be arbitrary, and
consider any 0 < § < (d —d')/2. Then, by the triangle inequality, we find

(62) z € Fz,d, Vo € onﬁg, Vz € F2075.

Moreover, let ug € Ty, I" be any given unit vector, let v(z) denote the outward unit
normal to I" at x, and consider a basis for T, 1" defined by

_up — (UO : V(:E))V(I>
(63) ) = oy = (a0 - o) (@)]

Then, for any € I, s and z € I, 5, the local Cartesian coordinates for z € I, g
are given by

(64) §e1(2) = (2 —2) ti(z), &o2(2) = (2 — ) - ta(w).

From the fact that these coordinates depend continuously on =z € I, s and z €
I, .5, together with Lemmas 4.2 and 4.3, we deduce that the coefficient matrix
and data vector for the linear system in (22) depend continuously on z € I, 5.
Furthermore, by (A8), the unique solution C , of the system also depends contin-
uously on x € I, 5. Combining these results with (21), we find that R, (z) depends
continuously on z € I, s and z € I, s as required.

For part (iii), we notice that, by (A8) and the fact that |£,(z)| < dforall x € I'
and z € I g, it will be sufficient to show that, for every e > 0, there exists an
N > 0 such that

, ta(x) = v(x) X t1(2).

(65) |AS|<e, Vn>N, zel, [a<p.

For brevity, we establish the above bound for A? only, and note that a bound for
AY with 0 < |a| < p follows by a similar argument. Using the same notation as in
the proof of Lemma 4.3, let § € (0,d/3], 8 > 10 and Eg s > Ey be given numbers,
where Ej 5 is sufficiently large such that 0 < Sh < §/2 and diam(supp((p)) < 6/2
forallb=1,...,n and F > Egs. Moreover, for arbitrary x = xo € I', we consider
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as before the collections of surface elements I'¢, e = 1,..., F, denoted by I, an
and I, s. From (23), we consider the decomposition

AL, = /FH(%ay)ﬁmo (y) dAy =Y Co(o) H (20, 26)a () W,

(66) P
= D1 (o) + D2(z0),
where
(67)
] 0 ]
Da(@o)= D || Hwoy)na () ddy =3 Clao)H o, aghne (e))Wy |
e€lyg,5 L q=1 J
(68)
] 0 ]
Datan) = | [ Hlaou)neg(v) dy = 3 Golao) oo, o), ()W
e@lys L7T¢ q=1 i

To establish the result, we show that, for every e > 0, we can choose Eg; > Ej
sufficiently large such that |D1| < e and |Dg| < e for all E > Eg s and z € I
For the term D; in (66), we use the fact that |7,,] < 1 to obtain

(69) D)< ¥

EGIwoy(s

Q
[ G0l aa, + 3 e Heo, )W |
) o
Working with the first sum in (69), we have, using (A2),

C
(70) > /F |H (20, y)| dA, S/F —— — dA, < C", VYE> Egg,

_ 2—
e€lzy,s 0,8 |y x0| "

where 0 < pu < 1 and the last inequality follows from a direct estimate of the
integral using polar coordinates and the fact that the local coordinate maps s,
and w;ﬂl are Lipschitz. Working with the second sum in (69), we have, using the
inclusion I, gn C Iy,,s,

Q
D> G (wo) H (o, ) Wy |

e€]m015 g=1

- ( Z T Z )ZQ: | (z0) H (w0, 25 )W,

e€lyg,pn €€lry,5\Iug,pn  9=1

(71)

By the same arguments used in the proof of Lemma 4.3(ii) that yielded (42) and
(47), we find

Q
(72) S > TG (wo) H (o, a5) Wi | < (CRF + €M) < C6*, VE > Egs,

e€ly,5 =1

where the last inequality follows from the fact that h < §/(2/3). Thus, in view of
(72), (70) and (69), for every € > 0, we can choose a § € (0, d/3] sufficiently small
to get the uniform bound

(73) |®1(I0)| <, VE > Eﬁyg, xo €I
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For the term Ds in (66), we notice that I'* N Iy, s—p = 0 for all e & I, 5. From
this, along with the fact that h < 6§/(23), we get 536 < 6 — h < |y — o] for all
yel° ed I, sand E > Eg;s. Furthermore, since diam(supp(¢p)) < 6/2, we have
C;(xo) =1forallzg € I'°, e € I;y5 and E > Egs. Combining these observations
with (68), and using the fact that H(z,y) is class C™! on the set |y — x| > 195/20
by (A2), and that 7, (y) is class C"™* for all x and y, together with the quadrature
error bound in (A6) for a rule of order ¢, we get

Q
Daten)l € 30 | [ HGaosnaa(v) ddy = 3 oo, a) W

(74) eZlzg,s g=1
< Z 06|Fe|hmin(f,m+l) < OJ|F|hmin(E,m+1), VE > E515.
eglzo,é

Here Cjs is a Lipschitz constant for the derivatives of the function H(z,y)n.(y) on
the set |y — x| > 196/20, and ¢ € (0,d/3] is fixed such that (73) holds. Thus, for
any given € > 0, we can choose Ejg s sufficiently large (equivalently h sufficiently
small) to get the uniform bound

(75) |Dg($0)| <e, VE>Egs, zo¢€l.
The desired result for A2 follows from (75), (73) and (66). O

The next result shows that the linear operators A and A,,, n > ng defined in (6)
and (16) satisfy the collective compactness conditions (C1)—(C3).

