LOCAL CONSERVATION LAWS AND THE HAMILTONIAN FORMALISM FOR THE TODA HIERARCHY REVISITED

FRITZ GESZTESY AND HELGE HOLDEN

Abstract. We revisit an elementary recursive approach to local conservation laws and the Hamiltonian formalism for the Toda hierarchy.

1. Introduction

In this paper we revisit local conservation laws and the Hamiltonian formalism for the Toda hierarchy. Consider sequences {a(n, t_0), b(n, t_0)}_{n∈Z} ∈ ℓ^∞(Z) satisfying some decay assumptions as n → ±∞ to be specified later, parametrized by the deformation (time) parameter t_0 ∈ R, that are solutions of the Toda equations � a_{t0} − a(b^+ − b) b_{t0} − 2 � a^2 − (a^−)^2 � � = 0. (1.1)

Here c^± denote shifts, that is, c^±(n) = c(n ± 1), n ∈ Z. Then clearly

∂_{t0} � n∈Z ln(a(t_0, n)) = ∂_{t0} � n∈Z b(t_0, n) = 0, (1.2)

provided one has sufficient decay of the sequences a, b. Additional calculations also show that

∂_{t0} � n∈Z � a(t_0, n)^2 + 1 2 b(t_0, n)^2 � = 0. (1.3)

Indeed, one can show the existence of a sequence {ρ_{+,j} }_{j∈N} of polynomials of a, b and certain shifts thereof, with the property that the lattice sum is timeindependent, ∂_{t0} � n∈Z ρ_{+,j} (t_0, n) = 0, j ∈ N. (1.4)

This result is obtained by deriving local conservation laws of the type

∂_{t0} ρ_{+,j} + (S^+ − I)J_{+,0,j} = 0, j ∈ N, (1.5)

for certain polynomials J_{+,0,j} of a, b and certain shifts thereof. The polynomials J_{+,0,j} are constructed via a straightforward and explicit recursion relation.

Date: August 15, 2006.

2000 Mathematics Subject Classification. Primary 37K10, 37K20, 47B36; Secondary 35Q58, 37K60.

Key words and phrases. Toda hierarchy, Hamiltonian formalism, conservation laws. Research supported in part by the Research Council of Norway, the US National Science Foundation under Grant No. DMS-0405526. 1

The above analysis extends to the full Toda hierarchy as follows. The pth equation, p ∈ N_0 = N ∪ {0}, in the Toda hierarchy is given by

Tl_p(a, b) = � a_{tp} − a(f^+_{p+1} − f_{p+1})

b_{tp} + g_{p+1} − g^−_{p+1} � = 0, t_p ∈ R, (1.6)

where f_ℓ, g_ℓ are carefully designed polynomial expressions of a, b and certain shifts thereof. Recursively, they are given by

f_0 = 1, g_0 = −c_1, (1.7) 2f_{ℓ+1} + g_ℓ + g^−_ℓ − 2bf_ℓ = 0, ℓ ∈ N_0, (1.8) g_{ℓ+1} − g^−_{ℓ+1} + 2 � a^2f^+_ℓ − (a^−)^2f^−_ℓ � − b(g_ℓ − g^−_ℓ ) = 0, ℓ ∈ N_0, (1.9)

where c_1 ∈ C is a constant. On each level in the recursion an arbitrary constant c_ℓ ∈ C is introduced. In the homogenous case, where all these constants c_ℓ, ℓ ∈ N, are set equal to zero, a hat is added in the notation, that is, f̂_ℓ, ĝ_ℓ, etc., denote the corresponding homogeneous quantities. The homogeneous coefficients f̂_ℓ, ĝ_ℓ can also be expressed explicitly in terms of appropriate matrix elements of powers of the Lax difference expression L defined in (1.11) below (cf. Lemma 2.2). The conserved densities ρ_{+,j} are independent of the equation in the hierarchy while the currents J_{+,p,j} depend on p; thus one finds (cf. Theorem 4.6)

∂_{tp} ρ_{+,j} + (S^+ − I)J_{+,p,j} = 0, j ∈ N, p ∈ N_0. (1.10)

Our approach is based on a careful analysis of the high-energy expansion of the Green’s function for the operator H in ℓ^2(Z) corresponding to the difference expression L = aS^+ + a^−S^− + b. (1.11) In particular, we do not depend on real-valued sequences a, b, and thus the operator H is permitted to be non-self-adjoint.

