LOG-DIMENSIONAL SPECTRAL PROPERTIES OF ONE-DIMENSIONAL QUASICRYSTALS

DAVID DAMANIK^1 AND MICHAEL LANDRIGAN^2

1 Department of Mathematics 253–37, California Institute of Technology, Pasadena, CA 91125, USA

2 Department of Mathematics, Idaho State University, Pocatello, ID 83209

E-mail: damanik@its.caltech.edu, landmich@isu.edu

1991 AMS Subject Classification: 81Q10, 47B80 Key words: Schrödinger operators, Hausdorff dimensional spectral properties, Sturmian potentials

Abstract. We consider discrete one-dimensional Schrödinger operators on the whole line and establish a criterion for continuity of spectral measures with respect to log-Hausdorff measures. We apply this result to operators with Sturmian potentials and thereby prove logarithmic quantum dynamical lower bounds for all coupling constants and almost all rotation numbers, uniformly in the phase.

1. Introduction

We are interested in discrete one-dimensional Schrödinger operators in ℓ^2(Z) given by

(Hϕ)(n) = ϕ(n + 1) + ϕ(n − 1) + V (n)ϕ(n) (1) with potential V : Z → R. To each such whole-line operator we associate two halfline operators, H_+ = P^∗_+HP_+ and H_− = P^∗_−HP_−, where P_± denote the inclusions P_+ :ℓ^2({1, 2, ...}) → ℓ^2(Z) and P_− :ℓ^2({0, −1, −2, ...}) → ℓ^2(Z). For each z ∈ C \ R we define ψ^±(n; z) to be the unique solutions to the difference equation

ψ(n + 1) + ψ(n − 1) + V (n)ψ(n) = Eψ(n) (2) with

ψ^±(0; z) = 1 and ∞∑ n=0 |ψ^±(±n; z)|^2 < ∞.

D. D. was supported in part by the National Science Foundation through Grant DMS–0010101. 1

With this notation we can define the Weyl functions by

m^+(z) = ⟨δ_1|(H_+ − z)^{−1}δ_1⟩ = −ψ^+(1; z)/ψ^+(0; z)

m^−(z) = ⟨δ_0|(H_− − z)^{−1}δ_0⟩ = −ψ^−(0; z)/ψ^−(1; z)

for each z ∈ C \ R. Here and elsewhere, δ_n denotes the vector in ℓ^2 supported at n with δ_n(n) = 1. For the whole-line problem, the m-function role is played by the 2 × 2 matrix M(z):

[^a_b ]^† M(z) [^a_b ] = ⟨ (aδ_0 + bδ_1) | |(H − z)^{−1}(aδ_0 + bδ_1)⟩.

Or, more explicitly, M = 1 ψ^+(1)ψ^−(0) − ψ^+(0)ψ^−(1) [ ψ^+(0)ψ^−(0) ψ^+(1)ψ^−(0) ψ^+(1)ψ^−(0) ψ^+(1)ψ^−(1) ]

= 1 1 − m^+m^− [ m^− −m^+m^− −m^+m^− m^+ ]

with z dependence suppressed. We define m(z) = tr ( M(z) ) , that is, the trace of M. These definitions relate the m-functions to resolvents and hence to spectral measures. By pursuing these relations, one finds that:

m^±(z) = ∫ 1 t − z dρ^±(t), m(z) = ∫ 1 t − z dΛ(t), (3) where ρ^+, ρ^− are the spectral measures for the pairs (H_+, δ_1), (H_−, δ_0), respectively, and Λ is the sum of the spectral measures for the pairs (H, δ_0) and (H, δ_1). It is known that the pair of vectors {δ_0, δ_1} is cyclic for H.

