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The phase space is [0, 1]Zd and the map (CML) is

Ut = D ls f(Uhs)

sezd

For each site n in the lattice Z9 and for each discrete time t € Z the variable ul, € [0,1]. The
local map is a function f : [0,1] - [0, 1]. The convex diffusive coupling is given by the
coefficients (s satisfying

l¢ >0 and ZQS=1.

sez4d

Example: ford=2,0pp=1-¢,010=1010= 1001 =lp-1 = % and (mn = 01f Im| + |n| > 1.
utbn = (1—¢) f(ufpn) + %( f(Unen) + F(Ufnee) + fF(U10) + (U A1)

that is

ut*l = f(ut) + %A f(ub)

where ¢ € [0, 1] is the coupling parameter.



bistable map on [0, 1]:
a continuous increasingmap f: [0,1] - [0,1]
such that there exists ¢ € (0,1) so that
f(x) < xforall x € (0,c) and X < f(x) forall x € (c,1).

Two stable fixed points: f(0) = 0 and f(1) = 1; one unstable fixed point: f(c) = c.
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Planar Fronts: solutions ul, of the form
ub =¢(n-k-tv) VtelZ
Where:
¢ : R -[0,1] is the front shape satistying |lim¢(x) =0 and |im¢(x) =1

k is the direction of propagation (k € RY, |k| = 1; ie.k e S
v is the front velocity



For each direction k € S%? define the set
Z(k) = {weR : 3s € Z9 w = s - k}.
and consider the invariant subset Xk < [0,1]%°, defined by
Xk = {{Un}pepe € [0,1]* m-k=n-K= Un =Un}

For each {Us} . ,a € Xk define the function v € [0,1]%, in Z(k) by
'V(S 'l():: Us
and for x € R \Z(k) by yv(x) = 0 ( 0 being a fixed point of ).

Then the dynamics of the (CML) implies that
pH) = Y lsfoyl(x—s - k).

sez74d

Hence the (CML) dynamics induces a map F : [0,1]® - [0, 1]%. y = F(y).

M If the direction k is totally irrational ( Vs € Z¢ s-k=0=s=0 ),thenthe (CML)
dynamics is a restriction of the dynamics given by the map F, because X = [0,1]Z° in this case.

M If the direction k is not totally irrational, then the map F is an extension of the (CML)
dynamics restricted to the set Xk.



If we restrict the map F(y)(x) = D ls fo w(x—s - K) to the set B of Borel measurable functions
sz
on R with values in [0, 1], then the map F can be written as

F(y) = hicxfoy,

where the convolution is defined by the Lebesgue-Stieltjes integral

hx 90 = [ o(x-y) dn(y)
and the distribution function hy : R -[0,1] is hk(X) = ZseZd ls Hx—s - k)

0 ifx<O
and H is the Heaviside function: =~ H(x) = 1
1 ifx>0

Reformulating the problem:
Given a distribution function h : R -[0, 1] (increasing function with the following limits
lim h(x) = O0and Jim h(x) = 1) and a bistable map f : [0,1]-[0, 1] define the map F : 5-B5 by

X—>—00
Fly) =hxfoy
Find a front shape ¢ € B and a velocity v, satisfying:
TV6 = F(¢) ,with Jimg(x) =0 and Jim¢(x) =1

where TV is the translation by v € R defined by TVu(X) = u(x—v)



Results

Existence of fronts

Theorem For any distribution function h and any bistable map f, there exists a velocity v € R
and an increasing function ¢ such that

lim ¢(x) = 0, Xllmoqb(x) =1 and TY¢ = F9¢,

X—>—00

where F¢ = h x fo ¢.

Uniqueness of front velocity

Theorem For any distribution function h and any bistable regular map f, there exists a unique
velocity v € R and an increasing function ¢ such that

img(x) =0, Jim¢(x)=1 and T'¢ = F9,

X—>—00

where F¢ = h x fo ¢.

Bistable regular maps
A bistable map is said to be regular if it is a weak contraction in a neighbourhood of each
stable fixed point. That is

36>0 [xye (0,8) or xye (1-61)] = [f(x)-fy)< K-yl



/ Bistable regular map f Bistable but nonregular

7/
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Using the Taylor’s formula we find the following sufficient conditions for a bistable map f to be
regular:

a)fanalytic or b)feClandf'(0) <landf(1)<1 or fe C?2andf’(0) + Oand
f'"(1)+#0 or d)feC3andf”(0)+ O0andf”’(1) =0 or

Nevertheless it is possible to construct C* bistable maps that are not regular



Continuity of the front velocity

Assume that fis regular and let v(f,h) be the unique front velocity of F.

Theorem Let {f,} .y be a sequence of regular bistable maps which converges pointwise to a
bistable regular map f. Let {h,} ney be a sequence of distribution functions and h be a distribution function
such that limd(hn,h) = 0. Then limv(fa, hn) = v(f, h).

Given two right continuous distribution functions h and h', define the Lévy distance

dih,h") =inf{e >0 : h(x-¢g)—-e<h'(X) <h(X+¢)+g, VxeR}.

