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The content of lectures is based on a book “An Introduction to Heavy-Tailed and

Subexponential Distributions” by Foss, Korshunov and Zachary (Springer, 2011 –1st

edition, 2013 – 2nd edition) and on research papers.

Lecture I. I will start with definitions and properties of heavy- and long-tailed distributions.

Then discuss the significance of coefficient 2 in the definition of subexponential (SE)

distributions and their further tail properties. Then I will talk about various classes of SE

distributions and the relations between them. The local and delta-subexponential

distributions will also be introduced. If time allows, I will briefly introduce the class S(γ) of

light-tailed distributions that have properties similar to those of SE distributions.
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Lecture II. In this lecture, I will consider sums, random sums and maxima of sums of SE

random variables. The summands are either i.i.d. or Markov-modulated or conditionally

independent. I will establish conditions for the ‘principle of a single big jump” to hold: the

most likely cause for the sum/maximum to be large is one large summand. Then I will

provide an example of an SE distribution where the principle fails. Finally, I will derive the

asymptotics for the time and height of the first overshoot over a high level. Continuous-time

processes will be discussed too.

Lecture III. In the last lecture I will consider queueing applications. I will analyse the

asymptotics for the stationary sojourn/waiting time and queue length in the GI/GI/1 queue.

Then I will turn to tandems of queues, generalized Jackson networks, multi-access and

some other systems - these are examples of monotone separable systems. Finally I will

consider the stationary waiting time in a multi-server queue.

I will conclude with a number of open problems, for one and more dimensions.
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Lecture I.

1. Stochastic processes Z(t) in discrete time. Questions of interest:

• What is the probability of a “rare event”

P(Z(t) > high level) ?

• What is the probability

P(∃ t ∈ [0, T ] : Z(t) > high level) ?

• What is a “typical” sample path that leads to a rare event?

Motivation: ruin, overload, etc....
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2. Simple stochastic process = random walk. This is

Sn =
n∑
1

Xi, n = 1 = 2, . . .

where Xi are i.i.d.r.v.’s.

We assume (for a moment) the summands to be

• non-negative;

• with unbounded support.
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Motivating example:

Sn = X1 +X2 + . . .+Xn

where Xi have distribution F with tail distribution function

F (x) ≡ 1− F (x) = e−x
β

, x ≥ 0

where β > 0.

For n = 2, the conditional distribution of X1/(X1 +X2) given X1 +X2 = x is

gβ,x(y) = cβ,x (y(1− y))
β−1

e−x
β(yβ+(1−y)β).

As x ↑ ∞...

For n ≥ 3...
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3. Three classes of distributions:

• H, heavy-tailed;

• L, long-tailed;

• S , subexponential

and their properties.

In particular,

S ⊂ L ⊂ H.
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Heavy-tailed distributions.

A random variable X has a (right) heavy-tailed distribution F if all its positive exponential

moments are infinite,

EecX ≡
∫
ecxF (dx) =∞, for all positive c.

(otherwise distribution F is light-tailed).
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Typical examples of HT distributions:

• Regularly varying,

F (x) = x−αl(x)

with α > 0 where function l is slowly varying;

• Log-normal-type,

F (x) = exp{−c(log x)1+r}

with c, r > 0;

• Weibull-type,

F (x) = exp{−cxβ}

with c > 0, 0 < β < 1.

Another example of HT distributions is dominated-varying: F ∈ D if, for some c > 0,

F (2x) ≥ cF (x), for all x.

Standard properties...
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Further properties:

• If X has a HT distribution F , then, for any function 0 ≤ r(x) ↑ ∞, there exists a

concave function g(x) ↑ ∞ such that

(1) Eeg(X) <∞ and Eeg(X)+r(X) =∞.

• Previous property→ for any heavy-tailed distribution F on the positive half-line,

(2) lim inf
x→∞

F ∗ F (x)

F (x)
= 2.

Here lim sup may be any number≥ 2 or infinity.