Our goal is to find a criterion for Λ to be absolutely continuous with respect to logarithmic Hausdorff measures. Let us first recall the notion of Hausdorff measure, and logarithmic Hausdorff measure in particular. Given a function h : [0, ∞) → [0, ∞) which is continuous with h(0) = 0, a so-called dimension function, define for S a subset of R,

μ_h(S) = lim_{δ→0} inf_{δ−covers} ∞∑ i=1 h(b_i − a_i), where a δ-cover is a cover of S by intervals (a_i, b_i), i ∈ N of length at most δ. When restricted to Borel sets, this gives rise to a measure μ_h, called Hausdorff measure corresponding to the dimension function h. For example, h(x) = x^α, 0 < α < 1 or h(x) = log b(x) = (log^1_x )^{−b}, b > 0. For Hausdorff measures μ_xα , a criterion for absolute continuity of Λ was found in [5]. This criterion is based on power law upper and lower bounds for solutions to (2) and the proof uses the Jitomirskaya- Last [8] extension of Gilbert-Pearson theory [6]. We will prove a similar criterion for absolute continuity of Λ with respect to μ_{log b} which is based only on power law lower bounds for solutions of (2). This is motivated by our application of this criterion to operators with Sturmian potentials where the lower bounds can be shown for almost all rotation numbers, whereas upper bounds are known only for a zero-measure set of rotation numbers.

Explicitly, we will show the following:

Theorem 1. Suppose V is bounded and there is γ > 0 such that for Λ-almost every energy E, every solution of (2) with

|ψ(0)|^2 + |ψ(1)|^2 = 1 (4) obeys the estimate ‖ψ‖_L ≥ C_E L^γ (5) for L > 0 sufficiently large and some E-dependent constant C_E . Then Λ is absolutely continuous with respect to μ_{log b} for b = 2γ.

Remarks. 1. The norm ‖ · ‖_L in (5) is defined as in [5, 8], that is,

‖ψ‖_L = ⌊L⌋∑ n=0 | |ψ(n) | |^2 + (L − ⌊L⌋) | |ψ(⌊L⌋ + 1) | |^2 1/2 . 2. This theorem and its proof have quantum dynamical consequences which will be discussed at the end of the paper.

3. Our proof shows that one can draw even stronger continuity conclusions if the constant C_E in (5) can be chosen uniformly in the energy.

4. We do not need that V is bounded. Exponential upper bounds on solutions of (2) are sufficient. This of course holds for bounded V and since we have an application of Theorem 1 to Sturmian potentials (which are bounded) in mind, we give the theorem in this simplified form.

The organization is as follows. We will prove Theorem 1 in Section 2 and then apply it to Sturmian potentials in Section 3. Quantum dynamical applications are discussed in Section 4.

2. Log-continuity of whole-line spectral measures

The proof of Theorem 1 follows a strategy similar to the one used in [5]. Namely, we will first deduce m-function properties on a half-line from the assumptions on solutions to (2), uniformly in the boundary condition. In a second step we use the maximum modulus principle to show a similar property for the whole-line mfunction which then implies the assertion of the theorem.

Proposition 2.1. Fix E ∈ R. Suppose every solution of (2) with (4) obeys the estimate C_1L^γ ≤ ‖ψ‖_L ≤ C^L_2 (6) for constants γ, C_1, C_2 and for L > 0 sufficiently large. Then there exists C_3 such that for ϵ > 0 small enough,

sup_φ | | | sin(φ) + cos(φ)m^+(E + iϵ) cos(φ) − sin(φ)m^+(E + iϵ) | | | ≤ C_3 log b(ε) ϵ , (7) where b = 2γ.

Proof. Denote

m^+_φ (E + iϵ) = sin(φ) + cos(φ)m^+(E + iϵ) cos(φ) − sin(φ)m^+(E + iϵ)

and let ψ^{1/2}_φ be the solutions to (2) with

ψ^1_φ(0) = sin(φ), ψ^1_φ(1) = cos(φ) and ψ^2_φ(0) = − cos(φ), ψ^2_φ(1) = sin(φ).