In addition, we study the Hamiltonian formalism for the Toda hierachy. Proving the relations (cf. Lemma 5.2)

δf̂_ℓ δa = − ℓ a ĝ_{ℓ−1}, ℓ ∈ N, (1.12)

δf̂_ℓ δb = ℓf̂_{ℓ−1}, ℓ ∈ N, (1.13)

one infers that the pth equation in the Tode hierarchy can be written as (cf. Theorem 5.4)

Tl_p(a, b) = � a_{tp} b_{tp} � − D � (∇I_p)_a (∇I_p)_b � = 0, p ∈ N_{−1} (1.14)

(here N_{−1} = N ∪ {0, −1}), where the functionals I_p are given by

I_{−1} = ^I_{−1}, I_p = p� k=0 c_{p−k} ^I_k, p ∈ N_0, ^I_q = 1 q + 2 � n∈Z �^ f_{q+2}(n) − λ_{q+2} � , q ∈ N_{−1}.

(1.15) Here D is an explicit 2 × 2 matrix-valued difference expression (cf. (5.7)) and λ_{p+2} are counterterms necessary to guarantee convergence of the infinite series involved.

Furthermore, we show that any I_r is conserved by the Hamiltonian flows in (1.14)(cf. Theorem 5.6), that is, dI_r dt_p

= 0, p, r ∈ N_{−1}. (1.16)

Moreover, for general sequences a, b ( i.e., not assuming that they satisfy an equation in the Toda hierarchy), we show in Theorem 5.7 that

{^I_p, ^I_r} = 0, p, r ∈ N_{−1}, (1.17)

for a suitably defined Poisson bracket { · , · } (see (5.19)).

Finally, we also show the existence of a second Hamiltonian structure for the Toda hierarchy (cf. (5.54), (5.55)), and sketch the possible extension of this formalism to the case of almost periodic sequences a, b on Z.

The Toda hierarchy and its interpretation as a Hamiltonian system has of course received enormous attention in the past. Without being able to provide a comprehensive review of the vast literature we mention that Lie algebraic approaches to Hamiltonian and gradient structures in the asymmetric nonperiodic Toda flows, Poisson maps, etc., are studied, for instance, in [4]. Master symmetries for the finite nonperiodic TL are treated in [8], the 2nd Hamiltonian structure for the periodic Toda lattice is discussed in [3], and multiple Hamiltonian structures for various Bogoyavlensky–Toda systems, Poisson manifolds, master symmetries, recursion operators, etc., can be found in [9] and [10]. Moreover, Poisson brackets are studied in [13, Sect. III.4], [17], [27, Sect. II.4],and constants of motion appeared for instance, in [12, Sect. 7.3], [13, Sect. III.2.4], [15], [20], [31, Sect. 13.4], and [32, Sect. 3.7]. Fairly recently, an elementary approach to the infinite sequence of Toda hierarchy conservation laws was presented in [37] (but it seems to lack an explicit and recursive structure). Moreover, a Hamiltonian formalism for the Toda hierarchy, based on recursion operators and hence on an algebraic formalism familiar from the one involving formal pseudodifferential expressions in connection with the Gelfand–Dickey hierarchy, was recently developed in [38].

Still, we emphasize that our recursive and most elementary approach to local conservation laws of the infinite Toda hierarchy does not appear to exist in the literature. Moreover, our treatment of Poisson brackets and variational derivatives, and their connections with the diagonal Green’s function of the underlying Lax operator, now puts the Toda hierarchy on precisely the same level as the KdV hierarchy with respect to this particular aspect of the Hamiltonian formalism.

2. The Toda hierarchy in a nutshell

In this section we briefly review the recursive construction of the Toda hierarchy and associated Lax pairs following [5], [22, Sect. 1.2], and [31, Ch. 12].

Throughout this section we make the following assumption:

Hypothesis 2.1. Suppose

a, b ∈ ℓ^∞(Z), a(n) ≠ 0 for all n ∈ Z. (2.1)

We consider the second-order Jacobi difference expression

L = aS^+ + a^−S^− + b, (2.2)

where S^± denote the shift operators

(S^±f)(n) = f^±(n) = f(n±1), n ∈ Z, f ∈ C^Z. (2.3)

Here C^J denotes the set of complex-valued sequences indexed by J ⊆ Z.

