Sedimentation dynamics of rigid, knotted filaments

O. Gonzalez (Univ of Texas, Austin)

How do they move?
Do knots separate?

Are ideal shapes special?
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Outline

o Setup/Questions
- How do they move?
- Do knots separate?
- Are ideal shapes special?

e Model
- Body balance laws.
- Stokes resistance tensors.

e Results
- Steady states.
- Stability.
- Sedimentation speed.
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Balance equations

p=mv, w=Cw
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Stokes resistance tensors

Stokes flow

pAu = Vp in R> - B
V - u — 0 n R3 - B
u = Vv, w on 0B
u — 0 as |x| — oo
Resultant loads
— stress tensor
fd = Jopolu]-ndA = —Ljv— Lsw

T = [ ozmxolul-ndd = —Ly— Luw



Bead model for resistance tensors
J. Rotne and S. Prager, J Chem Phys 50 (1969) 4831-4837
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Effect of number of beads

(arclength and bead radius fixed)
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Perturbation analysis

Nondimensional IVP (in body frame)
Find n(t), p(t), 7(t) € R® such that

n+wxn = 0

ep+wxpl=—-Liv—Law+1n ;, t>0
el +w x 7| = —Lov — Lyw
mao
77(0) = 1o, p(O) — Do, ’/T(O) — 7o, & = "ﬁ <1

Leading-order solution (singular perturbation)
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exponential dec 2 coupling

where A € R%*% and 5(t) satisfies

n=nxMn,  1(0)=mng

oo "“Generalized Euler equation” determines leading-order soln



Generalized Euler equation

n=mnxMsn, Mye R3X3,

M3 = M, (w/distinct eigvals).

/
MT = —M,.

/
My w/ 1 real, 2 cmplx eigvals.

/
My w/ 3 real, distinct eigvals
and “oblique” eigvecs.

/

n(0)] = 1.

4 centers,
2 saddles

T

1 sink,
1 source

T

1 spiral sink,
1 spiral source

S

2 spiral sinks,
2 saddles,
2 spiral sources

e



Characterization of steady states

n=mnx My, MyeR>’

o real eigvec of M = hydrodynamic axis

e hydrodynamic axis = steady state pair

e steady state pair € {VT, FT, VS, HS}

Vertical Trans Flying Trans

Vertical Spin L
gravity

T



Stability of steady states

77:77XM277, Mo €R3X3

o My w/ 1 real, 2 complex eigvals

L L] = onstable
/@ Sy = globally, asymp stable
Oq

e M, w/ 3 real distinct eigvals; oblique eigvecs

5= locally, asymp stable
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e My w/ 3 real distinct eigvals; orthog eigvecs
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(t=200)

Sedimentation simulations

ideal 7- and 7; knots




Sedimentation simulation

ideal 7; knot
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(a) hydrodynamic axes of knot

(b) initial distribution of gravity directions (in body frame)
(c) final distribution of gravity directions (¢ = 200, ¢ = 0.01)
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d) sedimentation speed vs time (a few members from sample)



Sedimentation simulation

ideal 77 knot
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(d) sedimentation speed vs time (a few members from sample)



Hydrodynamic axes of ideal shapes

min axis mid axis max axis
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Hydrodynamic axes of ideal shapes
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Steady states of ideal shapes
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Sedimentation speed

My Ms\ (L s\
Mo M4 o Lo Ly
(sym, pos-def)

v (body velocity)

e (load direction)
o Definition:  9(t) :=w(t) e
o Bounds:  Apin(M1) < 9(t) < Amax(M1), t>0O(1)
o Characteristic value: ¥, := 1 tr(M;)
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Characteristic speed function
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Characteristic speed vs avg crossing number
ideal 31, 41, 51, 61, 71 and 7; knots
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e results are for single shapes for each knot type

e suggests different knots would separate

same ordering as for electrophoresis data

what about nearby shapes within knot type?



Construction of nearby, random shapes

Knot centerline Coordinates in normal tube
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Characteristic speed distribution
neighborhood of ideal 3;, 44, 51, 67 knots
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e results show well-separated peaks
e suggests slightly distorted knots would separate

e are ideal shapes special?



Summary

Generalized Euler eq drives sedimentation dynamics

Multiple, stable steady-states are possible

A characteristic speed functional is

v 0u(7) = 5 M ()]

e J.(v) orders example filaments by knot type

e Several open questions about ¥, (~)

- possible scaling laws
- properties of optimizers

- approximation techniques (e.g. Rotne-Prager)