Given ϵ > 0, let L_φ(ϵ) > 0 be defined by ‖ψ^1_φ‖_{Lφ(ϵ)}‖ψ^2_φ‖_{Lφ(ϵ)} = 1 2ϵ . Then the Jitomirskaya-Last inequality [8] reads 5 − √ 24 |m^+_φ (E + iϵ)| < ‖ψ^1_φ‖_{Lφ(ϵ)} ‖ψ^2_φ‖_{Lφ(ϵ)} < 5 + √ 24 |m^+_φ (E + iϵ)| . (8) From (6) and (8) we get for ϵ > 0 small enough, ϵ log b(ϵ) sup_φ |m^+_φ (E + iϵ)| ≤ ϵ log b(ϵ) sup_φ (5 + √ 24) ‖ψ^2_φ‖_{Lφ(ϵ)} ‖ψ^1_φ‖_{Lφ(ϵ)} = sup_φ (5 + √ 24) ‖ψ^2_φ‖_{Lφ(ϵ)} ‖ψ^1_φ‖_{Lφ(ϵ)} × × 1 2‖ψ^1_φ‖_{Lφ(ϵ)}‖ψ^2_φ‖_{Lφ(ϵ)} 1 log b(^1

2‖ψ^1_φ‖_{Lφ(ϵ)} ‖ψ^2_φ‖_{Lφ(ϵ)} ) = (5 + √ 24) 2 sup_φ log(2‖ψ^1_φ‖_{Lφ(ϵ)}‖ψ^2_φ‖_{Lφ(ϵ)})^b ‖ψ^1_φ‖^2_{Lφ(ϵ)} ≤ (5 + √ 24) 2 sup_φ log(2C^{2Lφ(ϵ)}

2 )^b C^2_1 L_φ(ϵ)^{2γ} ≤ C_3 if b = 2γ. □

Proposition 2.2. Given a Borel set Σ, suppose that the estimate (6) holds for every E ∈ σ(H) with C_1, C_2 independent of E. Then, given any function m^− : C^+ → C^+ , and any E ∈ Σ,

|m(E + iϵ)| = | | | | m^+(E + iϵ) + m^−(E + iϵ) 1 − m^+(E + iϵ)m^−(E + iϵ) | | | | ≤ C^3 log b(ε) ϵ (9) for all ϵ > 0, where b = 2γ. Consequently, Λ(E) is uniformly log b-Lipschitz continuous at all points E ∈ Σ. In particular, Λ is absolutely continuous with respect to μ_{log b} on Σ.

If (6) holds only with E-dependent constants C_1, C_2, but with a uniform γ, we can still deduce absolute continuity of Λ with respect to μ_{log b}.

Proof. Fix E ∈ Σ and ϵ > 0. Let z = e^{2iφ} and μ = (m^+ − i)/(m^+ + i). We may then rewrite (7) as

sup_{|z|=1} | | | 1 + μz 1 − μz | | | ≤ C^3 log b(ε) ϵ . By Im(m^+) > 0 we have |μ| < 1 and so (1 + μz)/(1 − μz) defines an analytic function on {z : |z| ≤ 1}. The point z = (i − m^−)/(i + m^−) lies inside the unit disk since Im(m^−) > 0. We have

m = i · 1 + μ (_{i−m−} i+m^− ) 1 − μ (_{i−m−} i+m^− )

as can be checked by direct calculation. The estimate (9) thus follows from the maximum modulus principle. This estimate and the representation (3) provide Λ ( [E − ϵ, E + ϵ] ) ≤ 2ϵ Im ( m(E + iϵ) ) ≤ 2C_3 log b(ε) for all E ∈ Σ, ϵ > 0,

from which Λ(E) is uniformly log b-Lipschitz continuous on Σ.

If we permit C_1, C_2 to depend on E, the only consequence is that now C_3 depends on E and so Λ need not be uniformly Lipschitz continuous. However, absolute continuity is still guaranteed. □

Proof of Theorem 1. The assertion follows from Propositions 2.1 and 2.2. □

3. Application to Sturmian Potentials

In this section we discuss the case where V is given by

V (n) = λχ_{[1−θ,1)}(nθ + β mod 1).