To construct the stationary Toda hierarchy we need a second difference expression of order 2p + 2, p ∈ N_0, defined recursively in the following. We take the quickest route to the construction of P_{2p+2}, and hence to the Toda hierarchy, by starting from the recursion relations (2.4)–(2.6) below.

Define {f_ℓ}_{ℓ∈N0} and {g_ℓ}_{ℓ∈N0} recursively by

f_0 = 1, g_0 = −c_1, (2.4) 2f_{ℓ+1} + g_ℓ + g^−_ℓ − 2bf_ℓ = 0, ℓ ∈ N_0, (2.5) g_{ℓ+1} − g^−_{ℓ+1} + 2 � a^2f^+_ℓ − (a^−)^2f^−_ℓ � − b(g_ℓ − g^−_ℓ ) = 0, ℓ ∈ N_0. (2.6) Explicitly, one finds f_0 = 1, f_1 = b + c_1, f_2 = a^2 + (a^−)^2 + b^2 + c_1b + c_2, etc., (2.7) g_0 = −c_1, g_1 = −2a^2 − c_2, g_2 = −2a^2(b^+ + b) + c_1(−2a^2) − c_3, etc.

Here {c_j }_{j∈N} denote undetermined summation constants which naturally arise when solving (2.4)–(2.6).

Subsequently, it will be convenient to also introduce the corresponding homogeneous coefficients f̂_ℓ and ĝ_ℓ, defined by vanishing of the constants c_k, k ∈ N, f̂_0 = 1, f̂_ℓ = f_ℓ�_{ck =0, k=1,...,ℓ}, ℓ ∈ N, ĝ_ℓ = g_ℓ � �_{ck =0, k=1,...,ℓ+1}, ℓ ∈ N_0. (2.8) Hence,

f_ℓ = ℓ� k=0 c_{ℓ−k}f̂_k, g_ℓ = ℓ� k=1 c_{ℓ−k}ĝ_k − c_{ℓ+1}, ℓ ∈ N_0, (2.9)

introducing c_0 = 1. (2.10) The following explicit characterization of f̂_ℓ, ĝ_ℓ turns out to be useful.

Lemma 2.2. Suppose a, b satisfy Hypothesis 2.1. Then the homogeneous coefficients {f̂_ℓ}_{ℓ∈N0} and {ĝ_ℓ}_{ℓ∈N0} satisfy f̂_ℓ(n) = (δ_n, L^ℓδ_n)_{ℓ2(Z)}, ℓ ∈ N_0, (2.11) ĝ_ℓ(n) = −2a(n)(δ_{n+1}, L^ℓδ_n)_ℓ2_{(Z)}, ℓ ∈ N_0, (2.12) where δ_n = {δ_{n,m}}_{m∈Z}, n ∈ Z, and ( · , · )_ℓ2_{(Z)} denotes the usual scalar product in ℓ^2(Z).

For the proof see [5].

Next we define difference expressions P_{2p+2} of order 2p + 2 by

P_{2p+2} = −L^{p+1} + p� ℓ=0 � g_ℓ + 2af_ℓS^+ � L^{p−ℓ} + f_{p+1}, p ∈ N_0. (2.13)

Introducing the corresponding homogeneous difference expressions ^P_{2p+2} defined by ^P_{2ℓ+2} = P_{2ℓ+2}�_{ck =0, k=1,...,ℓ}, ℓ ∈ N_0, (2.14) one finds P_{2p+2} = p� ℓ=0 c_{p−ℓ} ^P_{2ℓ+2}. (2.15)

Using the recursion relations (2.4)–(2.6), the commutator of P_{2p+2} and L can be explicitly computed and one obtains

[P_{2p+2}, L] = − a � g^+_p + g_p + f^+_{p+1} + f_{p+1} − 2b^+f^+_p � S^+ + 2 � − b(g_p + f_{p+1}) + a^2f^+_p − (a^−)^2f^−_p + b^2f_p � − a^− � g_p + g^−_p + f_{p+1} + f^−_{p+1} − 2bf_p � S^−, p ∈ N_0. (2.16) In particular, (L, P_{2p+2}) represents the celebrated Lax pair of the Toda hierarchy. Remark 2.3. Varying p ∈ N_0, the stationary Toda hierarchy is then defined in terms of the vanishing of the commutator of P_{2p+2} and L in (2.16) by [P_{2p+2}, L] = s-Tl_p(a, b) = 0, p ∈ N_0. (2.17) Equation (2.17) can be shown to be equivalent to

s-Tl_p(a, b) = � f^+_{p+1} − f_{p+1} g_{p+1} − g^−_{p+1} � = 0, p ∈ N_0. (2.18)

