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0.1

INTRODUCTION

Finite difference methode afford s powerful tool
for obtaining epproximete numericel solutions for many 4if-
ferential egustions whose analytic solutlons are not known,
The differentiel equation le repleced by a Aifference aGUR=-
tion which muet be setigfied by the vslues of the unknown
funotion £C at a finite set of pointe in the domain, -S 2,
of the independent variable, This set of points usually con-
siste of the nodes, or net points,of a squars network _S2,
contained in S2 . The wmesh size is denoted by -4 ( >0).
It is ghown in Chapter I that 4f N 1g the number of
net polnts and a<=(4ct,¢4z)....)1¢ﬁa) ig the unknovn func-
tlon, corresponding to s lineer self adjoint esecond order
partlel differential equstion of elliptic type with pre-
soribed boundsry velues,<. must gatisfy & syetem of linear

eguatione of the form

N
(Q.1) Z Qg L+ =0 (c=42,-,M).
j:l ¢ /

whers the coefficients cZQj sre rerl and where
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'@ a:ii >0 Ci=t,2,+, N)
b aujzo (c#43 éng =12, )
N
(e) aii ZjZ'H Idé,é) (Z:I,,z,-.v-l/v) ana/far Some ¢
g’#i

N
The NXN mmrm ( aua)i%.m Sireducible,
] iemen td.l"\
(”ogmw any tw non m@éﬂg %ﬁ;'ﬁﬂ Js am @ﬂ o

of the get of the firet N Lntegers there
axiets a;,j #0 sueh that (¢YF and 3 € J%

fing A difrerence equation in elliptie if, when
reduced to the form (O.1), the coefficlients of ‘(aixﬁ)
_ satlefy oonditions (0.2),

ﬁ@t&a‘ti; An elliptic dirference equation is gelf sdloint,
ir
19.3) (e) Qiy = g (é,;':/,g, cee W)

Although the finite difference snelogie of & self ad-
Jeint partisl dirferentinl equation is self edjoint, if the

mesh slze le altered, me for exempls neer the boundary, (e)

1. Geiringer 129 7.
Bumbare in breckete, [ ], refer to the bibliogrsphy at
the end of the thesia,
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¥ill no longer be fulfilled. We shall avold using (o) when-
ever possible, and shall alweys state when it ie uged.

Gelringer [29] hae shown thaet any syetem of equatione,
fulfllling the conditions (0.2) hes & unique golution, The
proof will be glven in Chspter I. Actually obtsining the
- solution, however, may be very laborioue,

It ie the purpoee of thias thesle to consider the prac-
ticabllity of the varlous methods for solving these squa-

| tioneg, with gpecisl emphasis on those methods which sre

adepted to large eutomstlie computing mechines, I shall be

particularly concerned with the mirichlet Problem,

Direct methods such &s the use of determinants and
aliminﬁtion for eolving (D.1) do natJapn@ar to bs very praoc-
ticel when N is large, anéd various methoeds of sucoessive
eporoximatlion are ususlly empleoyed, including the iterative
methods of Kormee [33] and Liebmann [3] (modified by Shortley
and Weller{4 1), and the relaxation methode of Eouthwell [1].

For these methods an arbitrary initisl spproxima~

) (o)
tion &= (e? e} e, is choeen and suc-

ceeeively lmproved, One obteine 8 geguence é—zcoww;

guch thet under the conditions on (a.é,j')

-Lg-v...l Z/m, AL = gl (=12, N7

, ¥hich was epplied by Kormes .- ~
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to a2 epecial cese of (0,1), the sequence {,a.(m’f ie
defined by '

a“'a ) d‘
{0.5) (mwl) Z—: 2—“—‘1 Yy (c=t,2,0, M)
i
or
‘ﬁ,ﬁ&} J(.M"'W) = XL“MM + C ywhere

?C is a linesr operstor on Viv the wector sproce of AN- suples

of complex numbere, and where the veetor C 1g given by

: _ (& _ A2 _;c
(3.5} C= Q4 I Arzy ! c ot ) an/’:/)
(%) For The Liebmann Method, which is actnally a speoial

case of The Gsuse~Beydel Methed [27), the scustions are teken
in & presoribed order, ¢, and the geauence 3.« 1a

defined by

(0 7’ (/”‘,.'1) Q;"a (mf’) Z -5‘_‘.:‘_‘.1' /”"’l d‘.
. = @:i: T an &g
J-I J J‘:uf/

or

(0.7a) ™= Lol w™] v e



Cleerly, Lo 1s & linear operstor on V.

In Chapter I, & proof, due to Jeiringer, [29] is given
for the convergence of The Kormes #nd Liebmann Hethode, uelng
the fact that the matrix (21@3) satisfies conditions (0.2),

() For the pelaxstion methode, one firet computes the resid-
usle of _«'” by the formula

N
{(0) [ o)
(0.8) X, =- jZ:, Qg tey +c/;] GC=han)
| (o) ) o
Ir X, = for ell ¢, ¢ satieries (0.1).
Otharwige, the velues of ¢ % are sdjuated and the

residuale sre recomputed, Thie procees 1ls aontinued until
all resldusle are reduced to a negligible emount. No exsot
instructlions sre ususlly given for doing thie; "the former
(the relaxation methods) challenges one's intellect at esah
step to make the best pogeible gusse...” {187 . On the other
hend high intelleatusl nowers ere not recquired; by adjusting
the coordinstes of _et? one &t & time, Just enough to re-
move the oorresponding reeidusl, snd so thet the ocoordinates
are éﬁduetaﬁ eyelicelly in & presoribed order,one hae The
Lisbmann Method. Any one residusl ﬁe'?"u asn be re-
movad as follows

!m*[} )

(0.9) )
,obi‘m*/) = /Céfm} x;_

Y7 P
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28 osn be verified directly. Thie 1s callsd relsging the
regiduel Qeazon), One loglcel way of relaxing the
reeiduale is to relax the residusl of largest msgnitude

at esch stege, In Chepter I & proof due to Temple [15],

ie glven for the comvergenceof thie procedure when (az,j)
satisfied {(0.2) end (0.3). If only (0.2) is essumed,the
method le shown to converge under a week sesumption on the
order of relsxing,

Various dsvices have been introduced to sccelerate

the convergence, such ss block relexstion { [1] page 55)

(ol

where a group of velues _«(; ere modlfied simultanecusly,
and gverrslexetion and underrelaxation ( [1] page 65), where
one modifies _«‘7’ by more or less, respectively ,than
indlaonted by (0.9). These will be discussed later in this
gsotion,

Emmone [16] estimatee that by proper ues of the
relaxation methode, the lebor recuired by the Liebmann Method
can be reduced by & factor of 5. However, the effective use
of relexstion methods requiree ecanning of the residuals,

& procese which is eaey for & humen eomouter but which agnw
not be dons effiolently by any large sutomatic computing
maohine in exlstence or being bullt,

Iterative methods on the other hand, appear to be
best suited for large automstic computing mechines., In
Chapter II the retes of convergence of The Formes and

Liabmannyﬁwthoda ere studied in detaell, The retes of con=
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vergence depend on the eigenvalues of the operators
and L respectively. For the etudy of thege elgenvelues
we make use of the fect that the metrix (ai;) hae property
(A;) for seme % .Thie property ie¢ now defined,
Definition 0,3
An NXN matrix (d«'-.g') heas property (Az,)
if there exist non empty diejoint subsets T, T,, --'-,Tg,
of 7/ ,the est of the first N integere such thet E’) T2=4,
snd guch that the 7, oan be labeled go that

abjzo unless sz or

€l and  4& T, U Tgu .

{By convention Jo and Tyss denote the empty set,)

Since (a,;,J') hes property (A3') for rome g ,
it ie ensy to show that if g -dsen elgenvelue of J¢, (-uc)
ie 8leo an elgenvelue, There exlist certsin orderinge , ¢,

of the equstiong, oalled gons!

4 nge, sueh that to
each such pair (/u,;u) of eigenvelues of J corresponde

an eigzenvalue ,\:/442‘ of e, The rate of convargence of Lo
1s exactly twice thsast of %.Tbis hee been ghown to be true
ssymptotically in N by Shortley end weller [%]) 2An ex-
pliclit expression of the eimenvectors of Joe in terme of the
eigenvectors of 7( 1e 8leo given, 1Ir a.;,jzaj); &ll
elgenveluse of X end Z» ere recl end the Jordan normel
from the ocorresponding metricee are dlsgonsl with the pos-

6ible exceptlon of the subspace sssocleted with \=o for or.
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If, #lso, Qii= constant, se for the Diriehlet Problem,
the elgenvectors of X are orthogenal. For the Dirichlet
Problem the elgenvelues and elgenvectors of X and Lo
can be computed exaotly for & rectangular region, For
one nrﬁaring,o;} the normsl form of the metrix of éfa;
ig dlagonal andfkhe coordinstes of an arbltrary vsctor
in Vj referrred to the besie of eigenvectors of X  are
known, the coordinstes of thet seme veotor referred to the
bsels of elgzenvectors of 2%1 cen be ocomputed st once,

For the symmetric case a conjecture thet by The
Liebmann Method the rate of convergence cen not be in-
er~ased by uslng an ordering which is not conelstent is
proved in one epeciel cese, Some numericsl stulles besr out
a conjecture by EBhortley snd weller [L4] that for lerge N
(hence smell 4 ) the rete of ¢onvargence of o Lo nrec-
ticelly independent of o, |

It 18 8lso shown that for those methods the number
of lteretione recuired to reduce the norm of the initizl

error function

; ) o cer 212
{0.11) “Q_“’” 3[2 L/ ] , where

(2]

(0.12) R R YL APy (i=1/,2,--,N)

to & derinite firaction of iteself le asymptotloally for
emell £ proportional to £, For some problsms, the time

reocuirsd to obteln en accepteble degree of acdourscy, even



0.9

with & fmet large sutomatic computing mschine such as the
UNIVAQ, 1e prohibitive,

In Chapter III it 1g shown that the required number
of iterstions can be greatly reduced by ﬁaing The Euo-
ceselve Overrelaxaetion Method, where the ideas of systematio

1, firet used by L, P, Richardson, (2], is
comblned with The Liebmenn Method. The ides of overrelaxa-
tion iteelfl hes been ueed in connection with the relaxs-
tion methode by such suthors ae Hartree, (181, psge 120,
Southwell, (1] pege 65, and Emmons [16]. Overrelexstion is
an sttempt to “"antloipate &t esch step the effsct of later
etepe in the process,* (18], By Richerdson's Hethod the
Velues of an approximste aalunion,.AAPMJ of (0.}) are

modified gimulteneougly by the formuls

M/, ’M) N ( -
(0.13) D fz aaogﬂj%)“I'Jt.}
g N i |

. “:“‘Iaz,"‘JN)
or

(0.13a) W Rl v ot

T

vhere w is the relexstion fsotor, If 4. 1is constent for

L=h2, -, N snd w = Z%T we have the Xormee improvement

formule (0.5}, In genersl, for The Xormes Method combined

with overrelaxation we heve the improvement formula
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4n)

ol .
(‘-:/12, e, nJ)

or

ok 7= X, Lw™] +ewe

Where C 1s given in (0.6).

Agein Af 4:. le eonstsnt for i=0,2 .~ ,(0,1%) 1e
equivalent to (0.13) for sulteble chnlee of @,

The gain in convergence rals using & flxed relexa-
tion faé%nr is in general very slight indeed for elther
{0.13) or (0.,14), Richardeon used different vslues of w
for esch iteration, but it sopesre Aoubtful that & gain
of a faotor of greater than 5 in the raie of convergenoe
oan in genersl be resllized unlese one ie extremely fortue
nete in the cholce of the velues of . Ehortly and Keller
(47, ere of the opinion thst the gain is even less. This
is dlecuesed further in Chapter 111,

However, by the simple device of lmproving the values
™ succeseively in & cyolic order ¢ and ueing new valves
&g soon me they sre evhilaeble, one can use 8 fixed relaxation
factor, a&nd, if thie elngle feotor le sultably ohosen, &
large sain in the rate of convergence ig possible, For the
Dirichlet Problem the pein le of the order of -A™' end for

the genersl self adjoint oszse, 1f the reculired number of



0.11

iteratione with The Lishmamnp: Meéthod le of the order of «#3-46
that number ie of the order of .44_‘A& 1f this new method,

The Sunceesive Overrelsxation Method

, 1& uged with the
oroper wvalue of W,
The improvement formula for The Sucoesclve Over-

ralaxation Method is

o=t

.. N o
(0.16) ™) <o {_ S aug ac.j oo

= — e ALy
j.:, Ac,e /ééj 3‘:2.*“ i 7
< )
ar
) ;
(0.168) /u,[m“‘l = fmw LILL[%} + wc

where the subgsaripts O and woof &ﬁgugﬂanota the ordering

end the relsxation fsctor reenactively. Clesrly oo, .

is & linesr operator, &nd if w=] we heve The Liebmenn Methad.
The Sucoeseive Overrelexstion Method ie included in & more
general clees of iteretive methods considered by H, Gedria~
ger [297 .,

It 4¢ by using the fact that the metrix (cz;,j) :
hes oroperty (A}Z) that it cen be shown, for the first

‘timQ, that one can obtsin the sbove mentlioned remargabla

gsin in the rate of convergence. ¥e show that, always &esul-
ing ¢ oonsistent, there ls en exact glgebreic relatlon

between the eigenveluee and slgenvectore of X anﬁozéu:.
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Ir/a is any elgenvalue of X there exists an elgen~
A
velue )\ of ozoa;w guch that

1/2. A

. N
(0?7} Mw A = A+ (w-1)

end conversely every elgenvelus of Jrwosn be determined by
(0.17) for some _<L. The slgenvectore of Jr.w08n also be
axpreseed explicitly in terms of the sigenvectors of x) .
It (a:4) 1e eymmetric then the optimum relsxetion fector

Wy is gliven by

(0,18) Tt s H(wy =)

where /, 1g the largest eizenvalue of . For sll w = wy
every elgenvaelue of ,Zf,,w hae sbsolute value (cw-1) end the
Jordan normel form of the metrix of 7w ie Alsgonsl unless
w=¢y, . In this case theiBiomsdl metrix form contsine pre-
cisely one non dAiagonsl element,

For the Dirichlet Problem for small .l,/d, s very
neerly ecuel to one, /a, can be cslculated for & rectangle
#nd can be eetimated for other reglones by compsrigon thecrems.
?af the genersl self adjoint case, pmviﬁeﬁ/cz, is not une
derestimated (for the Dlirichlet Problem s nen: trivisl upper
bound for //, can salwaye bes found) the relstive Qecrssem in

the reate of convergence if w’ >w, 18 ueed lg approximetely

(0.19) S _

where

(0.20) Uster’) = SCr—u,) (0<¥< ()
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and where ' 1s determined from (0,18) but with «, re-
sleced by the estimeted valua/;a{ Thus & relstlvely large
error in the estimetion of (1-p1) cen be ellowed, and
the ilmprovement over The Liebmann Msthod will not suffer

_ appraaia*ly, This sleo suggeets thet The Successive Over-
relaexstion Kethod can be successfully applie&?@wir sdjoint
#gustions other than Levolace's Eoumtion,

The Euccessive Overrelsxation Method ecan be used
with eny large sutomatic computing mschine for which The
Lisbmann Method cen he used, The mschine time per inters-~
tion would not be ineressed by mors then 108, It ie ex-
‘pacted thet the use of The Busceseive Overrelexetion Hethod
¥ill coneslderably eugment the oclags of probleme for which

the use of lerge sutometic computing meachines 1lg prectical,
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CHAPTIER I

let SL be & o’osed bounded region in Huclldean
m - gpace, with interior Rand boundary S, Consider the celf

adjoint elliptio partial differentisl equetion of sewond order

(1o1) LIzl +a) (2) =0 % e R

o L (%) =q(%) re S
where.

| - = 2 A) 9 -
) (192) L£u1=}43z£(d{)574;)+;/“

and oo « (Y (A=hz, - m) , FJ and 2 are functions
of the vector Z whose components, (referred to an orthogo-
nal beele 2,,€2, -, Lm of unit coordinate vectors),
are (%, Zo, oo, Zm) . ¥Ye peoume

ol M)ané @ are continuous functions of % with contine

uous first and second pertisl derivetives, in I, ana that
g 18 & oontinuous function of Z on 5‘:’ o (#) and L+

satisfy the conditions

it

‘
ot
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(A)
(T.0.3a) o« >So L‘=A2,”3a)
Ir f is any function defined on 5 we write \ 7
]
CE‘O'H) 7/(1): %(Z/,Zz, "°,Zm) v

d

An importsnt specisl eese of ([.0.2) e the
Problem, Kellogmg, (5] prge 236. In this case
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For the Mrmmw Problen the exlstence of & unique.
solution has been proved for & wide cless of regions, see
for exemple Lichtenstein [ 37 ] and Kellogg [5], Chapter
%I. In [5] page 329 Zaremba's criterion Lo given for ,m= 33
o unlque solution exists if esch point I of S la the verw
tex of & right elroular cone, which hss no polnts in the
portion of R in ony sphere about P however smell. Phile
1ive and wiener [11] meve » proof, based on the use of
finite differsnce wethode for the existence of a unidjue
solution of the Dirichlet Problem for any region 52 with
the mllwmy property!
| Yhensver s point P belongs to S thare are positive
nueberes a eand £ such that if J<a gnd an n-sphere

/7 of redius 2 is drawn with P as center, snd if Z
is the set of points in [ but not in R, then the projeo-
tion of >, on at least one of the (n-—;) dimensional
ppaces deterwined by & set of .~ perpendicular axes sxcssds
Lo in gontent.

