Renormalization of Vector Fields and Diophantine Invariant Tori

Hans Koch^1 and Saša Kocić^2

Abstract. We extend the renormalization group techniques that were developed originally for Hamiltonian flows to more general vector fields on T^d×R^ℓ . Each Diophantine vector ω ∈ R^d determines an analytic manifold W of infinitely renormalizable vector fields, and each vector field on W is shown to have an elliptic invariant d-torus with frequencies ω_1, ω_2, . . . , ω_d . Analogous manifolds for particular classes of vector fields (Hamiltonian, divergence free, symmetric, reversible) are obtained simply by restricting W to the corresponding subspace. We also discuss nondegeneracy conditions, and the resulting reduction in the number of parameters needed in parametrized families to guarantee the existence of invariant tori.

1. Introduction

Classical KAM theory [1–3] shows that for every Diophantine vector ω ∈ R^d, there exist open sets of d-parameter families of Hamiltonian vector fields on T^d × R^d, such that one of the family members has an invariant torus with frequency vector ω. (This applies to an individual Hamiltonian satisfying a non-degeneracy condition, if one considers the family of its translates.) Similar results have been obtained for different classes of near-linear vector fields, mostly by KAM type methods [3–6] or resummation of Lindstedt series [7–11]. Our goal is to obtain such results within the framework of renormalization transformations [12– 26], and more importantly, to develop appropriate techniques for analyzing quasiperiodic motion in a large class of flows. The renormalization approach combines in a natural way the geometric and arithmetic aspects of the problem. It also applies to non-perturbative problems that are outside the reach of other known methods [20,24]. Our analysis is centered around three results that should be of independent interest: a normal form theorem for vector fields (Section 5), estimates on a multidimensional continued fractions expansion [25], and a stable manifold theorem for sequences of maps (Section 6).

A renormalization group analysis of Diophantine torus flows and/or Hamiltonian vector fields was carried out in [19,22] for d = 2, and more recently in [25] for d ≥ 2. Earlier results covered a much smaller set of frequencies [16]. One of our goals is to extend the methods developed in these papers to a large class of vector field on M = T^d × R^ℓ, and to do this in a way that allows for a unified treatment of Hamiltonian, divergence free, symmetric, reversible, and other types of vector fields. Some of our results are sufficiently general to be used e.g. in other problems involving renormalization. Despite the increase in scope, the analysis has in fact become simpler compared to previous work.

We note that the tori considered in this paper are elliptic, in the sense that they have zero Lyapunov exponents. It should be possible to adapt our method to hyperbolic situations, but we will not pursue this question here.

Denote by Φ_X the flow for a vector field X. In this paper, an invariant d-torus for X, with frequency vector ω ∈ R^d, is a continuous embedding Γ of D_0 = T^d × {0} into the

1 Department of Mathematics, University of Texas at Austin, 1 University Station C1200, Austin, TX 78712

2 Department of Physics, University of Texas at Austin, 1 University Station C1600, Austin, TX 78712 1 domain of X, with the property that Γ ∘ Φ^t_K = Φ^t_X ∘ Γ for real times t, where K = (ω, 0). Here, 0 denotes the zero vector in R^ℓ. We assume that ω satisfies a Diophantine condition

|ω · ν| ≥ ζ‖ν‖^{1−d−β} , ν ∈ Z \ {0} , (1.1)

for some constants β, ζ > 0.

Our renormalization analysis (Sections 2,3,4) applies to vector fields that are close to K, after a change of variables, if necessary. We assume analyticity on a complex neighborhood D_ρ of D_0 , characterized by the conditions |Im x_i| < ρ and |y_j | < ρ. We will also consider certain subclasses of vector fields, including Hamiltonian, divergence free, symmetric, and reversible vector fields. If G is a linear map on M that leaves D_ρ invariant, we call a vector field X on D_ρ symmetric with respect to G if G^∗X = X, where G^∗X = G^{−1}X ∘ G is the pullback of X under G. If G ∘ G is the identity, a vector field is called reversible with respect to G if G^∗X = −X. Notice that G^∗X = ±X implies that G ∘ Φ^t_X = Φ^{±t}_X ∘ G. In what follows, we will call a vector field symmetric if it is symmetric with respect to G(x, y) = (x, −y), or reversible if it is reversible with respect to G(x, y) = (−x, y).

Denote by A^u the space of all vector fields Y (x, y) = (u, My + v), with (u, v) a vector in C^d × C^ℓ and M a complex ℓ × ℓ matrix. In Section 2, we will introduce Banach spaces A_ρ of vector fields that are analytic on D_ρ , and a projection operator P from A_ρ onto the subspace A^u. The subspace of functions in A_ρ that do not depend on the coordinate y ∈ C^ℓ will be denoted by A^0_ρ . A function will be called “real” if it takes real values for real arguments.

Theorem 1.1. Let K = (ω, 0) with ω ∈ R^d Diophantine. Given ρ > δ > 0, there exists an open neighborhood B of K in A_ρ , and a real analytic map W : (I − P)B → PB, satisfying W (0) = K and DW (0) = 0, such that the following holds. Let W be the graph of W . Then every vector field X ∈ W has an elliptic invariant torus Γ_X ∈ A^0_δ with frequency vector ω. The map X → Γ_X is real analytic on W. The restriction of W to symmetric vector fields takes values in the subspace of symmetric vector fields, and similar statement holds for reversible, Hamiltonian, and divergence free vector fields.

This theorem, as well as the lemma below on parametrized families, will be proved in Section 4. The size of the neighborhood B is independent of ω, given the Diophantine constants and a lower bound on the norm of ω. We note that, for any fixed β > 0, the measure of the set of vectors ω that violate (1.1) approaches zero as ζ tends to zero [27].

In what follows, H_ρ denotes either A_ρ , or the subspace of A_ρ consisting of all vector fields in a given class (divergence free, Hamiltonian, symmetric, or reversible). The intersection of A^u with H_ρ will be denoted by H^u.

Theorem 1.1 has an obvious corollary concerning the existence of vector fields with invariant tori in N–parameter families, where N is the dimension of H^u. In particular, any analytic family f : B ∩ H^u → H_ρ sufficiently close to the family f_0(s) = K + s intersects the manifold W ∩ H_ρ transversally, and Theorem 1.1 yields an invariant torus Γ_X for the vector field X = f(s) in the intersection.

If we are just looking for families containing a vector field with frequency vector parallel (but not necessarily equal) to ω, then the number of necessary parameters is reduced by one. A further reduction is possible for vector fields that satisfy a nondegeneracy condition, so that some directions in A^u can be generated via translations. To be more precise, let V be some proper linear subspace of C^ℓ. Let r > ρ > 0, and let Z = Z(x, y) be a real vector field in H_r that does not depend on the coordinate x, and that satisfies PZ = 0.

Given ε > 0, define

g_ε(z, v) = zK + εPJ^∗_v Z , z ∈ C, v ∈ V , (1.2)

where J_v(x, y) = (x, y + v). We assume that g_ε is non-degenerate, in the sense that the derivative Dg_ε(0) is one-to-one. Let H^u_0 be a linear subspace of H^u that is transversal to the range of Dg_ε(0), and define

f_ε(s) = K + εZ + s , s ∈ H^u_0 . (1.3)

We will see later that f_ε(0) belongs to W, for small ε > 0.

Given an open neighborhood b in some complex Banach space, denote by F(b) the space of all bounded analytic functions f : b → H_r , equipped with the sup-norm.

Lemma 1.2. If ε > 0 is chosen sufficiently small, and if g_ε is non-degenerate, then, given an open neighborhood b_2 of the origin in H^u_0 , there exists an open neighborhood B_2 of f_ε in F(b_2), such that the following holds. For every family f ∈ B_2 we can find a parameter value s_f ∈ b_2 , and a nonzero complex number c_f , such that X = c_f f(s_f ) belongs to W and thus has an invariant torus Γ_X ∈ A^0_δ with rotation vector ω. The maps f → (c_f , s_f ) and f → Γ_X are real analytic on B_2 .

This lemma includes cases where Dg_ε(0) is onto and thus H^u_0 trivial. In such a case, every vector field near K + εZ has an invariant torus with frequency vector ω. Consider e.g. the case of Hamiltonian vector fields, or symmetric vector fields with ℓ = d. Then H^u is of dimension ℓ = d. Taking for V some (ℓ − 1)–dimensional subspace of C^ℓ not containing ω, it is easy to write down examples (see e.g. below) of vector fields Z ∈ PH_ρ for which g_ε is non-degenerate and thus H^u_0 = {0}. Hamiltonian vector fields of this type are also called isoenergetically nondegenerate.

The following example covers several classes of vector fields.

Example. Consider a basis {w_1, w_2, . . . , w_d} for R^d, with w_d = ω. Let k be the minimum of d − 1 and ℓ. Define X_j(x, y) = (y_j w_j , 0) for 1 ≤ j ≤ k, and if k < ℓ, define

X_j (x, y) = � 0, (y_j − y_ℓ)^2(e_j + e_ℓ) � , X_ℓ(x, y) = � 0, (y^2_1 + . . . + y^2_{ℓ−1})e_ℓ � , for k < j < ℓ, where {e_1, e_2, . . . , e_ℓ} denotes the standard basis for R^ℓ. Consider now a real vector field Z = c_1X_1 + . . . c_ℓX_ℓ , with c_j ≠ 0 if and only if X_j belongs to H_ρ .

In the case of general vector fields, c_j ≠ 0 for all j, and we can choose V = C^ℓ. The resulting function g_ε is non-degenerate, and the parameter space H^u_0 used in Lemma 1.2 is of dimension d + ℓ^2 − 1. The same choice of Z and V can also be used for divergence free vector fields. In this case, H^u_0 has dimension d + ℓ^2 − 2. For reversible or Hamiltonian vector fields, c_j = 0 for j > k. Taking V to be the span of {e_1, . . . , e_k}, we get again a non-degenerate function g_ε , and the parameter space H^u_0 is of dimension d − 1 − k. In particular, if k = d − 1, then we are in the situation described above, where every vector field near K + εZ has an invariant torus with frequency vector ω.

Our proof of Theorem 1.1 and Lemma 1.2 is based on renormalization group techniques. The general idea in this approach is to take a continued fractions algorithm, acting on frequency vectors, and to “lift” it to a space of vector fields in some appropriate way. We choose a multidimensional continued fractions expansion [25] which, starting from a Diophantine vector ω_0 ∈ R^d, produces a sequence of vectors ω_n = η^{−1}_n T^{−1}_n ω_{n−1} , where T_n is a matrix in SL(d, Z) and η_n an appropriate normalization constant. The matrices T_n can be used e.g. to construct successive rational approximants to ω_0 . Our renormalization group (RG) transformation R_n that corresponds to the matrix T^{−1}_n has the property that it maps K_{n−1} = (ω_{n−1}, 0) to K_n = (ω_n, 0). Other properties will be given below.

We start by describing a single RG step. It involves a “scaling” of the torus variable x by a matrix in SL(d, Z), whose transpose is strongly contracting on the orthogonal complement of some unit vector ω ∈ R^d. Given such a matrix T , and a nonzero real number μ, define

S_μ(x, y) = (x, μy) , T (x, y) = � T x, ^T y � , x ∈ T^d , y ∈ R^ℓ . (1.4)

Here, ^T is either the ℓ × ℓ identity matrix, or if desired for the renormalization of Hamiltonian vector fields (where ℓ = d), the inverse of the transpose of T . The scaling of a vector field X on M is then given by (S_μT )^∗X, the pullback of X under S_μT . Recall that the pullback of a vector field X, defined on the range of a differentiable map U, is given by U^∗X = (DU)^{−1}(X ∘ U).