Lemma 4.5. Let I' satisfy (AO) with Lyapunov radius d > 0, G satisfy (A1), H
satisfy (A2) with exponent 0 < p <1, and {I"°, x5, Wz, (s, (5} satisfy (A4d)-(A8).
Then:

(i) A is a compact operator on C°(I',R¥).
(ii) Ay, is a finite-rank (hence compact) operator on C°(I,R¥) for each n > ng.
(iii) An, n > ng satisfies (C1)—(C3) and hence is a collectively compact sequence
on C°(I,RF).

Proof. The result for A = G+ H in part (i) is classic and follows from the conti-
nuity of G and the properties of H established in Lemma 4.2, see for example [31,
Chapter 2]. The result for A,, = G,, + H,, in part (ii) is analogous and relies on
Lemma 4.3. For brevity, we illustrate only (iii). Moreover, we show the result only
for J,,. The result for G, is similar and more straightforward due to the continuity
of G.

To establish (C1), let v € C°(I',RF) be arbitrary. We seek to show that
|(Hv)(zo) — (Hpv)(x0)| — 0 as n — oo uniformly in zg € I', where H and K,
are as defined in (7) and (15)—(23). Using the same notation as in the proof of
Lemma 4.3, let 6 € (0,d/3], 3 > 10 and Egs > Ep be given numbers, where
Eg s is sufficiently large such that 0 < Sh < §/2 and diam(supp(¢p)) < 6/2 for all
b=1,...,nand E > Eg 5. Moreover, for any given g € I', consider as before the
collections of surface elements I'®, e = 1,..., E, denoted by I, g, and I, s, and
consider the decomposition

(76) (Hov)(wo) — (Hnv)(w0) = Ki(20) + Ka2(20) — K3(20),



A CONVERGENCE THEOREM FOR A CLASS OF NYSTROM METHODS 23

where

Q
(77) Ki(zo) = Y [ FCH(:vo,y)v(y) da, —ZCS(%)H(:CO,%Z)U(HCZ)W;] ;

6€Im0’<§ g=1

Q
(78) Ka(oo) = Y. l | #@at) dAy—ZCS(JUO)H(IO,IZ)U@Z)W;]7

eg]mg,&

(79)  Ka(zo) = Y Cb(x0) Ry (1) 0(a).
b=1

q=1

To establish the result, we show that, for every e > 0, we can choose Eg; > Ej
sufficiently large such that |K;| < ¢, |[K2| < € and |K3| < € for all E > Eg s and
o€

For the term X; in (76), the same arguments used to establish (69)—(72) in the
proof of Lemma 4.4 can be applied to obtain

Q
Katwo)l < S il l [ G0l aa, + 3 o)Wl

e€ly s g=1
< O||’U||5#, VE > Eg 5.

(80)

Thus, for every € > 0, we can choose a € (0,d/3] sufficiently small to get the
uniform bound

(81) |j<1($0)| < €, VE > Eﬁyg, T € I.

For the term X5 in (76), the same arguments used to establish (74) in the proof
of Lemma 4.4 can be applied to obtain

Q
Koz < 3 / H(zo,y)o(y) dA, — S H(zo, 2)o(al) We
(82) eZlyig,s re q=1
< > Tr(e, fagyh) < |T max (e, faosh), VE > Egs.
eg]mg,& im0,

Here f.,(y) = H(xzo,y)v(y) is the function being integrated, 7(e, fz,,h) is the
quadrature truncation error for this function as given in (A6), e & I, s implies |y —
xo| > 196/20, and § € (0,d/3] is fixed such that (81) holds. Since H(zo,y) is class
C™1in 2y and y by (A2) on the set |y — x| > 196/20, it follows that the continuity
properties of fz,(y) in y are uniform in z9. Hence, by (A6), maxegr, ; 7(€, fz,,h) =
0 as h — 0 uniformly in zy. From this we deduce that, for any given € > 0, we can
choose Eg ;s sufficiently large (equivalently h sufficiently small) to get the uniform
bound

(83) |Ka(zo)| <€, VYE>Egs, xzo€l.
For the term K5 in (76), we consider the index set J,, = {b | (y(20) > 0}. By

(AT), we have diam(supp(a,)) < Ch, and by (A5), we have |z, — xp| > Ch for any
a # b. From this we deduce that the number of elements in J,,, denoted by |J,],

must be bounded uniformly in xg, namely

(84) |Jx0| <C, VE> Eﬁyg, x9 €I
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From (79) we get, using the definition of J, and the fact that 0 < G <1,

(85) [Ka(0)| < D [Colwo) Rug (wo)v(@s)| < |[ol] D [Rag(ws)].
b=1

bE Jay

Using (85) and (84), together with Lemma 4.4(iii), we find that, for any given € > 0,
we can choose Ejg s sufficiently large to get the uniform bound

(86) |Ks(zo)| <€, VE>Egs, zo€l.

The desired result follows from (86), (83), (81) and (76).
To establish (C2), we seek to show that (3, v)(zo) is uniformly bounded for all
n > ng, 1o € I' and v € C°(I',R¥) with ||v|| < 1. By definition of ¥, we have

(87) =3 [Golwo)H (o, 20) () Wi + Gy (w0) By () 0(as)]
b=1
and from the definition of J,, given above, and the fact that 0 < a) <1, we get
(88)  [(Ftav)(wo)l < [[ull Y [Go(wo)H (w0, @) Wo| + [[ull D [Rag ().
b=1 bE Jug
From this we deduce, using Lemma 4.3(ii) and 4.4(iii), the uniform bound
(89) (Hnv)(z0)| <C, Yn>ng, xoel, wveC(LRY), || <1

To establish (C3), we seek to show that (H,v)(zg) is uniformly equicontinuous
for all n > ng, 79 € I' and v € CO(I,R¥) with ||v|| < 1. For arbitrary zg, . € I,
we have, by definition of I,