Coursnt Friedrichs, and Lewy, L9] bave given a prool
for the more general problem (L.0.1) based on finlte dif-
fersnoe methode. The existence of & unlque solution of
(T.0.)) 1e proved for reguler regions ( [5], pege 113},
guch that

(1) B 5 | e o, atn - AEn =0
S>>0



I

implies w=0 on O where S& 12 the set of sll points of S
et & distence lees than v from some point of S and where
<. 16 any continuous function. This oondition 1s slwaye
fulfilled for ,, =2  (9].

The analytic solution is not Enown, however, except
foy the simplest regions. Conseguently if one deslres
nupericsl results, sporoximete methods pust ordinerily Ve
ueed, Included among the:e methods are varistional methode
6], the use of orthogonal funotions [7] ( Sor n=2),
eonformal mepping (for m =2 end for the Dirichlet Probe
lem), and finite difference methods [6]. |

In this dlceertation I ehell be concerned with finite
difference methods., The reglon S 18 covered by a network
_S24 &nd the aifferentis) equation is replsced by & dif-
fersnce sguation involving the values of ths unknown funotlon
&% the nodes {nat vointe) of J;Z4L., The solution of the
&ifﬁ&r&nan squaetion 41ffars from the solution of the differw
ential sguation by sn amount which derends on the finenees
af the meeh and on the tyre of finite difference approxina-
tion which i used. |

1
Consider & squares network whose nodes are the set

T YFlenguTer And REXafonal networks heve been ueed by South-
well and hig eolleborstors [1]. BHaquare networke are simpler,

and have been used almost exclueively in the United Btaten .



Z= ('Z.,Zz,-~-,zm) Such thaT
Z‘=ﬁ4 (’?éz/Jz)"')/’U)

whers _A  is the mesh size and tie A, sre integers.

, Two net pointe 2 and 2z’ sre it £y = 7@7’6'
Cfor all A exceot for s single
’
lf& - £ =
where
Z=(7¢,-‘£1 ﬂz—"{J "‘J7Q/n /}
Z'= (o, A 2,4 A
= ﬁ’ y ﬁ?‘ , - s .Jﬁm )
If ¥ is sdjecent to %’ we write z N2

S24 ie the cet of all such net pointe contsined in 52,
Ry , the intepior of 52y iz the set of al) points %
euch thet ell net pointe adjecent to 2 belong to SS4.

A1) other points of S0 belong to OA, the boundary of

25
i s R

gment 1e & streight line jJolning two sdjlscent net

egted provided eny two points of g can
be joined by an unbroken line coneleting of segments conteined
in KA. ve sssume thet A  ie sufficlently smell so thet SC/ is
cannected.,

" 1et N  bs the number of pointe of Rg and Np be ‘&ha
nuxber of points of SA . Tre general point of ¢ A w®ay be
denoted by
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(1.&2) Z(“)z (,l (< (<)

(c) i
vy Ea, e, E, ) J (L=},2,--~JN+NB)

where .
ZAI‘) = 79,(, {“),4 .

We wepume thet Af (<, | 2 ¢ R,y
1t V~+ue be tie space of all cowplex velued funa-
tiong defined on \_SZ,L and let Vy be the spnoe of agll
runctions on Vy,ne Venishing on S4.

& funetion {vaector), 7.”_ € Vying hat 00w
opdinates

%:" (f-/'/ /‘/ t 'J/A/-HVB)

referred ¢o o beslis of unit funotiosne whieh agual one &%t one

point of S0,  «nd venlsh elsewhere, vhere

(1,3) £ = //2:(“’) (¢21,2, oo, N+N5)

¥e define the operstors ([12], page &)

Ez, %/z) = L(¥* A )

E—zé//:k) = //Z—«{é&}

To derive %M finite difference sanslogue of (I.0,1}) we

{1!}"; éé:/JZJot‘/ﬁ)

replece the dsrivetives by difference quotients. Thus ae in
(9], the daifferentisl opsrator

| %}(d(’é)%ﬁ)

is re placed bj
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L.s) 2 { (1- B )L Y (Ey, - l)lj

end the opsrator ( Li) is replaced by

2v (4)
— P At = ALt {; o((’é/Ez’é "[0((4)4-/_:7_&0(

- {1.6) 2
+(E‘Z‘0((£))E~l,g_] t % Fj
e finite dlfference mnelogue of (I.0.1) begones
(1.7 (trap): - A*6i=0 (i=02, -2, M)
=9 (i=NAl -, N*NB)
ar
N+Ng
_ZJ Qi,',—%"',xz . = -
(&Q%) Z-‘-l d / é o (‘ =/, 2) "'.\N}

l.
— =;L (6‘: N+/)"'JN'fNB

Yo Here 3 15 Taken 66 the valus g (2) where ZES and

% $e the neerect point of S to % ik 4. a1 ternatively
one might extend the funotion g %o R end teke g4 . to be
the velue of this extendad function. Another possibility ia
o ohange the mesh size near R whenever 2% S4  does not
velong to O, [4]. This does not meke the problem essen-
tially more difficult f{rom a procticsl ga&nt of view but
does spolil some of the pethemstionl relstionships t@%bﬁ
given later. Furtiher Aisguasion of this guestion will be

given later.
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where the genersl element of the N X (N +Ng) matrix
(at.é\ is
mno
(4) (£) z . R
—&Z=:[O<L +I:—-z1‘_0<‘~ ~A /'_‘l ((.?-01)

(4 N |
- (Z(’)= Y] )
A

_}—.ar Some

{lﬁ?} ao . _
L)a -
- E‘Z_"OZL.(_A) ( Z(j): Z‘(i)'{éq‘_ )
For Some 16- )‘
. . 4
o (" 94»33 and 29 not aJJ‘acch To 2/—3/
1

For $he Dirichlet problem we have

v Gt (5 ) ]iet)s

=(
(¢c=1,2, "')/V)

and
{(1.10a) Q’L’é: - (24 A Zu))
o (45 ani 29 not
adjacent  To ‘D).
Since <=4, (L= N1, +o- , N?N35)
we have

N
(1,21 Z @iy U +d: =0
3::.4

(mtray ooy

[ Ffeveres snalogues of the Dirichlet Problem,
Keve been consldersd by Hilms £25] and

with o sgquare net,

siekley L[8l.
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where
NiNg

{1.12) d. = ai, . - z L.
J=N+I 'd ?} % éc

) (l: =I'2)“‘)/V)
Ye may also at times wpite {1.11) in the form

il
(1.13) 7% =Z ,.4;,‘,4' #C ¢
j:l J J
(i=1,2,000, V)
W here
(1aat) //—a,j =|- 2t (c#7)
o) (8:7")
(1.15) Ce = = L (i=1%> )
Qe

Clearly By (1.8) and (I1.0.3, 8, b) the cosfflclents
of (d;, 3) havs the following properties

@ aci >0 (c=1,2,-2N)
(b) ac‘.,j <0 (2)3 =1,2&,0% N)
N
kc) T = Z—’ Iab'al (6 =',Z,-\-,/V)) and gor some ¢
{1.16) 3;":
N
aii > 2 (a;,a‘[
3=
3'*0‘.
@ acj<o (290 %)

T e For 8l L eueh thet 7 Y 38 sdjscent to & point
of S4,.
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{1.16 m:) (g_) a':’j =0 ((.#} (<)

x no b
Zl;’)).

and

a.cl‘/ acenl Zo

l.

(117 L) Qi,j=aj,. (L, 4=1,2, 2 N).

The metrix (a:,j) sstisfying (1.16a), (1.16e) Lo
irredheible snd has property (A z)‘

proogs (e) By (1,16a), siven any two non emply somplementary
subsets of Rg( there must exist two adjsoent polnts not be-
longzing to the ssme subset einoce 524 ie conneoted., The ir«
reducibllity follows .

{p) et Tz be the eet of integers sueh that
N

c
Z 7&1‘(') 1s even, and let Ti e
-»‘=/ ‘

the set of integers such thet

Z/\/' ;
) .
s ndd.,
b= 74 _.

T e TFesdy Ttated we avold using this faol wherever possible.

Por if the mesh slge lo verled {oee (1.18) footnote), this
condition is no longer fulfilled,
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Then 1\ and |z ars complementary subssete of jv
ard by (1.16e), Af c #}'

c?.z,,a' =0
unless €/, and jeT: or Ce 72 and jaTn.

Thue (C?L,j) heoe property (A=) .

e Te Dy

{1.7) 4e an elliptle self adloint difference equatlion.

The existsnce of s unigue solution of (1,11) has been
proved by OSersehgerin [10 ], without requiring thet (ai,7)
be symmetrie but using (1,164). ¥e shell glve & proof for &

gomgvhat more gensrel ecsee, which Lo due to Oelpinger [29].

Theores 1
I vt 8 matrix (dz,a') gatisries (0.2}, then the deter-

minent of ( a., J ) dses not venish, snd there existe & unique

solution of (0,1},

Froefi To prove the theorem we ne ad only show thset

di=0  (i=1, 2,-5,N)  implies UI=O (i=1,2,000,N)

1s the only solution of (0,1}, By linuwar equation tmm?ﬁg,

this will imoly thet the detsrminant of (20j) 1s not sero,

m& thet there existe s unigue solution of (0.1},

Thue let ol =0 (i=1,2, ) N) and supross L > O

p
for some C. Then /& wuel sssure a maximum values (¢, = M

for some lo . By (0.2) this ig not possible unlees

,{(J=M | For ?EM
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where e/, 3¢ the est of &ll integere sueh thet ., ? #£0,
Similarly, by induction /di‘ =M for all ;' € @@;— 5
wvhery J,t i1a the as=t of all integers such thet

,di;j #O ¢ € Jé‘-—/.

If we let -% =3 ,c},ﬁ ug have
Ao C S
vhere the inecluzion relation iz striet by the irredusibility
of (a;,a-), Mevefore we have A =M , (¢ =/1,2, " N)
end by (0.,2) this is imposeinle, Therefore
wifo (i=hz, - M.Bistlerly «i20 ,(i=1,2,+,N) 5 therefore
MU=0  (i=1,2,--, N).
2. B, D,

Phillips and¥lener {11] proved that, for the Dirlehlet v
Ppoblem. under the asesumptions on 52  ptated shove -« —> <
13 «A-) 0. Cournnt Friedprishe end lewy [§] proved the
sare vesult for the genersl probier undar thelr sssumptlons
~on S slresdy stated.

dersohgorin [10] derived an error bound for |- A |
under the szsumption that . has oontinuous partial derive-
tives of &ll orders up to snd ineluding the fourth. He alseo
obteined an errar bound for / - aul where <<’ is any ,
approxizete eslution of (1.11). For the Dirlchlet Problem
the proal ie r‘@};atzvély cimple and: la glven below,
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N 2
P wly) \
70=£Z: Dzt ¢ ze R

then

(1.18) ILZ[.J]);

£1 By 1.10 we have

‘Mfu]) 1€Zm’ L+ E_gyy - &m)ﬁ(z“‘l)
By Taylor's Theorem

E'}‘,ﬁ (/ZL- ‘.'\) = AL (Z:(L)+"4’ Q‘ﬁ_) = AL +«A,('3“{ﬁ )l.

L2 () E () ()Y

2!

u)

<)
where F,' 1e u point on the seyment joining Z ° and

zf£)+,L e, . ¥We have

el - £ e e B {2 | TR 22 ()l

-
-

Hence l@{uﬂ’u" lﬂ‘e—- My, . 5. D,
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For the mmghlet Probler Af £ is the radius of

9 ,,:(z)]} /Z/ 0 .

M, = Maxr {MIaza

any m- sphere contsinlng S and if

,,é:/,zl..-,_,,., zeSe N
then
(1,19) K g"—} At N M4
(i=1,2,++,N)
Fraols

i&ﬁm I Q['al)“' x0 )(‘12/12:'“)/\’) and 47

i 20 (L=N+i, NiNghen AL: Z20O

3 . L4 ’ u)_%l )°) = L[ XU'I)}_ J <‘: =152 000, N)J
and iF  Jul] S (=N+1,ev, N+Ng)
then lail< g Ce=1,2,.00, N) .

' amma 31 Le 0 (o) ) g
lomme 31 Le% z' ). (z o’ 5 Z{oz IR fei:)
velongs to R and let 2 ¢ (,  where (, ig olosed n- ephere
n
2 (74 - 2 ) L
=/
X TelTstz [91] Bas ehown that by a medificstion of the Aif-

ference gaustions near the boundsry, the second ters oan

. -2
be made to approasch gero with A%,
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et A be & non neretive Mn:t eonetent and let

g (o)) 2
cl)(l):ALl—— £ (jf_%") j + Vo M, 4L

then
“Al
QZ¢J)G: ‘f/LL

¥e have by the meszn vslue theoren

| |t -t o] < Nm M, 4 (‘:‘;N'/'/)"‘,N'/—Ns)
since for 2¥9€ Sq , 16 taken e the value
of (%) on the néaw&@t pasint of S,
&lan by

| (ra): | =lUta-=)i] < (0rel).

and (=12, N

lue-wl) < ¢; (;:N+b"u/V+NB)
The theorem follows by lLeERe ¢

Gorollsry} For the Dirichlet Problam if ' 18 an epproximste
golution of (1,11) and 31f
‘ } / /
maw 2101 = X0
":') 2)"'1”

where

X = - (£13):
and 4/ le  the °  solution of (1.11) then
] n* ?C/ . '
{1,20) | e - il ¢ p €i=1,2, -, N) .

e
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Proof3 Ve first note that ' —ail=0 (L: =N+, NY Ng)

Also, if we let "
%L (7475— za)”*

3
|

@ (z)=A ) I-

Then

ée 1 ﬁb']) - H A L*

J/Ll
Iir
2225 ,

A= Z7z= , then (LL¢). 2L 1)) = 1@Iw'-al) ]
#leo ,

¢¢:I 2‘16(.4:(’/(4.1.[:0 (¢\=/V-/I,'“, N+NB)
thersfore the result follews by leéume 1.

Q. E. D
& dissdvantage of (1,19) 18 that the derivstives of <&
ape not known, in genersl. However, we may estimaste the

derivatives by dlffersnce quotients of Ll .

Thus fop =R we replace
R4 3Ta 2
2%,% ~ x.Y 2t Ix; by

Dv('[_): ’L—q[(l:-z,{-g—z,)(Ezz-}-E-z,_) —4] "C/Z)

1t Sp €S we have by 1.19
' I - -
| i iz | £ Z22 Do o % Dy
e 24 A4 24

T Weve the syRbol 2, beant “epproxiretsly lece than or
equal to
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where

D4==(Qg%y Dy (2)

For the unit Square with | Aintervale on & side wve

hmv&‘

/gc_,"-: I—l and JL:;’:\Fi.
Then

Nt= -, _ I1* D D

57 Dv A= T o4 =.0833 Iz('f-

fhortley and Weller [&] give

.06 I* (——%)

a2 wn ssympiotic eetinmante for the error,
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The exietence and unigueness of & solution of (1.11)
hee alresdy been proved. Thus, from the standpoint of pure
mathematice the problem might be vonsldered solved. From
the prectical, numerical voint of view, however, actuslly

solving the equatione iz the hardest part of the problenm,

The forsal solution of (1,11) in terms of determinants
18 of 1ittle prectical value exoept For very smell N. Direot
solution by elimination methods might be mwracticel for large
sutomatic computing machines but the nunmber of operations re-
guired ineresses very rapidly with N.

Ruﬁgﬁ £3?3 provosed & method by vhieh one cen reduce
the number of linear ecustions by & faoctor which ls of the
order of L. The simplicity of the originsl equations is
pacrificed. To spply the method one Tiret expresses the
M (z“¢ R&), in terms of the e z V¢ (Sa?)U S&);
wheore (5;*) is the get of pointe (AR of R4 euch thet

(Z(L) - A Q,,g_) £ O4,
Por exswuple, conslider the Diriehlet Preblen for & plane
replon {figure 1.1).
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2

A
10 " 12 13 ‘I‘I 15
16 i 17 y 18 2 19
20 .3 7 37 23 .# 24
25 5 ‘6 -7 8 -9 26
27 29 .29 .30 .3/ 32 |33

Y
X

Figure 1.1

Here (S}’“) ) (A=0 , coneists of the polnte 1, 3, 5. 2, L
end (Sg) oconsiste of the points 1, 3, 2, 4, 9 where, in
general, (Sz7) is the est of poimts Z‘“ of /R4  such that

(Z(‘) + A é‘) £ S;’
The _cc. ( 2¢ e kn ), sen be expressed in terms of L
(z<e 5,{_(/ ($47)) by mesns of the diffepsnce equation.
Thue, in figure 1.1. we have

Ay + 3 F oy FALag — Yty =0
Bolving for _«, W& have

e = Fllsy —tl3 — 2y - ey
If 774 1is the number of voints of (Si”), 74 s sleo the
nuber of potnts of (S¢) . The condition that the Aiffer-
ence equation must be setisfled at the polnte of ( 5,4 ) givesn
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N4 saqustions and 74 unknowne. Solving these we have
4;)(‘&‘&)5(5&*)),@13 henee all ¢ (z¢9el4),

The mathod does not appesr wellsdapted to large su-
tomstic computing machines, The c¢-aplicsted equatlons
ars not snpy to solve either dirsotly or by 1terative nge
thode. Horeovey, the desterminstion of the coeffliclents le
mmx#mm‘ sepesially for large N . In practice one would
obtain mé non-homogensous part of the equations by assume
ing u.=0 ) ( ’L‘“ E (fg*))) snd determining
w, (xt® 6(5,;))}‘%@ the boundsry valuss slone. Then,
letting the boundary veluse squsl sern, the oneflficlentes of
the homépensous part of the eguations “X-‘ deternined as
rollowel

Aspume ;. =( at one voint of (S:Z ) and vero at all
other wﬁmm o (Sg? ) « Thepesrloulsate the velues of A&
at the points of ( S4™).