Specifically, one obtains

s-Tl_0(a, b) = � b^+ − b 2 � (a^−)^2 − a^2 � � = 0,

s-Tl_1(a, b) = � (a^+)^2 − (a^−)^2 + (b^+)^2 − b^2 2(a^−)^2(b + b^−) − 2a^2(b^+ + b) � (2.19)

+ c_1 � b^+ − b 2 � (a^−)^2 − a^2 � � = 0, etc.,

for the first few equations of the stationary Toda hierarchy.

Next, we introduce polynomials F_p(z, n) and G_{p+1}(z, n) of degree p and p + 1 with respect to the spectral parameter z ∈ C by

F_p(z, n) = p� ℓ=0 f_{p−ℓ}(n)z^ℓ, (2.20)

G_{p+1}(z, n) = −z^{p+1} + p� ℓ=0 g_{p−ℓ}(n)z^ℓ + f_{p+1}(n). (2.21)

Explicitly, one obtains F_0 = 1, F_1 = z + b + c_1, F_2 = z^2 + bz + a^2 + (a^−)^2 + b^2 + c_1(z + b) + c_2, etc., (2.22) G_1 = −z + b, G_2 = −z^2 + (a^−)^2 − a^2 + b^2 + c_1(−z + b), etc.

Next, we study the restriction of the difference expression P_{2p+2} to the twodimensional kernel (i.e., the formal null space in an algebraic sense as opposed to the functional analytic one) of (L − z). More precisely, let

ker(L − z) = {ψ : Z → C ∪ {∞} | (L − z)ψ = 0}. (2.23)

Then (2.13) implies

P_{2p+2} |_{ker(L−z)}= � 2aF_p(z)S^+ + G_{p+1}(z) � ker(L−z). (2.24)

Next we turn to the time-dependent Toda hierarchy. For that purpose the functions a and b are now considered as functions of both the lattice point and time. For each equation in the hierarchy, that is, for each p, we introduce a deformation (time) parameter t_p ∈ R in a, b, replacing a( · ), b( · ) by a( · , t_p), b( · , t_p). The second-order difference expression L (cf. (2.2)) now reads

L(t_p) = a( · , t_p)S^+ + a^−( · , t_p)S^− + b( · , t_p). (2.25)

The quantities {f_ℓ}_{ℓ∈N0} , {g_ℓ}_{ℓ∈N0} , and P_{2p+2}, p ∈ N_0 are still defined by (2.4)–(2.6) and (2.13), respectively. The time-dependent Toda hierarchy is then obtained by imposing the Lax commutator equations

L_{tp} (t_p) − [P_{2p+2}(t_p), L(t_p)] = 0, t_p ∈ R, (2.26)

varying p ∈ N_0. Relation (2.26) implies � a_{tp} + a(g^+_p + g_p + f^+_{p+1} + f_{p+1} − 2b^+f^+_p ) � S^+ − � −b_{tp} + 2 � − b(g_p + f_{p+1}) + a^2f^+_p − (a^−)^2f^−_p + b^2f_p � (2.27) + � a_{tp} + a(g^+_p + g_p + f^+_{p+1} + f_{p+1} − 2b^+f^+_p )

�_− S^− = 0.

In addition one computes

0 = L_{tp} − [P_{2p+2}, L] = � a_{tp} − a(f^+_{p+1} − f_{p+1}) � S^+ − � −b_{tp} − g_{p+1} + g^−_{p+1} � + � a_{tp} − a(f^+_{p+1} − f_{p+1})

�_− S^−. (2.28)

Varying p ∈ N_0, the collection of evolution equations

Tl_p(a, b) = � a_{tp} − a(f^+_{p+1} − f_{p+1})

b_{tp} + g_{p+1} − g^−_{p+1} � = 0, (n, t_p) ∈ Z × R, p ∈ N_0 (2.29)

then defines the time-dependent Toda hierarchy. Explicitly,

Tl_0(a, b) = � a_{t0} − a(b^+ − b) b_{t0} − 2 � a^2 − (a^−)^2 � � = 0,

Tl_1(a, b) = � a_{t1} − a � (a^+)^2 − (a^−)^2 + (b^+)^2 − b^2 � b_{t1} + 2(a^−)^2(b + b^−) − 2a^2(b^+ + b) � (2.30)

+ c_1 � −a(b^+ − b) −2 � a^2 − (a^−)^2 � � = 0, etc.,

represent the first few equations of the time-dependent Toda hierarchy. The system of equations, Tl_0(a, b) = 0, is of course the Toda system.