(10)

The non-trivial situation (i.e., non-periodic) is when we assume that the coupling constant λ is nonzero and the rotation number θ ∈ (0, 1) is irrational. Operators H with such potentials are standard models for one-dimensional quasicrystals; see, for example, [1, 4]. It is quite easy to see that the spectrum of H does not depend on β and can hence be denoted by Σ_{λ,θ}. It is known that for all parameter choices, subject to the above conditions, the operator H has purely singular continuous spectrum [1, 5]. More detailed studies of the singular continuous spectral type can be found in [3, 5, 9] where absolute continuity with respect to x^α Hausdorff measures is established for certain parameter values. Explicitly, it is known that for every λ and every bounded density number θ, there is α > 0 such that for every θ, the spectral measures of H are absolutely continuous with respect to μ_xα . Recall that θ is called a bounded density number if the coefficients a_n in the continued fraction expansion of θ, θ = 1 a_1 + 1 a_2 + 1 a_3 + · · · satisfy lim sup_{n→∞}^1_n ∑_n i=1 a_i < ∞. The set of bounded density numbers is small in Lebesgue sense: it has measure zero. Let us define the associated rational approximants^{pn}_{qn} of θ by p_0 = 0, p_1 = 1, p_n = a_np_{n−1} + p_{n−2}, q_0 = 1, q_1 = a_1, q_n = a_nq_{n−1} + q_{n−2}.

Our goal here is to establish absolute continuity of spectral measures with respect to logarithmic Hausdorff measures for almost every θ.

Theorem 2. For every λ and almost every θ, there is b > 0 such that for every β, Λ is absolutely continuous with respect to μ_{log b}.

This theorem follows from Theorem 1 and the following proposition from [5]: Proposition 3.1. Let θ be such that for some B < ∞, q_n ≤ B^n for every n ∈ N. Then for every λ, there exist 0 < γ, C < ∞ such that for every E ∈ Σ_{λ,θ} and every β, every normalized solution u of (2) obeys ‖u‖_L ≥ CL^γ (11) for L sufficiently large.

Note that the assumption of this proposition is obeyed by almost every θ [10].

4. Dynamical Implications

Continuity properties of spectral measures imply quantum dynamical bounds, as demonstrated by works of Guarneri [7], Combes [2], and Last [12]; among others. In particular, Last derives dynamical bounds from the non-singularity of spectral measures with respect to x^α–Hausdorff measures. More recently, Landrigan [11] has observed that these results hold for general Hausdorff measures, including the logarithmic Hausdorff measures which are of primary interest in the present article. Let us briefly recall the results of [11] and discuss their consequences for Sturmian models.

Let H be as in (1) and let ϕ ∈ ℓ^2(Z). The Schrödinger time evolution is given by ϕ(t) = e^{−itH} ϕ and the “spreading” of ϕ(t) is usually measured by considering two quantities, the survival probability |⟨ϕ, ϕ(t)⟩|^2 = | | | | ∫ e^{−itx}dμ_ϕ(x) | | | | 2 = |μ̂_ϕ(t)|^2,

where μ_ϕ is the spectral measure corresponding to the pair (H, ϕ), and expectation values ⟨|X|^m⟩(t) = ⟨e^{−itH} ϕ, |X|^me^{−itH} ϕ⟩ of moments of the position operator |X|^m = ∑ n∈Z |n|^m⟨δ_n, ·⟩δ_n. In the case of singular continuous spectral measures it is natural to consider time averaged quantities. Then, intuitively, the faster the spreading, the faster the decay of ⟨|μ̂_ϕ|^2⟩_T and the faster the increase of ⟨⟨|X|^m⟩⟩_T , where the time average ⟨·⟩_T is defined by ⟨f⟩_T =^1_T ∫_T 0 f(t)dt. These relations are made explicit by the following pair of propositions which are simplified versions of Lemma 12 and Theorem 6 of [11], respectively. In particular, they show that the dynamical bound one can prove is naturally related to the maximal dimension function one can pick to get a desired continuity property.