This is the same as the Hausdorff distance restricted to graphs of distribution functions.
Hausdorff distance:

d(h,h’) = max{sup inf ||zy — 22|, sup inf ||21—22||},
71,€Gh zoeGh' z1eGh’ 22eGh

where Ghis the graph of h,i.e. Gh = {(X,y) : h(x") <y < h(x")},
and the R? norm ||. || is given by ||(X,y) || = max{[x|, ly|}



Interfaces and reference centers J,(v)

Recall that ¢ denotes the unstable fixed point of f.

An interface is a function u € B if there exists c_ € (0,¢), c; € (c,1) and j1 < j2 € R so that

ux) <c. if x<j1 and uX)=c, if x=jo.

If uis an interface, then the iterate Ftuis also an interface (t > 0).
Moreover for sufficiently large t, Ftu is an interface for c_ arbitrarily near 0 and c, arbitrarily
near 1.



Given the level a € (0,1), the reference center of a function uis

Ja(u) = inf{xe R : ux) > a}.

By applying a translation a function u can be centered at 0:  Ja(TJ2(Wu) = 0.

Velocity of interfaces

Theorem Let h be a distribution function and let f be a regular bistable map. For every interface u
and every a € (0,1), we have
t
lim Ja(F'u)
t—o0 t

Where v(f, h) is the (unique) front velocity of F.

= v(f,h).



Application to the planar fronts of (CML)

uiil = > (s f(ul,s), with fbistable, (s > 0Oand )_ (s = 1.
sz sezd
It ¢ is a function such that |im ¢(x) =0, |lim¢(x) =1 and T'¢ = F,
where F¢ = hy * fo ¢, then defining
ub, = g(c+n-k-tv)

(for an arbitrary phase ¢ € R), we have u{? = > (s f(ul, ), i.e. U}, is a planar front with
seZd
direction of propagation k and front shape ¢.

Existence of planar fronts

Theorem For any direction k € S$**! and any bistable function f there exists planar fronts in the

direction k for (CML). If f is regular, then the velocity of these fronts is uniquely determined for each
direction k.

The velocity of fronts v depends then on f, {ls},_,« and k:
V = V(f,{ls} 47, K)



Continuity of the velocity

Theorem Given ¢ > Othere exists 5 > 0 such that for any f, ' regular bistable, {ls} ;_, {ls} ,_
nonnegative and normalized and k, k'e $°* satisfying

lk-K'|| <5, D> |is—ls|<6 and supff—f|<35,
se /8
we have

IV(f, {ls} ge 0. k) = V(' {ls} o k)| < &
Interfaces

A configuration {Us}¢_,q4 € [0, 1]20I is an interface in the direction k if there existsj_, j. ,
O0<c.<c<c; <1, such that

n-k<j_=>up<c. and n-k> j. = up > C..
(note that n - k measures a position along the line orthogonal to k)

Theorem If {ud} e IS an interface in the direction k, then the evolution {US} .0 by (CML) is an
interface in the direction k and

lim L IE({UL} o) = V(F, (s} g0, KO,

Where J5({Us}, <) =inf{je R:n-k>j=u,>a}andac (0,1).



Extended bistable maps
utt = Fut .= h*xfout

The phase space is the set B of Borel-measurable functions on R with values in [0, 1].

Basic properties:

Homogeneity
TVF = FTYV forallve R.
Continuity:
VX e R LLr].gun(x) = U(X) = VX e R le Fun(X) = Fu(x).
Monotony:



Sketch of the proof of existence of fronts

Let 7 — B be the subset composed of increasing functions, v € R and ¢, € (c,1).
The set Sy, of sub-fronts of velocity v:

QSV,CJr = {l// el : Fl// < Tvl// and JC+(l//) = O}
When S, ., is not empty, consider the function
nv(X) = Iinf w(x), xeR.

I/IESV,(;_,_

It turns out that ny € Sy, and therefore ny is a minimal sub-front of velocity v.

We also prove the existence of a maximal sub-fronts velocity @V =max{ve R : Syc = 0}.

Consider the reference centers of the iterates F"ny of the minimal sub-front ny for the
maximal sub-fronts velocity v:

j n = ‘JC+ (an\_/)

Then we prove that liminf(jpem —jn) = mMv.
N—o0

From this we use an arithmetical Lemma that ensures that there exists a strictly increasing
sequence {ny} such that for all m

LLFQ(j n+m = In) = MV.



Using this subsequence {ni}, we consider the sequence {TInF"ng} oy from which a
convergent subsequence can be extracted by Helly’s Selection Theorem:

1 = IMTIERg.

Consider now the sequence{T"™F™n. } ken. It satisfies  ny < T MDVEML, < T-VEM,,,
Hence, the following limit exists

¢ = [ImT™F e
and satisfies TV¢ = F¢ and lim ¢(x) = 1. As for the limit lim ¢(x), in general we cannot
say more than lim ¢(x) € {0,c}.
However, if f and h are such that

%(C) =400 and Inff{x e R : h(x) > 0} = —o0,
then one can prove that |im ¢(x) = 0.
Finally, to conclude in the general case, we show that every pair of bistable map f and

distribution function h can be approximated pairs satisfying the previous condition. The
existence of fronts then follows from continuity properties (see the references for more details).