The corresponding homogeneous Toda equations obtained by taking all summation constants equal to zero, c_ℓ = 0, ℓ = 1, . . . , p, are then denoted by ^Tl_p(a, b) = Tl_p(a, b)�_{cℓ=0, ℓ=1,...,p}. (2.31)

Restricting the Lax relation (2.26) to the kernel ker(L − z) one finds that 0 = � L_{tp} − [P_{2p+2}, L] � ker(L−z) = � L_{tp} + (L − z)P_{2p+2} � ker(L−z) = � a � a_{tp} a − a^−_{tp} a^−

+ 2(z − b^+)F^+_p − 2(z − b)F_p + G^+_{p+1} − G^−_{p+1} � S^+ (2.32) + � b_{tp} + (z − b) a^−_{tp} a^−

+ 2(a^−)^2F^−_p − 2a^2F^+_p + (z − b)(G^−_{p+1} − G_{p+1}) � � �_{ker(L−z)}.

Hence one obtains

a_{tp} a − a^−_{tp} a^−

= −2(z − b^+)F^+_p + 2(z − b)F_p + G^−_{p+1} − G^+_{p+1}, (2.33)

b_{tp} = −(z − b) a^−_{tp} a^−

− 2(a^−)^2F^−_p + 2a^2F^+_p − (z − b) � G^−_{p+1} − G_{p+1} � . (2.34)

Further manipulations then yield, a_{tp} = −a � 2(z − b^+)F^+_p + G^+_{p+1} + G_{p+1} � , (2.35) b_{tp} = 2 � (z − b)^2F_p + (z − b)G_{p+1} + a^2F^+_p − (a^−)^2F^−_p � . (2.36) Indeed, (2.35) follows by adding G_{p+1} −G_{p+1} to (2.33) (neglecting a trivial summation constant), and an insertion of (2.35) into (2.34) implies (2.36). Varying p ∈ N_0, equations (2.35) and (2.36) provide an alternative description of the time-dependent Toda hierarchy.

Remark 2.4. From (2.4)–(2.6) and (2.20), (2.21) one concludes that the coefficient a enters quadratically in F_p and G_{p+1}, and hence the Toda hierarchy (2.29) (respectively (2.18)) is invariant under the substitution a → a_ε = {ε(n)a(n)}_{n∈Z}, ε(n) ∈ {1, −1}, n ∈ Z. (2.37)

3. Green’s functions and high-energy expansions In the following it will be necessary to associate certain operators to the difference expression L in (2.2). Throughout this section we assume that a, b satisfy Hypothesis 2.1.

We start with the Jacobi operator H defined on ℓ^2(Z) by Hf = Lf, f ∈ dom(H) = ℓ^2(Z). (3.1) In addition, we introduce the half-line Dirichlet operators H^D_{+,n0} on ℓ^2([n_0, ∞) ∩ Z) and H^D_{−,n0} on ℓ^2([n_0, −∞) ∩ Z), n_0 ∈ Z, by � H^D_{+,n0} u � (n) = � a(n_0)u(n_0 + 1) + b(n_0)u(n_0), n = n_0, (Lu)(n), n ∈ [n_0 + 1, ∞) ∩ Z, u ∈ dom(H^D_{+,n0} ) = ℓ^2([n_0, ∞) ∩ Z), (3.2) � H^D_{−,n0} v � (n) = � a(n_0)v(n_0 + 1) + b(n_0)v(n_0), n = n_0, (Lv)(n), n ∈ (−∞, n_0 − 1] ∩ Z, v ∈ dom(H^D_{−,n0} ) = ℓ^2((−∞, n_0] ∩ Z). (3.3) (It is customary to join the Dirichlet-type boundary condition u(n_0 − 1) = 0 in the case of H^D_{+,n0} , and v(n_0 + 1) = 0 in the case of H^D_{−,n0} in order to formally be able to avoid the case distinction in (3.2) and (3.3).) The following elementary result about a spectral inclusion of H and H^D_{±,n0} will be useful later. Theorem 3.1. Suppose a, b satisfy Hypothesis 2.1. Then the numerical range of H, and hence in particular, the spectrum of H and H^D_{±,n0} is contained in the closed ball centered at the origin of radius 2‖a‖_∞ + ‖b‖_∞, that is, spec(H), spec � H^D_{±,n0} � ⊆ B(0; 2‖a‖_∞ + ‖b‖_∞), n_0 ∈ Z. (3.4) Proof. We denote by W (T ) the numerical range of a bounded linear operator T ∈ B(H) in the complex, separable Hilbert space H, W (T ) = {(g, T g)_H ∈ C | g ∈ H, ‖g‖_H = 1}. (3.5) It is well-known that W (T ) is convex and that its closure contains the spectrum of T , spec(T ) ⊆ W (T ) (3.6) (see, e.g., [23, Ch. 1]). Elementary arguments then prove