(Hnv) (@) = (Hnv)(20)

= G ) H (@, 2)0(w0) Wy — > Go(wo) H (o, x)v(2) W
b=1

Similar to before, we consider the decomposition
(91) (Hnv)(2s) — (Hnv)(2z0) = 20, 24) + R(24) — R(0),

where

(93) R(z.) =D Gol@) o, (20)0 (1) ) =D Co(w0) Ry () ().

b=1 b=1

To establish the result, we show that, for every ¢ > 0, we can choose a § € (0,d/3]
such that |Q| < e and |R| < € for all g, 2z, € I' with |zg — x| < §, v € CO(I',R¥)
with [|v]| < 1, and n > ng. Notice that this result immediately follows from Lemma
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4.3(iii), Lemma 4.4(iii) and (84), after increasing the value of ng if necessary, since

(94) 190, )| < ([0l D G (@) H (s, ) Why = Golwo) H (o, ) W,

b=1
(95) Rz < (ol Y [Reo(@o)l,  |R@o) < (0]l Y [Rao ()]
=S bE Tz

O

The next result will be crucial in establishing the linear rate of convergence of
the lowest-order method with p = 0. We employ the notation from condition (A3).
Moreover, for any given zo € I" and ¢ € CY1(I,RF), we introduce the function
L B R* defined as
(96)

Vs () = {H(xo, Dely) — e(o)] — ub%9(0,€(y)) Dp(x0) Ty (v),  y # o,

0, Y = 9.

Here T, (y) € Ty, I is the unit vector defined from the orthogonal projection of the
chord y — xo onto T, I, and & ( ) € S is the angular polar coordinate associated
with y # x. Specifically, we consider the functions Ty, : Iy, a\{zo} — R3 and
T2 : Iyyq — R? defined as

(97) T y) = (imtoj—tmtol oo - 78 (y) =

[(y—z0)—((y—x0)-vo)vol’ o

(‘;:ig‘) - Two (y)7 Yy 7& Zo,
07 Yy = Zo,

where vy = v(z¢) is the outward unit normal to I" at zo. We remark that the result
in part (ii)(b) below, and its discrete analog in part (ii)(c), are reminiscent of the
classic Tricomi condition that arises in the study of singular integral operators [47].

Lemma 4.6. Let I' satisfy (AO) with Lyapunov radius d > 0 and regularity index
m > 1, H satisfy (A2) and (A3) with exponent p = 1, and {I'°, x5, Wr} satisfy
(A4)—(A6). Then:
(i) For every mo € I' and ¢ € CYY(I,R*) we have Uy, € COY (I, 4, RF)
with Lipschitz constant uniform in xo. Hence |Uyy o (y)| < Coly — xol| for
allzg € I' and y € Iy, 4.
(i) For every xq € I' there exists a patch I’y C I' such that
(a) ond/cCF CFwO)
fr* ubor (0 ( ))Dp(x0)Tw, (y) dAy, = 0 for each p € CL1(I,RF),
( ) |28€I;0 E1§q§Q ugﬁldr(o g( ))D(p({[;o)T (z q)qu| < Cyh foralln >
no and each ¢ € CYY(I,RF).
In the above, C denotes a fized constant, C, denotes a constant depending on ¢,

the sum with a prime is over those q such that x§ # xo, and I ={e|I'* C I} }.

Proof. For part (i), let zop € I' and ¢ € CY(I,RF) be arbitrary. By working
with local Cartesian coordinates in the Lyapunov patch I3, 4 and using Taylor’s
Theorem for Lipschitz functions, we find

(98) o(y) = @(wo) + Dp(x0)[y — w0] + Rao (y), VY € g,
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where
R, (y)] < Oga|y - 330|27

99
( ) CO 1( Io)dek)'

k
:RIOEC ( ImdvR ) |y—fE0|
Moreover, since ¢ is globally Lipschitz on I", the Lipschitz constants for R,, and
Rao/|y — zo| are uniform in z¢ € I', where the latter function is defined to be zero
when y = x.
To establish properties of the functions T, and TIO, for any given y € Iy,.q
with y # 9, we consider an arbitrary curve (1) € I, 4 such that y(0) = y.
Then, by direct calculation from their definitions, we find |-LT,, (y(7))|r=0| <

CIY(0)|/ly — xo| and |-LT2 (v(7))|-=0| < C]7'(0)|. From this, we deduce

C
| DTz, (y)] < [ DT ()| <C, Yy € Iupa, y# o,

(100) xol’

€ C% (I, .0, R?),

where the last result above follows from the fact that 72 (y) has a uniformly
bounded surface derivative for almost every y € I, 4. Notice that the Lipschitz
constant for T2, equivalently the bound on its surface derivative, is uniform in

xo?

xp € I'. Moreover, by definition of T, and the Lipschitz property of Tﬁ), and the
fact that T5 (zo) = 0, we have the bounds

(101) Too(y)l =1, T2 (y)l < Cly —z0l, ¥y € Iugar Y # o

Proceeding with part (i), for any y € I},.q with y # xo, we use (99), (98) and
(96), and (A2) with pu =1, to write

Uwoﬁa(y)
(102) = H(zo,y)[p(y) — ¢(z0)] — up‘“"“(o, (1)) De(20) Ty (1),
= u(wo,y) [ Dip(o) L2 + F2 | — bob (0, £(y)) Dip(0) T (1)

In terms of the functions TA defined in (97) and uA defined in (A3)(iii), this
becomes

Uzo,«p(y) = U($0a y)D(p(xO)Tﬁ) (y)

103
1o +ulao, ) T2 2, () Dl Ty 1)

Since |u(xo,y)| < C by (A2), [Ty, (y )| = 1 by definition, and |Dy(z¢)| < Cy, by the
regularity assumption on cp, and T4 ( )| < Cly — x| by (101), |Reo (¥)|/|y — 20| <
Cyly — x| by (99), and [ud, (y)] = [ub (v) — u3 (x0)] < Cly — xo| by (AB)(ii), we
obtain the bound

(104) |Uwo,sa(y)| < C«p|y - $0|7 Yy € Igyd, Y F Xo.