High sccursey in all csloulations ls very neceseady
beosuss of the inetsbillity of the method. Thue-in the oXxe
smple (figure 1.1) an error of € in the finsl detersination
of s would result in the following errorsi

Ay =4 € ,—(17=/5'6,ug=§66 ,u9=2076,

it L,_ is the average number of intervals in the 4

dirsotion, the scoupulated error would be about

v
e 4 *.
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Thomas [30] suggests & method for direct solution
which he neseprte iz st leset sg good as the ordinery mathods
of Merwian for m=2. Howsver, the method does not ap-
pear to be suitsble for large automatlc computing mechines
and 1 certainly not as good se The Successlve Overrelaxation
Method of Iteratlon (Chapter Mi).

Ffor the Dirichlet Problem and for a rsctangle with
commeneurable sides, an explicit solution in ternms of the
boundery velues 18 poasible. Thus let S be 2 rectanguler
reglon with sides ¥, 7., -+, Ta whers Te= Lo , (#3002, ,m)
end where L&  (h=1,2,-.4, m) are integers.

We asgume that o S |, wu=0 exoept o Xm = T
whers . =g(z, , Un,* -, Xn-,), Ob¥LOUSLY the generel solution
can be sbtained by linesr superposition of such golutions.
Ueing the method of sepsration of variehles for (1,10}, as

for the continuous csse [sse Jackson [14] page 95) and

notifg thet
L*’—l I& /
— Yg =Y.
. (YT vl _ 2 A A
Z M(r‘_ f,c*ﬁ)m(—%f—"— s l) =
Pt ~ Yo # Ve

. (‘é:'ilj"')’n) i
we obtain by the methods of Phillips and Wlener 11l

Viener gave the aclution for & unl®
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S ST (D L N

— S N &/L"

4(21,2/2_, )Zm>" Z 2...“2_. M(Z’{ fzﬁ
I,I;_ Io\.-[ Y=t A 7;"_-,/ ﬁ:,-:l ,‘:,

where

Ma(ﬁl)‘i .L(\ff_’?%)
=/ e g Z

T have used the above formulas te obtaln elementary
solutions, {solutions where g=1 at one point of 54 and O
elsewhere), for equsras with 4, 6 end 8 intervals on & side.
The solution for any boundary values ls clearly a lineay
@ambxn&tiaﬁ of these solutions. For s rectengle with L.xI,
intervals on - side , 2 (Ti—(] (Lo- (T +Le-2)
pultiplioations are required, aaéuming the elementary fung-
tions are known,

However, the computetlon of slementary functions for
other reglons is in genersl more airrienit, and @vaﬁ.far
rectengular reglone, unless seversl problems are %o be done
for the same reglon, the labor of computing the elementsyy
functions would ordineyily not be justifﬁea.l

28 pu lishaa tables for verious rsetangular

regions whese shortest side containe st most four intervels.
Liebmann [3] hae given tebles to 4 decimals for square re=

gione with & and 6 intervals on & glde.
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For large N and for & reglon of general shape 1t
gesms mors proaticsl to procesd by successive apDroximgs

tion mathods,

%he Lormes, Licbmann and The Successive Overrelaxse
tion Hethods of systematlie iterstlion have been descrided
in the Introduction ror gensral systeme of lineer equations.
we shall give u rather general proof of the convergenoe of
The Koprmes srd Liebmenn Methods which ia due %o Delringer
[29]. From this the convergense of The buccesslve Ovape
relaxetion Method followe as will be shown in Chepter IIX

wﬁer@ this method i¢ dlsoussed,

Given the syetem of linesr sguations
N

(0.1) 2. Qi oy +di=o (i=122y 00, M)
3=

where (2.,j] 48 irreducible and where the elemente of (2.)setiefy
{042) ,then the nequencee of vectors glven by The Kormes ¥e-
thod, {0.5), and The Liebmonn Hethod  (0.6), sach converge %o
the solution of fo.1).

(a) For The Liebmann ¥ethod if ‘™ 1s the mth approxires
tion to < defined by {0,7), then the ~-T4 error function

—Q(“) ()

= - AL

1# given by



I-24

. . ) Ay g (m) N 7
2L} (/:M - - . vy {m=j
(2:3) ’Q«‘Zazzﬁg“\zﬁﬂg.
311 a:.‘,-u
(¢ -::1,2)...1/\/)
2w -
1e%
cm)

2 5 :??ZW )Q(/?))‘

L0 2Zv N
For all ¢ we have by {(0,20)

le<?] < 2%

and for some C, by (0,2C)

(1) (o)
e | < 2% .

By the irrsdueidility of (Q2irj) we have

)
| 2T < 2%
() ‘)
‘-Q bz_’< 'Qaloo _S—or Some (. 1‘1\-[.
() &) . |
| %] < €9 (c=1,2,000, N)

&amﬁimuiﬁg thie procesg we have flnslly

‘QL(N)’< Q_(:,) , ::,)1‘“‘)/\/).

| ety
Letting Y = 7’)’104(, I“Eﬁy— where
=L, N o ‘
(0) 0
¥ = 2, iznz,n), we hav

..e‘o SV]QJ [o} ) (V,<))'
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Slomilearly

Lo 4™ =l .

m 300

~{x) For The Kormes Hethod the srgument le practically the

BumB .

B By Do
Far (1,11}, The Xormes method and The Liebmann

Hethod sach sonverge

e pemart thet The Listmenn Methnd s sonvergent for
any opdering of the equations, end that the orderling mey he
ohanged sfter sach totml step. (29]

AF w& ghsll ses in Chapter II, although The Lisbnann

4ﬁﬁ¥h@ﬁ converges exsotly twice ap Tust ae The Kormes Hethod,
the rate @f,aﬁﬂ%&ﬁﬁanaa in sithey cese s very slow.
Ghortley and Weller [4] have introduced two modificstions %o
ae@é&ﬁ&a@a the convergenes of The Lisbmann Method for the
Dirichlet Problem for M=% 3

(s} The firet is the uee of forspulss by mesns of which the

values of 4(?“’ for an entire dlock are imprdoved slmultenw
eously, Square Blocks with &, 9 and 25 blocks sreused. Or-

Atnsrily, the pain in convergence would sesp to ba offeet
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by the extra work involved in the use of more oompliosted
fovmulas, Yowsver, by & slight modifiontion of the Aliferw
enae equstione thip extre work ie reduced Yo about 208 ueing
& squers block with nine oolnts, while the pvate of convers
genos La improved by a Taetoy of about 3.5,

{b)  'The sssond modifiostion is the use of an axtrepolation
proegdure alter sone 1teretions have been porformed, in
most seses the required number of Lterationg ¢an be reduced
by » factor of two or three, Recently Bhanke [19] has Ao
veloped » method whioh may peymit s surficlently soourate
sxtrapolation after Fever Lteratlons and hence inoresss the

gein somewhat.

Nevarthelese the feator of saving, sffected by thase
sodiflestions dose mot inerease sppreeisbly with A, The
Bucesseive Overrelaxstion Hethod Jesaribsd in Chapter -
on the other hand, afferds & gain in convergence which dese
snovease with _A  and for the Dirlohlet Problen is proe
portionsl %o A~
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Relaxstion Methods
Relexation methods have bsen desuoribed hriefly in the

. Introduction. We shell glive below & proof, due to Temple
{15], of the convergence of the relaxetion methods when
epolied to eny lineer syrtem (0,1) sesuming that (a:iy)
1g aymmetrie and positive definite.

5,2, For the aystem of linesr equetions (0.1), if
1o syometric end positive M:M& te, snd if a%

esgh step s largest rssidusl (in sbeolute velue] is pelaxed,
then the relaxation method converges to he solution of
{0el)s |
Proogi Obviously, einee (4:j) 1s positive definite & unique
solution of (0,1) exists, Le% ,a,") he an approximate
solution of (0.1) snd let s largest residusl (in sheolute
velue) osour at A

For any two veetors —«, 2 & Va  we 8efine the

following syemetric bilinear Torm
N
Q («,2) =,Z A,y MV
43 =

since (@ij) 16 positive derinite & () =0

[}

and Q(w,w) =0 Af end omly Af AL =O0.
1f we now le%

| N
Wl =+ Q(u,w) + Z ALl
o=/
then
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2w _
’a’IZfZ Qiyg ALy +di=0 (C=1,2, 00, N)
3 |
and .
2:W. i (4 =1,2,000,N)
Qui g ¥

As 18 well known, wee, for exsmple, ¥idder { [34)] pages
1094112), 1f .« sstiefies {0,1), then, eines (2ij) 1is
positive definite, W assumes u relstive minimum, whic: we
denote by Wo, If we ohoose » new orthagonal busis of VN
by an opthogonal traneformation ([20] pepe 247) we have

N
. + |
Qla ) = 24 Né s (Ai> o)
L= .
where W, 7, At e, Y are the soordinetes of

referred ts the new besis. It is clesr that se
N

24 it

¢ =

beosmes very large, W(«) i slso very large, Hence Wo 1
3 for W ()  tor 831 a & Va,

Wleszo: )= 2 Qlu+ 20, "+ L)

+2, Ay Lug’+Tec]

= 21Q(uw ") +2 Qlut )

2 N
+J5.‘Z Qle:,e:) ‘*‘Z dé;{/a{m-i—l‘ ch
1’:-/

\/\/(AL“) +IQ;) = W(«U-“))

‘ N
r2|Qu 0+ & dy |+ L2 0(es e,
t:l



This sxprsssion s minimized by setting

'
/-:— _ @(»U.“,)@i) *"a/b _ ; act.,} /U—;I’ +dt

Qlec.el) il

| | )
If. a8 in (0.9) we obtain 'Y rpom ) by relsxing
the reeidus) at z Y we have

N
s e ) .
R ¢ R TE TR
‘ Ayl
(1) - (¢4 . .

and (0%
(-:.) \l\/(«éL(Z)) - W(u(n)_ (ij/h:)

If this process is repeeted we gel o Gecreasing sequence of
) (’M)

=

yalues of W' which approech & 1iuit sinoe W
vounded below by  Wo . tlnes  Qic >0 (c=1.2,0,N)
(bsesuee { i) ) is positive definlte), the largest re-
sldusl of 4™ approschee 2eroj henes for all  (ThH TNV
o?:;m/ { ?c T g =0
N > 00
Now 16t (3 be the cofmctor of J.,, 4in the
determinant of ( &i.j) . Ve have

N .
:Z -aac)é dﬂ; (C:’,'Z,"‘,N)
a=! :

N

,é/;(”)= z ‘Q,z'a‘(dﬂ;'fx::)) (£=l;7—,‘°‘JN)
3=



Therefore  Sor

Lim, AL

m —» o3

5=

If (a\vg

then
Progft

(a;.j)

Z AL,y AL = )\ L :
N J 3
e
irplies WL7i=0,
305, Thus, supsoss for

130

L:l,'Z)...JN

£ T PR (Lp+ 2)7)

/m > 00 a-,

N
=‘Z‘a",jd/£r =L, g, Bs De

) 4g sm NN  mateix sstiefying (0.2) end (0.3),

(aij) 1e positive definite.
It ¢ well kmown that if (i, ) iz sysmetrie, then

is mamw% definite L7 and only AT

(A <o)
(" =15, S N)
v)eee for instance {?Aﬁ peges 285 ard

L=1,2,0,N)]
seme A SO

Z ab)g./uag ZAJ/L:. ((131,7,,-”‘[\})
37! |
Then
(a:i -2’ *'Z’ aiju =o
| 3#‘: (,t":I,),J...)N)
snd by (0.2}
N
(QLL—(\\ z Z_ 'a;,j) (C=1,2,-0,N)
~ ¢ g;;
and for some o
(a”~)\ ) > Z | @il
5=

}io
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By Theorem 1.2 the determinant of (CZC& ~AL) , {whers I
18 the identity matrix), dces not vanleh. Therefore
M#":O (1:3,)2)"‘)/\’)0

e B D
1r (ah;a satiefies (7,2) and (0.3) them

the r&l&x&ﬁlﬂm;mﬂtha& gonvergse to the solution af [0.1)
17, &%t each step a largest reslduel is relaxed.

By the method of Theorem Z.1 it le glear that the
relsxetion method comverges if (4i,j) setisfies (0,2} 1f the
resléuals sre relsxed in sny order subleot to the following
restriotiont

There sxicts s fixed nuwber M  such that for all

L_ and /M the residusl at ZY 14 pelaxed at
leaat @maé,aﬁ an iterstion alfter the o m-Ch and bafore
the (m+M) Th,

We have slready obsepved thet relsxstlon methode ere
not #ell sulted for large sutomatia somputing machines.
However, an electrio eomputing beard developed &t the Hators
town spsensl Leboratory [17), afforde a convenient method
af relazing residusle for the Dirichlet Problem with & plane
region S2 4 , which can be inseribed in & square region with
Z1 intervele on & aide. 4 mechine cupoble of being used f
with larger reglons oould be bullt.

¥ounted on s lerge bosrd 18 s mquare lattice of sleo-
tric terminels, sach corresponding %o a net point. Esel net

point is connected %o the faur sdjsoent points by fixed ree
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eistsnoes, The terminels corregponding to polnts of 554,
sre grounded. The rm&i&u&lﬁ of the triel sdlution e
are somputed and currents, proportionsl %o these residuale
are introdused into the aarrmsp@ﬁéing termingle . The volt=
spes, whieh are then messured, are approximetely %o within
the aceurney of the elestrio pepsuring devices, provortionsl
ts the correstions to be added to the U (©) “gne pesidunls
of Au,") R the firet improved approximstlon thus obw
tuined, are then computed anfi the proosss repssted 1¥ neces-
gary, Any desired secured: mey be obteined.

Thyough the ocourtssy of the Watertown Areensl Labora-
tary, © wes sbhle to use the eomputing bard %o golve several
probleme esch inyolving sbout 150 net points, 1 found thet
the meximum resiiusl was reduced LY & fuotoy of from 10 to
504 Baob 1terstion reguired shout 3 hours, witgréw%wtaﬁt
part of the time belng devoted to computing the reaidusls
{by & Qesk meghine), adjusting the currents and resding the

voltages. AN gxperienced operator can pepfors sbout three

complete iterations with s 20 X 20 reglon in two eighte

hour Gsys.s

fo



II.1

CRAPTER I1

Retes of Convergence of tne Kormes Method

and of The Liebmann ¥ethod

Shortley end Weller [4) invectigated the rapidity of
convergence or‘aZ’a-’ the treneformetion defined by the Lieb-
pann Xethod, see (0.7), for the csee of the Dirichlet Prob-
lem. They consldersd the eigenvaluse of L o and derived
seymptotle mtimat%g“?ar gmell A e v . In thie Chap-
ter I will derive &n exact relstlon for certaln 9, between
the sigzenvelues snd elgenvectore of X o and those of JC,
the traeneformetion defined by The Kormes Method, see (0.5).
. The anslysels of { 1 relstively essy, &nd uslng these
reletions an exact annlysle le made of fd‘ From this ansly~
els, estimetee for the number of iterstions required to ol=-

tein 2 specified acourscy &rs derived,

$ 3. The Hete of Convergenge of & L4

We shsll congider Tiret the rete »f convergence of &
1inear transformetion T of &n N dimensionsl complax veector

gprce, \/N, onto itself, If 72 =(f,,7£,‘, ) ey %N)is sny

vector of \/x , we define the porm of % by
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(3.1) g - [ﬁ };,-,12}'“

Aleo, with the inner product

(3.2) (%3)=5§%7;

Vy 16 & Euvclidesn veotor space,

Definition 3,1. T 4is & gonvergent trensforation if for alljﬁgwh
Lo TN =0
~m = 00

Cefinition 3,2, The rate of oconvergenge of & convergent

trensformetion, 1 , 1is

3.3 é (1) = /Z7 2 (T)

L
where e CV?“Z%%MLwéwF
W) Lo | TG

(3.4) LRSI s 13
[ Y
As we shall see later, the number of times | must
be epplied to & vector ﬁ« to reduce nf,H to & specified

freotion of iteelf is, aporoximetely, invereely proportional
to the rete of convergenoce,

It ie well known, see for example MscDuffee {30],
Chepter VII, thet | hss M district eilgenvalues
A‘,Az,,,,) A with multiplicities K, K, ,...,Km

vhere
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Definition 3.3
A, is the dominant eigenvelue of T Aif
AL 2 1A

where A le any elgenvalue of T.

We ghsll show below that |A.J] = /()

The Jordan normel meirix form ie,vritten 1in block form,
({367 paeges 236 &nd 241)

Jb 0 © .

Jz O - [} L ]
{3.5)
5 o T_} o L} L)
O 6] O . 3 . TM\
where M 2 M end  To (L=12,..-, M,) 1ls & scusre
Jordsn metrix of the form
,\.\- O -] -] [ O
(316) t Ab O [ °© (] O
0 I AL« o e O
[ ] . 4 < © 6
O O O ® © L} Ab

Here, not sll the A_need be distinct. Let the number of

rows and columne of the metrix Ju. be Vi, (L=v2,..., ™).
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Aesoclsted with the normal metpix form (3.5) le s basla
e, A3 b=1,2,..., m,
(kru;.“,V¢)
with sesgoclsted elgenwalue A..