|(f, Hf)_ℓ2_{(Z)}| ≤ (2‖a‖_∞ + ‖b‖_∞)‖f‖^2_ℓ2_{(Z)}, f ∈ ℓ^2(Z), (3.7) � w, H^D_{±,n0} w � ℓ^2([n_0,±∞)∩Z) � ≤ (2‖a‖_∞ + ‖b‖_∞)‖w‖^2_ℓ2_{([n0 ,±∞)∩Z)}, (3.8) w ∈ ℓ^2([n_0, ±∞) ∩ Z), and hence (3.4). □ Since H is a bounded second-order difference operator in ℓ^2(Z) with ‖H‖ ≤ 2‖a‖_∞ + ‖b‖_∞, (3.9) the resolvent (H −zI)^{−1}, z ∈ C\spec(H), of H is thus a Carleman integral operator (cf., e.g., [36, Sect. 6.2]; the corresponding measures involved are of course discrete measures). In particular, introducing

ψ_+(z, n) = ((H − zI)^{−1}δ_0)(n), n ≥ 1, z ∈ C \ spec(H), (3.10) ψ_−(z, n) = ((H − zI)^{−1}δ_0)(n), n ≤ −1, z ∈ C \ spec(H), (3.11) where δ_k(n) = � 1, n = k, 0, n ∈ Z \ {k}, k ∈ Z, (3.12)

and using the Jacobi equation Lψ_±(z) = zψ(z) to uniquely extend ψ_±(z, n) to all n ∈ [0, ∓∞) ∩ Z (this is possible since by Hypothesis 2.1, a(n) ≠ 0 for all n ∈ Z), one obtains,

Lψ_±(z) = zψ_±(z), ψ_±(z, · ) ∈ ℓ^2([n_0, ±∞) ∩ Z), z ∈ C \ spec(H), n_0 ∈ Z. (3.13) We note that the Weyl–Titchmarsh-type solutions ψ_±(z, · ) are unique up to normalization. Moreover, by the second inclusion in (3.4), ψ_±(z, · ) is zero free for |z| > (2‖a‖_∞ + ‖b‖_∞) (3.14) since ψ_±(z, n_0) = 0 for some n_0 ∈ Z yields an eigenvalue of H^D_{±,n0±1}.

The Green’s function G(z, · , · ) of H, that is, the integral kernel of the resolvent (H − zI)^{−1} (with respect to discrete measures), is then given by

G(z, m, n) = 1 W (ψ_−(z), ψ_+(z)) � ψ_−(z, m)ψ_+(z, n), m ≤ n, ψ_−(z, n)ψ_+(z, m), m ≥ n, z ∈ C \ spec(H), m, n ∈ Z,

(3.15)

where W (f, g)(n) denotes the Wronskian W (f, g)(n) = a(n)(f(n)g(n + 1) − f(n + 1)g(n)), n ∈ Z, (3.16) of complex-valued sequences f = {f(n)}_{n∈Z} and g = {g(n)}_{n∈Z} ⊂ C.