Note that lim inf in (2) cannot be smaller than 2 for any distribution on the positive

half-line.

There is an analogue for light-tailed distributions.
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Exercise for you: Let F and G be two distributions on the positive half-line. Show that if at

least one of them is HT, then

lim inf
x→∞

F ∗G(x)

F (x) +G(x)
= 1.

Another exercise: show by example that lim inf in (2) may be equal 2 for a light-tailed

distribution on the positive half-line...
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Long-tailed distributions.

A distribution F is long-tailed, or has a long tail F (x) = 1− F (x), if

lim
x→∞

F (x+ c)/F (x) = 1

for some (and, therefore, for any) constant c 6= 0.

Any long-tailed distribution is heavy-tailed,

but not the other way around! Example.

Regularly varying + Log-normal + Weibull (< 1) are LT.

12



If F is long-tailed, then there exists a function h(x) ↑ ∞ such that

F (x+ h(x)) ∼ F (x) ∼ F (x− h(x)),

as x→∞.

This is the h-insensitivity property of function F (x). Clearly, it is the iff property.
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Examples of h-insensitivity

1. Regularly varying distributions.

h(x) is any o(x) function

2. Log-normal distributions

o(x/ log x)

3. Weibull distributions with parameter β < 1.

o(x1−β)
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Another class of long-tailed distributions form intermediate regularly varying (IRV )

distributions:

F ∈ IRV if

lim
ε↓0

lim inf
x→∞

F (x(1 + ε))

F (x)
= 1.

This is a slight extension of the class ofRV distributions, it also includes distributions like...
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Characteristic properties of LT distributions.

Theorem. Distribution F is IRV iff it is h-insensitive, for any positive function

h(x) = o(x).

Theorem. Distribution F is IRV iff, for any sequence of i.i.d.r.v.’s ξ1, ξ2, . . . with finite

positive mean,

F (Tn)

F (nEξ1)
→ 1 as n→∞

with probability 1, where Tn = ξ1 + . . .+ ξn.
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Other important LT distributions are
√
x-insensitive distributions: they are h-insensitive for

h(x) =
√
x. Comments!

Theorem. Distribution F is
√
x-insensitive iff or any sequence of i.i.d.r.v.’s ξ1, ξ2, . . . with

finite positive mean,

F (Tn)

F (nEξ1)
→ 1 as n→∞

in probability, where Tn = ξ1 + . . .+ ξn.

This property was/is implicitely used by various authors.
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Subexponential distributions (Chistyakov, 1964). A non-negative random variable X has

a subexponential distribution F (we write F ∈ S) if

lim
x→∞

F ∗ F (x)/F (x) = 2.

Or, equivalently,

lim
x→∞

P(X1 +X2 > x)

P(X > x)
= 1

where X1 and X2 are two independent copies of X .

Or, equivalently,

lim
x→∞

P(X1 +X2 > x)

P(max(X1, X2) > x)
= 2.

The latter definition says that the most likely way for the sum to be large is that one of the

summands is large (the principle of a single big jump, PSBJ).
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A real-valued r.v. X has a subexponential distribution if X+ = max(X, 0) does. Or,

equivalently, F is subexponential if F+(x) = F (x)I(x ≥ 0) is.

Known:

Any subexponential distribution is long-tailed, but not the other way around!

Another definition of SE distribution on the whole line:...
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The standard distributions – Regularly Varying, Log-Normal and Weibull (< 1) are SE.

Other examples:

• class L ∩ D;

• class of intermediate varying distributions.
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Basic properties of SE distributions:

(i) If F is SE and F (x)/G(x)→ c ∈ (0,∞) as x→∞, then G is SE.

(ii) If X1, X2, . . . are i.i.d. with a common SE distribution F , then, for any n ≥ 2,

P(Sn > x) ∼ nF (x), x→∞

where Sn =
∑n

1 Xi (the proof is by induction arguments).

(iii) if X1, X2, . . . are i.i.d. with a common SE distribution F and if τ is an independent

counting r.v. with a light-tailed distribution, Eecτ <∞, for some c > 0, then

P(Sτ > x) ∼ EτF (x), x→∞;

where Sτ =
∑τ

1 Xi (the proof is based on the Kesten’s lemma).
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Class S∗ of strong subexponential distributions (Klüppelberg, 1989).