We oan normelize the 3§, A1 so that

and

m-A

k)« S e Co AT e

(309) | (L".Z.""m‘)} (/&v=\,2.--u‘(t’.)

where |
- .

o Lo = — 21—

<l (m-a)l

By ueing (3.8) snd (3.9), Dresden oroved that 1f ‘A‘\<\ ,
T is & convergent treneformstion. The following theorem
1e obtained in & similer way. It undoubtedly hes apresred

in the litersture although ! have been unable to find 1it.
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Theorem 3.1

——

It T ie & convergant trensformation and if A, e

the dominent algenvalue of T then

(3.10) (T = M

?ggag

If we let X s LUB  \ " || T ()]

&y
f;.;l il

the sequence § ...} Ls monotone decreasing, and ls bounded

below by zero, Therefore Lo A existe.
M —I00
By the homogeneity of T we C&n acsume H76H=t . By
{(3.8) and (3.9) we have
IMD VL: A-I
1 my, —~ A
(3.11) T - 2: ZS Ak mCa AL i, ke
i ki1 Az !
Bug ¢ = N nence _m, G = o, 2.0

= -

By the linear indievendence of the 1 4  the co-

efficlants Al A of (1.8) are bounded for ail "ﬁ“ =,
Le.*: A = Maéx ‘AL,kl '

L, 3
%e have

T AN A A

Yo
%om 2 LU.B {NAM:N‘/\JM. }

/YH| >
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| N N
%, < LuB [(NA)/’”}M 4 U:\"”‘]

My D

N

- But for all v >, m, e i & decrezeing function
1

of s Henoe

PR O S A PR B

Therafore

V) 2oL . = MAN
m =20
On the other hend Af
T(?) =/\|P. , Xm T |/‘1\ Gor 3Vl o
Therefore oy (1) 2 F A and the theorsem followe.

. E. D,

| Corolliary 1

(3.12) # (1) = ,27 LA ].

T is & convergent trengformetion Lf and only

Af gll eilgenvelues of | =&re emeller than one in sbsolute

yelue: .,

1. We note that |A|</  eince T Ais convergent. For if %l
is chosen so thatT({) A L then NT™( = 1A ”%” .

and would not spprosch zero unless )AJ <0,
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‘T-heorem:-”ria.z‘;wBy«sma.‘wf? methods: we can pFover s 7. .

RS

(3.13) ) Lo N NT™ | Ghere
(3.14) Tl = we NI
Fevn il

¥e now oonsider the number of ilterstions necegsary

to reduce || fﬂll to & specifled frection of itself,
Definition 3.4,

I T ie & convergent trsnsformation on Vy
%f‘ (T;/o; VN)

denoteg the gmallest number v guch that

T (R < p I , (o< pc).
Definition 3.5
(3.15) % (T, p, V) e N (T, p, Vi)

¥When no confuelon will arise we may drop the third
srgument for ‘)1 (7T p, V).
Theorem 3.3

3, oo | N(T p) /= -
(3.16) e [ (/’/%/} |
Proof!

For &11/3 we have

Oz/zr, (77/3) : ::E!%zﬁ‘—,
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where T(M)=Anw
Henoe
N p) 2 2l
~1«7M,l

The reguirement thet ”f” be reduced to s fraction

P of iteelf is sovivalent to reouiring thet

BT = Lug urm(pn - p
FEVN 41

Obviougly as //0 —0 Lm0

By Theorem 3,2

ds €6m) = Vg

whare
é«u E(m): 0
m =2 o0
The condition T =/D requires that
[\A.L+e(mn] =hrml o= p
ar

M 3 -/Z’?/O
= Loy L) di] 4 €(m)]

wm - - l/lll
gégf%\ =g [ 1A+ € ()]

By the continuity of the logerithm function for PREZe

Lo " ;
g —/%glA:l

G. E. U,
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§ 4, ZIhe Xormes Hethod
The improvement formula for The Xormes Hethod of

iteration is given by (0.5). Using (1.14) and (1,15} we have

4
(et ) /)
(&.1) 744 ‘—'Z/g‘é,' /{é/ 7C . (/L'-—-/Jz,---l/v)
d=
or
(4,1a) T s K[
where C denotes the vector (C),Cx, - ,Cw) . The

general element of (ZKLj)jtha ratrix of ]ﬁljis given by o

P

(b, 2) ?Cd,j.=/d;é,j ((—; =/,2, -, M) .
By (1.16) sna (1.14)
,5-:.‘«.'::0 (C=1,2,-- -, M)
bog 20 idj g =hz,e, N
and the matrix (L:.j) ie irreducidle,

By Theorem 3.1, the raie of convergence of The Xormes

Method fevende on the dominent eigenvslue of P,

We note that .2=(4,, ke, -, /ty) 18 80 glgenveotor
of M with eigenvelue 4 1If end only if

(4,3) HlA] = 42

or, eculvelently

N
(4,38) Z/g",); /Zj =/(/Zo' (C2ly2,02,NM),
r -
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Theorem &1

Ir (at,g'\ {s 8 symmetric NN mstrix satisfylng
conditione (0,2), then the normsl form of the metrix of X
1g & resl dlagonsl matrix jif/(, denotes the largest
eigenvalue of 7(,,/1/ is simple (not repested),.

The eigenwalugsof X are the sesms as the elpenvalue
, \
of 7C” heve the gemersl slement of (X (/) 1a

4'—:4 ;
XI\' = N : a (L¢j)
"/‘9 /é' («,9 F \;-La‘
if
(H.4) X(/l):/t(/‘c , then
N
%:’g'é‘; /22. -_'/L/db éC:I,z,---,N)
N
-32: /6"'13, Jaub jz—g, /L(VZ: A (‘:-‘_',JL)"'JN)
Let
¢.5) /CLI = Vai; s ( ¢c=1t,2, --,N)
N
7, 4. Nase . /
= gy, R TS
N
= - ai,i .L/ ZAEJI ¢
T TR e VA T gy
Thus

.6) x'Ir' = ur
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’
Conversely 1!‘/&4 ie an elgenvslue of 2 we cen show
that//z is an elgenvelue or)kﬂ This proves the Lemma,
1 .
Sinoe (7643)15 aymmetric by I 20 1 pages 30506

there exiets &n orthonormal baele of elgenvectors

/L(l)) /L(U,, - /L(NJ
Such Thatl
/[ )’ )’
)ﬁ /v = U S = f,2,
where ] //z‘ (e ’ M)
(“’n?} LA “:4}7“1 Z/d?. 2/3 .- Z/(,y,

“e show that the corresponding vectors 2 ‘“) eatis-
fying {4.4) ere linesrly independent aeven 1f same///x is
repeatsd £ times. In this csse let /zf”J/Q"J:--~J‘/z(*@'
be the lineerly independent elgenvsluee of 2¢ "'  aueh that

for 4 21,2, -, A

Obviously ‘¥ (3=1,2,---,4) bore 2leo linearly inde-

nendent where

(417
/t,(é)= /L‘a) (L=l:23"'aN)
T Van d=h2 -k

end Qi >0.
/
flence the normal form of k}k;j) 1s dlegonal
Lemms 2
Let (ag,g') be & reel symmetric NXN matrix,
(a) Al is the largest esligenvelue of
(aepi)zr end only if 4 1& the meximum velue of
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N
(L.8) QIW]: Z a,;,é Wy w«g'

L,J‘:/

gubject to the condition

N
(&.9) N2 = 2, wi?* =]

=t
(p) If Nl =1 then JU‘U) is &n elgenvector &sso-
ciated with //x, if and only 1if

O{’w‘“j =/4¢/.

Proof: (s) It ie well kuown thet any resl syumetric metrix

)

ié prthogonally eculvalent to & resl dlegonsl matrix (ca,é) B
the largest of whose slements la the meximum of Qlw] sub-
jeat to the reculrsment lhel)*=/ ,{sse for instence { 2o ]
pages 247-250)., The maximum cleerly exists end is attelned
becauge Q [4r] is e contlnuous functlon on & compact set.
The dlsgonal elements of (c..j) ere eigenvalues of (a:i, 4)

and conversely (eees [20] page 305). Thus {a) 1s proved,

(v) 48 in Widder [34) peges 113-115, the msximum problem
may be formulated in terwme of Lagrange's multipliere Ve have

the conditlons

2 N N
0 &Z Al g A g W[Z___,*‘”’ZL*/}}ZO
(4,10) e (c=iy2,-<9,N)

N
2;% =/

whar?/xl te & Legrange's multiplier. Upon simplifiostion these
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conditions become
N
Zau.éwa 2l (c=1,2 ...,N)

i
N

(4,11) Z e

Lz

If_w eatisfies (4,11), we have

N N N
G[_w] = Z a«u,d,ur,,,w'a : Z,wj, {Z ao,d u}‘a%
L= L= a:c .
{k,12)

N
=é,ur¢;/&«w‘c; =/5¢

Thue At o @, wnere [l .®l*:y | is en eigenvester
of (@L.s') with eigenvelue _&,, Q Lol = A, . Gonversely,
it QLw®l- A4, end | @l ?oy | slnoe 4, i

the meximum of (R [ur] gub ject to'llwll’ﬂ by fl-i».ll),
[«

~w- " is an eigenveotor of (&&,é) with eigenvalue /Zc,.

G. E. D,

m“ Qm 20

Let (ij) be & resl symmetric NxN matrix such that

dilt; =6 (L=/,2,,,.'N)

a&,}igo (l:,a'—'l,zl...'N)
and (QLJ) 1 irreducible, If &, 1e the lergest elgenvalue
of ((Z;,j) and 1f _« @) 18 &ny sigenvector sesociated

with _{¢, , then elther

% >0 (¢=02,...,N)

oY
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)

w7 <o (i=t,2, «on, V)
Moreover 4, 1is simple {not repented).
Proofi By Lemma 2 for ell «w € VWwv

QL] 2 Al aw]

On the other hand since
a;,é' Zzo0 Li,é‘ =I,Z,---_,N)
}
QL 2w < @.[’53“'] , where

(5.13) a2 (1wl e L e o)

Equallity ean occur onl: if, whenevsr Aig #0

(5.1}4’) /W"'(’) /W]l’./ >0

By Lemms 2, " 1s &n elgenvalue of (QJ,J‘) )

. ) s
Supposa that for some < - =0, Then #; =0 and

ﬁ L. M_(/)_ “ (/
ao,gwg ‘/‘, W{ =0

3=
end eince z,;’-zo we heve
) ()
’WJ =0 for sll } such that ac,z 2 0.

, 1
Using the irreducibility of (a;,g') it can be proved that

2 ¢)

c =@ ("\:/'21"')/1/}
This contredicte the conditlon

o) = Il 220 = 1

{~~Tee the proof of lheorem 1.2.
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, ) )
Therefore @  ZO (C =t 2, oo, W),

Agalin, by the irreducldility of (aﬁ»/'),alace

et /w}f” 20 whenever @4 #0 we can show thet
i o (=02, « o0, N) or
2w <o (c=h2 -, v),
To show thet 4, 1s glmple we firet note that there

exlste an orthonormal besls of N elgenvectors for &Qakj/
ir A 1a reveeted £  times then there woul& exlast
A | lineerly independent orthogonsl elgenveotors each
associsted with <<, . But sinee eech ie non vanighling
and one eigned it ig imposeible that they thould be
orthogonal,
&, E, B,
From Lemms 3 1t follows thet the largest elgenvelue
of .Af/ ie simple., The Theorsm followe 8t once By lemma |.
Q. E. L,

Theorem 4,2
Let (a;,é‘) be & reel symmetrie NYV matrix, (N >/)

such thet
Q.. =0 (L=10,2, «++ ,NV)

ai.j 2o (L,a'zl,z, cen, V)
end (ac,a') 1e irreducible, Let (a %, ;) be the N'XN' meatrix
obtalined from (a-l,a‘) by deleting the elements in (N-N')
rows and the corresponding columns, where N<N., 17 M1 ena

at

* denote the lergset eigenvelues of (di.j) and (d’;,(j) then

A<
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Proof Let N
* - .
Q Iw_\ ‘_Z a*; . g
L4t d {
and "
Qa [40‘] =.2?‘ CZQJ A%Q;,u;?
L 4=y
w*
Ir where I @ ¥0 22y is an eigenvector
of (a*b.é‘) then
* Wy * BL4
/alk :Q Lw ]’:C?[__ur()]
where —- i'-) * in the eecond expreselon Lis teken to
ba zero if the ¢ th row and column have bLeen de-
leted, Hence /d«-, 2 /éc, ¥, By Lesme 3, Theorenm
; DL ) oo
ht, ig not &n eigzenvector of (@0,7) asgocis~

ted with the lsrgest elgsnvelus of (wd,j) Henoe /éof* is
*
not the lergeel elgenvalue of (CLL,J’) . Therefore /a, W:

QC‘ E. m!
Corollar
V) (2) ' )
)6 4 f\’(}\, C Ra vhere R(/L 7 R‘j& and \?i
ig connected, &nd 1f /&,w end /(4,‘2’ dencte the
largest elgenvalue of X applied to (1.11,) for the

1 2) )
networke 52/,:) and S,  with interiors RY ena R

respectively, then
e, e g, !

¥e heve glready seen, (Theorem 1.,1), that (a,l;,?‘) has
proparty (Az) . ¥e define the vector JZ VN such that
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(#.15) 'Y‘l: = l Lé 7-[ P The sel ujée,'ez- f’ (e
‘ Y:=0 c& T, Zhe se7 where Z 743&
Theorem 4.3 ey
1 Hirl= u2 and if
(k.16) stz (1)
then

{L.17) 7{[/2"]—_—_(7(}42-

(ks 40 not use the fact that &74/) is symmetric).

Proof: )
3 & 4 ‘ : Z, " }
. e *. oo _ P . . »t,: f p "
%’g'o,; S J = JZ:;/ JG'J ( /) '/LJ' g
ir bl Ao, T80 LT, o (eTe emd Sg7
We have
4 e N
2 g ntis () 2 bij g
é 9 J j:/ J J
v .. &
= -(-1) //L/QL =.(;AU,AL . (vehv
Bense by (&, 3a) -
?Czjr'}f/“/z* a.E. D.

Corollsry

The sipgenwector /L’ may be expressed in the form

(4.16) /z,’y' = (/- 2/)«)/1 )

D s 0dd.

1‘.; even,
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Now let /i , /Y2 be the number of integers
in 7. 5 Tz_ regpectively.

Theorem 4.4

et .2  be the number of non-zero sigenvalues of e

and let

/ . - 7"
(#.191 2= P (N, Nz) 2" = PPay (/\//,/Vz_)

1ir (ai,é) is gymmetric, then '«

{(a) There sre -4 elgenvectors a:zoclated with non-zero
eigenvelues where 052524/,ami 4 ig even.The associaled- cigen -
vecds do not vanish ldenticelly on either 7, or T

{v) The (N -a ) dimensionsl null epsce Vo of 2 cen

be referred to & begle of (N-Z) veectors such thet (Nz_' f—;_)

of these vectors vanish identlcally only and (M - %)

venish identicelly on [ 2.
Proof:

(1) 1 Xial = M 2 ,whers /e is not identloelly zero
but o - vanisheg identicslly on either /2 or 77
then M=0 . For, JC[2] veanishee ldentleslly everywhere,
Thus 4f A« #0 , A must not venish ldentically on
«ither 72 or 7.

{11) I S end 2t ere any two linearly indepen-
dent eigenveotors of X with non-ze8ro eigenvaluse it ig
obvious that At (m"hna 4'11)(?‘4 ’%m linesrly inde~

pendent. Thgm}ore Z ie even, How coneider the sete
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{ ( { hd ] <. —
X, = Sld o n*tPg and %, = I R, /Lf(;)f s(3.\,1,...,»/1)
The vectors in &, vanish in 7z eand those in %, vanigh
in 7y . On the other hand the £ veectors of A, U %,

ars linearly independent, Hence L/2. £ _a’.

(131) Ir Xl~a)-0 we mey vrite

| S= Al F
where ./ vanishes identically on /, s&nd 27 wanishes
idanticelly on 7, snd both 42/, 2/ 1ie in Vo .
 The met of mll vectors obtzinad in thie wky span Ve and
hence thare exiete s linearly independent subset spanning Vo.

By (11}, (M~ "T/z.) of these vectors venish ldentically

on Tz snd (N,- %) vanish identicelly on lt. @Q.E.D.
- Biven &n srbltirary error veator, £ ) 1p Vi, we
nay write |
N .
(4,20) g @ = Z AJ S (3)
3=
end by Theorem 4. b, we have
5’/1 ( -) .) N~ i_i {é‘)
(unz (O) - - 3 il ila .
) _Q,.-J'Zz: /‘)a/b +A3/‘L ‘l‘Z; /43./1,
P &

where A 4
XL Pl= wj 29 (j=1,2, .-, &)

My >0 (g=1,2,0, Z/2)
/L(”-j): S (#)

A *.9' :AN-—a (j:')l) ”‘) ’4\'/7')
%I/zléifzo Cj:%_\,_‘)-.o)/\/-%)
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After m Lterations, (m>1) we have

/2

(4,22) 2'™= 2 /aj'”/«);/z’j)H;zg-)MH; 2t
g=

For thore cases where «ii= | ae in the Tirichlet

Problem, the AL gre orthogonsl, If we mssume the

/Z(i) have been normalized we heve
Vav4 .