The corresponding Green’s functions G^D_{±,n0} (z, · , · ) of H^D_{±,n0} , that is, the integral kernels of the resolvents (H − zI)^{−1} (again with respect to discrete measures), are then given by

G^D_{+,n0} (z, m, n) = −1 a(n_0 − 1)ψ_+(z, n_0 − 1) � ϕ_0(z, m, n_0 − 1)ψ_+(z, n), m ≤ n, ϕ_0(z, n, n_0 − 1)ψ_+(z, m), m ≥ n, z ∈ C \ spec(H^D_{+,n0} ), m, n ∈ Z, (3.17)

G^D_{−,n0} (z, m, n) = −1 a(n_0 + 1)ψ_−(z, n_0 + 1) � ψ_−(z, m)ϕ_0(z, n, n_0 + 1), m ≤ n, ψ_−(z, n)ϕ_0(z, m, n_0 + 1), m ≥ n, z ∈ C \ spec(H^D_{−,n0} ), m, n ∈ Z, (3.18) where ϕ_0(z, · , n_0) is a solution of Lψ = zψ, (3.19) satisfying the initial conditions ϕ_0(z, n_0, n_0) = 0, ϕ_0(z, n_0 + 1, n_0) = 1, z ∈ C. (3.20) Next, assuming that ψ satisfies (3.19), the function ϕ = ϕ(z, n), introduced by ϕ = ψ^+ ψ , (3.21) satisfies the Riccati-type equation aϕ + a^−(ϕ^−)^{−1} + (b − z) = 0. (3.22) Defining

ϕ_±(z, n) = ψ_±(z, n + 1) ψ_±(z, n)

, z ∈ C \ spec(H^D_{±,n±1}), n ∈ Z, (3.23) and using the Green’s function representations (3.17), (3.18), one computes ϕ_+(z, n) = −a(n)G^D_{+,n+1}(z, n + 1, n + 1) = −a(n) � δ_{n+1}, (H^D_{+,n+1} − zI)^{−1})δ_{n+1} � ℓ^2([n+1,∞)∩Z), (3.24)

z ∈ C \ spec(H^D_{+,n+1}), n ∈ Z, and ϕ_−(z, n) = a(n)^{−1} � z − b(n) + a(n − 1)^2G^D_{−,n+1}(z, n − 1, n − 1) � = a(n)^{−1} � z − b(n) (3.25)

+ a(n − 1)^2 � δ_{n−1}, (H^D_{+,n−1} − zI)^{−1}δ_{n−1} � ℓ^2((−∞,n−1]∩Z) � , z ∈ C \ spec(H^D_{−,n−1}), n ∈ Z.

We provide the following description of the asymptotic behavior of ϕ_± as z → ∞. Lemma 3.2. Suppose a, b satisfy Hypothesis 2.1. Then ϕ_± has the following convergent expansion with respect to 1/z around 1/z = 0,

ϕ_±(z) = � a �_∞ j=1 ϕ_{+,j} z^{−j} , 1 a �_∞

j=−1 ϕ−,j z

−j ,

(3.26)

where ϕ_{+,1} = 1, ϕ_{+,2} = b^+,

ϕ_{+,j+1} = b^+ϕ_{+,j} + (a^+)^2 j−1� ℓ=1 ϕ^+_{,j−ℓ}ϕ_{+,ℓ}, j ≥ 2, (3.27)

ϕ_{−,−1} = 1, ϕ_{−,0} = −b, ϕ_{−,1} = −(a^−)^2,

ϕ_{−,j+1} = −bϕ^−_{,j} − j� ℓ=0 ϕ_{−,j−ℓ}ϕ^−_{,ℓ}, j ≥ 1. (3.28)

Proof. Since H^D_{±,n±1} are bounded operators, (3.24) and (3.25) prove the existence of an analytic expansion of ϕ_±(z) with respect to 1/z around 1/z = 0 for |z| sufficiently large. Moreover, (3.24) and (3.25) yield the leading asymptotic behavior, ϕ_+(z) =_{z→∞} − az^{−1} + O(z^{−2}) (3.29) and ϕ_−(z) =_{z→∞} z a + O(1). (3.30)

Thus, by making the ansatz (3.26) for ϕ_± and inserting it into (3.22) one finds (3.27) and (3.28). □

For the record we note the following explicit expressions, ϕ_{+,1} = 1, ϕ_{+,2} = b^+, ϕ_{+,3} = (a^+)^2 + (b^+)^2, ϕ_{+,4} = (a^+)^2(2b^+ + b^{++}) + (b^+)^3, etc., ϕ_{−,−1} = 1, (3.31) ϕ_{−,0} = −b, ϕ_{−,1} = −(a^−)^2, ϕ_{−,2} = −(a^−)^2b^−, ϕ_{−,3} = −(a^−)^2((a^{−−})^2 + (b^−)^2), etc.