This is a subclass of the class of SE distributions. A distribution F on the real line belongs

to S∗ if ∫ x

0

F (x− y)F (y)dy ∼ 2bF (x), x→∞

where b =
∫∞
0
F (y)dy.

Known:

–If F ∈ S∗, then both F and F I are subexponential. Here

F I(x) = 1−min(1,
∫∞
x
F (y)dy.

–If {Xn} are i.i.d. with a common distribution F ∈ S∗ with negative mean, then

P( max
0≤i≤n

Si > x) ∼
n∑
i=1

F (x+ ia) uniformly in n ≤ ∞.

The latter property may be extended only random sums – comments!.
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Subexponential densities.

A density function f on the positive half-line is subexponential if

f∗2(x) =

∫ x

0

f(x− y)f(y)dy ∼ 2f(x) as x→∞.

Again, the densities of RV, LN and Wei (< 1) distributions are SE.

If a distribution has a SE density, it is a SE distribution, but not the other way around. Idea

of example.
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SE density and class S∗.

Delta-subexponentiality.

Why there is so many classes of SE distributions?
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Lecture II.

Comment on the paper by F-Zuyev (1996).
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Further examples/exercises.

Ex.1. X1, X2, . . . are i.i.d. standard normal. For which n the product X1 · . . . ·Xn has a

neavy-tailed distribution?

Ex.2. Same question if the Xi’s have the tail F (x) = e−x
β

.

Ex.3. Perpetuity. Let X1, X2, . . . be i.i.d. having a common U [−2, 1] distribution, and let

S0 = 0, Sn = X1 + . . .+Xn and

Z =

∞∑
0

eSn .

Show that Z has a heavy-tailed distribution.

Ex.4. Prove that the distribution of X is xβ -insensitive iff the distribution of X1−β is

long-tailed. Here 0 < β < 1.
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Ex.5. Prove that maximum of n i.i.d.r.v.’s with common d.f. F has subexponential

distribution iff F is subexponential.

Ex.6. Let X have the Weibull distribution with parameter β > 0. For which values of β,

does

P(X +Xβ > x) ∼ P(X > x) ?

The same question – for the standard log-normal distribution.

Ex.7. Let X have an IRV distribution and Y be light-tailed. Show that, for any joint

distribution of X and Y ,

P(X + Y > x) ∼ P(X > x).

There is many more exercises!
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Content:

1. Veraverbeke Theorem

2. Random sums

3. Asymptotics for time and height.
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Theorem (Veraverbeke, 1982). If X1, X2, . . . are i.i.d. with a common distribution F with

negative mean−a = EX1 and if the integrated distribution F I with the tail

F I(x) = min(1,

∫ ∞
x

F (y)dy), x ≥ 0

is SE, then, for M = supn≥0 Sn,

P(M > x) ∼ 1

a
F I(x).
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Idea of one of “standard” proofs. It follows directly from Feller’s construction of ladder

hights and epochs:

M =distr

∑τ
1 ψi where the ψ’s are the i.i.d. ladder hights with common distribution

P(ψ1 ∈ ·) = P(Sη1 ∈ · | η1 <∞) where η1 = min{n : Sn > 0}, and τ has a

geometric distribution with parameter p = P(M = 0). Further,

– the distribution of the ψ’s is asymptotically equivalent to F I in the sense of property (i)

above; so it is SE too;

– then the random sum has an SE distribution, by property (iii).
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Sample-path argument: based on the proof from above:

the principle of a single big jump again. The sample path follows the SLLN with negative

drift (−a) until the first jump. Actually, a more informative way of describing the

asymptotics is:

P(M > x) ∼
∑
n≥1

P(Xn > x+ na) =
∑
n≥1

F (x+ na) ∼ 1

a
F
I
(x).