‘ ) (o) (4) :
(k.23) Ag = Z A A (4 =1,2,--,N)
and

py, .
(4.25) el = 2, Ay
47

For the Dirichlet Problem we wlll now ghow that

"Ma
(&,25) ez <« 1270
‘ QjﬂL)L
where o'tw'-w R <’ le an approximete solution of
{1.11), e&nd where Il??lnl 1s the sum of the gpousres
1

of the reglduale. ¥e nave alresdy, in Section 2, glven
& bound for faw!-wil, (i=62,.-,N)

due to Gerechgorin,

T Wha eu of the squares ot the residuele hes been used ae
& messure of convergence by Bewwe: 126].
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To prove (4,25), we uge (k,23) to exprese 2’ in

terme of the elgenvectors of X . e have
N .
e’ = ZJ A4 A2
a:I
end
b,
he'l™ = 2 A"
FEr
Also

N
(jlu{l)o‘: Z ab, /LLI- ‘}"dL ([:}‘2)‘..1/\
3 3

=i
g
&nd o = Z_ a":ﬂ /L(.g' +d ‘[[:ngj..nJN
J=!
Hanoe
, N
ML%'])L‘ = Z_ (’].C,j_@’g“ (c=1,2,.4-,N)
J—I
But since
aii = (i=1,2, » N) ,and
gz -di.yg «#4)



(L'—’-')i,"')N)

11 = 62l =2, 0y) A5 ™ 2 Ul

Henos (4,25) i& proved,

Por the Dipiohlet Problem with & restangular region
the eigsnvalues and eigenveotors of C can be expressed ex~
piisitly, Let I, be the number of tnvervals on she Ath side.
Ya heve

(%) ﬁ . Lal)oad”
“%3&} e Pl Ao g 4
4= I&.
whers f?(@t(gl) =1,2, 7, La-
-a, = hZ,: » N
The mwm@mmmg sigenvalive ie .
Y /Z‘& (()7c
o o =2 R d
{@*3?} /4( = «;46.:: Coe La

This mey be reedily verified by (0.5) end (1.10)
In particuvisr




1 «@3&

For large Tg (h=1,2, -, m)
{%,29) T / 7

INGE

J
L
T,

*

and

™z

/
I~ .

&

The rate of convergence is therefore very slow f@y
lerge Ly . Ye remerk ﬁmaﬁ//t, and henge the tate ol
sonvergente oan be sstimsted for non rectangular reglons

by using Theoren {&,2) 5 COroHer‘

Par the Dirichist Problem

a3y Nn(XN,p) = i%u&

whers 70 (7(,p)  in dsfined by Derindsion 3.4,(the third
argunent bog besn omltted),
Bzesfr For eld Aelj, by (5.22) ane (h,2h)

I2¢ 7T N <™ 121
//z.m”lfﬂllf;P [l 7£/[
o > —»&z/ﬁ
_é/,,

Hance %C%)f)f #
=Z

But
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tm the other hend 3% % = A1

19T =\ gl = U

Therefore

N(xH,p) 2 =23

. o M
and the theorvem followe.

lat _5_2.-%, analese & bounded reglon e .Q&
he %ﬁ%ﬁﬁ&ﬁ« et ..Q‘gu ) ﬁ‘?\.;\ co s Be netes cowRPing _Q
obtained from Sljg by subfividing the meeh by & footor
of 2,27, -0 , then for the Pirichlet reblem,
there exist sosltive constents my, and Ml and

« mosh size  Ho euoh that for all A=4e2 ‘with o<k 24,

(34'&33} "y 5%" 72(%,/) VN&) = M}

vhewe Vi, @enotes the vestor epses of all fuuotions
defined an Ka.
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Proof

Let ([Cl, snd [J, be rectengular raglons
circumesriblng snd ineoribed in S2 . Let the eldes of O,
and DO, be vﬁé{ and V‘z respectively , (=12, -+, m)
and let the V,{é) be choeen o they sre multiolae of .
Let R‘i’ and fﬂ) be the set of net points interier. [],
end [0, respectively, If //(/«J’%),/(,/-(/anﬁ‘ /,ﬁ/}%)
denote the largest eigenvelue of y d for R,“", R, and ;?h“‘)

respectively we have by Theorem 4.2, Corallary

(L.323)

/u,”’(é) < M (A < " 4)

By (4,29 )

= - 2L 5 W)+ 0 (4

_’@/1(/)_‘_ 77;4("; ( ll)) ” 0/’47
4+ 5

_/47/,{2./ - ( Y*_“’)_Z + 0/;{ #)

4 et > «;4}4@@% o+
where (O(A%¥) vaniehee with AY o
Therefore by {4,31)
_,&7/’ <NOGP Vi ) ~_;41,,o
_,47. ]TZZ ()’ 111)1‘7"0/4’7 _41;7‘ (y (11) +0/40
€=/ -,

gnd the theorem follows, :
' QL. E. B,
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In the sbove sensc we may state thel as A >0
the reguirsd number of iteretions is ssympotically propor-

tionsl to A" . 1In eymbole

(4,34) R(xp) = 0(A ).
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*é‘i Ihe Liebimann Method with a Consletent Ordering

The improvement formule for The Llebmann Method hee

been given in (0,7) , Using {1.14%) snd (1,15) we heve

N
7) ey
(5.1) N -Zﬁg, - J+Z /;;,(;,44/-{""’ 'y
J':éﬁ
or
(5.1e) ) = 2 [+

whavéf&anataa the ordering of the equations and ¢ denotes
the veotor (Cs.Cz, " . Cw)

By Theorem 3.1 the rete of convergence of The Lisbmann
Mathod depende on the dominent eipanvelue of oZo- . The
following hee been noted by Gelringer (297 snd by Stein and
Roeenberg (28]

Theorem 5.0

ZLrlwl= Mo i & and only i f

(5.2) Z,&L, A 7 +Z big vy = /\ i

= =3
3 g=i# et e )
‘Moreover if the metrlx (f@j) is given by

4.3 4 re
(5.3) §i, = Adig 4 <<

-\ é -
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then (&e - A 13\, the cherecterietic determinent ofol o 18
ecuzl to the determinant of (fﬁ;d):

Clearly, the determinant of (7L,5) cen be ob-
teined from | X-AT| by multiplying the elemente of
the latter detzrminant which sre below the mein dliasgonal
by A

Consistent Orderings

Becsuse (Clilj) hes propertyoxi)lt ie poseible
to order the eguations in such & way thet there le as
exact relation between the eigenvalueg and elgenvectore of

X end o g~ Such orderinge will be called gon-

gistent orderings. Before defining them, however, we

ghell first defrne and * show that there exliste an
ordering vector.

Theorem 5.1:
An nAxN  matrix (ax,j)hma property(AﬁJ if snd only

if there exlste & vector Y in VN with integrel
coordinates such that

Q,c,é‘ ¥ 0 and L -?‘a. \'mPh’ ‘TL ‘73 l =i,

and such thet Y  assumes 4 dietinct velues.
Proof:

(a) 1Ir (CLLG) hes property(Aq.) there exist non empty
disjoint sets -TT, Ta,. .., THT such that dbl'l q.

We essume the sets |{ ordered so thaet LeTL  and L#é
tmplies (Lij 0 o4& Ttn U Taw (As

before an ‘&ndfT%*‘ are empty sets). We can define

T such thatiuéGTE 1mpliescn':73 and so that f ielX
and {<€Tl+‘L)TI-3 IWL-W} b=1. T will have the

_—
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required proverties. ¥s note that " ig not unicuely
determined,

{b) 1Ir T existe, on the other hend, ve detote by
T, T2, ©°*) T’i gete on which 7. 1s & constant arranged
in secending order, and where Z./: = 777,4,,‘ Y - Q%m Y
Clearly if Qg #0 , ¢ €7z and L #4 e ha;e
I7e-751=( ana 3 €T, U Tgyy . Hence if g
1¢ the number of distinet velues of T, g of the sete
T, Ta, =, T%‘, will be non emnty., Thus (di.,é) has
property (Ag,)

Q. E. D.
Corollsryl:
it (a;,é') hae oroperty (Az))(z_zﬂm hes Dro-

perty (Ag/)  where 2<¢ ‘e 7.
Proof:

it (d.‘,,g‘) hae propearty (/‘\i) we can let

Y(T)=l, M(Tad=2, - Y (Tg)=p"
T(Tp)= g/t v (Tera) =g’
etc, Retltlng only
?l distinet veluee zs?'s;, ( Y(Ty) daenotes T for e Te).
Hence new sete 11,72, ", T;': sre obteined ae in the
Theorem and (a:,é‘) hee property (A;') )
o, B, ©,
Corollary 2
Ir (aé,j) is irreducible, end has propariy (Ai)

tl‘\en :
8-2 = 22an Vi - Pun Ve
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Proofi ¥e need only prove that if 7. =4,’Y5=a+z then there
existe <’  such thet Y = a+l,

Let J, be the set of #ll ¢  such that Yt a,

end Ja  be the get of all ¢ such thet Y Z a+z,
By the irreducibility of (&i,§) there existe (c¢J, ,gyed=
such that ai, g #0. But this imolies [7i -75(=1,
which is impossible if J, U Ja= 7.

6. E. B,

Definition 5,1: T is cslled the ordering veotor of (a,;,g‘).

(da,g) with pmzﬁerty (A-ﬁ) is goneletent, 1if for egm
ordering vector T, V. 77 implies é>3 under g,

for all <. J e 7. ,' / ’1 g

¥hen we spesk of s 1efstent ordering, it le lmplled
that Ca;.g}) bee property (Ag) for some 2.1t is obvious
thet if & matrix (4l j) hse property (Aj) then a1t lesst one

conslestent ordering of the rows and columns of [Gc‘,d\ exiate,

Corollery 1%
If O 1is & oonsistent ordering and if 42,‘7‘750 and :.'>2°‘

T 7 Z5j ander o v  mesne thet under the ordering T

the i th row follows the 4 Zh row of (at.g),
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¥e riret define eaquivslent orderings.

Twn Qrdarings o, o’ are gguivelent if whsrever

L

;
bigbo(and L # L o flises
¢ vy under ¢ if and only if (>4  under 0o '
Corollary: ¢ ¢ ieequivelent to o’ 6~ ie con-

)

! g conelstent .

sistent if snd only if L

Clearly, if O ie oconsistent one may lnterchange
the & th and the J th row of (a:,j), where Ti=7y -
gend the new ordering obtelned will be conelstent, D

For Ra we need only define the ordering rela~
tinn for sdjscent net pointe by ( /7.76¢ )} . We naw\

define eome typleal orderings,

@ o x>z fw>f% or
7"'/'1.—70,,-., and 70,;-/ '?‘)Om-/ or

L=y, R o TR
W) o > L Z;a. >Z;a‘_

=7



€. G- ¥ >’ ¢ _g-;a; is odd and
) Z_Z:f.-’ s even
@) 03 z>z' f Rz 1S evend:,f:%'.is odd,or
%701=le and p,7 L2
( m=2a) ‘
@) Ty rr¥  Of PR T
fzis odd and 7@,7;,’
Sz 1S even and 1@,(79,’,
(m=2)

It i evident that o, ie sculvelent to o, . Oo

i the most common ordering slthough 0 hes certsln

advantages.
Theoren 2

The orderinge 0o, 0, , T2 and a3 Bre
eena}.atenﬁ. The ordering Ty 1e not conslstent for

a8ll networke.

Proof :
(a) We have slresdy noted that CJo 1e equivelent to

0", . We define the ordering vector by

. 1 &) .
(5,‘3’) ,rc ‘—'-_’éZ:/ 7@; [¢=/)2,-~~)/V)

Clearly . j#0 and ¢ #4 implies lve-74 1 =/
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Hanoe by theeorem {5.1), (aa,a') hag property (Ag_) vhere ¢
ieg the number of distzmct velues of Te.

@, is consistent elnoce Yi Yy implies
under ‘Y 7 2% under .

{b) %e heve already ceen that Lac,j) hee properity (AQ)

whare |, ]2 are the sels where o 7‘,{0 1g 0dd or
even, reepectively.
The ordering vector is given by
. iy ;
(5.5) v - él sz e el
o ' § 7z Js even

Olearly Qi) #0, ¢#§ implies lre-rgql=1.
pleo T >’Y‘3‘ implies 2(9 > 2(3) ynder oo ., Hence
02 ia consletent,

(e} For O3 we let the ordering vector Dbe given by
iR 2 s o dd

f 70,_(‘5) S5 even

cc)
(5.6) vi= )7
Y]
-1
Agaln Q;,J‘;(o and ¢ #3’ 1mply | Ve ~’>"E]'l=/J and
. (4

'T‘c)’)’a' fmolies y Akl 2 3) under 03 . ‘Thus 03 1ls
consletent, ¥e note thet (4Q: ;) hes property (A;) wvhere
g s the numhar of distinot veluee of 7.

(a) Let g consistof the vertices of & EQUEYS

A nder Tu Zhe 0"4/3"';3’

. . /s a, b,c,d.
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I1r 0y were conelstent we could define an ordering vector
M guch thet 1(a)=/, By the recuired vrovertiss of m

we would heve

Y(b) =2 Yiy=3 , T =4

.. "Y(d).“f)"(a” 71, a contradiction.

E;:‘ E‘ ﬁ"
Theares |
Let (a:i,j) be an NxN matrix with property (A;)
where

end, the orderling of the rows and columns of (az,;') is con=

gletent, Let the genersl element of (a/i»g') be given by

/

@'l = ai,g (t=4 or Ced )
a'cy = Aai,g (¢v4)
Then, the determinent I(a’c‘,a')/ ecuels |(a Z’,a.)} whare

the generel element of (a"z.c.,‘) ie given by

a’:j = @iyg € =4)
aley = VX aiy  (i#3)
Pr mg: —
Esoh term of I(a'é,a')\ is of the form
N
(4 )= ['] a'i, 4 , Where
o=
g:(d) is & permutation of the first N integere.

N N N
I(/‘(")):‘ U @i, g T—J’- A Qi yle) U ac,yqt

Jli=¢ 4',;)‘; 3‘1;)7.’.
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But eince (A, j) and hence (a 'L‘,é‘) hae property
(Ag) 48 dufdo,icjigimpliee T, =Te=1 ,end (> {d
implies Yi-T4w =1 , where the ordering vestor,
Y.  exists By Theorem ( 5-/ ), ¥e have

>

N N N
I//U): TT Ai,gee) TT /\ﬂi,jcuﬂ— aa,gm
=1/

Iy ¢ =1

Jli)=e Tr T4 Ti<T5e6

Let ﬁ, be the numbsr of fsotors with T > ’)'&‘za)
and Pz be the numbter of fectore with DA ry’(}‘u‘).

=/

4
/8, = 2—4 ol -’)"jcc)

wwr,;u;
2
B = 2. Vi=-Te
Py
ri< Tjeo
N
ﬁl‘f1=z Yi-Triwy =o0
ey J
Te#T el

Tharefore

N N
,t(;‘/z))= U d;,;‘u‘) U\}/\ dz,g”/z)

Fril=c 40 # ¢

which i the genersl term of | @ ”.,‘,3‘)}.
Q, E. D,



=

e

Theorem §, 4

It‘/ﬁt is & .4é - fold non gzsro elgenvelue
of JX and Af ¢ L& s consletent ordering, then
A =/1/7‘ 18 8 A - fold slgenvalue of . It <2
1e the number of non-zero elgenvelues of <, then gero
1s en (V- &/2) - fold eigenvalue of .

Proof i

By ‘theorsm 5.0 and Pheorem 5.3 the charscteristic

determinent of §ﬂ9' enusle

st NI = [vE % <M= A Ix- VR T

By Theorem . #,3.°

/2

%=X L] = 1T (A-ue) (Vi YV hence

-3 HE
r—aTl = AT (A ue)

¢, E. D,
Corolleryl: I¢f 0— is consietent, then the rete of conver-
gence of oJo— 1s exacily twlce the rste of convergenoe of P
Corollary 2t If Oﬁ@é} i symmetric end if o~ le con-
elé%ent, then the sigenvelues eof o~ ere real &nd non

negative,
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Theorem 5,5

1+ o ie & conelstent ordering and ir HIr] = 4 )z_
and i 5/

(5.7) A=

/2
(5,8) = A K
then

{(5.9) fa):/u']: \ -

Progf: By Theorem 5.4, ,Xf/q”’ia an eigenvelue of JZ;. ¥e have

ng‘o}A ’U"& -I-Z //'4,3 /z/a

9—-0 -; PR X}

- Tify +1 3 T4,
=§J;,;/\ “T g ¥ 2 Aoy AT g

.a‘:ul-l

But for .445,3“;£0
Yo+ 7l
To-1 é( L

ginoe the ordering le conelrtent, by Definition 5.2, Corollery,

The last expresslion becomes

\E Zfé St Xr;”%-(/\'/” Jar = AT

?*°
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By Theorem 5.0 5fa'[1’] = A v
4., E, b,

fheoren

Ir (dlué) ig symmetric end if O ls consistent,
the norsmel form of the matrix of 2o is disgonel.except
mgﬁelbly for the submstrix sssocisted with the elgenvelus rero,
Proofi

1r A#ZO e @ A - fold root of | -\ )=0

MU= YA 1ea A fold root of |2 - AT|l =0 vy
Theorsm 5.4, B8ince ld:,é) ie symmetyric, the normal form
of the metirix of M ie Aiegonsl by Theorem 4.1 end hence

there existls A linesrly independent eigenvectors of 2

/L[j) (3\:”2""‘“'4')'
The eligenveotors
/U_(}) (—a\:/)Z, 0 ’A)

of o??r-) given by (5.8) are 2leo lineerly independent,

Ogherwise there would exist constante V., Yz, «,Y% not all

zero such thaet

2. vj /zr(a) =0
E j:l
for all L:l)z“ -, N
4 4 e
(3) _ < . = (5) _
Yo -8 . = 0
dZ v % Vi AT
Eince >\é-¢o thie implies
. (4)
Z ya jz‘? =0 (::'lzl .~.JN)
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4 (%)
o Z Y Jt =0 .
4= 3
This sontredietes the feot thet the /_L(a) gre linsarly indee

pendant, ,
e B Dy

Thnen s 3 Y

it (CLL,;}') is symmetric, the normsl fernm M‘o?fi ie disgonal,

By Theorems 5.4 snd 5.6 we need only show that there
axiet N- 2  linesrly independent vsotors in the nwll space
of ;"O.L  fhare are N, 1inesrly indgpendent veotors in the
msll spaoe of o whose components are Lers exeept oy ane
L& To, sa may be seen sosdly . By Theavem 4.5 there are
N, - % 1inearly independent veetore in the null epace of X
whieh wanleh identicslly on [2. Obviously, these veclers are
slso in the mull space of oy, , Thue the totel mumber of
1insarly independent veetors in the aull epaoe of 028-1 is

No +(N - £) = N- £,

Thet Theoren 5.7 carmot be extended to all sonslietent
ordervings can be shown sesily, Thus sonsider & region with
cour potnts 2 =(b1) , ™M= (L, , z¥= (20
and z“ = (2,2) with the ordering o0, |

7 2™ g9 ) g heve for the Diriohlet Problem

’

;po,o(OJ Z)ZJ-I): (IJO)OJO) WB’Q

Ofa.o (}’ O;0,0): 00



hus & nillpotent veotor exlete. It oan be saslly shown

(4] that the normel form of the matrix of &ﬁ?o is

Wy 0 o Jo)
O o o (o)
o e o
o) o O o

with aorr=eponding besie

(H, 2, 2, 1)
(i ,0,0,0)
(011)2)—l)

(0,1,-1,0)

Footnote
T heve not yet been sble to prove the followling conjlect-

uree which are svwggested by numeriloal results with square
regione with 3, & and 5 tntervels on & side,

(a) For the Dirichlet Problem and for a square reglion
with T intervels ons ®id®: there are { LT-Z ) nilpotent
vectore of?:;égé;egraa 7 (IL-/>¢ >/),for the ordering Jo .