In the above, the constant C, depends on ¢, but is independent of zy and y. Notice
that the bound also holds when y = x¢ by definition of U, . To establish the Lip-
schitz property of this function, for any given y € I, 4 with y # xo, we again con-
sider an arbitrary curve y(7) € I, q such that v(0) = y. Then, by direct calculation
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using (103), (101), (99), (A2) and (A3)(iii), we find |%Uzo,¢(~y(7'))|720| < Cylv'(0)].
From this, we deduce

|DU10;<P( )| < C<P7 Vy € Fwo,d? y 7& .’I]Q,

(105)
Umo,ga S CO ( wo,duRk)u

where, as before, the last result above follows from the fact that U,, ,(y) has a
uniformly bounded surface derivative for almost every y € I, 4. Notice that the
Lipschitz constant for Uy, , depends on ¢, but is uniform in xq € I'. Thus the
result in part (i) is established.

For parts (ii)(a,b), let g € I" be arbitrary and consider a local Cartesian coordi-
nate map y = 9, (§) € Iy With € € 2, 4 C R?, and a local polar coordinate map

Y = Uy (w(p, ) = 02 (p,€) with (,£) € 223 C R, x S and € = w(p, ) = pE.
Introducing the Jacobian factor

(106) J(E) = (det [(%’?)Tag—g“})l/z,

we have the relations
(107) dA, = J(€) dA¢ = J(p€) p dp dS,

where dA, is an area element in I, 4, dA¢ is an area element in (2,, 4 and dSZ is
an arclength element on S. By conditions (L2) and (L3) on I', we note that the
Lyapunov radius d > 0 can be chosen small enough such that

(108) 1<J) <2, V&€ y4, x0€l.

Moreover, if we let L > 1 denote the Lipschitz constant for 1,,, which is uniform in
Zo, then a straightforward argument using the definitions of I, s and (2, 5 shows
that

(109) Dyy5/n C 2205 C Days, V0 €(0,d], €T,

where D, 5 is the closed disc of radius 6 > 0 at the origin.
Proceeding with (ii)(a,b), we consider the function I : S — R defined by

N d/2L d/2L R
(110) I<§>=max{ / J(08) p dp, / J(—p&)pdp}.

Notice that I(§) is well-defined since D, /21 C f224,4 by (109). From (110), we
deduce I(—f) I(f), and from (110) and (108) we deduce, using a change of
variable and the fact that J(&)/J(£') <2 for all £, £ € 24, 4,

d2 d/2L N . d/L =N 42

) fm< [ IeDede<1@< [ a6Bpdr< 1.
0 0

where the second integral is also well-defined since Dy 4/1, C 24,4 by (109). For

any given choice of orthonormal basis in T,,I", we consider the components =

(&1,&2) and £= (51,52) and the decomposition S = S, US_ C R?, where S, and

S_ are disjoint subsets defined as

Sy ={£€S|&>00ré=(1,0)},

(112) S —[feS|E<0orf=(-1,00}.
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Moreover, we consider functions Ry : S; — R and R_ : S_ — R defined implicitly
by

R4 (§) . =N R
[ 16dpdp=10, vEes..
(113) 037@ . R .
/0 J(p€) pdp=1(§), VE€ S,

and from (111) and (110) we note that Ry, R_ € [d/2L,d/L]. Furthermore, we use
these functions to define subsets of (2, 4 by

110 Q= {E=pE€ 2uya | 0< p< Ry(E), E€ 54,
O ={=pE € Ry a|0<p<R_(€), Ec S},

and we note that, since Ry, R_ € [d/2L,d/L] and Sy US_ = S, we have
(115) Dyyajor, © (rz;m+ U 9;07,) C Dypayr, Vo €I
Finally, we define a subset of I, 4 by

(116) F;() = {y = wxo(é.) € FIqu | g € Q;(),"r U Q;(h_}'

The subset Iy has the properties stated in part (ii)(a,b). Specifically, by (116),
(115) and (109), it satisfies the uniformity condition

(117) Lyoajer C Ly Cluya, Vag €1

Moreover, for any ¢ € C11(I,RF), we have

/ B (0, Ey) Do) Ty () dA,
R+ N N =N
(118) -/ / U9 (0, ) Dep(0) T,y () () p dp dSe

® )
/ / WP (0, ) Dep(0) T (€)1 (0€) p dp dSe,

where we note that the unit tangent vector Ty, (y) is uniquely determined by the
angular coordinate ¢ ( ) € S, and hence we write Ty, (§) in the last two integrals.
Specifically, for any given orthonormal basis {ty,,1,tz,,2} it Ty I, we have

(119) oo (€) = Ertug,1 + Eatug 2.
Combining (118) with (113), we get

[ 0.8 Deteo T ) a4,
(120) - /5 W2 (0, €) Dip(w0) T (€)1(€) dS

+/ polar(o §)D<p(wo)T (g)](g) ng.