Write also for events:

{M > x} ∼ ∪n≥1Bn
with various meanings of Bn.
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Idea of another proof – due to S Zachary.
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Application to the classical risk process.

The risk reserve process is

Rt = u+ ct−
Nt∑
1

Xi

where

u is the initial reserve,

c is the rate of the premium income,

Nt is a homogeneous Poisson process of claims arrivals,

X1, X2, . . . are i.i.d. claim sizes that do not depend on Nt.

There is another dual process to the random walk.
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Corollary. Tail asymptotics for the distribution of a stationary waiting time in a single-server

queue. Customers arrive to a single-server queue and are served in the order of arrival;

{tn} – i.i.d. inter-arrival times; {σn} – i.i.d. service times with a common distribution F ,

{Wn} – waiting times. We have a recursion

Wn+1 = max(Wn + σn − tn, 0).

Let Xn = σn − tn, Sn =
∑n

1 Xi. Then it is known that Wn converges weakly to

W ≡W∞ and that W =distr M = supSn.

Assume that the integrated distribution F I of service times is SE. Then the PSBJ holds: a

system is running for infinitely long time (from−∞); the waiting time of customer 0 is large

due to a single big jump in the past.
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Equivalences for random sums

Here we formulate results for random sums Sτ =
∑τ
i=1Xi and maxima

Mτ = max1≤i≤τ Si. Here τ may be any counting r.v.

I. We start with the case where {Xi} is an i.i.d. sequence and τ does not depend on

{Xi}.

Theorem 1. Let {Xi} be an i.i.d. sequence with a finite mean. Assume F ∈ S∗. Assume

that a counting r.v. τ does not depend on {Xi}.
(i) If EX1 < 0, then

P(Sτ > x) ∼ P(Mτ > x) ∼ EτF (x), x→∞. (∗)

(ii) If EX1 ≥ 0 and if there exists c > EX such that

P(cτ > x) = o(F (x)) as x→∞,

then the asymptotics (*) again hold.

The condition F ∈ S∗ cannot be replaced by F ∈ S .
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In the boundary case (where the tail distributions of τ and X may be comparable), we get

the following result. Recall that a distribution G is intermediate regularly varying, IRV (at

infinity) if

lim
ε↓0

lim inf
x→∞

G((1 + ε)x)

G(x)
= 1.

Relation between classes: AnyRV distribution is IRV , and any IRV distribution

belongs to S∗.

Theorem 2. Let F ∈ S∗, EX1 > 0, and

F (x) = O(P(τ > x)), as x→∞.

If the distribution of τ is IRV , then

P(Sτ > x) ∼ P(Mτ > x) ∼ EτF (x) + P(τ > x/EX1).

So here we have an additional term to the expression based on the SBJ.
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Corollary for a Galton-Watson processes.

Consider a G-W process,

W0 = 1 and Wn+1 =

Wn∑
1

X
(n+1)
j

where X, {X(n)
j } is a family of i.i.d.r.v.’s with a finite mean.

If the common distribution of the X ’s is IRV, then, as x→∞,

P(W2 > x) ∼ EX ·P(X > x) + P(X > x/EX).

In particular, for the critical BP with EX = 1,

P(W2 > x) ∼ 2P(X > x).
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II. Now we consider a more general case where τ and {Xn} may be dependent, but

continue to assume that {Xn} are i.i.d.

Theorem 3. Let E|X| <∞ and let a counting r.v. τ be a stopping time, i.e., for any n,

the families of r.v.’s {X1, . . . , Xn, I(τ ≤ n)} and {Xk, k > n} are independent.

Assume that F ∈ S∗ and that there exists an increasing function h(x) ↑ ∞ such that

F (x+ h(x)) ∼ F (x) and P(τ > h(x)) = o(F (x)), as x→∞.