{v)} Por eny reglon the highest degree of nllpotency

dnes not exceed the number distinct values of My Sor To.



In the following, we assume (da,j) is symmetric,

fiven an arbitrery error vector

(6)

{5.10) ‘ 4 = 10)—/(,(,
we oan expand .11[0) in eigenvectors and nilpotent
vectors of oo (roonsistent), by Theorem 5.6. We have
2/z
3=
wheare

(3)] = . (4
f?[’v‘él-A& /Z)‘j)
end where 7L 1s & sulteble linesr comblnetlon of nil-

potent veotors, After o lterstions the error vecltor becomes

3/2 .
(5.12) P Ay By NS V)
3:‘ M£~
. om o M implies o~ "L =0, <

If the coefficisnte /\é of (4.,23) for the ex-

() X
ornsion of L in eigenvectors of pye ¥Xnown

where for some M

the DBy of (5.11) may be computed easlly for the ordering
G, . ¥s have by (5.8 and 5.9)

) T o (4) .
P =N (4 =2, -3

wvhere

o ]2 :/(,m/ff) U0 lg=he A



IT bl
and where

. g .
Lol ? ]_,/\3 ,Va);‘/x.z/ (3)

From {(§5.5)we have, slnce

)\;/Z = (-7 + (\é"’- oy

(5.13) Q,(éj = «J-“?)-% W“Aé”L)/L. (531.2,’”127%)
If we set
(5,14) ot @ = (-mn’d) (=12, -0, 2/%)

"It can be essily verified that

XJ__LI,U_t‘(é)‘]:O . (j:’,zivo_n),d,\/z,)'
By (4.18) we have

,-Y,}Ltg')___ 7‘;:{4‘“—/7.”5)]

{5,15) ) . 1)
Q~ry-)jt3: J'ﬁ_,[/z(é) _’_)1”* él (j\;l)L)"')I/L)
therafore
b AN gy 1=As% -
/7/“(? - a—a -/2,(4) + ______:Z___Q__ _/2,2,{;)
(5.16)
/v,”/é); i /L(d) + _‘é; /Li (J)

(a‘:l)z).oa) E/L)
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Boiviagothese ecqustlons for /2[4) and ./2*19) we get

‘ . _ . ) . -—"l .
= Aa' e L/ulé)+(/— Aa"”-) @‘”ﬁjw\é v ) o
(5.17)
/3) =y | ‘ ‘ ~l2 14
M= ‘/\d = L—v““ + ('+(’\3”‘> fzr’”é)]:—/\j Z/LJ‘})-MZL
(j:”zla.'.l Z—/L)
where

r;{m,i’)t.] = Lo bu.l =0 ,
By (&,21) an arbitrary error vector 2‘°) asn be written

in the form

5 (3) o = t3)
=2, Aé)z3+A;/L*9)+ZJ A;’)Lg
3= g‘:Z/)_f’-/

Using (5.17) and the feot that

%I/Llj)z =0 1w Phéj ofO‘lefL[é‘)] = 0

we have
: 2/z
o -1/ 4
(5.18) _Q,():Z AJ ’L(Aa'_Aa‘*)Q)-‘/g‘) .)_)t
3‘:4
where
;ﬂTL[.?L]:O

In Seotion 7 we ghall use this axoenslon to get an
uppar hound for the number of iterstlons required to solve

the finite difference snslogue of .The Diriehlet Prohlem using

76
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For a genersl conelstent ordering, 7)) hovever, even
“if the Aé &nd /L(%) of {(4.20) sre Xnown, the deter-
mination of the Bé of (5.11) eould only be done by
solving e g2t of linear ecguetions., This is true even though

the aiganm@mre,fu(élﬁfa—are known explicitly in terme of
. (4
the 27,



We have seen that the rate of convergence of The
Liebmann Mathod with & consletent ordering is exectly
twice the rete of convergence of The Yormes Method, It le
logicel to sex whether the rate of convergence of The Lleb-
mann Method could not be incressed by using erﬁerin@a which
sre not oconelstent,

Ehortley and ¥éller [4] stete thet, except for smsll
N the rate of convergence of The Liebmenn Hethod spplled
to the Dirlchlet Broblem is practicelly independent of
the order in which the polinis are treversed, HNumerlesl
evidence, given in Teble 6.1 imdlcates thal the effect of
the ordering on the rate of convergence ie smsll, not
exceeding 12% in the most extrese osse trested, and de-
oreases repldly es N  inereases, Furthermore in these
cases, the oconegletent orderinge ware found to give the hest
convergence. It is my oconjecture thet the consletent order-
inge slweye give the best convergence, 1 have not found a
proof of thie except for one specisl osee, If the arﬁeri&g
relatlonshinc between any one given point and one or more
ad jacent points le changed, & conelstent ordering will in
general be made non conelstent; 1t is proved for the self
#d)dint cese that in any such oase the rate of convergence

is not inoressed,.
Before giving the proof fo thie fsct we shell first

give an example to show thal the resulte ?f Sectlon 5 are

not velid for all orderings,
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6 A, An Ordering for Whioh the Results of Theorem 5.4
Are Yot Valid

Gonglder thég Dirishlet Problem for & squere region
with four interior ;}slmsa. If the order of improvement lg 0o

l 2
I .3 .q] the oharscteristic equation
for The Liebmann Method 1is

16.0) 3hless \-cw N =0 s
nd the

eigenvalues are A= ©0,0,0, Yy .

For The Yormes Method the elgenvelues are
M=0,0 C Mz, -,
This egrees with Theorem 5.4, )
On the other hend with the ordering Jv [ 4.3 }

the chsrscteristic eguetion for The Llebmann Method is
. { y 3 2
(6.2) T L25¢ AY~65 A7 +2 A" = N[=0 , and The

elgenvelues are A=0, = 0N5 4.1185( ,7.0//5 ~.11856 5 2277
8inos 277 > 'y the rete of convergence of 7%
1z less than the rate of convergence of o?oa; for this reglon,
We observe t het the rete of convergence ls indepen-
dent of & oyollc permutation of the ovrdering. Hence the

eagentiaslly different orderinge ar¢
ol 2. . 3. ol H.
0o K.3 Y T2 & 42, ' &.3 2.
o 2 ] ) (.1 3 } IR
1y 3 o e2 e Ty .2 3.
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The orderings (o , 'ro’ , T2 and 0"2,’ are
gonpistent. By symmetry it le aevident that (v 1ls equi-
velent to 0y' , Thue for this reglon we have shown
that for no ordering can the rate of convergsnce of The

Liebmann Method exceed that for a consistent ordering.
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". &p. Ihe Effect of Ohanging the Relstive Position of One

Egustion in & Cgonsistent Ordering

We now prove & speciasl cage of the conjecture thst
for (a;,é') symmetrio, the rate of convergence of The
Liebmann Method for any ordering does not exceed that for

& coneigtent ordering.

neore

Let a- be &8 conszigtent ordering of the rows
snd columns of the symmetric NIV matrix (ac‘,g‘) satialw‘
fying (0.2) Ir 0 te & new ordsring obtained by
changing the reletive position of any single row and the
corresgponding column under a- then the rete of con-
vergence of o\/g-’ doen not exceed the rate of conver-

gence of 7y .
Progof: By Theorem 5.0

1~ ALl = 1(Bag)]  , where

?;.a‘ = § rg‘é,j (U:>‘f)
(AB";:J. (1(1,)

| (4 =¢)
and where, by (1.Y)
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It le esgily verifled that
[(ii.,a')l = ‘(?’«:,j\) | w here

gli)é. = /glé,;' (j?c')
A J—’A,ﬁj (8{4/6)

- A =)
send whers
/oo~ 2 .
L,J O (L = 3—)
- 2 (i#§)

¥e note that ?’;Jj te symmetriec,

et N be even and let AI he ths largeet
elgenvelue of oZo-. Then ell eubdsterminants, obtained
from the matrix ( §'£,9') by deleting an even number of
rows and the corresponding columns ere positlve, when ;\:=AI.
Proof} |

We firet remsrk thet if ° 0 IS consistent for M’c}é{)
1t ie eleo conelstent for any gubmatrix of the above type.
By Theorem &,2 the largest eigenvelue of The Yormee Method
for the submetrix is smeller then for the entlire metrix,
But by Theorem 5.4 the seme is true for J@n gince N 1e
aven | -0 T | fof the submetrix and the matrix le
poeitive for gufficiently large >\3 thersfore
|- )\I|>0 for the eubmetrix.

&, E, D,



Now let the rows and columne of | Lo v AJT( “" ? L)j
he arrsnged eo that they are in the order ai If the (o Z4

equation was originslly displaced we bhave

_ J’;’,a‘, (47¢)
(6.3) T = Py &y (j¢£)
- A (a\:i)

excant thet for sane A we msy have

\’l/ /

\i-‘ t:o —"4 ~:‘. L‘o Ccrlc/ '
?LO, A’J'z.a, ((,‘oéﬁ‘.)
or

g .

& E"é;!zo = >\ ‘4'-/4,1.:0 and
“
g""l”‘- = "&/4‘4,4‘.

{6.54)
[Zo)*‘)

If no such 45 axiete
| % -AT| = |2 =\ T
and the Theorem followes at once.

By (6.3) and (6.4), the determinanis ,(gliij)l and
l(?éd)l gen Aiffer only in terme oconteining the factors
(glia. E;,ca) where co 7(;' 4 end /'é?'/;.‘

Typloal sets of such terms for l(?cug),ave

vljii)) = - § 0§ in e §iu,ie 4(500)

and the complsmentary set

2’(;}{‘)) ?b/,co ;Iiz,él T 5’4‘0,54. Z/J/‘))
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Summing over e&ll such sets of lterms we Fet
|f°”-AlIlé [ &‘T—AII’:O

Slncg N 1 even, Iéﬁ#—A*I1 18 nositive for sufficlently
large A . ‘Yherefors for some A, 2d, we have
| Lo’ - A,' I‘ =0
5 similer argument can be used when /N 1e odd,
G. E. B,

The suthor has so far not been able te extend the
proof to the gcese where mors than one change is msde in
the ordering,

The following numericel resulte for The Dirlchlet
Problem are given te ehow that the sffect of & change
ordering is smell, in ell @rababiilty. Except for eXxamplee
1, 2 and 3 the sigenveluee for the non consietent order-
inge were obtelned experimentally, (4] ., ¥We note thet for
any regiogtég more than three peints every ordering le
consistent. Hence on the plausible essumptlion thst the
effeot of different orderinge decreasss #e N increasges

1t would sopear that 1t is largest in exsmple.l.



whare (,,lz2,+ .-, €, i, are dlstinot integers, and o.(_(g ()
ie the subdeterminsnt obtsined from = ( E'L,j) by re-
moving the rowe and columns coniaining Lo.in ) (4 ., Such
subdeterninants are positive for A= Ay by Lemma 1.
8lmilar formulas can be given for the corresponding sete
of terme ?(3(0) end 274 i) gorp /<§:3)‘

#s note that since (d 3,7') has property (Ax),
& muetl be odd. MNoreover for esch get of terms, the get of
sgcond gubsoripts is obteined from the set of firet sub-
seripte by an 944 numbar of tranepoeitione, hence we heave
& negatllive sign,

By Theoren 5.3

Tly1a) = T(47%0c))

$lso for A:(\l . we have T ((7’/41)) <0,
fOn the othar hend by (6.4)

TGew) = A ZTi5c0)
f(f“{z}):A'z‘ 2‘((7‘/8))

for some integer 2.

Tharafore

[5(7‘/4‘)4- “z"'{j’/c)) - 2 Z‘/;‘/C)]/A.;JI

= I(/\IJZ/L 'Ag- /T-/Z)L t/j‘(t‘)) A=), £0



Hegion and Ordering

I, 2.
1o H., 3..

. 2. 3
% 54
3. l

6. 5.
4 l. 2. 3

6. 5. H,

7. 8. 9.

o U gy ~
NS W

7 I 2. 3.
6. 5. 4.

7. 8. 9.
2, 1. 10,

.52

Teble 6.1
|
A\ A' ()
(consisTent orc/em‘nj )
o
277 250
Q)
.307 .29%
U
. 393 .363
519t .003 .500
S20t .00 500
MHSL. o0 428
587 +,005 5745

1. Exsct vaiuee, to number of declmele given,



L

/3.

so6 M

.00

I1. 53

655
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¢ of Large Automstic Computing Hachines

One wmight suppose that, LT » large sutomatlc com=
suting mechins can be used with The Llsbmann Method, the
elow rate of convergenas would be compansated by the speed
of the msohine, A more careful anslysle reveals hovever
that the number of iterations required may be so large
thet even with & faet mechine the time ig prohibitive,

For exemple, in (217, F. Snyder snd H, Llvingeton
nropose n est of coding instructione for solving @

“laplece Boundary Yalue ‘rodlem" for & plane reglon by meane
of the wﬂIYAG,l and ueing The Liebmann Mathuﬁ.z The authors
state thet problems for » escuare region with 300 intervals
‘an e alde, &nd, of course, smaller reglons, are esslly

progremmed . On the other hend the authors meke no setl-

zats of the number of iterstione reculred, As we shall see,
7

4

for ?ﬁe 'irichlet Problem for & 300 x 300 intervel scuere, =
the UNIVAC would reculre about 2 yeesrs o reduce the error

of the original estimatea golutinon by & fector of 1000,

1 When the peper |21 wae written the conetruction of the

MRIVAC had not yet been completed.
2. The Liebmann Method 1s clasrly preferable to The Xormee

Method, Not only is the rate of oonvergence twlice aeg

large, but the storege prodlem le simplified,
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For the number of iterstions required to reduce e’ I}
to & definite frection f of 1ts original value we have
by Definition 3.5 snd Theorem 3.3.

N A LAY —j—;%{ﬁ] =

P>
By Theorem 4.6 and Theorems .4, Corollary 1, we have
(7.2) (e p) = O(A%)

provided 0 1le congletent, By the eonslderstione of &eotion
€, this is slmost certalnly t§ua for eny ordering.
¥or the ordering @z  ¥We O&D meke 8 more exsct

gtatement about the reculred number of iteratlons.

Tﬁ@argm 7.3

For 811 P ( oL p< 1)
(7.3) N Lr, p) < ey T2 .y

Proof: By {5.18) we have

i/ . -
oo _42_41 Iﬁj_:fia_

/\.:/'z. X /U"(@) + 7?'

3= ]

T The ordering (o wes used for the coding for the UNIVAC

| given 1in {21]. The coding for the ordering 0z would be only
glightly more difficult and-approximately half se many
storage regleters would be pocuired. This ie due to the

feot thet the vslues of i where ‘Eé; 7q£¢)

=/

1e odd completely determine T (i=na, e V)



whers

Then for

By (5.16)

Henoce

(7.4)

Therefore

(7.5)

11.56

B{0'7. )l’YLl =0
m =z |
oy g/ A‘_A¥. .y (
5 ):. (_JX_'_’:}) Aé /U_;)
3= 3
45" ) j— A (4)
ﬂvllj) - *_;Zﬂ_ - 2-3 ;
mv </2. 2m A >
| L Lelll== 2, A A =Ag 2 H’\cl)
4= J (‘\d"/z_ 2
2ml - 2= (o
) ’2,\' j:/ch' - /\'4" “ WL
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¥o matter what ordering 1s ueed, the rate of con-
vergence of The Liebmann Msathod is very slow, For m= &
the time per iterstion, se well me the number of liers-
tions is of the order of A = Henoce, the total time
ies of the order of ‘Z;-v‘
Congider, for exemple the unit ecusre with A= 300.