Since upo'r (0, E) is an_even function on S by (A3)(iii), I(g) is an even function on
S by (110), and T, (&) is an odd function on S by (119), and since the antipodal
map £ — —¢ is a length- and orientation-preserving map of S onto S which maps
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S+ onto S_, we find that the two integrals on the right-hand side of (120) cancel,
which implies

(121) / P (0, E(y)) Dipl0) Tog (y) dAy = 0, Vo € T, € CVI(ILRY).

Thus the results in parts (ii)(a,b) are established.

For part (ii)(c), we use notation similar to that used in the proof of Lemma 4.3
and let § > 10L + 1 and E > Ey be given numbers, where Ef is sufficiently large
such that 0 < Bh < d/4L for all E > E%. Moreover, for any given z¢ € I', we
consider the collections of surface elements I'°, e =1, ..., E, defined by

(122) Ir, ={e|r°cry} and ILygn={e| I C Ihypnl,

and note that, by design, the sets I, gn C I and I} \I., gn are non-empty for all
E > E}. Moreover, for any given ¢ € C1!(I',R¥), we consider the decomposition

(123) Deers, S aco Fao(E(@5))WE = Bi (o) + Ba(wo),

&) Dip(0) T, (€) and
(124) Bi(wo) = Zee]zo 8h Zl<q<Q Fxo(ﬁ(l’Z))W;,
(125) Bo(20) = Ceers 1oy o Lot Fro (€@ W

To establish the result, we show that the above sums satisfy the bounds |B;| < C,h
and |By| < C,h for all E > Ef and zg € I', where the constant C, depends
on ¢, but is independent of xy. Results for the finite interval E € [EO,EE] are
straightforward consequences of the boundedness of Fj, and will be omitted for
brevity.

For the term B, in (123), we use the fact that |F,,| < C, by (A2) and (A3),
|Lo,80] < C by (40), and S22 | W¢ < Ch? by (A5), to deduce

B1(20)] € ety pn Lr<qzq Foo (E@g) WG
< C,h* < Cy,h, YE>Ej x€l,

which establishes the result for B;.

For the second term B in (123) we notice that, for all e € I \ Iz, sn, we must
have I'* N Iy (3g—1)n = 0, or equivalently £2°N 2, 51y, = 0 in terms of local
Cartesian coordinate domains. Since D, (s3—1)n/z C $224,(3—1)n DY (109), and
B > 10L+1 by assumption, this implies 0 < 10h <[] for all £ € 2¢, e € I} \ I, sn
and E > Ej. Moreover, for any two points £,& € ¢, with polar coordrnates
¢ = pt and 5’ = '€, we have

& _F = [(p=p)E + 0" =9
/
(127) re

Ch
< 7, Ve e, eel; \Iuypn, E> E,

where F,, (5) = ubo?r(0

(126)

where the inequality follows from the fact that diam(£2¢) < C'diam(I"¢) < Ch by
the Lrpschrtz property of the coordinate maps v, and ¥ 1. Furthermore since
ubor (p, €) is class C%! in (p, ) by (A3)(i), and Ty, (€) is class C* in € by (119),
we notice that Fy, (5) = ubol?r (0, §)D<p(x0)T (5) is class C%! in € uniformly in zq.
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Hence, for each e € I} \ I, sn we have, using the fact that W, > 0, and considering
each scalar component of F,, € R* separately,
S Fuo (&l Wy _ A

i < .
(128) foin Fry() < E e < max Fr, o (&)
g=1 q

From this we conclude, by the Intermediate Value Theorem, that for each scalar
component of F, there exists an £¢ = p°&°¢ € (2° with the property that

(120) 3 Fuy €@))WE = Fuy(€) S WS, Ve € I \Lpsn, E > Ej.

For convenience, we use the same symbol Ee to denote the distinguished point for
each component of Fy,. In what follows, we will have need to consider the difference,
denoted by F:(;A, between the set I'; and the subset UeeI;O\I%,BhFe- From the

definition of I and I, gn, and the fact that diam(/™*) < h, we deduce that

0) 1A =N U ) € LusUN@IR), B> B,
€€l \Izg,8n

where N (0I; ,h) denotes the set of all y € I'; such that dist(y,dI; ) < h, that
is, N(9I;,,h) is the closed neighborhood of 9I'; in Iy of size h. We note that
Iyopn and N(OI7; , h) are disjoint for £ sufficiently large. Moreover, from (113),
(114) and (116), we deduce that the set OI; is a curve of class C%'.

Proceeding with the term By in (123), we have, using (129) and (125), and

considering each scalar component separately,

Q
By(wo) = Y Fuo(€)Y_ Wy

eclx \Iy, gn q=1

(131) oot o
= X m@Ir ¢ 3 E@( w1,
ecl? \IL'O Bh 66];0\11-015}1 g=1

Using the fact that [,.. Fi, (E(y)) dA, = 0 by (121), and the definition of I7};* in
zq
(130), we get

Ba(xg) = Z P (€)1 + Z Fy (€ (i |Fe)

BGI \ImO Bh 661;0\1330,5}1

a = % ([ P@) - @y da,)

e€ls \ILug a0 |

+ ) Fu (€ (XQ:W |Fe) - /F*AFzO(A(y))dAy

e€lz \Iug,pn q=1 o

= Boi(zo) + Boalwe) — Bas(zo),
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where Bai (x0), Baz(xo) and Bag(zo) denote the three terms in the middle equation
of (132). ~

For the term Bs; in (132), we notice that, by the Lipschitz property of Fi, (&)
and (127), we have

|Fuo (€9) — Fuy (E(y))| < Cul€° — E(y)]

(133) Cyh Cyh
<< —*— VeeI}\I,pn FE=>E;},
PR Meo g ;

where the last inequality follows from the Lipschitz property of the coordinate map

¥z, and the fact that |y — 20| = [¢ha, (£(¥)) — ¥, (0)] < ClE(y)| and p(y) = [£(y)]-
Hence, for the term Bo; we obtain the uniform bound

Bl < X [ 1B @) - @)l 4,

eEI;O\IﬂEo,Bh

(134)

1
< Cg,h/ dA, < Cyh, YE > E;, xg €1
Iy ly — o]

where the last inequality follows from a direct estimate of the integral using polar
coordinates, which shows that the integral is bounded, and the constant C, depends
on @, but is independent of zy. Thus the result for Bo; is established.