Then again

P(Sτ > x) ∼ EτF (x).
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III. We consider now the case where {Xn} may depend on each other and have different

distributions, but, in turn, do not depend on the counter τ .

We introduce some conditions which allow to keep the PSBJ to hold.

Let F be a reference SE distribution on the positive half-line and let a function h(x)→∞
be such that F (x+ h(x)) ∼ F (x). For i = 1, 2, . . ., let Xi be a non-negative r.v. with

distribution function Fi. Let (Ω,F ,P) be a probability space, and let G ⊂ F be a

sigma-algebra. We assume the following conditions to hold.
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(C1) X1, X2, . . . are conditionally independent given G. That is, for any collection of

indices {i1, . . . , ir} and for any sets B1, . . . , Br , all belonging to F ,

P(Xi1 ∈ B1, . . . , Xir ∈ Br | G) =a.s. P(Xi1 ∈ B1 | G) · . . . ·P(Xir ∈ Br | G).

(C2) For each i ≥ 1, F i(x) ∼ ciF (x), with
∑
ci > 0; and for all i ≥ 1, there exists

c > 0 such that F i(x) ≤ cF (x) for all x ≥ 0.

(C3) For each i ≥ 1 there exists a nondecreasing function r(x) and an increasing

collection of sets Bi(x) ∈ G, with Bi(x)→ Ω as x→∞, such that

P(Xi > x | G)I(Bi(x)) ≤ r(x)F (x)I(Bi(x)) a.s.

and, as x→∞, uniformly in i,

(i) P(Bi(h(x))) = o(F (x));

(ii) r(x)F (h(x)) = o(1);

(iii) r(x)
∫ x−h(x)
h(x)

F (x− y)f(dy) = o(F (x)).
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Theorem 4. Let τ be a light-tailed counting r.v. which does not depend on the X ’s. Under

conditions (C1)-(C3), as x→∞,

P(Sτ > x) ∼ E

(
τ∑
i=1

P(Xi > x)

)
∼ E

(
τ∑
i=1

ci

)
F (x).
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Examples – for fixed τ = n.

Example 1. Let r.v. η be uniformly distributed in (1, 2). Conditional on η, let Xi be i.i.d.

with common distribution

FX|η(x) = (1 + x)−η, x > 0.

The the PSBJ holds, P(
∑n

1 Xi > x) ∼
∑n

1 P(Xi > x).

Example 2. Let r.v. β be uniformly distributed in (a, b) with 0 ≤ a < 1, a < b.

Conditional on β, let Xi be i.i.d. with distribution

FX|β = exp(−cxβ).

Then the PSBJ holds if a > 0 and fails if a = 0. Actually, if a = 0, then

P(X1 > x,X2 > x) ∼ E1(1)

E1(2)
P(X1 > x)

where E1(t) =
∫∞
t

(e−u/u)du.
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Example 3. Let Xi = ξiη1η2 · . . . · ηi, i = 1, . . . , n where the {ξi} are i.i.d. and the

{ηi} are i.i.d. and are independent of {ξi}. Assume that the ξ’s have a common IRV

distribution and the η’s a common rapidly varying distribution,

limx→∞ F (cx)/F (x) = 0, for all c > 1. The the PSBJ holds.

Example 4. Let Xi, i = 1, . . . , n be any collection of non-degenerative long-normal

distributions, i.e. Xi = eYi where the Y ’s are non-degenerative normal. Assume that the

Y ’s are linearly independent (full rank). The the PSBJ holds.
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Another direction of extension is Markov-modulated random walks.

Comment on continuous-space processes.
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Asymptotics for time and height of overshoot over high level.

Return to the ordinary random walk and recall conditions of Veraverbeke theorem.

Assume in addition that there exists a function e(x) ↑ ∞ such that, for any t > 0,

(3) lim
x→∞

F I
(
x+ te(x)

)
F I(x)

= G(t)

for some distribution G.

Let

τ = τ(x) = min{n ≥ 1 : Sn > x} ≤ ∞

be the time of the first overshoot over level x.