Notice that scaling by T^∗ is a singular operation on spaces of analytic vector fields, since it shrinks the domain of analyticity in the expanding direction of T . Although the domain loss is of order one (not small), it is possible to associate with X ∈ A_ϱ a change of variables U_X , which is close to the identity for X close to K = (ω, 0), such that the renormalized vector field R(X) = η^{−1}T^∗S^∗_μU^∗_X X (1.5)

belongs again to A_ϱ .

To be more specific, we will identify (in Section 2) a subspace of “resonant” vector fields, containing K, such that the restriction of T^∗S^∗_μ to this subspace is compact, and in fact analyticity improving, for small μ > 0. Then, using a general result from Section 5, we show that there exists an analytic map X → U_X , defined near K, which makes U^∗_X X resonant. In other words, the resonant vector fields, which behave well under scaling, can be regarded as a local normal form for vector fields. We note that U_K is the identity, so the transformation R maps K to ~K = (~ω, 0), where ~ω = η^{−1}T^{−1}ω.

Theorem 1.3. Let ϱ > 0. Given a Diophantine unit vector ω_0 ∈ R^d, there exists a sequence of matrices T_n ∈ SL(d, Z), and a corresponding sequence of transformations R_n of the form (1.5), such that the following holds. For n = 1, 2, . . . define ω_n = η^{−1}_n T_nω_{n−1}, with η_n > 0 chosen in such a way that ω_n is a unit vector. Then R_n is well defined and analytic in some open neighborhood D_{n−1} of K_{n−1} = (ω_{n−1}, 0) in A_ϱ . The set W of infinitely renormalizable vector fields X_0 in D_0 , characterized by the property that

X_n = R_n(X_{n−1}) belongs to D_n for n = 1, 2, . . ., is the graph of an analytic function W with the properties described in Theorem 1.1 (if ϱ + δ < ρ), where ω = ω_0 and B = D_0 .

The set W can be regarded as the (local) stable manifold for the transformations R_1, R_2, . . . . A stable manifold theorem that applies to such sequences of maps will be proved in Section 6. Section 2 deals with a single renormalization group transformation R, using a normal form theorem proved in Section 5. The composition of such transformations R_n , according to a multidimensional continued fractions expansion [25], will be described in Section 3. Section 4 is devoted to the construction of invariant tori.

2. A single renormalization step

In this section we give a precise definition RG transformation R and describe some of its properties. A matrix T ∈ SL(d, Z) is assumed to be given, subject to certain conditions that will be specified below.

2.1. Spaces and basic estimates Unless specified otherwise, our norm on C^n is ‖v‖ = sup_j |v_j |. Another norm that will be used is |v| = � j |v_j |. For linear operators between normed linear spaces, including matrices, we will always use the operator norm, unless stated otherwise. Let C be some finite dimensional complex Banach space. Denote by D_ρ the set of all vectors (x, y) in C^d × C^ℓ, characterized by ‖Im x‖ < ρ and ‖y‖ < ρ. We consider functions on T^d × C^ℓ with values in C, that extend analytically to D_ρ and continuously to the boundary of D_ρ . Our norm on the space A_ρ(C) of such functions f is given in terms of the Fourier-Taylor series of f as follows:

‖f‖_ρ = � ν,α ‖f_{ν,α}‖e^{ρ|ν|}ρ^{|α|} , f(x, y) = � ν,α f_{ν,α}e^{iν·x}y^α , (2.1)

where ν · x = � j ν_j x_j and y^α = � j y^{αj}_j . The sum in this equation ranges over all ν ∈ Z^d and α ∈ N^ℓ. If it is clear what space C is being considered, or irrelevant, we will simply write A_ρ in place of A_ρ(C). The operator norm of a continuous linear map L on A_ρ will be denoted by ‖L‖_ρ .

Later on, for the construction of invariant tori, we will also use non-analytic functions, with real domain D_0 = T^d × {0}. Denote by A_0 the Banach space of continuous functions f : D_0 → C^d, for which the norm ‖f‖_0 = � ν ‖f_ν ‖ is finite, where {f_ν } are the Fourier coefficients of f. This space can be viewed as a ρ → 0 limit of the spaces A_ρ defined above.

Proposition 2.1. Let X ∈ A_ρ(C) and Z ∈ A_ρ′ (C^{d+ℓ}), with 0 ≤ ρ^′ ≤ ρ. Then (a) ‖X(x, y)‖ ≤ ‖X‖_ρ for all (x, y) ∈ D_ρ .

(b) (DX)Z ∈ A_ρ′ (C) and ‖(DX)Z‖_ρ′ ≤ (ρ − ρ^′)^{−1}‖X‖_ρ‖Z‖_ρ′ , if ρ^′ < ρ. (c) X ∘ (I + Z) ∈ A_ρ′ (C) and ‖X ∘ (I + Z)‖_ρ′ ≤ ‖X‖_ρ , if ρ^′ + ‖Z‖_ρ′ ≤ ρ.

The proof of these estimates is straightforward and will be omitted. In what follows, we always assume that ρ > 0, unless specified otherwise.

2.2. Resonant and nonresonant modes Let 0 < ρ^′ < ϱ be given. These domain parameters are now considered fixed for the entire RG analysis. Choose γ ≥ 1 and χ ≥ ‖ ^T ‖. Let μ and τ be positive real numbers, satisfying

e^{ρ′ /2}μ < μ̂ ≡ ρ^′ χϱ , τ ≤ ρ^′ 2ϱ , τ ln � μ̂/μ � ≤ ρ^′ 2(γ + 1)

. (2.2)

Consider the matrix norm |M| = sup_{|v|=1} |Mv|.

Definition 2.2. Denote by S the generator of the one-parameter group of scalings μ → S^∗_μ. Given any subset J of I = Z^d × {−1, 0, 1, 2, . . .}, define P (J) to be the joint spectral projection in A_ρ for the operators (−i∇_x, S), associated with the eigenvalues (ν, k) in J. Let now I^+ be the set of all pairs (ν, k) ∈ I satisfying |T^∗ν| ≤ τ|ν| or |T^∗ν| ≤ γ^{−1}τk, and let I^− be its complement in I. The projection onto the “resonant” and “nonresonant” subspace of A_ρ is defined as I^+ = P � I^+ � and I^+ = P � I^− � , respectively. In addition, we define E_k = P � {(0, k)} � , for every integer k ≥ −1, and E = � k E_k . Notice that EX is the torus average of X.

The following proposition shows that, unlike in KAM theory [1–3], resonant modes are easy to deal with in the RG approach.

Lemma 2.3. Consider the two linear transformations S_μ and T defined in (1.4). If the condition (2.2) holds, then T^∗S^∗_μ defines a bounded linear operator from I^+A_ρ′ to A_ϱ , satisfying � �T^∗S^∗_μE_kX‖_ϱ ≤ N(T )�μ/μ̂�^k‖E_kX‖_{ρ′} � �T^∗S^∗_μI^+(I − E)X‖_ϱ ≤ N(T )�bμ/μ̂�^γ ‖I^+(I − E)X‖_{ρ′} ,

(2.3)

where N(T ) = � T^{−1} � + � ^ T^{−1} � ^ T � . Proof. By our choice of norm (2.1), it suffices to verify the given bounds for vector fields X = P (J)Y , with J containing a single point. Let

J = {(ν, k)} , A = ϱ|T^∗ν| − ρ^′|ν| + k ln � μ/μ̂ � . (2.4)

Then it follows essentially from the definitions that

‖T^∗S^∗_μP (J)Y ‖_ϱ ≤ N(T )e^A‖P (J)Y ‖_ρ′ . (2.5)

Setting ν = 0 yields the first bound in (2.3).

In order to prove the second bound, assume that (ν, k) belongs to I^+, and that ν ≠ 0. Consider first the case |T^∗ν| ≤ τ|ν|. Then |ν| ≥ τ^{−1}, and we obtain

A ≤ (ϱτ − ρ^′)|ν| + k ln � μ/μ̂ � ≤ (ϱ − ρ^′/τ) − ln � μ/μ̂ � ≤ −ρ^′/(2τ) − ln � μ/μ̂ � ≤ γ ln � μ/μ̂ � . (2.6)

In the last inequality we have used condition (2.2).

Now consider the case τ|ν| < |T^∗ν| ≤^τ_γ k. By using that ϱ^τ_γ ≤^{ρ′}_{2γ} = ln(c), and k > γ, we find that A ≤ ϱτγ^{−1}k + k ln � μ/μ̂ � ≤ k ln � bμ/μ̂ � ≤ γ ln � bμ/μ̂ � . (2.7)

The second bound in (2.3) now follows from (2.6) and (2.7). QED

This lemma shows that the scaling T^∗S^∗_μ is a contraction (for small μ) on the resonant subspace of A_ϱ , except for a small number of non-contracting directions. In order to exploit this property, given a vector field X that is not necessarily resonant, we first perform a change of variables U_X , such that I^−U^∗_X X = 0 . (2.8)

The corresponding linearized equation, which needs to be solved in the process, is of the form I^−(X − [X, Z]) = 0, where [X, Z] = (DZ)X − (DX)Z. In order to guarantee the existence of a solution, we need to make the following assumptions.

Assume that there exists a d − 1 dimensional subspace of R^d where the transpose T^∗ of T contracts distances by a factor of at least τ/2 √ d. Let ω be a unit vector in R^d that is perpendicular to this subspace, and set K = (ω, 0).

Proposition 2.4. Choose σ > 0 such that 2 √ d σ‖T ‖ ≤ τ. If Z belongs to I^−A^′_r then

‖[K, Z]‖_r ≥ σ‖Z‖_r , ‖[K, Z]‖_r ≥ σr r + γ + 1

‖DZ‖_r . (2.9)

Proof. Assume that (ν, k) belongs to I^−. In other words, |T^∗ν| > τ|ν| and |T^∗ν| >^τ_γ k. Consider the decomposition ν = ν_‖ + ν_⊥ into a vector ν_‖ parallel to ω and a vector ν_⊥ perpendicular to ω. By using that |ν_⊥| ≤ √ d|ν|, we obtain √ d σ|ν| < ‖T ‖^{−1} τ 2 |ν| ≤ ‖T ‖^{−1} � |T^∗ν| − |T^∗ν_⊥| � ≤ ‖T ‖^{−1}|T^∗ν_‖| ≤ |ν_‖| ≤ √ d |ω · ν| ,

and in particular, σ < |ω · ν|. Similarly, we have √ d σ γ k ≤ ‖T ‖^{−1} τ 2γ k ≤ 1 2 ‖T ‖^{−1}|T^∗ν| ≤ ‖T ‖^{−1} � |T^∗ν| − |T^∗ν_⊥ | � ≤ √ d |ω · ν| .

This shows that if Z ∈ I^−A^′_r and Y = [K, Z] = (ω · ∇_x)Z, then ‖Z‖_r ≤ σ^{−1}‖Y ‖_r and d� j=1 � � � ∂ ∂x_j Z � � �_r ≤ 1 σ ‖Y ‖_r , ℓ� j=1 � � � ∂ ∂y_j Z � � �_r ≤ γ + 1 σr ‖Y ‖_r . (2.10)

These bounds imply (2.9). QED

This proposition allows us now to apply the results from Section 5, which describe a solution of equation (2.8). For convenience later on, let us first restate the assumptions of Proposition 2.4 in a slightly stronger form:

‖T ‖, ‖T^{−1}‖ ≤ χ 2 √ d , χ = τ σ , |T^∗ξ| ≤ τ 2 √ d |ξ| , ξ ∈ ω^⊥ . (2.11)

Lemma 2.5. There exist positive constants C and C^′, such that the following holds, whenever (2.2) and (2.11) are satisfied. Denote by D the open ball in A_ϱ of radius ε = C(σ/γ)^2, centered at K. Then for every X ∈ D, there exists an analytic change of coordinates U_X : D_ρ′ → D_ρ , such that U^∗_X X belongs to A_ρ′ and satisfies equation (2.8). The map X → U_X is analytic from D to the affine space I + A_ρ′ and satisfies the bounds in Theorem 5.2, with κ = C^′σ/γ.