We have by (&,30)

Z
M /- %%‘ (300 "2

and N, o /= 7% (300)7%

Setting ./P =)o "3 we have by (7.1) ﬁif/
' 7 - - 3£Z/0 - , .
7Z Li:;? 0 3) ) e asg -2 = 631 200 j7eralions,
For the UNIVAG, the estimete of the time reouired (i seconds)
IIIL

per iterstion given in [21) ie 55  where I, ) 1:2\
are the number of intervele on the sldes of & plane reoc-
tengle. In our case 900 seconds are reculred per iteration,

The totel time requlred 1is

63,300 x 900
3600

Secondstr 15,800 hours
v 660 dayS.
Nunmeriocel Qatlm&tas for othar mesh glzes will de

" given in Seotion 9.

Obviouely, for large N & more repidly converging method
1e needed. 4in the next Chenter it 1e shown that The Liebmann
Mathod cen be modified in such & way that the number of iters-

- -2
tions recuired ie prorortionel to -44‘/ inegtead of _Aﬂ N
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CHAPTEA IIX

Le Fo Richardsonte mathod of systemsatic sverrelazes
tion hae alresdy besen dercrlibed in the Introdustion, Using
g Pixed pelaxstion fector «w , the rete of convergence csnnot
in general be apprecisdly inoreszped. Conslder the Dirichlet
ﬁ*‘rsmmm for exemple, In the notetion of (1.14%) and (1.15)
the improvement formuls (0.13) becomes (\f we veplace  ua:¢ L’j u))

(mHi)

- m)
{(I11.0.1) Iy, = W Z ,Zn,/ ,¢¢ + we: —(w-1) .ai
(4 =/, 2, "“a”)
oy

{:xr*’ﬁ'M) e (7 = % [%(,’”}J-f- w ¢

¥e obmerve that s veotor - 1o sn eigenvestor of #.o with

elgenvalue /Zt‘ if e&nd only il

; A A
(111.0.2) & 4, = @ Z/éo, C-lw) A (ieh2e
? t

But if

XIrl= up
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N
(I1X.0.3) wz, ,J-;,a' ﬁ,é - (w-=-0) . :cu/c/?,.’_ -(W=-r)2 ¢

3=
=2 wp—cw-n]= 2L L= @ sa)]
Therefore | (Rl )
(IIIJ}J*) __gw LQZ; Z,_w(/)u/]%
and

L/~ ewcs —u)|
is an eigenvalue of 4 W,
| By Theoarem 2.1, Corollary 3..£w will converge L and
only if

(111,0.5) [ 1- wCr-m] <

for all sigenvalues A of x .

For the Dirichlet Problem all 4 are resl. Foreover
Af 4, 4is the lergest eirenvelue of A , CH) 16 the snellest
by Theorem 4,3 and the sbove requirement 1s equivalent to
the oondition

(II1.006) O< w < —2

, I A
Therafore the rate of convergence cannot be inoressed by a
memr of more than —,é’j‘—-— whieh ie very alightly grester
than one, pince Ao e in genersl very nearly one.

At stated previously Richerdson varied <« on each



" %hus the effect or using cw >

I1T.3

fterstion. For the Dirichlet Problem the improvement formuls

may be weitten
N
(T111.0.7) ™" = n 2y Hirg 45 T p W CL
3!

™)

¢
- (W, -/) ,(«(;.

(e =1.,2, "‘)N).
or

- )
(111.0090) 2 R, L™ Fwa.

1 |
: v £ J;;}
o 7 ’ ‘ |
(ITT.0.8) 2o oo = 2, Ag £ u“’f
i :/ | )
whers {/z,“‘}f 18 toe orthonormal set of eipenvelues of ?CJ

then 1t can be esslly verified that

. m A ’ ’

{111.0.9) _Q,‘ ’:,“(mn_/“ :Zﬂ,{,/l( J (/*‘a)y(/;l/ﬂ&))
»l:/ =1

snd

N ey '
mroan) 4ot AL TT G wntiz00)®

Y=y

T, ot one iterstion la gome
pensated by uslng <o </ on other Lterations, By (IIX.0.9)
we note that if an eigenvalue Mg ie known sxectly the oo
artitz;ém Aﬁ of the ::mza:;wmndmga eigenvector gan be re-

moved on one iterstlion by setiing

l
’—/“‘_

g
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In fact, if sll My (A =42,.,/), were Enown, the error
could be reduced to rero after N iterations .

In practice however, all the /}Z;_ are esldon
known and even if they were, the number of itsrpstions would
be prohibitive by the above method. Righardegon chose

values of W approximetely evenly epsoed im the rsange

0< e <

,—/Ll
in an attennt %o reduoce

Vaiad

—[—T (1~ COVCI-/UA.))

ae uniforwly ue poselible for all LT

However, frow numericsl studles for = square reglon
with 20 intervals on a side (vhere &1) 4, ere known) 1%
sppears doudbtful that the galn in convergence rate could be
rade to exosed s feotor of five, except by & very fortunate
cholos of the Wy,

A8 stated 1n the Introduction one gan by svocessively

(™)

modifying ﬁhﬁ_#ﬁlﬁﬁ% of A7 and ueling new values ag #00N
se they are avallsble ues juet one Lixed relsxation fector,
pnd yet obtein a lsrge lnoresss 1in the rate of convergence.
The improvemsnt formule for The Buccessive Overrelaxation

Kethod ie, in the notstion of (1.1} end (1.15), by (0.16)
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+1 (”‘L*/) ; (m)]
(111.0.11) ™o [Z,&mj ] +3-ij g 4

= (w -1) ,dg(‘n) + w Cf

Lid i

) { m)
' ) _ w C
(1I1.0.018) o = T L4
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Suceessive Overrelsy¥stion Method w# shall anslyze the

elgenvelues end elgenveotors mf'oZ§u>.ﬁa=v¢sﬁv1ut surselves
to the cese where | (a: 3 ) has propeviy (/4 g ) and where the
ordering i consletent.

L IR=1Y

A N N
(8,1} (fa-,w[fw]: A A~

1f gnd only 1T
o= A N
w&Z 4ig Ao v 24 by A g
= > g+t d 4
A IAS
-(w-1) v :A/S-; (L =0,2,. - NJ

(8.2)

The proof is ismedlate by (IXIT.0.11).

then

(B.5)

where ' is the gord p, (see Beotion 5).



I11.7

Proofs AT
IS’ ’Ll;‘q,:)\ N ("5',1, yN ) h and tj—
~ N1
/\ Flwm) = CO/'( ; - Jthen
> 4B 2 : :
4 /l)"' + P \ Tt f _ 2
U) 3= JA 0 1‘:;4:4& 'd /U‘J} (w=1) &
- it o A Aﬁ ) ) /\Tigl A"§
w{% biy A .)\z/zg +§ l;,é AT Ay
AT
"'(Ld-/) Az_ L
But for 4., p 40 we have
T+l ('3‘72,)
’Y’é: ‘
. - (a-al)

Henee we have for the laet expreasion

/\’Y’c-i-l ’7'"
w {Z«é /adj (w—J)/\ 20

aﬁ}~wd SLOLALANY
A’r\b

= [6(.)/[»‘- >\ —( -~ /)J S 5 L\\j (#-Ba)_, and

A A ,
= )\ -l (b=, 2, A by (8:3).

A
Hence v~ ie an eigenveotor and A ie an eigenvalus of 27, w

by Theorem B.l.



IS- %[ﬂ.l :/(-/2— , and

(8.6) /azwz__ /f(CU—/)zo
| zo’)w L] = N A e— wol NEE Bl
’X “'((AJ'I) -:w/u’\l/'l’
A N
nyr = A z A -
' SIS Sy m ¢ 3=l
(6.7 =gy YT (£ -1) X s
’ t%eﬁ
‘ N
(e.82 x"')w I Q’;*/J = >\ /19/4-/1/} .
Al
He ﬁ&ll ey ud an OYO.’J“).
lepme di If Zrw L&j; 3 Q/;' then

111.8



The proof i immediste from (ITI.0.1I)
We have for all L=1,2,e0c, N

Einow " )
) v+ 3>L
rg:&

AR .j:<'u
the last sxpression beoomes

. PO, T _
w&r%'—' (%);/ﬂo;/&(]~(0/'/)/\ I(mb

By (4.3) we have

A
Setting w/,L>. = (w-1) + A and
/u,’wz‘ -Y(w~1) =0
we gat
AN
X:(W") a..nJ
Aty

I11.9

~/)/z:
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Hence we have

o[ 2 A Loy
= {A 1)+ AN T
A !

. (i=12,.0,N),

The theorem fallows hy Lemwa 1.
Qe B, Du

i I (ai,j) 1e symmetric and if 4 1s s A-
0l root of |- 4 I/=0 snd satisries (8.6), then

there exliet 46. linesrly m&.@mnﬁﬁm elgenvestors and A
linserly independent inveriant i«a&av& of :/o—, w Gpaocleted

with the elgenvalus A given by (8.3},

5 B
i uc, {{(=1,2,.u,ny), are the eigenvelues |
of X and 4f @ >/ ,then sll the sigenvelues of ,(v. /N

sre glven by

A Ny

(8,10) Atlw-1) = wui A

mmmmm of the sigenvelues sre preéserved,
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M,; },,fcr,w”&l_\: \ f«.a);

where by Theorem

“(UJ—-'I/)~'S L"‘-é’
gv:,a": /\W’é‘v_zé ‘:‘a
A w /g"b/a ¢>3

By fh@cwﬂm 5.5
(§e;)l = L(7i5)]

ALy "’Q"J—')—;\ &(‘:g) (l:z’J?':"'J N
‘g .. =

vhere

ey T :\"1/g;,j' (C#5)  Lag=na, )
Therefore :
N ~% (w -1) *—3\
| Zrw=2Tl= w0 A I%‘WI\
AN 1 ( N
- N = L (wo) F A
J )\ {:J’ /L o X Ve )
TT (o )
_ 3 e ) N
| ( A [@-1) + Al
%‘Mm%w | & a-,cu"":l\ T venishes 1f and only if
WA Ve = oy + X

with sultiplicities mrenserved.

Qe B. Do
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For w > ir la;,j) te syometric the normal
forem of the matrix of on—, w i# disponsl except Tor the
submetrix sssooclsted with ) (/U-) derined by (7.3)
where Mttt —Y(w-) =0, In the latter casse,
i M 18 8 4A- fold root of /7(—/4(-[/ =0 , in the
normal form, the sssoclated submeirlx heg 2 4 @&laponel ele~
ments equal to X(/U) nd hes slternsting zeros snd ones
tn the &lagonal immedlately below the main dlaponal.
golving (8.2) for PN we get

A \I'l— . _.t w'l_ v (((J— \
(ﬁql}«.) >\ L/u‘) = w]/‘(‘b V;,/ﬂu 4 1)

ir W > | and 4F w’;/(,;" - Hiw=) £0 ve get

wwe GLetinct solutlone

AL, 1/ ) o -
I\‘. l/ v - Vw). L ( _
(2,13) A (u:) v WA Z/Jo o,

By Theorem {&.3) the non zero eigenvelues of e
ogour in pairs, ¥We note that
>

{(B.1k) /}\,9‘/‘;) ' - _ 3\//(7‘/;):/,,

% (- u:) s

(&;15) 3\“ (/ﬂ")”L
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Thers are three cssaes to oconcider
(8) - w‘/a‘-_"—-‘{(w-/)>0

We zat two distinet, real positive values 3\' (/JJ
and 'X”(/xz) ) end tevo disntinct elgenveotors defined by {8.8),
The peir of eigzenvectors asssoclated with M are elearly
tderticel with the pair asesocleted with thome sssoclated
with -4 by (8,4}, (#.16) end {#,11). Thus for easch
zmw (/u.-., —/«;) eptiafying {(4.3) we get %two lineerly
independent sigenveotors of oZr,,,, Of course if W |, #0

gince w)/; Y > 4lw-1)
(%) w¥ uct -4 Cw-) <O i
In this cnse ve get two distinet complex elgenvsators ;:
~/ A I )
XA and )' unl ese /d,;=(), % 4 //;:0 18 8 A fold

elgenvalue of X we wet by (B.b4), A 1inearly indepens

PAS
dent eigenveotors of o/ w  with eigenvalue Nz —tw-1),

e wustiSe R0 g S

A&”‘) 3 AGue) = =

where

ScF = Ycw-/) «@;4/;" >0
Ag in {a) we obtain exsctly two distinet complex elgenvectors
of 2’/: w for esch palr of sigenvalues y;,—/‘/atsf}y . If //(;
iz a A tola eigenvalue vwe obtain A such paire.
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(e) If w;a;_"—-/-/(w—l).=0

We obtain in this cese inveriant vectore by Theoren

'603a l:f/l,,

independent elgenvslues asgocisted with

16 repeated 4 times, there sre £ linesrly
n ;
)Q/z/ and £ inver

Lgnt veetsrs by Uorollary 1 of Theorem B.3.
{%,m E‘Q 54 *ﬁ“,»

(oA il
At ,.:T’.aafx‘wtm‘ix,,v.

aly
Let ue replace A ©  of equation 8.3 by Z, and

/a by VWe obtain the Joukowski transformetion

{8,16) z +(w-1) 2" = w aw,

Solving for Z we have

o e *+ Vw'—ru.r’—-‘/(‘u—l)

(&wl?} Z= ch‘“") = >
Let
' ‘ w S + Vw"'w-"—4(w-l)
Zl(w) = 2
{8.17a) % _ -
2, ) = A= \}Zﬁw‘ #lw=1)
and ‘
(8,170} @, (w)= ay (l Z ., (w) | o 25w ‘) )
¥e note thet aw(’u)") = Adw (*44)“) ‘
/"///““""“

1r A 18 s positive resl mxwwatl and AL

l+{ |~ Vi-A~_ ]”

A
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real v, (171¢A)

(o.a8e) | Fewy (w72 Ll Ser et

and

(8,18b} Ep(w)= LUR la,w(w),z> | cop-1l
—Amiﬂ:eilA

i | L #F Wy .

Praofs Ve sesume throughout that oo ie real.

Lem 4 If

2 ‘/[0)-—/)
no- < Tz
Zw(’u)‘) LS

gomplex and { 3Eu,(u*)lz = |w-1l.

Proofi The prool foliows from (8.17).
23 It

oY w—1)
wh ey wnt Y T

fhan

| Lwlwi) > @Bwlwsl].
proogs By (#.17e) end (8,170} we may uaaumazv“wipma&aive*
1f we tuzke the sign of the rmﬁxﬂgl aa ?1“&; /?n, 6%%@%

Pyt
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wlw; - wa)+ Nw?wit-¢w-1) ~ \J‘Uz’“’z-l-‘/(“'")
2

Qo () = R (32) =

w? [4{,_‘_;,4_{2._’_'),_,_—-————

w .
= 2 (2, ’/w_"') + i b dw-1) T V““tw’} —y(w=1)

>0

%‘ &; De

Ir

Hlwe=1)

o T (¢c=1,2) s and w7 W, then
7

>
Xw, (w) & R, ().

proofi Taking the sign of the radicsl as plus in (B,17) we

mAy BSSuRe _co- >0,

(W= W) 2 m - \}w.w Huwa-1)

w, [w-)—awz(W) = 2
L e we (it w -
= Tz w) b+ ¥ o) a0
Vw W‘V(W.“)+Wz 2w 1/(‘01 -1) fb

®

¥

But

Ve * nr® - 4 (wi-4) < W, wr C=1,2) %

\
e, N F— N vc"v l{

N

T

Hence

a.w‘(ﬂu-)—dw,_(w*) < 0.
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Ir w2> 4[0)—') then
2
a.ow(’uf) v w-|,

srooei By [(B.ATW). and (8.17)

A w(w) > = 7 Ve - @.E.D.
A .
(w=1) | Y\ A, ‘*f"“ﬁig v
It et = TS b e
‘ « e / W W

on the other hend Q.(w)=Vw-.1t than follows that £,(w) 18

pinimized by using (O, defined by

R B. De

1t (aij) 1 symetric. end Af the relsxetion

feotor w=w), i vsed, vhers

’______-—— 2.
’Ca'.)lp-;l'f"j\l~ //;{7’1 t{

then the rate of convergence of oo o

{8.19)

1e maximized. The

rpte of convergence of X5 w, A8

(8.20) DlLriw,) = = g (wo- ).
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Moreover for sll

(&.208) \’X(/ua)lz w, -1 .

Proaft The proof follove from Theoren 3.1, Corollery 1, and
theoren 8:6, snd the feot that because (ai.j ) iz aymmetrie

the 'esmmmagmng ot X pre real.

corollary 1: IS w, < 2.

Prooft %’;mw 0 s/a,q we oar let

/,:mﬁ , where 0495,127—

|- a8 )2
wb=l+[ Cod &

Then \ s (E_
—in® ., (E- 2
Coa. O i 2')'
Thereore O < 12
- cosé ‘

Q.E.D.

Theoren 8i7, If Ulé.j) ts symmetric,with the vslue w, glven
by 8.19 then thesnormal Tora of fr,w gontsine preclsely

et

ane ma disgonal eloment sssoclsted with the roepested elgen~

valus (wy-1) . The submatrix is of the form

. (OJ\,—I o >
{8131) | Wp-!
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Progfi The proof follews from Theorem 8.4, Theoprem 8.5 @
and Theorem 4.l. . o Ww

Theorem 8.9, If (‘“';f) ie sysmetric, then for 8ll w>w

, \’i(/i.;))=(w—/) (it,2,...,N)

for all (,and wenornel form of the petrix of o?"y,w is

diagonal «

prgofy The proof follows from Theorem 6.5 and Lemma 1
of Theorsu 8.6.