For the term Bos in (132), we first use the quadrature error bound in (A6) for a
rule of order £ > 1 applied to a constant function to obtain

Q
- ‘ng—/ dA,
q=1 re

Using the above, together with the fact that |Fy,(§)] < C, by (A2), (A3) and the
definition of F,, we then obtain the uniform bound

Q
(135) ‘ S W < C\I®|h, Ye € I \Ly pn, E > Ej.
q=1

Q
[Bao(eo)l < D (@) [ Do Ws =]

(136) el \Eag.on
< > Colllh <Gyl |h < Coh, VE>Ej, x0€l,

661;‘0\120,3;1

where the constant C, depends on ¢, but is independent of x¢. Thus the result for
Boo is established. N

For the term Bz in (132), we again use the fact that |Fy,(£)] < C, as above,
and use the inclusion result for 752 in (130), to get

Basao) < [ | 1P @)l da,
(137) "
SCL,/ dAy+C'g,/ dAy < Cyh, VYE>E;, x9 €l
Lag,pn N(oI;,,h)
where the last inequality follows from the definition of the patch I, gn and the set
N(OI; ,h), and the constant C, depends on ¢, but is independent of 9. Thus the
result for Bag is established. The result for By follows from (137), (136) and (134),
and the result stated in part (ii)(c) follows from these, together with (132), (126)
and (123). O
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4.3. Proof of main result. Here we combine the collective compactness result in
Theorem 4.1 and the results in Lemmas 4.2 — 4.6 to establish our main result in
Theorem 3.1. We consider the locally-corrected Nystréom method defined in (15)—
(23) with a quadrature rule of arbitrary order £ > 1, a local polynomial correction
of arbitrary degree p > 0, and a surface with regularity index m > 0.

For part (i), consider any £ > 1, p > 0 and m > 0. Then, by Lemma 4.5, the
operators A and A, (n > ng) satisfy the collective compactness conditions (C1)—
(C3). Hence, by Theorem 4.1, there exist constants C' > 0 and N > ng such that
con — Anpn = f is uniquely solvable for ¢,,, and moreover

(138) lon —oll < CllAnp — Agll, Vn = N.

By (C1) and the fact that ¢ € C°(I', R¥), we have (A, ¢)(z) = (A¢)(z) uniformly
in z € I', which in view of (138) implies

(139) llon —¢ll 0 as n—oo0, VL=1,p>0,m=0.

Thus the result in part (i) of the main theorem is established.

For convenience, we next consider part (iii), and will consider part (ii) afterwards
since it requires a special treatment. Accordingly, consider any £ > 1, p > 1 and
m > 1, and assume ¢ € C™(IR¥). In view of (138), we seek a bound for
[|Ane — Aepl||. By definition of A,, and A, we have

(140) [Mne — Apll < |G = Sell + [|Hne — Hell,

where G and H are the operators defined in (7), and G,, and I, are the operators
defined in (15); we continue to use subscripts n — oo in place of h,, — 0.

For the first term in (140), we let 9 € I' be arbitrary and consider the func-
tion (Gy9)(y) = G(wo,y)p(y). Since p € C™(I,R¥) by assumption, and G €
C™ YT x IR¥*F) by (A1), it follows that G, € C™(I',RF), where the Lips-
chitz constant for each derivative is uniform in xg. In view of the quadrature error
bound in (AG6) for a rule of order ¢, we get, by definition of § and G,

(141)

E Q
[(Sn0)(0) = (S) (o)l = | 303" Glao, ) /G:co, y) dA,

>[5

e=1 ¢g=1
< C pmmEMHY gy > N gy e T

M@

IN

G ) )W - / (Gr)y) d4,

In the above, the constant C, depends on ¢, but is independent of xy. From this
we deduce the bound

(142) IS¢ — Gl < Coh™ &m0,y > N
To bound the second term in (140), we let TJ ¢ : I’y . — R* be the local Taylor
polynomial of degree j for ¢ at xy € I'. Just as in (21), the local polynomial

(T2, ¢)(2) is defined using local Cartesian coordinates &, (2) in I'yq as given in
(1). Specifically, we have

J
1 d°
(143) Z o! dTU =0
o=0 -

90 © %0 nggo Z Bmo,a 5

la|<j
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where the coefficients By, » are identified with the partial derivatives of ¢ o 1,
with respect to &;,, with appropriate multiplicity due to equality of mixed partials,
and including the factorial scaling, evaluated at the surface point xy or equivalently
&zo = 0 in local Cartesian coordinates. Since ¢ € C™ (I, R¥), it follows that T3 ¢
is well-defined for any 0 < j < m. Moreover, in view of the Lipschitz properties
of the coordinates &, (z) for a surface I" of class C™ %11, it follows that TJ ¢ €
C™ (I, 4, R¥), where the Lipschitz constant for each derivative is uniform in
2. Furthermore, by definition of the locally-corrected operator H,,, the relation in
(20) holds, which implies

(144) (Fn 1o Ty 0)(x0) = (H 1wy T, ) (w0), VO<j<p, €T

Here 7, € C™!(I,]0,1]) is any given cutoff function as described earlier. Notice
that 7., ¢ is defined at all points of the surface and 7,,T% ¢ € C™ (I RF),
where the Lipschitz constant for each derivative is uniform in zg.