Proof. The image of I^−A^′_r under Z → P [Z, K] = P (ω · ∇_x)Z contains all nonresonant Fourier-Taylor polynomials, and thus it is dense in I^−A_r , for an r > 0. Assumption 5.1 regarding the spaces A_r is satisfied by Proposition 2.1, and the condition (5.3) on K holds by Proposition 2.4, with κ = ρ^′(1 + ρ^′)σ/(2γ). The hypotheses (5.4) and (5.20) of Theorem 5.2 are clearly satisfied on D, with ε = C^{′′}κ^2 and C^{′′} some constant depending only on ρ and ρ^′. The claims now follow from Theorem 5.2. QED

2.3. The transformation R Given T ∈ SL(d, R), a unit vector ω ∈ R^d, and a real number γ ≥ 1, assume that there exists positive constants μ, σ, τ < 1 satisfying (2.2) and (2.11). In what follows, a quantity will be called universal if it is independent of the choice of T , ω, γ, μ, σ, and τ.

On the domain D described in Lemma 2.5, we can now define our RG transformation R according to equation (1.5). The normalization constant η is defined as η = ‖T^{−1}ω‖, so that ~ω = η^{−1}T^{−1}ω is again a unit vector. Notice that, by construction, U_X = I whenever X is resonant. Thus, R ∘ I^+ is linear, and so is R ∘ E.

Let P = E_{−1} +E_0 . The subspace PA_ϱ is spanned by vector fields of the form Y (x, y) = (u, My +v) and is invariant under R. The restriction of R to this subspace, which is linear, will be denoted by L.

In the following theorem, H_ρ denotes either A_ρ , or the subspace of Hamiltonian vector fields in A_ρ , provided that ℓ = d and we choose for ^T the inverse of the transpose of T .

Theorem 2.6. There exist universal constants R, C_0 > 0, such that the following holds. Let D be the open ball in H_ϱ of radius 2R(σ/γ)^2, centered at K. Then R is bounded and analytic on D, satisfying

‖(I − E)R(X)‖_ϱ ≤ C_0η^{−1}(γ/σ)(C_0τ/σ)^{γ+2}μ^γ ‖(I − E)X‖_ϱ , ‖(I − P)R(X)‖_ϱ ≤ C_0η^{−1}(γ/σ)(τ/σ)^3μ‖(I − P)X‖_ϱ , ‖ER(X) − R(EX)‖_ϱ ≤ C_0η^{−1}(γ/σ)^3(τ/σ)μ^{−1}‖(I − E)X‖^2_ϱ ,

‖L^{−1}‖ ≤ C_0η(τ/σ) .

(2.12)

Proof. Let R be half the constant C from Lemma 2.5, so that we can apply the estimates from Theorem 5.2. Let X be some vector field in D. By Lemma 2.3 we have

‖(I − E)R(X)‖_ϱ = η^{−1}‖T^∗S^∗_μ(I − E)U^∗_X X‖_ϱ

≤ C_1η^{−1}(cτ/σ)^{γ+2}μ^γ � ‖(I − E)X‖_ρ′ + ‖U^∗_X X − X‖_ρ′ � , (2.13) for c = exp(ρ^′/2)ϱ/ρ^′ and some constant C_1 > 0. Here, and in what follows, C_1, C_2, . . . denote positive universal constants. Using the bound (5.5) on the norm of U^∗_X X − X, together with the fact that P = P (I − E), we obtain the first inequality in (2.12).

Similarly, Lemma 2.3 implies that

‖E_kR(X)‖_ϱ ≤ C_2η^{−1}(τ/σ)^3μ � ‖E_kX‖_ρ′ + ‖E_k(U^∗_X X − X)‖_ρ′ � , (2.14)

for all k ≥ 1. Summing over k ≥ 1 to get a bound on ‖(E − P)R(X)‖_ϱ , and then adding (2.13), yields a bound analogous to (2.14), but with E_k replaced by I − P. Applying again the estimate (5.5) on the norm of U^∗_X X − X, we obtain the second inequality in (2.12).

By Lemma 2.3, we also have

‖ER(X) − R(EX)‖_ϱ = η^{−1}‖T^∗S^∗_μE(U^∗_X X − X)‖_ϱ

≤ C_3η^{−1}(τ/σ)μ^{−1}‖E(U^∗_X X − X)‖_ρ′ .

(2.15)

Using the bounds (5.5), the norm on the right hand side of this inequality can be estimated as follows:

‖E(U^∗_X X − X)‖_ρ′ ≤ C_4(γ/σ)^3‖(I − E)X‖^2_ρ + ‖E[Z, X]‖_ρ′ , (2.16)

where Z = I^−Z is the vector field described in Theorem 5.2. The fact that EZ = 0 implies E[Z, EX] = 0. Thus,

‖E[Z, X]‖_ρ′ = ‖E[Z, (I − E)X]‖_ρ′ ≤ C_5‖Z‖_ρ‖(I − E)X‖_ρ ≤ C_6(γ/σ)‖(I − E)X‖^2_ρ .

(2.17)

In the last step, we have used the bound on ‖Z‖_ρ from Theorem 5.2. Combining the last three equations yields the third inequality in (2.12).

The analyticity and boundedness of R on D follows from Lemma 2.5. In order to bound the inverse of L, let Y be a vector field in PH_ρ . Then Y can be written as Y (x, y) = (u, My +v), and the last inequality in (2.12) now follows from the fact that (L^{−1}Y )(x, y) = η(T u, My + μv). Here, we have used that ^T = I, except (optionally) in the Hamiltonian case where M and v are zero. QED

Due to the potentially large factor μ^{−1} in the third inequality of (2.12), we will choose the domain of R to be of the form

‖P(X − K)‖_ϱ < r , ‖(I − P)X‖_ϱ < r , ‖(I − E)X‖_ϱ < rδ , (2.18)

with 0 < r ≤ R(σ/γ)^2, and with δ > 0 small (to be determined later).

Definition 2.7. Given γ ≥ 1, we will call (μ, σ, τ, r, δ) proper RG parameters if r ≤ R(σ/γ)^2, and if (2.2) holds with χ = τ/σ. The parameters are also assumed to be positive, and μ, σ, τ < 1. We say that the pair (T, ω) is compatible with these parameters if the condition (2.11) is satisfied as well. The open subset D of A_ϱ defined by equation (2.18) will be referred to as the domain of R.

3. Infinitely renormalizable vector fields

Our goal now is to compose RG transformations of the type described above.

Let λ_0 = 1. Given a sequence of matrices P_0, P_1, P_2, . . . in SL(d, Z), with P_0 the identity, and a unit vector ω in R^d, we define ω_0 = ω and

T_n = P_{n−1}P^{−1}_n , λ_n = ‖P_nω_0‖ , ω_n = λ^{−1}_n P_nω_0 , (3.1)

for all n ≥ 1. We also define λ_0 = 1. Assuming that each of the pairs (T_n, ω_{n−1}) is compatible with some proper set of RG parameters, we can define the corresponding RG transformation R_n : D_{n−1} → A_ϱ . Notice that the normalization constant η_n for R_n is given by η_n = λ_n/λ_{n−1} .

Let now ~R_n = R_n∘R_{n−1}∘. . .∘R_1 . The domain ~D_n of the combined RG transformation ~R_{n+1} is defined inductively as the set of all vector fields in the domain of ~R_n that are mapped under ~R_n into the domain D_n of R_{n+1} . By Theorem 2.6, these domains are open and non-empty, and the transformations ~R_n are analytic.

Theorem 3.1. Let α > β, m > 2α + 7, and γ ≥ 2α + 2 be given. Then there exist real numbers b, C > 0, a decreasing sequence of proper RG parameters (μ_n, σ_n, τ_n, r_{n−1}, δ_{n−1}) satisfying

σ_{n+2} = σ^{1+α}_{n+1} , μ_n = σ^m_n , r_n =^1_5 σ^2_{n+1}r_{n−1} , n = 1, 2, . . . , (3.2)

and for every every Diophantine vector ω ∈ Ω a sequence of matrices P_n ∈ SL(d, Z) yielding pairs (T_n, ω_{n−1}) that are compatible with the RG parameters, and an open neighborhood B of K = (ω, 0) in A_ϱ , such that the following holds. B contains a ball of radius b, centered at K. The set W = B ∩_n ~D_n is the graph of an analytic function W : (I − P)B → PB, satisfying W (0) = K and DW (0) = 0. For each X ∈ W and n ≥ 1, � � ~R_n(X) − K_n � �_ϱ ≤ Cσ^{m−2α−7}

n r_n‖(I − P)X‖_ϱ , � P[ ~R_n(X) − K_n] � ϱ ≤ Cσ^{2(m−2α−7)} n r^2_n‖(I − P)X‖^2_ϱ , � �(I − E) ~R_n(X) � �_ϱ ≤ Cσ^{(m−1)γ−2α−6} n r_n‖(I − E)X‖_ρ .

(3.3)

A proof of this theorem will be given below. It uses a continued fractions expansion developed in [28,29,25], which we will now describe very briefly, and a stable manifold theorem given in Section 6. We note that the second bound in (3.3) is not strictly needed for our subsequent construction of invariant tori. The first bound, with a larger value of m, could be used instead.

Let F be a fundamental domain for the left action of Γ = SL(d, Z) on G = SL(d, R). Consider the one-parameter subgroup of G, generated by the matrices

E^t = diag � e^{−t}, . . . , e^{−t}, e^{(d−1)t} � , t ∈ R . (3.4)

Given a Diophantine vector ω ∈ R^d, define W ∈ G to be the matrix obtained from the d × d identity matrix by replacing its last column vector by a constant multiple of ω whose last component is 1. Then, for every t ∈ R, there exists a unique matrix P (t) ∈ Γ such that P (t)W E^t belongs to F . To a given sequence of “stopping times” 0 < t_1 < t_2 < . . ., we can now associate a sequence of matrices P_n = P (t_n). The corresponding matrices T_n and vectors ω_n are defined as in (3.1).

Let t_0 = 0, and define t^′_n = t_n − t_{n−1} for all positive integers n. Let θ = β/(d + β).

Theorem 3.2. ([25]) There exists c_0 > 0, depending only on the Diophantine constants β and ζ, such that for all n > 0, and for all vectors ξ ∈ R^d that are perpendicular to ω_{n−1} ,

‖T_n‖ ≤ c_0 exp{(d − 1)(1 − θ)t^′_n + d θ t_n}, ‖T^{−1}_n ‖ ≤ c_0 exp{(1 − θ)t^′_n + d θ t_n}, |T^∗_n ξ| ≤ c_0 exp{−(1 − θ)t^′_n + d θt_{n−1}}|ξ| .

(3.5)

Proof of Theorem 3.1. Let α > β be fixed. We choose t_n = c(1 + α)^n for each positive integer n, with c > 0 to be determined. Define c_1 = 2c_0 √ d and

σ_n = exp{−dt^′_n} , τ_n = c_1 exp{−(1 − θ)t^′_n + d θt_{n−1}} . (3.6)

Then Theorem 3.2 guarantees that the conditions (2.11) are satisfied. By using that t^′_1 = t_1 and t^′_n =^α_{1+α} t_n for n > 1, we obtain the bounds

σ_n ≤ exp{−d^α_{1+α} t_n} , τ_n ≤ c_1 exp{−ϵt_n} , (3.7)

with ϵ =^{1−θ}_{1+α} (α − β) > 0. Let now μ_n = σ^m_n with m > 1 fixed. Then it is clear that the conditions (2.2) are satisfied as well, for any γ > 0, provided that c is chosen sufficiently large. Here, and in what follows, any condition that is said to hold for large values of c is implicitly being satisfied by choosing c as large as necessary.

