
PRELIMINARY EXAMINATION IN ANALYSIS

August 1999

Part 1: Real Analysis.

1. Assume that (X;A; �) is a measure space and f 2 L1(X;A; �) satis�es

kfk1 =
R
X
jf(x)j d�(x) = 1. Prove that

Z
E

log jf(x)j d�(x) � ��(E) log�(E)

for all subsets E 2 A such that 0 < �(E) <1.

2. Let E � [0; 1] be measurable with jEj > 0.

a) Show that (�E � �E)(x) is a continuous function.

b) If E + t denotes the set E + t = fy; y � t 2 Eg show that:

Given E, 9 " > 0 such that

jE \ E + tj > 0 8 jtj < "

3. Consider the integral

h(x) =

Z
1

0

(x+ y)�1f(y) dy

de�ned for x > 0 and f 2 L1(0;1). Show that h is in�nitely di�erentiable away from

the origin. Prove that h0 2 L1[a;1) for any a > 0. What happens if we try to set

a = 0?

4. Given the three measures in [�2; 2],

a) �1(E) = jEj.

b) �2(E) = jE \ (0; 1)j.

c) �3(E) =
R
E
x2 dx.

write the Lebesgue decomposition of each �i with respect to the others

d�i = f d�j + sin �(�i=�j)

and compute
R
f d�j .
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5. a) Give an example, in [0; 1] of a sequence of functions fk such that kfkkL1 ! 0, but

fk 6! 0 a.e.

b) If kfkkL1 � 2�k, show that fk ! 0 a.e.

Part 2: Complex Analysis.

1. Let 
 � C be open, simply connected, and not empty. Show that if f : 
 ! C is

holomorphic and has no zeros in 
, then there exists an holomorphic function g : 
! C

such that f(z) = expfg(z)g at each point z in 
.

2. Let p(z) be a polynomial with complex coe�cients and degree N � 1. Let

kpk1 = supfjp(z)j : z 2 C ; jzj � 1g :

Prove that

jp(w)j � kpk1maxf1; jwjgN for all w 2 C :

3. Let g(z) = u+ iv be holomorphic in (z) = x+ iy

D = fjzj < 1; y > 0g

and continuous in D. Assume that

a) u = 0 for y = 0 and x > 0

b) v = 0 for y = 0 and x < 0

Show that:
jg(z)j

jzj1=2
is bounded in D :

4. Assume that f : [0;1)! C belongs to Lp([0;1);m), where 1 < p <1 and m denotes

Lebesgue measure. De�ne F : fz 2 C : 0 < <(z)g ! C by

F (z) =

Z
1

0

f(t) expf�tzg dm(t) :

Prove that F is holomorphic on fz 2 C : 0 < <(z)g.

5. Let f be holomorphic in D, with

a) jf j � jyj�1=2

b) lim
r!1

f(rei�) = 0 for any � in [0; 2�].

Show that f � 0
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