In what follows, we will have need to consider the function o5 € C™!(I,RF)
defined by

(145) oo () =l — 12y T #l(y),  § = min(p,m).

From the definition of the local Taylor polynomial T ,», and the fact that n,, is
identically equal to one in a fixed neighborhood of zy, we deduce that

lom ()] < Culy — 2ol ™, D05 ()| < Coly — 2ol 77,

(146) )
OSSSL xOuyepa

where DscprD denotes the surface derivative of order s. For any given xg, we will
also have need to consider the function (Hu, 05 )(y) = H(zo,y)¢5 (y). Using (146),
together with (A2) and (A3) with u = 1, we find

[(Hao02)) )| < Coly — xol?,  |D*(Haypi ) ()| < Coly — a0,

(147) .
0<s<yj, x,yel.

Here and above C, is a constant depending on ¢, but is independent of zg and y.
From (147) with s = j, we find that the surface derivative of H,, % of order j is
uniformly bounded, namely | D7 (H, 5 )(y)| < C, for all 2,y € I'. Thus it follows
that H,,@2 € C/~11(I'R¥), where j = min(p, m) and the Lipschitz constant for
each derivative is uniform in zy. This last regularity result provides a hint of the
delicate nature of the case p = 0 that will be considered later.

Proceeding with the second term in (140), we consider an arbitrary zo € I" and
use (144) and (145) to write

(148) (Hnp — Hp)(20) = (Hniph, — Hem ) (o).
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Using the definitions of H and 3, in (148), and the fact that ¢, + Zb =1, we get
(Hnp — He)(wo)

[
NE

Co(0) H (w0, )05, (20)Ws + D Gy(w0) Ray ()05, (1)

S
I
—

_ T A
(149) /H( 0, )Py (y) dAy,

= H{(xo,x0) i, () Wh, — /H 20, y)¢m (y) dAy
b=1

n

+Z<b 0) Ray (1) 05 (1) Z H (o, 23) @i, (25) W
b=1

For convenience, we decompose the above into three parts, namely
(150) (Hnp — He) (o) = Mi(zo) + Ma(20) — Ms(20),

where

151 Mi(no) = 3 H(zo, m)e (20)Wy — /F H(zo, 9)02 (y) dA,,

=

(152)  Ma(zo) = Y Co(w0) Rag (z0) 0%, (21),

(153)  Ms(wo) = ZE( o) H (wo, )¢5 (24) Wi

To establish the requlred result, we proceed to bound each of M;, My and Mg
uniformly in zg.

For the term M; in (150), we note that H,, % € CV~11(I,R¥) by the discussion
following (147). In view of the quadrature error bound in (A6) for a rule of order
£, we get

E Q
P a0)] = [ 303 ()W = [ () w)

1qg=1

Si\f o) @)Wy = [ (et ))

(154)

< C hmnd) = g pminrm) - yp > N, g €T,

where the last equality follows from the fact that j = min(p, m). In the above, the
constant C, depends on ¢, but is independent of zg. Thus a uniform bound for
M; is established. R

For the term My in (150), we consider the index set J, = {b | {p(xo) > 0}, and
we note by the same arguments that led to (84), that the number of elements in
this set is uniformly bounded, namely |J,,| < C for all n > N and x¢ € I". From
(152) we get, using the definition of J,, and the fact that 0 < ¢, < 1,

n

(155) [Ma(z0)| < If(xo) R (x0) 0 (@) < Y | Rag ()10, (23)].
bEJag

O“
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Since | Ry, (25)| < C by Lemma 4.4(iii), |5 (zs)| < Cplay — 207 by (146), and
|zp — xo| < Ch for all b € J,, by definition of J,, and (A7), we get

(156) Ma(zo)| < CohIth = C p™n@Hhmt) oy > N g €T,

where the last equality follows from the fact that j = min(p,m). As before, the
constant C, depends on ¢, but is independent of zg. Thus a uniform bound for
Mo is established.
For the term Mg in (150), we again use the definition of J,, and the fact that
0 < { <1, together with (153), to write
(157)  [Ma(ao)l < 3 1Go(0) Hwo, 2)e (@)Whl < 37 |(Hagip ) () W
b=1 bE Ty

Since |(Hazyi ) ()] < Cplzy, — 20)7 by (147), and |2, — 20| < Ch for all b € Jy,
by definition of J,, and (A7), and W, < Ch? by (A5), we get

(158) IMs(x0)| < Coh?t? = C R™PE+2mE2) -y > N g €T

where the last equality follows from the fact that j = min(p, m). Again, the constant
C, depends on ¢, but is independent of xp. Thus a uniform bound for Mj is
established. Combining (158), (156), (154) and (150), we obtain a bound for the
second term in (140), namely

(159) |Hp — Hepl| < C pmnER™) -y > N,
Combining (159), (142), (140) and (138), we get
(160) llon — || < Cpp™nEP™) as 00, VE>1,p>1,m > 1.

Thus the result stated in part (iii) of the main theorem is established.