Next, let r_0 = R(σ_1/γ)^2, and define r_1, r_2, . . . as in (3.2). Then r_{n−1} ≤ R(σ_n/γ)^2, for all n ≥ 1. Thus, we have shown that (μ_n, σ_n, τ_n, r_{n−1}, δ_{n−1}) are proper RG parameters, in the sense of Definition 2.7, and that (T_n, ω_{n−1}) is compatible with these parameters. This is independent of the choice of δ_{n−1} > 0, which we will describe below.

Consider now the rescaled RG transformation R_n , defined by the equation

R_n(Z) = r^{−1}_n � R_n(K_{n−1} + r_{n−1}Z) − K_n � . (3.8)

The domain of R_n is given by (2.18), with r = 1 and δ = δ_{n−1} , and with K replaced by the zero vector field. The restriction of R_n to PA_ρ , which is linear, will be denoted by L_n . By using the bound on L^{−1}_n from Theorem 2.6, we obtain ‖L^{−1}_n ‖ ≤ 1/5, for large c > 0. Here, we have used also that σ_n < ‖T_n‖^{−1} ≤ η_n ≤ ‖T^{−1}_n ‖ < σ^{−1}_n . The same inequalities, and Theorem 2.6, also imply that

‖(I − E)R_n(Z)‖_ϱ ≤ ε_n‖(I − E)Z‖_ϱ , ε_n = 5C_0γσ^{(m−1)γ−2α−6}_n , ‖(I − P)R_n(Z)‖_ϱ ≤ ϑ_n‖(I − P)Z‖_ϱ , ϑ_n = 5C_0γσ^{m−2α−7}_n , ‖PR_n(Z) − R_n(PZ)‖_ϱ ≤ φ_nδ_{n−1}‖(I − E)Z‖_ϱ , φ_n = C_0γ^3σ^{−m−2α−5}_n ,

(3.9) for all Z in the domain of R_n . Assume now that m > 2α + 7 and γ ≥ 2α + 2. Then ε_n ≤ ϑ_n ≤ 1/5, if c is sufficiently large. Furthermore, by setting δ_{n−1} = (5φ_n)^{−1}, it is easy to check that ε_nδ_{n−1} ≤ δ_n , provided again that c has been chosen sufficiently large.

At this point we have verified the hypotheses of Theorem 6.1 with ε = ϑ = 1/5. This includes the condition (6.4), since the third inequality in (3.9) remains true if δ_{n−1} is replaced by ‖(I − E)Z‖_ϱ . The assertions of Theorem 3.1 now follow from Theorem 6.1. QED The above also proves Theorem 1.3, except for the reference to the statements in Theorem 1.1 that concern the symmetry properties of W , and invariant tori. The latter will be proved in the next section.

The fact that W preserves the type of a vector field (Hamiltonian, divergence free, symmetric, or reversible) can be seen as follows. First, recall that P projects onto vector fields Y (x, y) = (u, My + v) with with (u, v) a vector in C^d × C^ℓ and M a complex ℓ × ℓ matrix. These vector fields are divergence free and symmetric, so W trivially preserves these two types. What remains to be shown is that M and v are zero if Y = W (X) and X is either Hamiltonian or reversible.

The elimination step X → U_X is type-preserving by design; see the discussion at the end of Section 5. The scaling T^∗S^∗_μ is type-preserving as well, except in the case of Hamiltonian vector fields, if we renormalize with ^T_n = I. In that case, X_n = ~R_n(X_0) is not Hamiltonian with respect to the standard symplectic form � j dx_j ∧ dy_j , but with respect to � j dx_j ∧ (Cdy)_j , where C is the inverse of the transpose of P_n . Still, the second (C^ℓ) component of X_n has a zero torus average. The same is trivially true for reversible vector fields. Thus, our RG analysis could be restricted to vector fields with this property, replacing e.g. R_n by R^′_n = E ∘ R_n , where E is the canonical projection onto vector fields whose second component has a zero torus average. Since E does not affect Hamiltonian or reversible vector fields, the resulting stable manifold W^′ coincides with W in the corresponding subspaces. This shows that the restriction of W to vector fields of a specific type yields a vector field of the same type.

4. Construction of invariant tori

Following [24,22], our construction of invariant tori is based on the relation between an invariant torus of a vector field X and the corresponding torus of the renormalized vector field R(X). We start with an informal discussion of this relation. Then we prove Theorem 1.1 and Lemma 1.2.

4.1. Preliminaries Let X ∈ A_ϱ . Notice that R(X) is obtained from X by a change of coordinates (that depends on X), combined with a rescaling of time. Thus, the flow for R(X) is related to the flow for X by the equation

Λ_X ∘ Φ^t_{R(X)} = Φ^{η−1t}_X ∘ Λ_X , Λ_X = U_X ∘ S_μ ∘ T . (4.1)

In particular, T ∘ Φ^t_{R(K)} = Φ^{η−1t}_K ∘ T on D_0 . The identity (4.1) can also be used to relate an invariant torus for X to an invariant torus for R(X). To this end, if F is any map from D_0 into the domain of Λ_X , define

M_X (F ) = Λ_X ∘ F ∘ T^{−1} . (4.2)

Assume that R(X) has an invariant torus ~Γ with frequency vector ~ω = η^{−1}T^{−1}ω, taking values in the domain of Λ_X , and define Γ = M_X (~Γ). Then, by using (4.1), together with the fact that R(K) = (~ω, 0), we obtain

Γ ∘ Φ^t_K = Λ_X ∘ ~Γ ∘ T^{−1} ∘ Φ^t_K = Λ_X ∘ ~Γ ∘ Φ^{ηt}_{R(K)} ∘ T^{−1}

= Λ_X ∘ Φ^{ηt}_{R(X)} ∘ ~Γ ∘ T^{−1} = Φ^t_X ∘ Λ_X ∘ ~Γ ∘ T^{−1} = Φ^t_X ∘ Γ .

This shows that Γ is an invariant torus for X with frequency vector ω.

In order to make these identities more precise, we need to estimate the difference Y (t) = Φ^t_X − Φ^t_K between the flow for a vector field X and the flow for K = (ω, 0). This can be done by solving the integral equation

Y (t) =

�_t 0 [(X − K) ∘ Φ^s_K ] ∘ [I + Y (s)] ds . (4.3)

Notice that Φ^t_K = I + tK and I + Y (t) = Φ^{−t}_K ∘ Φ^t_X .

Proposition 4.1. Let τ be a positive real number and X a vector field in A_ρ , such that τ‖X − K‖_ρ < r < ρ. Then the equation (4.3) has a unique continuous solution t → Y (t) ∈ A_{ρ−r} on the interval |t| ≤ τ, and

‖Φ^t_X − Φ^t_K ‖_{ρ−r} ≤ ‖t(X − K)‖_ρ . (4.4)

Proof. By using Proposition 2.1 and the contraction mapping principle, the equation (4.3) is easily seen to have a unique continuous solution t → Y (t) ∈ A_{ρ−r} for t near 0. The solution can be continued as usual, as long as ‖Y (t)‖_{ρ−r} < r. But on any interval containing zero, where ‖Y (t)‖_{ρ−r} < r, we have by (4.3) the bound

‖Y (t)‖_{ρ−r} ≤ ‖t(X − K)‖_ρ . (4.5)

Here, we have used also that Z → Z ∘ Φ^s_K is an isometry on A_ρ . Thus, equation (4.3) has a continuous solution Y for all times t satisfying ‖t(X − K)‖_ρ < r. QED

4.2. Existence of tori Consider now a fixed but arbitrary vector field X on the stable manifold W of our RG transformations R_n . Let X_0 = X, and X_n = R_n(X_{n−1}) for n ≥ 1. In order to simplify notation, we will write U_k and M_{k+1} in place of U_{Xk} and M_{Xk} , respectively. Our goal is to construct an appropriate sequence of functions Γ_k : D_0 → D_ϱ , satisfying

Γ_{n−1} = M_n(Γ_n) = Λ_n ∘ Γ_n ∘ T^{−1}_n , Λ_n = U_{n−1} ∘ S_{μn} ∘ T_n , (4.6)

for all positive integers n. Then we will show that Γ_k is an invariant torus for X_k , with frequency vector ω_k , for each k ≥ 0.

We assume that α, m, and γ satisfy the conditions given in Theorem 3.1. For every integer n ≥ 0, define B_n to be the vector space A_0 , equipped with the norm

‖f‖^′_n = ar^{−1}_n ‖f‖_0 = ar^{−1}_n � ν ‖f_ν ‖ . (4.7)

Here, a is some positive real number, to be specified later. Denote by B_n the unit ball in B_n , centered at the identity function I.

Proposition 4.2. Assume that (m − 1)γ > 3α + 8. If a has been chosen sufficiently large, then there exists an open neighborhood B of K in A_ϱ , and a universal constant C_1 > 0, such that for every X ∈ B ∩ W, and for every n ≥ 1, the map M_n is well defined and analytic, as a function from B_n to B_{n−1} , and it takes values in B_{n−1}/2. Furthermore, ‖DM_n(F )‖ ≤ C_1σ_n , for all F ∈ B_n .

Proof. Clearly, M_n is well defined in some open neighborhood of I in B_n , and

M_n(F ) = I + g + (U_{n−1} − I) ∘ (I + g) , g = S_{μn} ∘ T_n ∘ f ∘ T^{−1}_n , (4.8)

where f = F − I. By Theorem 5.2 and Theorem 3.1, we have for n > 1 the bound

‖U_{n−1} − I‖_ρ ≤ C_2σ^{−1}_n ‖I^−X_{n−1}‖_ϱ ≤ C_3σ^{−1}_n σ^{(m−1)γ−2α−6} n−1 r_{n−1}‖(I − E)X‖_ϱ ≤ C_4σ_{n−1}r_{n−1}‖(I − E)X‖_ϱ ≤ C_5σ_nr_{n−1} ,

(4.9)

with C_2, . . . , C_5 universal constants. The first inequality and the final bound in (4.9) also hold for n = 1, if the neighborhood B of K has been chosen sufficiently small.

Recall that ρ^′ < ρ < ϱ have been fixed. The composition with I+g in equation (4.8) is controlled by Proposition 2.1, using that ‖g‖_0 ≤ σ^{−1}_n a^{−1}r_n‖f‖^′_n < ρ^′ independently of n, if a has been chosen sufficiently large. Here, and in what follows, we assume that F ∈ B_n .

By using that r_n/r_{n−1} = σ^2_{n+1}/5, we obtain ‖g‖^′_{n−1} ≤ σ_n/5. When combined with (4.9), this yields the bound ‖M_n(F ) − I‖^′_{n−1} ≤ σ_n/2, if the neighborhood B of K has been chosen sufficiently small.

When restricting U_{n−1} to the domain D_ρ′ , we obtain a bound analogous to (4.9) for the derivative of U_{n−1} . This, together with the fact that the inclusion map from B_n into B_{n−1} is bounded in norm by σ^2_{n+1}/5, shows that ‖DM_n(F )‖ ≤ C_1σ_n for all n ≥ 1, and for all F ∈ B_n , where C_1 is again a universal constant. This completes the proof of Proposition 4.2. QED

Denote by Φ_n and Ψ_n the flows for the vector fields X_n and K_n , respectively.