Comments on condition (3) above.
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Theorem. Under the above conditions, the distribution of quadriple(
aτ

e(x)
,
Sτ−1
e(x)

, max
0≤m≤τ−1

|Sm +ma|
τ

,
Sτ − x
e(x)

)
,

conditioned on {M > x}, converges to the distribution of (W,−W, 0,W ′
) where W

and W
′

have the same distribution G and, for any positive u and v,

P(W > u,W
′
> v) = P(W > u+ v).

Idea of the sample-path proof and comments. Extensions.

46



Lecture III.

Content:

• GI/GI/1 queue, stationary queue length; time of the large jump; supremum on a

busy cycle.

• Multiple access transmission channel with adaptive ALOHA protocol, stationary

number of users.

• Tandem of two queues, GI/GI/1→ /GI/1, stationary end-to-end delay.

• Generalized Jackson networks, maximal dater.

• Multi-server queue, stationary waiting time (various cases), time of the large jump.

Open problems will follow.

THEN:

Back to the supremum of a random walk:

5 scenarios!

47



Some open problems

Problem 1. Consider two i.i.d. non-negative random variables ξ1 and ξ2 with a common

heavy-tailed distribution F . Assume that this distribution is not subexponential.

1.1) Could

lim supx→∞
P(ξ1+ξ2>x)
P(ξ1>x)

be finite?

1.2) Could it be finite if, in particular, F is long-tailed, i.e. F (x+ c) ∼ F (x), as x→∞?
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Problem 2. Stable two-server queue with subexponential service times.

Again {tn} are i.i.d. inter-arrival times, {σn} are i.i.d service times having a common SE

distribution; {Wn,1} are waiting times. Let, in addition, Wn,2 ≥Wn,1 be the first time

from arrival of customer n when the other queue becomes empty. The vectors

Wn = (Wn,1,Wn,2) satisfy Kiefer-Wolfowitz recursion:

Wn+1 = R(Wn + e1σn − itn)+

where e1 = (1, 0), i = (1, 1), operator R permits coordinates in the non-decreasing

order, and (x1, x2)+ = (max(x1, 0),max(x2, 0)).

Assume that the queue is stable: Eσ1 < 2Et1. Assume also that the distribution F of the

σ’s is “sufficiently subexponential” – say, belongs to S∗. We are interested in the

asymptotics for P(W0,1 > x) as x→∞ in the stationary regime.
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It is well understood that if Eσ1 < Et1, then if W0,1 is large, then, most likely, there were

two big service times in the past. However, if Et1 ≤ Eσ1 < 2Et1, then there is no

general explanation for a big waiting time to occur. In [2], there are some partial results in

the case Et1 < Eσ1 < 2Et1 and also examples that show that either 1 or 2 big jumps

may dominate. In particular, the “single-jump” case dominates if F has a regularly varying

tail. Hypothetically, the “two-jump” scenario may be most likely for Weibull-type

distributions.
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Problem 3. Stable generalised Jackson network.

Consider an open network with two nodes (servers). Customers arrive in a renewal

process with inter-arrival times tn. Each customer is directed to node i = 1, 2 with

probability p0i (where p01 + p02 = 1) and joins the queue there. Service times {σ(i)
n } in

queue i are i.i.d. with a finite mean. Upon a service completion at station i, customer joins

a queue j with probability pij and leaves the network with probability pi0. Assume all the

probabilities to be positive and the network to be stable.

Further, assume that there is a reference distribution F ∈ S∗ such that

P(σ
(i)
1 > x) ∼ ciF (x), i = 1, 2, with c1 + c2 > 0.
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We are interested in the large deviations for the stationary sojourn time of a “typical”

customer in the stationary regime (here sojourn time is time from arrival to departure from

the network).

What is a typical cause for the stationary sojourn time of a customer to be large? Does it

relate only to previous customers? Or depends also on an (infinite) future?

My conjecture is that it depends on the past customers only if the service time distribution

has an (intermediately) varying tail.
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