Thus, for (‘“'j) eymmetric the operator o, o hae been
analyved sompletely. G&ven 1f {a:, 3 ) 18 not symmetric we
have shown, Theorem é.ﬁ- how the eigenvelues of éf.’g w Gan
be determined from the eigenvalues of 7{ when thene are
known. |

We shall now show that for properly ﬁmwﬁ o
the pate of convergence of <o is of the orden of the
gauere root of the rate of convergence of The Liebmann

Method, Tfor (a cg ) sygme trioc .
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6 9

4. BRateg af Convergence

1f N ie large, 4 418 very nesrly one. We have bt o

T™h ] /‘ /{}//j"( {;{‘?’&#i

soren 9.1 L
e

| P (£, w,,)

wherse d) je¢ the rate of CONVErgence defined

3,2, and vheres b 1 given by {8.19).

in Definition

Proofi By (B.20a), using w, the optimum velue of w, the

dominant eigenvelus of oZr.w, 18 siven bY

L

(9.2) MC/MF Wy-1 = [ l“/«'_ 1

But
- Aoy (/—VT-/’ZL) =N\NzG—u) + l-m)+ O ((l-//,)%)
- oy = (1) = Op (U,
- [ | e + Olumm™)

memfaw vy (3.3) end {5.7)

Cb(&.aa-,wbx ',Zay IS\(/‘I)]

= ___\]:_____ + O(("_/u’)vz)‘t
Cb (.fo- -‘Z"éy/' ,l—/d,

snd the theorem follovws.
Q.E.D.
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 sHovE?
LRRIET g (2,

e

(9.3) S (Zr ) A V2 \dp(%)] Vo

wpaoft This follows since

plL)=-2 AZ?/ ~2(1-4)- 202 ((/—///)%),

B
Ir tm best wwwlw&%m factor, W, 1& uweed, the "
number of 1tverations maewam* M reduce the error to g
epecified fraction of itcelf is, by heorsr (3.3), 8p- ot
et

proximstely Tor pmell f> y

(9.4} ?2( ya*,u)b )/D) en “/4;17:2

For /c, nsarly egusl to one we have

-,&(a),,/) e 2Vz N7z,

Therefore
{9.58) N (;’ijb y)) 1% ;/’1‘4;7,%,

snd for The Lyebwmann Hethod

(9.5%) — Aoy p
9.5b ?Z(Qdcr,f) (] Z(,;{:{’/
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Henoe, as alresdy gteted in %ﬁm Introduction, AL @

the reguired numbayr of 1tapptions is of the opder of /ﬁ- Y
z

by The Lisbmann Method, that number is of theorder of AT
by ’ma fucnenslve Overrelaxation ¥ethod. for the Dirichlet
Problem by (7.2) h=2.

fop the Dirichlet Problem and for the ordering T2

%(fo-';_,w Jf)

For the Dirishlet Problem if® °F

\3\\1\=f«) N v\)\qerc

— ]2
wEwp = |t \__ T ] Yyt
then ’)2(2’0',_,% . /’) is not w&mw than the largest

solution ,m of

(9§xé} m~|’xtl ) = P/s .
Progfy BY (#,21) end (h.24) ve have ror any %6 Vv
Iz N- 2
})

% Z‘Aéﬂ’ +A # +4/§;+l Aé}b ’

and . . N §
et I 2 AG
Ay

By (8.4), since .; (-m+ >‘ ve have
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. A Y2 lé}
n’}('«’) =L0-7) + A}'I r] n

(9.7}
""(i) ) A-IVL (é)
& =L G-m)+ kj ’)"}/z
whare
n ) LTI -
>\;,1_ B <)/ ¥ +\£w//,l;7- Y(w=1)
(9.78) |
f;\# ", U, — \f‘dlﬂit"”“’"}
}' = 7 d 7-/ 4
and
fa— w‘.,/b"(j)} A )
{97}
zaa,w ); /\-;(d)z )\ * /\:(;,t)
Since
{9*$} /L’F(j‘): (l~l’l")/‘c,(“ (j"’)zn"
we have
A3) ltag (4 - 23 :
A . __2___3_/@(;) 4_‘__,2ff_1 Sar?
(9.9)

. #- ¥
ARG _ 1taT g L 1mag v )
nr - P /e + R 7=

(j‘zl)z)"

‘) I/"——)

* )"I/a)
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wvhere, for convenlence we let

AL
oy G370
$?ﬁ g) N A ¥ ”L ‘
*% = A (=02, Z/2)
Convereely we heve
. A ¥ : , ‘
TR /L“\: 1743 m_,‘;}) Pl aj ¢« (3)
( “i-a% 2j-a;"
Gell)
,&,’ ,(1.): :_'_:_23._1 fv..(‘&) + _‘_i'ﬁ_ar., /U_,i (j)
aj-ay 4343

(4=1,2, -~ ,&/2) .

Woreover, LT

o e
Z2<3=<N-%, APz p#3) ana
A ¥ ()

snd AV

rﬁﬁ) arg linesrly davandant.

For N -

oy

> = >.5§ jkf):¢Q,{J{]A:t9
29 =

,ant

B F)
Qﬁo’zawlﬂréj=“(w—’) RS

whus ve mey let

S o Pl

(4=

pid
r
2
<
l
pid
—



111,25

Hie have

< [{A (1-a4 )+A (-i- 43)50;‘w

{9.12) ZZ Ei‘aé_a y

/\}(é)
+§.A§(-l+da')+A*}-()+aj)5/u~ )

;«:_
+Z, Ay oD

3= %+

z LY
5 ‘ '*(—/—a:'-)(:+czé)+Aj(l-aéaa)
0240'1. ):ﬁ] Iz (“Q‘ag“) {Aa ) ‘

and

2 M
a’y

“3‘""“" AA 2 +Ll(aj-ag 5

<+

' 2
_,1_____2_- Al
&Aé(l-a, (1-a3) +Aj *(- l+aaa?) )

do et s
N - . )
Z.

>y
Z

zmv
Aé

\*M

AZ, A (1)+ A"M) "‘-(j)
3= N 3_7_7:
-+ aj

3= %+
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By (8.11) and (9.10) either ay and aj are each

pesl and positive or else they are somplex -conjugetes,

with poeitive real perts. Moreaver |451<| and ma'il“ .

Thus we have
A L™ _ d.* 1m o 9 m=l|
Ny <amlagl
|Cla - 3
V1 — a‘éa;\ < |
\(n-aj)(l-o«‘p\ s 2
\(HQJ'#)(HQJ')I <4
vhere IZ{J‘\—; M(laél)\ajil).
Therelore

LA™ <m ldélw"(‘HA;! F1 Azl + }Za'lm 1A
{@112&) ‘
1277 (a1 a )+ D+ &G A ,

¥ (m -
\Aa‘ ),smu[aaa'
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iy the same method it can be shown that the shove

‘tnequality holde even If &, =a3* which 1s poesible for
A (l)

Co=wy . In this case a,= a end Y
18 replaced by the inveriant vector (ses Theorem 8.3}
A (1) A F(1)
s _ ' :}C.—_———:E:~ :-L a,~! RS ¢
+ a, -a*
a,t—>a,
where
D = (U—fm _ar)a
Thus the inequellifty (9.12a) 16 velid for 8ll o2 W,
Yg now LeYe
(2 ¢ )
_ o yamt R
e LN € 2. ) mt 1 LimlAagl+5i45 ]
§=
4m[ 2 i
+ lzlAgHA [+1a;l |A4) ‘HA;,”
-Z
+ \A;) | a 1
o J
1=+
‘ ﬁm:ﬂa?cm

| oiTes L3N < zou | g

{9.13)
or

BTl € 5 DA™ 14
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Hence Lf 72 1e the largest golution of

/W\.I;\\t‘,m-‘ ’—‘//5‘

for 8ll /WL‘>‘}b

| Lol < p UL
o Ba Do

The reduction of the number of Lterations resquired
ueing The Suecessive Overrslazstion Method ls& sesn by
{9.6) to be in generel not &f 1srge ap the gain in the rate
sf oonvergence, However, when P 1g vepry amsll the
gains in esch case are aprroximately squal, For erell /

and fopr A nearly one
5%5('€f23,£/9) ¢ Eifi%?%f%

&m&,hy”%hﬂﬁﬁam {9.1)

VA Lo, {/0) % §f§ii§%%?;

For the Dirichlet Problem for, unit squars with A
we have by (&,30) and Theorem {5.0)

=

. -
Mol-4 5 %4 © 7=
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By Theorsn (8.7)

g Mozwn o 2L

— Aoz ) 7

Thus the gein in the rete of convergence by ueing The

Sycoessive Overreloxstion Method 18 of the arder of L.



A

111,30

The lavga reduction in the rﬁguxraﬁ rumbepr of Lters-
sione mekes The &maaasszva Overrelexation method mich more
prectical for ues with large sutomatic vomputing machines.
A ﬁnuéy of the eoding for the UNIVAC for & Dirichlet Probe
1em to be solved by means of The Liebmann Method {21)

{see slec esotion II.h) peveale that omly %o sdditional
wemory locutions would be pequired %o use The Buscensive
Overvelazation Method and that the time per iterstion
would not be inersased by more than 10%, For hoth methode
the stored values which are used on gpach operstion are the
veluse of AL &bt the nsme selt of net nointe.

wne following teble glves s cowpsriaon ot the estlis

meted mumber of Ateretions required using The Ly ebtmann

Hethod snd The Successive byerrelaxation ¥ethod for the

Dirighlet Problem with the unit squsre with I intervale on

e side, Time estimates fop the UNIVAC are also miven

[Bee Table next pege.)
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For svallexr /0 the sdvantss

In the above petinatos

Hethod would he grester.

1.

2

h(x‘rﬂﬁ )f)
N (Lrp )

‘!‘m estipated tlme

UNIVAG
guzed %o be

I?.

1006 3

ib the Solution Og— m'wb‘”

A

h " " "

{213,

M- I

THE LIEB MANN METHOD |THE .saccess»us ;\;:zszm.,«m-r:on METHO
% A %(iﬂ)‘. Tlmez Wy S\c (L, b3})). Tlme_ ¢
1 204 <9154 280 .3l 1755 155 45 .05
50| 199605 1150 1245 382 .882 106 7Y
0o 494015 7oio 1aso  |iawe ave 227 TF
3OOL?9?890 63300 15750, 1980 980 750 H‘s’éf_u
P ves sssumed to be /O ;

- of The Succeseive Overrelaxation

te in hours computing time Tor the

The number of awmﬁa per Leeration was as~
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Bince u, = VA, i8 known exectly for a aguers or
reotsngular reglon, the determination of CJ, was eeey
in the above example, In the next eection vwe disouss (prunat,

methoade far choosing W) Tor more genersal reglons.



By (8,19) the optimum relaxation factor W, is given

Wy = I+L ‘—F_]

where M is the lsrgeet eigenvalue of the Kormes Metrod,
For the Dirichlet Problem /{, gan be expresssd

in terme of «,/, the smalleat elgenvalue of the finlte

difference snalogue of

Z QZ;‘,T = — /\ wiy e R
(10.1) A=
wx) = O v S
whieh 18 glven by
( ; EZ -]—E—z&- ‘lm]/(i)cl';dﬂa
{10,2) - <z“"£ R4 )
. =0 CRNRYY,

By (10.2) and {h.3s) wve have

(10.3) | | Qm(/"/al):/llrc
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Also, by (9]

(10.4) NN
Ao AF

where /), 16 the smellest sigenvelue of (10.1).

The relation betveen /,7—/4«{ Z and A, hee been
tnvestipated by Collats ({22}, page 200-297) and the agree-
ment hes been shown to be remarkably olose for sore reglons
even with eourse meshes. A. can dbe somputed exsactly
for some reglons including the cirole ([23] page 260}, and
the ellipse (28], Of course 4 iteslf can be computed
exactly for square or rectangular reglons (4.28).

Por the case of & rectengulsr reglon with slde

lengthe Tat = Ty (4 =1,2, 0 ,m)
vé¢ have
il / ~
5) l Z I = ZZ ?;éz_
A= _,{._./
By {10, 3) and (4,28} (o
o
7 7T
/171:E{2@~ZZ=/C¢¢E}
- Tzt —Z)U 1 ;] <
4> g‘?q Itz"TZ%: Te ¢ +0/4/)j
=y =,

e’
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=M.

/ Are L
(19;&} /“/77«441' = 72'{ —zj;z - -/—Z-——Z,t:‘,, + O[v(,")

~

!
A

u
72 %o /), 18, in this cese very

Henoe, the convergence of
r&nﬁd.

In any case, for the Plrichliset Problem, s lower
bound to  «, 7 san be found by aﬁmﬁuting//én7‘ for
& olrounsoribing rectangular region, beocsuse of the Theorem
4.2, Corollary .

¥e now show thet for the general self adfolint oece,
ir (/:/4) is not overestinated, the raletive decrvese
in the rete of convergence is, seympbotioslly, for small
errore in ( )= A ) ant fop smell (/-4) ,
squel to one helf the relative error in the estimetion

of (/:>A0).

" with respect

iU

Let
A ’ be the estimeted value of W, such that

M, be the dominent eigenvalue of X snd let

A S 4, ‘< /
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Then
¢(¥ﬂw')'¢{v?gsw)\ 3
(10.9) | Lom ch.sz,@ e !
M1 (A } g-p) -“*fwi 2
. '/U~a

where w,w’ are determined from (8.19) based on 4 snd 4« '
respectively, and where ¢5(oz’fr, w) and ¢/o?§ w') are the rates
‘of gonvergence of Zr,w and Lo w’ respactively.,
The left member of (10.7) equele

A3 l ——4—
(10,8) 3B L{y B |

L, _0(7 ,@7(//0)]

provided the derivatives exlet .
Bow let /6, = coe @ ; by(8.19)

/—-Mé I_._@_)
7 z

7
(w-1)" = “Z2g~ = Aan

NN

1. ‘
Zo(@ = b we?(F-2)
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—éf— [,&; ¢(¢”a—,w)]= —é%, [/&;z/—«dyf’w-ﬂ)]

.l ) A .
- 2{7,(3&3&) -1)) - =2 (w-1) "%
~ Ay (w-1) — Aoy (=) c(w-1) "™
d a8
_2Zg w0 o
-jfff"w—u (w =)
acc? (% - % <8

(10.9) -;/%[,4? 45(‘%,,“,)} =

Aleo

3

(10.9a) - L ). du A6 e
é%/é/?(//(/,/-'_/a' ﬁ!d;d,—wz =7

The left member of {(10.7) equals
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¥
(10.10) o2 s Lan 2 _
00 ~loglon(F-2) . coud 2

by 1l'Hospitel's rule.

Qe B, D

(10.11) i P (Loer) =\s
| A > @ (fd',co)

Cl-ef)= S (1= ) (0<S<y),
end where co,w’ are determined from (£.19) using M and i’
regpactively.
o

‘ , ’
2w , henae ail eigenvalues of <o,w’' have sbeolute value |w'-!|

¢(°£r,w') = "—/(03(&)’—/)
¢(ofa~,w) -—/&700—/)

Let My =con é o ) = con @7 wWhere 6 < &,

' .

I-coed'= S (I -cou 0)

. / . e
eint g = St S
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But a2 in Theovem 10,1,

) ) ‘I - p e 7[— 9
(1012) (w-1) T = == = Zan (£ ’z)
{10.13) (a)’_/) Ma _ _’_l_i’u’_l‘.‘g.' = _Zom CZZ‘_ _Q_’)

e Coe O’ 4 =

Heplecting terme in O and O of degree higher then
the first have

(20.14) 6'=NS6 + 0(o) Cand

=2 oy (w-1)"=2.0 + O(O)
=2 oy (w'-1) =207 +0 (6)
where O(e)  venishes with 6O .
Hence the thesrem follows
G By Du
From this it can be seen that even if ( (-4, ) s
underestimated by as much az 50 the rate of convargsnes
will be decressed by less then 305, Gince the gain in the
rete of convergence of The Succesgive Overrelaxstion Hethod
is of an order of ma@aituﬁ,;thQW$var, such an increase 18
relatively unicportant.
on the other hand if S > |  we have
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2

¢ (o\gr,w') = “/@ gi"ééﬁ(l - \/‘U";a/* ~Y(c’~1) }

Where o' *u "t —Hlw - =0 by (%.9),

Therefore
¢(fr,w')=-/éo;{-‘;_’—'[/u,~ Vu /z}a/‘]f |

I /.l,':(,od.é)’ , by Ci0013)

) -4 / 7 /
((4)’-—-1)‘/7-: [Bented =) :/&/m(_’#i_%)

Coa O’

' o 277"___9_’
Wl e (s

/
Negleeting terme in &  higher than the first snd
aetting ' =\VE O +0(8) ae in (10.14)

Dt )= OV -2V ] + 0(8)
Since PlLr )= 6+ 0 (8)

we have

"

(10,15} [»gb(f"*“”) ] = NS-2Ys5, +009).

PlLr, )
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Beosuse of the presence of the term 7V S-1  the
derivative of the above retle with respest %o S bow
somet large a8 S epproasies one, Thus it isg
alvays better to wderestiante (1-L.) , 1.2, be pure Sz,

Ag gtated in the Introduetion ﬁ;;@ fact thet the geln

in rate af‘ sonvergente leg not very sensitive to vrelalive
shanges in (1 -«,), fee long ep (1-&,) Le not overw
satimsved), sozgeats thet not only for the Lirlchlet Prollem
ut for othayr self adlednt soustions the relaxetlon feotor
oesn choapsts go thet the problems ean be solved mueh nore
radpldly, Por squatlone of the type { 1.1 ) whers (4:4)
is net gymmetric, howevey, the elgenvalues of X mre po%
in genersl resl snd the galn in convergence whieh gould be
ghteined, aven with the best relazellon factor, Le much
lees, HNeverihelose the relstion between the slgenvelues

of X Lo and 75 o5 w  aps walld, The etudy of the
sonvergence of 0~ and o . A8 thersfors slmplified,
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