Proposition 4.3. Assume that m > 2α+7+p with p > 0. If a has been chosen sufficiently large, then there exists an open neighborhood B of K in A_ϱ , such that the following holds, for every X ∈ B ∩ W, and for every n ≥ 1. If F ∈ B_n/2 and |s| ≤ σ^{−p}_n , then Φ^s_n ∘ F ∘ Ψ^{−s}_n belongs to B_n .

Proof. We will use the identity

Φ^s_n ∘ F ∘ Ψ^{−s}_n = I + f ∘ Ψ^{−s}_n + � Φ^s_n ∘ Ψ^{−s}_n − I � ∘ � I + f ∘ Ψ^{−s}_n � . (4.10)

Let ε = m − 2α − 7 − p. By Proposition 4.1 and Theorem 3.1, we have the bound � �Φ^s_n ∘ Ψ^{−s}_n − I � �_{ρ′} ≤ ‖s(X_n − K_n)‖_ρ ≤ Cσ^ε_nr_n‖(I − P)X‖_ϱ , (4.11).

provided e.g. that the right hand side of this inequality is bounded by ρ − ρ^′. This is certainly the case if ε is positive and ‖X − K‖_ϱ sufficiently small, independently of n. The composition by I+f ∘Ψ^{−s}_n in equation (4.10) is controlled the same way as the composition by I + g in the proof of Proposition 4.2, using also that ‖f ∘ Ψ^{−s}_n ‖_0 = ‖f‖_0 . As a result, the third term on the right hand side of (4.10) belongs to B_n and is bounded in norm by Caσ^ε_n‖X − K‖_ϱ , which is less than 1/2 for any n ≥ 1, if X is sufficiently close to K. QED

Assume that α, m, γ, and a have been chosen in such a way that the hypotheses of Theorem 3.1, Proposition 4.2, and Proposition 4.3 are satisfied, with p = 1 + 1/α. Let F_0, F_1, . . . be a fixed but arbitrary sequence of functions in A_0 , such that F_n ∈ B_n for all n ≥ 0. Then we can define

Γ_{n,m} = � M_{n+1} ∘ . . . ∘ M_m � (F_m) , 0 ≤ n < m . (4.12)

Theorem 4.4. Under the above-mentioned assumptions on α, m, and a, there exists an open neighborhood B of K in A_ϱ such that the following holds. For every X ∈ B ∩ W, the limits Γ_n = lim_{m→∞} Γ_{n,m} exist in B_n , are independent of the choice of F_0, F_1, . . ., and satisfy the identities (4.6). Furthermore, Γ_0 is an elliptic invariant torus for X, and the map X → Γ_0 is analytic and bounded on B ∩ W.

Proof. By Proposition 4.2 there exists N > 0 such that M_n : B_n → B_{n−1}/2 contracts distances by a factor of at least 1/2, if n ≥ N. Thus, if N ≤ n < m < k, then the difference Γ_{n,k} − Γ_{n,m} is bounded in norm by 2^{n−m+1}. This shows that the sequence m → Γ_{n,m} converges in B_n to a limit Γ_n , and that the limit is independent of the choice of the functions F_m . By choosing F_m = Γ_m for all m, we obtain the identities (4.6). The analyticity of X → Γ_0 follows via chain rule from the analyticity of the maps used in our construction, and from uniform convergence.

In order to prove that Γ_0 is an invariant torus for X, let t ∈ R, and define t_n = λ_nt for all n ≥ 0. Our goal is to apply the identity

Φ^s_{n−1} ∘ M_n(F ) ∘ Ψ^{−s}_{n−1} = M_n � Φ^{ηns}_n ∘ F ∘ Ψ^{−ηn s}_n � , (4.13) which follows from (4.1). To be more precise, given t ∈ R, define t_n = λ_nt for all n ≥ 0. By using that λ_n = η_1η_2 · . . . · η_n, together with the bound η_n ≤ ‖T^{−1}_n ‖ < σ^{−1}_n , and the recursion relation (3.2) satisfied by σ_2, σ_3, . . ., we obtain a bound λ_n ≤ C^{−1}_2 σ^{−p}_n , for some universal constant C_2 > 0. Thus, if |t| ≤ C_2 , then |t_n| ≤ σ^{−p}_n for all n ≥ 1. Proposition 4.3 now allows us to iterate (4.13), to get the identity

Φ^t_0 ∘ Γ_{0,m} ∘ Ψ^{−t}_0 = � M_1 ∘ . . . ∘ M_m � Φ^{tm}_m ∘ Ψ^{−tm}_m � , (4.14)

for all m > 0. As was shown above, the right hand side of this equation converges in A_0 to Γ_0 , and thus the left hand side converges to Γ_0 as well. In addition, Γ_{0,m} → Γ_m in A_0 , and since convergence in A_0 implies pointwise convergence (see part (a) of Proposition 2.1), and the flow Φ^t_0 is continuous, we have Φ^t_0 ∘ Γ_0 ∘ Ψ^{−t}_0 = Γ_0 . This identity now extends to arbitrary t ∈ R by using the group property of the flow, together with the fact that composition with Ψ^s_0 is an isometry on A_0 .

Finally, notice that by Theorem 3.1,

λ_n‖DX_n‖_ρ ≤ C_3σ^ε_nr_n‖(I − P)X_0‖_ϱ , (4.15)

where C_3 is some universal constant and ε = m − 2α − 7 − p. The left (and thus right) hand side of this equation is an upper bound on the modulus of the Lyapunov exponents for the flow of λ_nX_n on the the range of Γ_n . Since X_0 is obtained from λ_nX_n by a change of coordinates, and Γ_0 is the corresponding invariant torus for X_0 , the same upper bound applies to the flow for X_0 on the torus Γ_0 . Taking n → ∞ shows that this torus is elliptic. QED 4.3. Analyticity and families In what follows, the torus Γ_0 associated with X ∈ B ∩ W will be denoted by Γ_X . The domain parameter ρ used in the introduction is renamed to ϱ^′, to avoid notational conflicts.

The following theorem together with Theorem 3.1, and the discussion at the end of Section 3 (concerning the restriction of W to specific types), implies Theorem 1.1.

Theorem 4.5. Let ϱ^′ > ϱ + δ with δ > 0. Under the same assumptions as in Theorem 4.4, the map X → Γ_X defines (via extension) a bounded analytic map from B^′ to A^0_δ , where B^′ is some open neighborhood of K in A_ϱ′ .

Proof. For every u ∈ R^d, define a translation R_u on C^d×C^ℓ by setting R_u(x, y) = (x+u, y). If X is a vector field on one of the domains D_r , then R^∗_uX denotes the pullback of X under R_u . And for functions F : D_0 → D_r we define R^∗_uF = R^{−1}_u ∘ F ∘ R_u . An explicit computation shows that the RG transformation R, and the maps M_X defined in (4.2) satisfy R ∘ R^∗_u = R^∗_T −1_u ∘ R , M_R∗_{uX} = R^∗_u ∘ M_X ∘ (R^∗_T −1_u)^{−1} . (4.16)

Here, we have used that the translations R^∗_u are isometries on the spaces A_r , and that the domain of R is translation invariant; see Definition 2.7. This also implies that the manifold W is invariant under translations R^∗_u , which is used in the second identity in (4.16).

It is convenient to extend the function X → Γ_X to an open neighborhood of K in A_ϱ by projecting X onto a point X^′ ∈ W and defining Γ_X = Γ_X′ . More specifically, we take X^′ = (I + W )((I − P)X), where W is the map defining W, as described in Theorem 3.1. If restricted to a sufficiently small open ball B ⊂ A_ϱ centered at K, the map X → Γ_X is now analytic and bounded on all of B.

The construction of Γ_0 in the proof of Theorem 4.4, together with the identities (4.16), and the invariance property W = W ∘ R^∗_u , shows that Γ_R∗_{u X} = R^∗_uΓ_X , for all X ∈ B. Thus, if u ∈ R^d then

Γ_X (u, 0) = � R_u ∘ Γ_R∗_{u X} � (0, 0) , X ∈ B. (4.17)

The idea now is to extend the right hand side of (4.17) analytically to complex u, by using the analyticity of X → Γ_X . To this end, choose an open neighborhood B^′ of K in A_ϱ′ , such that R^∗_uB^′ ⊂ B, for all u ∈ C^d of norm r = ϱ^′ − ϱ or less. Then the right hand side of (4.17), regarded as a function of (X, u), is analytic and bounded on the product of B^′ with the strip ‖Im u‖ < r. Denoting the this function by G, we clearly have G(X, .) ∈ A^0_δ for all X ∈ B^′. The analyticity of X → G(X, .) is obtained e.g. by using a contour integral formula for (g(t) − g(0) − zg^′(0))/t^2 with g(t) = G(X + tZ, .). QED

Proof of Lemma 1.2. Let ϱ + δ < ϱ^′ < r. (Recall that ρ has been renamed to ϱ^′.) By Theorem 3.1 and Theorem 4.5, there exists an open ball B in H_ϱ′ , centered at K, such that U = P − W ∘ (I − P) defines an analytic map from B to H^u, and such that X ∈ B has an invariant torus Γ_X ∈ A^0_δ with frequency vector ω, whenever U(X) = 0. Furthermore, X → Γ_X is analytic on B ∩ W.

By our non-degeneracy assumptions, the function G_ε(z, v, s) = zK +(1+z)J^∗_v (εZ +s) defines a diffeomorphism ϕ = P ∘ G_ε between open neighborhoods of the origin in the spaces C ⊕ V ⊕ H^u_0 and H^u. Let b be an open ball in H^u of radius < R/2, centered at the origin, where R is the radius of B. If ε > 0 and b are chosen sufficiently small, then G^′_ε = (I−P)(G_ε ∘ϕ^{−1}) is a family in F(b) of norm < R/2, and the equation F (ϕ(z, v, s)) = (1 + z)J^∗_v f(s) defines an analytic map f → F from some open neighborhood B_2 of f_ε in F(b_2), to F(b). The image of f_ε under this map is the family F_ε given by F_ε(σ) = K + σ + G^′_ε(σ). By using that P ∘ G^′_ε = 0 and W ∘ G^′_ε = K, we see that U ∘ F_ε is the identity map on b. Thus, by the implicit function theorem, the equation (U ∘ F )(σ) = 0 has a unique solution σ = σ_F , for any family F sufficiently close to F_ε in F(b), and this solution depends analytically on F . The assertion now follows, with (z_f , v_f , s_f ) = ϕ^{−1}(σ_F ) and c_f = (1 + z_f ). QED

5. A normal form theorem

Here we state and prove a normal form theorem that can be applied e.g. to the problem (2.8) of eliminating nonresonant modes in the renormalization of vector fields on T^d × R^ℓ. The changes of variables are chosen in such a way as to preserve certain symmetries. This aspect will be discussed at the end of this section.

Let D_0 be a non-empty set in some complex Banach space X . For every r in some fixed interval [ρ^′, ρ] of positive real numbers, consider the set D_r of all points x ∈ X whose distance from (any point in) D_0 is less than r, and let A_r be a Banach space of vector fields Y : D_r → X , that contains the inclusion map I from D_r into X .

Assumption 5.1. The following is assumed to hold, whenever ρ^′ ≤ r < s ≤ ρ. Let B be the open ball in A_r of radius s − r, centered at the origin. If X is any vector field in A_s , then X → X∘(I+Z) defines an analytic function from B to A_r , and ‖X∘(I+Z)‖_r ≤ ‖X‖_s .