For part (ii) of the main theorem, we assume p = 0 and consider any ¢ > 1 and
m > 1. In view of (138), we again seek a bound for ||A,¢ — Ag|| and consider the
decomposition in (140). The term ||S,¢ — Gg|| can be bound exactly as in (142).
Hence we focus on the term ||H,p — Hepl|, which requires a different treatment
than before due to the limited regularity of H, gpfo in the case p = 0. To this end,
we consider an arbitrary zo € I" and let I’y and I be as in Lemma 4.6(ii). Then,
using (148) and the definitions of H and H,,, we get

(Hnp — Hep)(z0)

> Colwo)H (o, m) 05 (23)Wo + > Co(w0) Ry (1) 05 ()
b=1

b=1
- / (o, )2 () dA,,
I

(161) - > [ZCS(xo)H(xo,xZ)wfo(xS)Wi— : H(z0,y)pm (y) dAy
e€ly  Lg=1 ‘
Q
+ [Z Co (o) H (wo, w8l (ze )Wy — | H(wo,y)pim (y) dAy
e¢l;, Lo=1 Ie

+ > Col@o) Ry (26) 05, ().
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For the first term in the first bracketed expression in (161), we observe that
Cq (zo)H (20, q)gpzo( 7) = 0if x5 = x¢ by (147) and (A7). Thus, using the notation
from Lemma 4.6 and the fact that Cq + Qe =1, we have

Q
> 8 (wo) H (wo, 25) o (25) Wy
=1

162 l e e e e
( ) = Zl<q<QC (‘TO)H(x07xq)S0mAg(‘rq)Wq7

’

_ e A e e e e A e e
- ZlquQ H(IO’ Iq)@mo (xq)Wq - Zl<q<Q < (IO)H(‘I(% ‘Iq)<P;E0 (Iq)Wq .

Using the definition of Uy, ,, given in (96), and the definition of 5 given in (145)
with p = 0, and setting 7, to unity in the case p = 0, we get

Q
Y Colwo)H(wo, ), () Wy
=1

(163) / T e .
= U @We =7 Clo) H(xo, 3), ()W

Y e R (0, Ew) Deplo) Ty () WV

Similarly, for the second term in the first bracketed expression in (161), we use
Lemma 4.6(ii)(b) and (130), together with the definitions of Uy, ,, and ¢% , to write

Z H 'rOv <P;E0 (y) dAy

eEI*

oy = 2 [ Hanuedw s, - [ 0.8 DeT, b) da,.

eGI*
> / o)y = [ U060 Deleo T )
eEI* ¢

Substituting (164) and (163) into (161), and using the fact that Uy, ,(zg) = 0 if
xg = zo by Lemma 4.6(i), we get the decomposition

(165) (Hnp — Hep)(z0) = Ni(20) + Na(20) — N3(w0) + Na(z0) + N5(20),
where

(166) Ni(zo) = Y

eGI*

Q

Z zo, _/ Uz p(y) dAy
Fﬁ

qg=1

Z Zl<q<Q ub™ (0 E(@ ) Do(x0) Ty () W5
(167) ecly,

b [ . E ) Do) Ty (0) d,
-

0o

(168) Z ZK o Ce ) (xo,xZ)%Ao(a?Z)W(f,

eEI*
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(169)
Q
N4(£UQ) = Z ZC;(:EO)H(J:(M‘/EZ)SO?O(J‘.Z)W; - H(J;Q,y)@?o(y) dA’lj )
eg{];o q=1 e
(170) Ns(wo) = D Gol(@0) Rag (1) 25 ().
b=1
To establish the result, we proceed to bound each of Ny, ..., N5 uniformly in xzg.

For the term N1, we note that I'® C I'; C I, 4 for all e € I} by definition, and
Uszo.p € COH(Iyy .4, R¥) with a Lipschitz constant that is uniform in 2o by Lemma
4.6(i). In view of the quadrature error bound in (A6) for a rule of order ¢, we get

Q
a0l £ 3 |3 Uaniolep)Ws = [ Vol da
(171) e€lz, q=1 Ie
< C,pmmEYD — o Vn >N, el
For the term Na, we use Lemma 4.6(ii)(c) and (137) to conclude directly that
(172) [Nao(z0)| < Cph, V¥n >N, zoel.
For the term N3, we use the same arguments that led to (158) to get
(173) IN3(z0)| < O pmnE+2m+2) — 0 B2 W > N, zpel
For the term N5, we use the same arguments that led to (156) to get
(174) N5 ()| < Cppmin+bmt) — ¢ p o ¥ > N, x9€l

In the above, the constant C,, depends on ¢, but is independent of x. Thus uniform
bounds for Ny, No, N3 and N5 are established.

It remains to bound the term N4. For every z¢p € I', we note from Lemma
4.6(ii)(a) that the set I'; contains the patch I, 4/c. Since diam(I™*) < h and
diam(supp(¢7)) < Ch, we find, after increasing the size of N if necessary, that
% < % —h < |y —xol, ¢5(x0) = 0 and (f(wo) = 1 forally € I'°, e ¢ I,
g=1,....,0, n > N and x¢g € I'. Using these observations, and the fact that
H (z0,y) is class C™! on the set |y — 20| > d/(2C) by (A2), and @2 is class C™!
by (145), both with Lipschitz constants for each derivative uniform in xg, together
with the quadrature error bound in (A6) for a rule of order ¢, we get

Q
Naten)| < 3 | D)5 = [ (Hayo)w) da
(175) e re
< C pmmEMAD oy > N gy € T
As before, the constant Cy, depends on ¢, but is independent of zg. Thus a uniform

bound for Ny is established. Combining (175), (174), (173), (172), (171) and (165),
we obtain the bound

(176) [Hng — Hell < Cohy Wn = N.
Combining (176), (142), (140) and (138), we get
(177) llon —@l| < Coh as n— o0, Y0>1,p=0,m>1.

Thus the result stated in part (ii) of the main theorem is established.
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