Proposition 4.1. If μ_ϕ is uniformly h–Lipschitz continuous, then there is C_ϕ > 0 such that ⟨|μ̂_ϕ|^2⟩_T < C_ϕ · h ( 1 T ) . Proposition 4.2. If μ_ϕ is absolutely continuous with respect to the Hausdorff measure μ_h, then for each m > 0, there is D_{ϕ,m} > 0 such that ⟨⟨|X|^m⟩⟩_T > D_{ϕ,m} · h ( 1 T )_{−m} . Remark. The assumption can be relaxed. It suffices that μ_ϕ is not singular with respect to μ_h.

Let us now state the dynamical bounds we obtain for Sturmian potentials. Note that since {δ_0, δ_1} is cyclic for H, absolute continuity of Λ with respect to μ_h is inherited by μ_ϕ for all ϕ ∈ ℓ^2(Z) and uniform h-Lipschitz continuity is inherited by μ_ϕ for all ϕ ∈ ℓ^2(Z) of compact support.

Corollary 4.3. For every λ and almost every θ, there is b > 0 such that for every β, the Sturmian operator corresponding to the triple (λ, θ, β) satisfies the following:

(a) For every ϕ ∈ ℓ^2(Z), there is C_ϕ > 0 such that

⟨|μ̂_ϕ|^2⟩_T < C_ϕ · (log T )^{−b}.

(b) For every ϕ ∈ ℓ^2(Z) of compact support and every m > 0, there is D_{ϕ,m} such that ⟨⟨|X|^m⟩⟩_T > D_{ϕ,m} · (log T )^{bm}. Proof. This follows from Theorem 2 along with Propositions 4.1 and 4.2. □

References

[1] J. Bellissard, B. Iochum, E. Scoppola, and D. Testard, Spectral properties of one-dimensional quasi-crystals, Commun. Math. Phys. 125 (1989), 527–543 [2] J. M. Combes, Connections between quantum dynamics and spectral properties of timeevolution operators, in Differential Equations with Applications to Mathematical Physics, Eds. W. F. Ames, E. M. Harrel II, and J. V. Herod, Academic Press, Boston (1993), 59–68 [3] D. Damanik, α-continuity properties of one-dimensional quasicrystals, Commun. Math. Phys.

192 (1998), 169–182 [4] D. Damanik, Gordon-type arguments in the spectral theory of one-dimensional quasicrystals, in Directions in Mathematical Quasicrystals, M. Baake, R. V. Moody, eds., CRM Monograph Series 13, AMS, Providence, RI (2000), 277–305 [5] D. Damanik, R. Killip, and D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, III. α-continuity, Commun. Math. Phys. 212 (2000), 191–204 [6] D. J. Gilbert and D. B. Pearson, On subordinacy and analysis of the spectrum of onedimensional Schrödinger operators, J. Math. Anal. Appl. 128 (1987), 30–56 [7] I. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhys. Lett. 10 (1989), 95–100 [8] S. Jitomirskaya and Y. Last, Power-law subordinacy and singular spectra. I. Half-line operators, Acta Math. 183 (1999), 171–189 [9] S. Jitomirskaya and Y. Last, Power-law subordinacy and singular spectra. II. Line operators, Commun. Math. Phys. 211 (2000), 643–658 [10] A. Ya. Khinchin, Continued Fractions, Dover Publications, Mineola (1997) [11] M. Landrigan, Log–dimensional properties of spectral measures, Ph. D. thesis, UC Irvine (2001) [12] Y. Last, Quantum dynamics and decompositions of singular continuous spectra, J. Funct.

Anal. 142 (1996), 406–445