This implies in particular that A_s ⊂ A^′_r whenever r < s, where A^′_r denotes space of vector fields X ∈ A_r whose derivative DX defines a continuous linear operator Z → (DX)Z on A_r . The norm of this linear operator will be denoted by ‖DX‖_r .

Let now P be a fixed but arbitrary projection operator on A_ρ′ , whose restriction to each of the spaces A_r is a partial isometry on that space. Our aim is to find conditions under which vector fields satisfying P X = 0 can be considered normal forms. To be more precise, let K be a fixed vector field in A^′_ρ satisfying P K = 0. Given a vector field X near K in A^′_ρ , we are looking for a change of variables U_X : D_ρ′ → D_ρ , such that the pullback U^∗_X X of X under U_X belongs to A_ρ′ and satisfies

P U^∗_X X = 0 . (5.1)

In order to see what conditions may be needed, consider writing U_X to first order in X − K as the time-one flow Φ^1_Z for some vector field Z = P Z. In this approximation, equation (5.1) becomes P (X + [Z, X]) = 0 , (5.2)

where [Z, X] = (DX)Z−(DZ)X. This motivates the following condition on K. In addition to P K = 0, we assume that the image of P A^′_r under Z → P [Z, K] is dense in P A_r , and that there exists a positive real number κ < 1, such that � �P [Z, K] � �_r ≥ κ‖Z‖^′_r , Z ∈ P A^′_r , (5.3)

whenever ρ^′ ≤ r ≤ ρ. Here, ‖Z‖^′_r = ‖DZ‖_r + ‖Z‖_r , which we consider from now on to be the norm on A^′_r . The main result of this section is the following.

Theorem 5.2. (normal form) Let r = ρ − ρ^′. If X is a vector field in A^′_ρ such that

‖X − K‖^′_ρ ≤ 2^{−3}κ , ‖P X‖_ρ ≤ ε , (5.4)

with ε > 0 satisfying the condition (5.20) given below, then there exists an analytic change of coordinates U_X : D_ρ′ → D_ρ , such that U^∗_X X belongs to A_ρ′ and satisfies equation (5.1). The map X → U_X − I takes values in A_ρ′ , is continuous in the region defined by equation (5.4), analytic in the interior of this region, and satisfies the bounds

‖U_X − I‖_ρ′ ≤ 3 κ ‖P X‖_ρ ,

‖U^∗_X X − X‖_ρ′ ≤ 32R e^r κr ‖P X‖_ρ , � �U^∗_X X − X − [Z, X] � �_{ρ′} ≤ � 2^{11} e^r κr + 1 � 28R e^r (κr)^2

‖P X‖^2_ρ .

(5.5)

Here, Z ∈ P A^′_ρ is defined by (5.2) and satisfies the bound ‖Z‖_ρ ≤^2_κ ‖P X‖_ρ .

We start with some basic estimates on flows. The flow t → Φ^t_X associated with a vector field X ∈ A_ρ is obtained by solving^d_{dt} Φ^t_X = X ∘ Φ^t_X with initial condition Φ^0_X = I. Writing Φ^t_X = I + Y (t), this amounts to solving the integral equation

Y (t) =

�_t 0 X ∘ [I + Y (s)] ds . (5.6)

In what follows, any reference to a space A_ϱ implicitly assumes that ρ^′ ≤ ϱ ≤ ρ.

Proposition 5.3. Let ϱ^′, ϱ and τ be positive real numbers, such that ϱ^′ + τ‖X‖_ϱ < ϱ. Then the equation (5.6) has a unique continuous solution t → Y (t) ∈ A_ϱ′ on the interval |t| ≤ τ, and ‖Φ^t_X − I‖_ϱ′ ≤ ‖tX‖_ϱ . (5.7)

We will omit the proof of this proposition since it is standard: First, equation (5.6) is solved locally, using the contraction mapping principle. Due to the uniqueness of these local solutions, they combine into a continuous solution on all of [−τ, τ]. What makes things straightforward is that, by Assumption 5.1, the derivative of X → X ∘ (I + Z) admits a uniform bound on the entire domain needed. As a result, the intervals for the local proof can be taken of uniform size.

Proposition 5.4. Let 0 < r < ϱ and t ∈ R. Let Z and X be two vector fields in A_ϱ , satisfying ‖tZ‖_ϱ ≤ rε and ‖tDZ‖_ϱ ≤ sε, with ε ≤ 1/6. Then (Φ^t_Z )^∗X belongs to A_{ϱ−r}, and � �(Φ^t_Z )^∗X − X�_{ϱ−r} ≤ 3e^s‖X‖_ϱ ε , � �(Φ^t_Z )^∗X − X − t[Z, X] � �_{ϱ−r} ≤ 7e^s‖X‖_ϱ ε^2 . (5.8)

Proof. It suffices to consider t = 1, since we can always rescale time. Let n be a fixed positive integer. By using Proposition 2.1, and Cauchy’s formula with contour |z| = 1, to estimate

(DX)Z = nε d dz � X ∘ � I + z nε Z � z=0 , (5.9)

we obtain the bound ‖ ^ZX‖_ϱ′_{−r/n} ≤ (nε + sε)‖X‖_ϱ , (5.10)

where ϱ^′ = ϱ. Here, and in what follows, ^Z denotes the map Y → [Z, Y ]. This bound can be iterated n times, with ϱ^′ decreasing by r/n after each step, and we find 1 n! � � ^Z�^nX � �_{ϱ−r} ≤ 1 n! (n + s)^nε^n‖X‖_ϱ ≤ n^n n! e^sε^n‖X‖_ϱ ≤ 1 2 (eε)^ne^s‖X‖_ϱ .

(5.11)

In the last inequality, we have used Stirling’s formula. Now � �(Φ^1_Z )^∗X − X � �_{ϱ−r} = � � � � � ∞� n=1 1 n! � ^ Z �_n X � � � � �_{ϱ−r} ≤ ε 2 · e^{s+1} 1 − eε

‖X‖_ϱ , (5.12)

and the first bound in (5.8) follows. The second bound is obtained analogously, with the sum in (5.12) starting at n = 2. QED

Returning to the main problem (5.1), our first step is to solve this equation to first order in the size of X − K.

Proposition 5.5. Let 0 < r < ϱ. Let X be a vector field in A^′_ϱ , satisfying

‖X − K‖^′_ϱ ≤^1_4 κ , ‖P X‖_ϱ ≤^1_{12} κr . (5.13)

Then the equation (5.2) has a unique solution Z ∈ P A^′_ϱ . The vector field Z satisfies ‖Z‖_ϱ ≤^2_κ ‖P X‖_ϱ . Furthermore, (Φ^1_Z )^∗X belongs to A_{ϱ−r} and satisfies � (Φ^1_Z )^∗X − X � ϱ−r ≤

6e^r κr ‖P X‖_ϱ‖X‖_ϱ , � �(Φ^1_Z )^∗X − X − [Z, X] � �_{ϱ−r} ≤ 28e^r (κr)^2

‖P X‖^2_ϱ‖X‖_ϱ .

(5.14)

Proof. The first condition in (5.13) implies that

‖[Z, X − K]‖_ϱ ≤ 2‖Z‖^′_ϱ‖X − K‖^′_ϱ ≤ κ 2 ‖Z‖^′_ϱ , (5.15)

for every Z ∈ A^′_ϱ . As a consequence, we have � �P [Z, X] � �_ϱ ≥ ‖P [Z, K] � �_ϱ − ‖P [Z, X − K] � �_ϱ ≥ κ 2 ‖Z‖^′_ϱ , (5.16)

whenever Z belongs to P A^′_ϱ . These inequalities, together with our assumption that the range of P ^XP is dense in P A_ϱ , implies that the linear operator P ^X : P A^′_ϱ → P A_ϱ has a bounded inverse, and in particular, that the equation (5.2) has a unique solution Z ∈ P A^′_ϱ . The bound (5.16) also shows that this solution satisfies

‖Z‖_ϱ ≤ 2 κ ‖P X‖_ϱ , ‖DZ‖_ϱ ≤ 2 κ ‖P X‖_ϱ . (5.17)

The remaining claims now follow from Proposition 5.4, setting ε =^2_{κr} ‖P X‖_ϱ and s = r. QED Now we iterate the map X → (Φ^1_Z )^∗X described in Proposition 5.5, by starting with a vector field X = X_0 and setting

X_{n+1} = (Φ^1_{Zn} )^∗X_n , P (X_n + [Z_n, X_n]) = 0 , (5.18) for n = 0, 1, . . .. The expectation is that the sequence of maps

U_n = Φ^1_{Z0} ∘ Φ^1_{Z1} ∘ . . . ∘ Φ^1_{Zn−1} (5.19)

converges to a solution U_X of equation (5.1), as n tends to infinity.

Proof of Theorem 5.2. Setting r = ρ − ρ^′ and R = ‖K‖_ρ + κ, choose ε > 0 such that

ε ≤ 2^{−6}κr , ε ≤ 2^{−9}κ^2e^{−r}(1 + r)^{−1}R^{−1} . (5.20)

Let ρ_0 = ρ, and for m = 0, 1, . . . define ρ_{m+1} = ρ_m − 2r_m , where r_m = 2^{−m−2}r. Our first goal is to prove that (5.18) defines a sequence of vector fields X_m ∈ A^′_{ρm} , satisfying

‖X_m − X_{m−1}‖^′_{ρm} ≤ 2^{−m−3}κ , ‖P X_m‖_{ρm} ≤ 8^{−m}ε . (5.21)

If we define X_{−1} = K and X_0 = X, then these bounds hold for m = 0 by (5.4). Assume now that (5.21) holds for m ≤ n. Then, by summing up the bounds on X_m − X_{m−1} for m ≤ n, we obtain the first inequality in

‖X_n − K‖^′_{ρn} ≤ 1 4 κ , ‖P X_n‖_{ρn} ≤ 4^{−n−2}κr_n . (5.22)

The second inequality follows from (5.21), by substituting the first bound in (5.20) on ε. Thus, Proposition 5.5 guarantees a unique solution to (5.18), and it yields the bounds

‖X_{n+1} −X_n‖_{ρn−rn} ≤ 6 e^r κr 4^{−n+1}Rε , ‖P X_{n+1}‖_{ρn−rn} ≤ 7 e^r (κr)^2

4^{−2n+3}Rε^2 . (5.23)

Here, we have used also that ‖X_n‖_{ρn} ≤ R, which follows from the first inequality in (5.22). By using the second condition in (5.20), together with the fact that ‖F ‖^′_{ρn−2rn} ≤ r^{−1}_n ‖F ‖_{ρn−rn} , we now obtain (5.21) for m = n + 1 from the bounds (5.23).

Next, consider the functions ϕ_k = Φ^1_{Zk} − I. By Proposition 4.1 and Proposition 5.5,

‖ϕ_k‖_{ρk+1} ≤ ‖Z_k‖_{ρk} ≤ 2 κ ‖P X_k‖_{ρk} < r_k . (5.24)

This shows that U_{m,n} = Φ^1_{Zm} ∘ Φ^1_{Zm+1} ∘ . . . ∘ Φ^1_{Zn−1} defines a function in I + A_{ρn} that takes values in D_{ρm} . Here, and in what follows, it is assumed that 0 ≤ m < n. Setting U_{k,k} = I, we have the bound

‖U_n − U_m‖_ρ′ = � � � � n−1� k=m ϕ_k ∘ U_{k+1,n} � � � �_{ρ′} ≤ n−1� k=m ‖ϕ_k‖_{ρk+1} ≤ n−1� k=m 2 κ 8^{−k}ε .

(5.25)

This shows that n → U_n converges in I + A_ρ′ to a limit U_X that takes values in D_ρ , and that satisfies the first inequality in (5.5) if we set ε = ‖P X‖_ρ . Clearly, X_n → U_X X in A_ρ′ . The second inequality in (5.5) is now obtained by using the first bound in (5.23).

Since U^∗_X X = U^∗_{X1} X_1 with X_1 = (Φ^1_Z )^∗X, we can write

U^∗_X X − X − [Z, X] = � U^∗_{X1} X_1 − X_1 � + � (Φ^1_Z )^∗X − X − [Z, X] � . (5.26)

The first term on the right hand side of this equation can be estimated in the same way as U^∗_X X − X, which yields the bound � �U^∗_{X1} X_1 − X_1 � �_{ρ′} ≤ 32R e^r κr_1

‖P X_1‖_{ρ1} . (5.27)

Since ‖P X_1‖_{ρ1} ≤ ‖(Φ^1_Z )^∗X − X − [Z, X]‖_{ρ1} , the third inequality in (5.5) now follows from the second inequality in (5.14).

The analyticity of the map X → U_X follows from the uniform convergence of U_n → U_X . QED Some special cases We conclude this section with a discussion of invariance properties of U_X that result from choosing projections of the type described in Definition 2.2, acting on the spaces A_r defined in Section 2.

Consider a projection P (J), with J chosen in such a way that the condition (5.3) holds for P = P (J). A possible choice for J is the set I^− introduced in Definition 2.2, as Proposition 2.4 shows. It is easy to check that P maps Hamiltonian vector fields to Hamiltonian vector fields. (Similarly for divergence free vector fields.) This includes vector fields that are Hamiltonian with respect to the pullback of the standard symplectic form under linear transformations C(x, y) = (x, Cy), where C can be any real nonsingular ℓ × ℓ matrix. This follows from the fact that C^∗ commutes with P . Thus, since [Z, X] is Hamiltonian whenever Z and X are, the entire analysis in this section could be restricted to Hamiltonian vector fields. Since the solution of (5.2) is unique, we find that the change of coordinates U_X is symplectic whenever K and X are Hamiltonian. The same type of argument shows that U_X is volume preserving if the vector fields K and X are divergence free.

Next, consider a linear map G on C^d × C^ℓ that leaves the domains D_r invariant. Assume that G^∗ is an isometry on each of the spaces A_r , and that it commutes with P . An example of such a map is G(x, y) = (x, −y). If Z and X are symmetric with respect to G, then so is [Z, X]. Thus, the analysis of this section can be restricted to symmetric vector fields. This shows that U_X commutes with G^∗ whenever K and X are symmetric.

Assume in addition that G ∘ G = I, and that K, X are reversible with respect to G. Then [Z, X] is reversible whenever Z is symmetric (both with respect to G). Thus, the operator P ^X maps the symmetric subspace of P A^′_ρ to the reversible subspace of P A_ρ . As the proof of Proposition 5.5 shows, this operator has (under the given assumptions) a bounded inverse, so the solution Z of equation (5.2) is symmetric. Consequently, the flows Φ^1_{Zk} defining U_X commute with G, and the same is true for U_X .

In summary, if X is of the type described above (Hamiltonian, divergence free, symmetric, or reversible), then the same is true for U^∗_X X.

6. A stable manifold theorem

Here we state and prove a local stable manifold theorem for sequences of maps of the type encountered e.g. in renormalization. It allows for a description of two different contraction rates.

For every integer n ≥ 0 let X_n be a complex Banach space, and let E_n, P_n be continuous linear projections on X_n , satisfying P_nE_n = E_nP_n = P_n and ‖E_n‖ = ‖I − E_n‖ = 1. For each n > 0, let R_n be a bounded analytic map, from an open neighborhood D_{n−1} of the origin in X_{n−1} , to X_n , with the following properties: R_nP_{n−1} is linear, and the restriction L_n of this linear operator to P_{n−1}X_{n−1} is invertible. Furthermore, there exist real numbers ϑ_n ≤ ϑ < 1 and ε_n ≤ ε = (1 − ϑ)/4, such that for all x ∈ D_{n−1} ,

‖(I − E_n)R_n(x)‖ ≤ ε_n‖(I − E_{n−1})x‖ , ‖(I − P_n)R_n(x)‖ ≤ ϑ_n‖(I − P_{n−1})x‖ , ‖P_nR_n(x) − L_nP_{n−1}x‖ ≤ ε‖(I − E_{n−1})x‖ , ‖L^{−1}_n ‖ ≤ ϑ .

(6.1)

Consider now the composed maps ~R_n = R_n ∘ R_{n−1} ∘ . . . ∘ R_1 . The domain of ~R_1 is taken to be ~D_0 = D_0 , and for n = 1, 2, . . . , the domain ~D_n of ~R_{n+1} is defined inductively as the subset of ~D_{n−1} that is mapped into D_n by ~R_n .

We will assume that the domain D_{n−1} of R_n is given by conditions

‖P_{n−1}x‖ < 1 , ‖(I − P_{n−1})x‖ < 1 , ‖(I − E_{n−1})x‖ < δ_{n−1} , (6.2)

where {δ_k} is a sequence of positive real numbers, such that δ_k ≥ ε_kδ_{k−1} for all k > 0.

Theorem 6.1. (local stable manifold) Let R_1, R_2, . . . be a sequence of maps with the properties described above. Then W_0 =

�_∞

n=0 ~D_n is the graph of an analytic function W_0 : (I − P_0)D_0 → P_0D_0 , satisfying W_0(0) = 0. For every x ∈ W_0,

‖ ~R_m(x)‖ ≤ � ϑ^{(m)} + ε^{(m)} � ‖(I − P_0)x‖ , ‖(I − E_m) ~R_m(x)‖ ≤ ε^{(m)}‖(I − E_0)x‖ ,

(6.3)

where ϑ^{(m)} = ϑ_1ϑ_2 · · · ϑ_m and ε^{(m)} = ε_1ε_2 · · · ε_m . Furthermore, if the third condition in (6.1) is strengthened to

‖P_nR_n(x) − L_nP_{n−1}x‖ ≤ φ_n‖(I − E_{n−1})x‖^2 , (6.4)

with φ_nδ_{n−1} ≤ ε, then DW_0(0) = 0, and

‖P_m ~R_m(x)‖ ≤ � ϑ^{(m)}

�_2 ‖(I − P_0)x‖^2 . (6.5)

Notice that, by our assumptions (6.1), if x belongs to the domain of R_n , and if P_nR_n(x) has norm less than one, then R_n(x) belongs to the domain of R_{n+1} . This shows that ~D_n = {x ∈ ~D_{n−1} : ‖P_n ~R_n(x)‖ < 1} , n = 1, 2, . . . . (6.6)

Let S_n = P_nX_n , and denote by b_n the open unit ball in S_n , centered at the origin. Define F_n to be the space of analytic functions f : b_n → X_n , equipped with the sup-norm ‖f‖ = sup_{s∈bn} ‖f(s)‖ . Denote by I_n the inclusion map of b_n into X_n . Notice that, if f ∈ F_{n−1} satisfies

P_{n−1}f = I_{n−1} , ‖f − I_{n−1}‖ < 1 , ‖(I − E_{n−1}) ∘ f‖ < δ_{n−1} , (6.7)

then f(s) belongs to the domain of R_n , for all s ∈ b_{n−1} . For such functions f, define

Y_{n,f} = P_n(R_n ∘ f) . (6.8)

Proposition 6.2. Assume that f ∈ F_{n−1} satisfies (6.7). Then Y_{n,f} : b_{n−1} → S_n has a unique right inverse Y^{−1}_{n,f} : b_n → b_{n−1} . Both Y_{n,f} and its inverse depend analytically on f, on the domain defined by (6.7). Furthermore,

‖Y_{n,f} − ϑ_n‖ ≤ ε‖(I − E_{n−1}) ∘ f‖ ,

‖Y^{−1}_{n,f} − L^{−1}_n ‖ ≤ ϑε‖(I − E_{n−1}) ∘ f‖ .

(6.9)

Proof. Let U = Y_{n,f} − L_n . By the third condition in (6.1) we have

‖U(s)‖ = ‖P_nR_n(f(s)) − L_nP_{n−1}f(s)‖ ≤ ε‖(I − E_{n−1})f(s)‖ , (6.10)

for all s ∈ b_{n−1} This implies the first bound in (6.9).

By our assumption on f and ε, we have ‖U‖ ≤ ε ≤ r/2, where r = (1 − ϑ)/2. If s ∈ S_{n−1} is of norm ≤ ϑ and h ∈ S of norm one, then by Cauchy’s formula

‖DU(s)h‖ ≤ r^{−1} sup_{|z|=r} ‖U(s + zh)‖ ≤ r^{−1}‖U‖ ≤ 1/2 . (6.11)

The equation for a right inverse L^{−1}_n + V of L_n + U can be written as ψ(V ) = V , with ψ defined by ψ(V ) = −L^{−1}_n U ∘ (L^{−1}_n + V ). Consider the space of analytic functions V : b_n → S_{n−1} , equipped with the sup-norm. Denote by B the closed ball of radius r in this space, centered at the origin. Then ψ is analytic on B, with derivative given by

Dψ(V )h = −L^{−1}_n � (DU) ∘ (L^{−1}_n + V ) � h . (6.12)

By equation (6.11), we see that ‖Dψ(V )‖ < 1/2, for all V ∈ B. Since ‖ψ(0)‖ ≤ r/2, the map ψ is a contraction on B, and thus has a (unique) fixed point in B. This fixed point V satisfies ‖V ‖ = ‖ψ(V )‖ ≤ ‖L^{−1}_n U‖, which implies the second inequality in (6.9). The analyticity of U → V follows form the uniform convergence of ψ^n(0) → V for ‖U‖ ≤ r/2. QED This proposition allows us to define the maps

R_n(f) = R_n ∘ f ∘ Y^{−1}_{n,f} , ~R_n = R_n ∘ R_{n−1} ∘ . . . ∘ R_1 . (6.13)

Notice that P_nR_n(f) = I_n. In particular, since R_n ∘ P_{n−1} = P_n ∘ R_n ∘ P_{n−1} by the second condition in (6.1), we have R_n(I_{n−1}) = I_n . The domain of R_n is the set of all f ∈ F_{n−1} satisfying (6.7).

Lemma 6.3. If f_0 belongs to the domain of R_1 , then ~R_n(f_0) is well defined for all n ≥ 1, and ‖ ~R_n(f_0) − I_n‖ ≤ ϑ^{(n)}‖f_0 − I_0‖ . (6.14)

Proof. Let n ≥ 1. Let f be an arbitrary function in the domain of R_n , and define f^′ = R_n(f). Consider a fixed but arbitrary s ∈ b_n and define s^′ = Y^{−1}_{n,f} (s). By Proposition 6.2, s^′ belongs to b_{n−1} . Thus, the second condition in (6.1) implies that

‖f^′(s) − s‖ = ‖(I − P_n)R_n(f(s^′))‖ ≤ ϑ_n‖(I − P_{n−1})f(s^′)‖ = ϑ_n‖f(s^′) − s^′‖ .

This shows that ‖f^′ −I_n‖ ≤ ϑ_n‖f −I_{n−1}‖. In addition, we have P_nf^′ = I_n by the definition of R_n , and ‖(I−E_n)∘f^′‖ ≤ ε_nδ_{n−1} by the first inequality in (6.1). Thus, since ϑ_n < 1 and ε_nδ_{n−1} ≤ δ_n , the function f^′ belongs to the domain of R_{n+1} . This proves Lemma 6.3. QED This lemma shows that the domain of ~R_n can be taken to be the domain of R_1 . If f_0 is any function in this domain, define

f_n = ~R_n(f_0) , Y_n = Y_{n,fn−1} , Z_{m,n} = Y^{−1}_{m+1} ∘ . . . ∘ Y^{−1}_{n−1} ∘ Y^{−1}_n , (6.15)

whenever 0 ≤ m < n.

Proposition 6.4. For every f in the domain of R_1 , there exists a unique sequence m → z_m ∈ b_m satisfying z_{m−1} = Y^{−1}_m (z_m) , m = 1, 2, . . . , (6.16)

and this sequence is given by the limits z_m = lim_{n→∞} Z_{m,n}(0). The maps f → z_m are analytic on the domain of R_1 .

Proof. First, we note that it suffices to prove the claims for m ≥ N, where N is fixed but arbitrary positive integer.

Let f_0 = f. Since ‖Y^{−1}_n − L^{−1}_n ‖ ≤ ϑ^n by Proposition 6.2 and Lemma 6.3, there exist an integer N > 0, and two positive real numbers r, r^′ < 1, both independent of f_0 , such that Y^{−1}_n maps b_n into to r^′b_{n−1} and contracts distances by a factor ≤ r, whenever n ≥ N. In what follows, we assume that N ≤ m < n.

Consider now an arbitrary sequence n → s_n ∈ b_n , with the property that s_n belongs to the closure of r^′b_n . Notice that if a sequence n → z_n ∈ b_n satisfies (6.16), then it automatically has this property. Define s_{m,n} = Z_{m,n}(s_n). Then ‖s_{m,k} − s_{m,n}‖ < 2r^{n−m} whenever k > n. This shows that n → s_{m,n} converges as n → ∞, and that the limit ŝ_m is independent of the sequence {s_n}. In particular, we see that ŝ_m = z_m by choosing s_n = 0 for all n. The identities (6.16) are obtained by choosing s_n = z_n for all n.

By Proposition 6.2, the maps f → s_{m,n} = Z_{m,n}(0) are analytic on the domain of R_1 . The analyticity of f → z_m now follows from the uniform convergence of s_{m,n} → z_m . QED

Corollary 6.5. Let f be a family in the domain of R_1 , and let s ∈ b_0. Then f(s) belongs to W_0 if and only if s = z_0(f).

Proof. Consider first x = f(z_0). Then x ∈ D_0 , since f belongs to the domain of R_1 , and the following holds for n = 1, 2, . . .. Set x_n = f_n(z_n). By the definition of R_n , and by Proposition 6.4, we have x_n = R_n(x_{n−1}) = ~R_n(x). Furthermore, P_nx_n = P_nf_n(z_n) = z_n ∈ b_n , and thus x belongs to the set ~D_n described in (6.6). This shows that x ∈ W_0.

Consider now a fixed s = s_0 in b_0 , and assume that x_0 = f(s_0) belongs W_0. Then we can define x_n = ~R_n(x) for all n > 0, and s_n = P_nx_n belongs to b_n . Set f_0 = f. Proceeding by induction, let n > 0, and assume that x_{n−1} = f_{n−1}(s_{n−1}). Since s_n = Y_n(s_{n−1}), and since Y_n has a unique right inverse on b_n by Proposition 6.2, we have s_{n−1} = Y^{−1}_n (s_n). As a result, x_n = f_n(s_n). This shows that s_{n−1} = Y^{−1}_n (s_n) holds for all n > 0, and thus s_n = z_n by Proposition 6.4. QED

Proof of Theorem 6.1. Denote by B^′_0 the unit ball in (I − P_0)X_0 , centered at the origin. To a point x ∈ B^′_0 we associate the family f : s → s + x. This family belongs to the domain of R_1 . Now define W_0(x) = z_0(f). By Corollary 6.5, x + s = f(s) belongs to W_0 if and only if s = W_0(x). This shows that W_0 is the graph of W_0 over B^′_0 . The analyticity of W_0 follows from the analyticity of z_0 . Furthermore, we have W_0(0) = z_0(I_0) = 0.

The second bound in (6.3) follows from the first condition in (6.1). In order to prove the first bound, consider the family f_0(s) = s+(I−P_0)x, the associated functions f_n and Y_n defined in (6.15), and the parameters z_n described in Proposition 6.4. Then ~R_n(x) = f_n(z_n) for all n ≥ 0. By Lemma 6.3 we have

‖f_m(z_m) − z_m‖ ≤ ϑ^{(m)}‖(I − P_0)x‖ ,

and by Proposition 6.2 and the second inequality in (6.3),

‖z_m − L^{−1}_{m+1} · · · L^{−1}_n z_n‖ = � � � � n−1� k=m L^{−1}_{m+1} · · · L^{−1}_k � Y^{−1}_{k+1} − L^{−1}_{k+1} � (z_{k+1}) � � � � ≤ n−1� k=m ϑ^{k−m}ϑε ε^{(k)}‖(I − E_0)x‖ ≤ ϑε 1 − ϑε ε^{(m)}‖(I − E_0)x‖ , whenever 0 ≤ m < n. These two inequalities, together with the fact that L^{−1}_{m+1} · · · L^{−1}_n z_n tends to zero as n → ∞, imply the first bound in (6.3).

Next, assume that (6.4) holds. Then the equation (6.10) shows that for each n > 0, the map f → Y_{n,f} has a vanishing derivative at f = I_{n−1} . By the definition of W_0, this implies that DW_0(0) = 0.

Let now x_0 ∈ W_0. Then x_0 = u + W_0(u) with u = (I − P_0)x_0 . Assume that u ≠ 0. Let ℓ be a continuous linear functional on X_0 of norm one, such that ℓ(W_0(u)) = ‖W_0(u)‖. Define g(z) = ℓ(W_0(zu/‖u‖)) for all z in the complex unit disk |z| < 1. Since W_0 and DW_0 vanish at the origin, z → z^{−2}g(z) defines an analytic function on the unit disk, and by Schwarz’s lemma, this function is bounded in modulus by 1. Here, we have used that W_0 has norm less than one on its domain. This shows that ‖W_0(u)‖ = g(‖u‖) ≤ ‖u‖^2, or in other words, that ‖P_0x_0‖ ≤ ‖(I − P_0)x_0‖^2.

Finally, let m > 0 and consider the stable manifold W_m for the shifted sequence of maps R_m, R_{m+1}, . . .. Clearly, x_m = ~R_m(x_0) belongs to W_m . The same arguments as above show that ‖P_mx_m‖ ≤ ‖(I − P_m)x_m‖^2. The bound (6.5) now follows from the second condition in (6.1). QED

References

[1] R. de la Llave, A tutorial on KAM theory. In “Proceedings of Symposia in Pure Mathematics” 69, A. Katok et al (eds), Amer. Math. Soc., 175–292 (2001).

[2] H.W. Broer, KAM theory: the legacy of Kolmogorov’s 1954 paper. Bull. Amer. Math. Soc., 41, 507–521 (2004).

[3] J. Moser, Convergent Series Expansions for Quasi-Periodic Motions. Math. Annalen, 169, 136–176 (1967).

[4] M.B. Sevryuk, Reversible systems. Lecture Notes in Mathematics, 1211, Springer Verlag, Berlin (1986).

[5] H.W. Broer, G.B. Huitema, F. Takens, Unfoldings of quasi-periodic tori, Mem. AMS, 83, 1–82 (1990).

[6] H.W. Broer, G.B. Huitema, M.B. Sevryuk, Quasi-periodicity in families of dynamical systems: order amidst chaos. Lecture Notes in Mathematics, 1645, Springer Verlag, Berlin (1996).

[7] L.H. Eliasson, Absolutely Convergent Series Expansions for Quasi Periodic Motions. Report 2–88, Dept. of Mathematics, University of Stockholm (1988). Math. Phys. Electron J., 2, No. 4, 33pp (1996).

[8] G. Gallavotti, G. Gentile, V. Mastropietro, Field theory and KAM tori. Math. Phys. Electron J., 1, No. 5, 13pp (1995).

[9] G. Gentile, V. Mastropietro, Methods for the analysis of the Lindstedt series for KAM tori and renormalizability in classical mechanics. A review with some applications. Rev. Math. Phys. 8, 393–444 (1996) [10] G. Gallavotti, G. Gentile, Hyperbolic low-dimensional invariant tori and summations of divergent series. Commun. Math. Phys. 227, 421–460 (2002).

[11] G. Gentile, M.V. Bartuccelli, J.H.B. Deane, Summation of divergent series and Borel summability for strongly dissipative differential equations with periodic or quasiperiodic forcing terms. J. Math. Phys., 46, 062704 21pp (2005).

[12] D.F. Escande, F. Doveil, Renormalisation Method for Computing the Threshold of the Large Scale Stochastic Instability in Two Degree of Freedom Hamiltonian Systems. J. Stat. Phys. 26, 257–284 (1981).

[13] K. Khanin, Ya. Sinai, The renormalization group method and Kolmogorov-Arnold-Moser theory. In “Nonlinear phenomena in plasma physics and hydrodynamics”, R.Z. Sagdeev (ed), 93–118, Mir Moscow (1986).

[14] R.S. MacKay, Three Topics in Hamiltonian Dynamics. In “Dynamical Systems and Chaos”, Vol.2, Y. Aizawa, S. Saito, K. Shiraiwa (eds), World Scientific, London (1995).

[15] C. Chandre, M. Govin, H.R. Jauslin, KAM–Renormalization Group Analysis of Stability in Hamiltonian Flows. Phys. Rev. Lett. 79, 3881–3884 (1997).

[16] H. Koch, A renormalization group for Hamiltonians, with applications to KAM tori, Erg.

Theor. Dyn. Syst. 19, 1–47 (1999).

[17] J.J. Abad, H. Koch, Renormalization and periodic orbits for Hamiltonian flows. Commun. Math. Phys. 212, 371–394 (2000).

[18] C. Chandre and H.R. Jauslin, Renormalization–group analysis for the transition to chaos in Hamiltonian systems, Physics Reports 365, 1–64, (2002).

[19] J. Lopes Dias, Renormalisation scheme for vector fields on T^2 with a Diophantine frequency, Nonlinearity 15, 665–679, (2002).

[20] H. Koch, A Renormalization Group Fixed Point Associated with the Breakup of Golden Invariant Tori. Discrete Contin. Dynam. Systems 11, 881–909 (2004).

[21] D.G. Gaidashev, Renormalization of isoenergetically degenerate Hamiltonian flows and associated bifurcations of invariant tori, Discrete Contin. Dynam. Systems A 13, 63–102 (2005).

[22] S. Kocić, Renormalization of Hamiltonians for Diophantine frequency vectors and KAM tori, Nonlinearity 18, 2513–2544 (2005).

[23] J. Lopes Dias, Brjuno condition and renormalization for Poincaré flows, Discrete Contin.

Dynam. Systems, 15, 641–656 (2006).

[24] H. Koch, Existence of Critical Invariant Tori, Erg. Theor. Dyn. Syst., to appear. [25] K. Khanin, J. Lopes Dias, J. Marklof, Multidimensional continued fractions, dynamic renormalization and KAM theory, preprint mp arc 05-304, Commun. Math. Phys., to appear.

[26] H. Koch, J. Lopes Dias, Renormalization of Diophantine skew flows, with applications to the reducibility problem, preprint mp arc 05-285 (2005).

[27] J.W.S. Cassels, An introduction to Diophantine approximation, Cambridge University Press (1957).

[28] J.C. Lagarias, Geodesic multidimensional continued fractions, Proc. London Math. Soc. 69, 464–488 (1994).

[29] D.Y. Kleinbock, G.A. Margulis, Flows on homogeneous spaces and Diophantine approximation on manifolds, Ann. of Math. (2) 148, 339–360 (1998).