Later on we will also need the convergent expansion of ln(ϕ_+) with respect to 1/z for 1/|z| suficiently small and hence we note that

ln(ϕ_+(z)) = ln � a ∞� j=1 ϕ_{+,j} z^{−j} �

= ln � a z � + ln � 1 + ∞� j=1 ϕ_{+,j+1}z^{−j} �

= ln � a z � + ∞� j=1 ρ_{+,j} z^{−j} , (3.32)

where

ρ_{+,1} = ϕ_{+,2}, ρ_{+,j} = ϕ_{+,j+1} − j−1� ℓ=1 ℓ j ϕ_{+,j+1−ℓ}ρ_{+,ℓ}, j ≥ 2. (3.33)

The first few explicitly read ρ_{+,1} = b^+,

ρ_{+,2} = (a^+)^2 + 1 2 (b^+)^2, (3.34)

ρ_{+,3} = 1 3 (b^+)^3 + (a^+)^2(b^+ + b^{++}), etc..

Similarly, one finds for 1/|z| sufficiently small,

ln(ϕ_−(z)) = ln � a^{−1} ∞� j=−1

ϕ_{−,j} z^{−j} �

= ln � z a � + ln � 1 + ∞� j=1 ϕ_{−,j−1}z^{−j} �

= ln � z a � + ∞� j=1 ρ_{−,j} z^{−j} , (3.35)

where

ρ_{−,1} = ϕ_{−,0}, ρ_{−,j} = ϕ_{−,j−1} − j−1� ℓ=1 ℓ j ϕ_{−,j−1−ℓ}ρ_{−,ℓ}, j ≥ 2. (3.36)

The first few explicitly read ρ_{−,1} = −b,

ρ_{−,2} = −(a^−)^2 − 1 2 b^2, (3.37)

ρ_{−,3} = − 1 3 b^3 − (a^−)^2(b^− + b), etc.

Equations (3.33) and (3.36) may be written as

ρ_{±,1} = ϕ_{±,1±1}, ρ_{±,j} = ϕ_{±,j±1} − j−1� ℓ=1 ℓ j ϕ_{±,j±1−ℓ}ρ_{±,ℓ}, j ≥ 2. (3.38)

The next result shows that f̂_j and ±jρ_{±,j} are equal up to terms that are total differences, that is, are of the form (S^+ − I)d_{±,j} for some sequence d_{±,j} . The exact form of d_{±,j} will not be needed later.

Lemma 3.3. Suppose a, b satisfy Hypothesis 2.1. Then, f̂_j = ±jρ_{±,j} + (S^+ − I)d_{±,j} , j ∈ N, (3.39)

for some polynomials d_{±,j} , j ∈ N, in a and b and certain shifts thereof.

Proof. To shorten the notation we introduce the abbreviations

g(z, n) = G(z, n, n), h(z, n) = G(z, n, n + 1), (z, n) ∈ C × Z. (3.40) Thus,

ϕ_+ = h g . (3.41)

To increase readability we suppress the display of variables in the subsequent computations. First, one observes that

agg^+ − h(ah − 1) = a ψ_+ψ_−ψ^+ ψ^+_− W^2 − ψ^+ ψ_− W � a ψ^+ ψ_− W − 1 �

= ψ^+ ψ_− W^2 � aψ_+ψ^+_− − aψ^+ ψ_− + W � = 0 (3.42)

and thus,

ϕ^2_+ = h^2 g^2 = ah^2 agg^+ g^+ g = ah ah − 1 g^+ g . (3.43)

This yields d dz ln(ϕ_+) = 1 2 d dz ln � ah ah − 1 � + 1 2 d dz ln � g^+ g � . (3.44)

Next we study the first term on the right-hand side of (3.44), namely, d dz ln � ah ah − 1 � = h_z h − ah_z ah − 1

. (3.45)

We claim that h_z h − ah_z ah − 1

= (1 − 2ah) � g_z g + g^+_z g^+ � + 4ah_z. (3.46)

To this end we first take the logarithmic derivative of (3.42), that is, of agg^+ = h(ah − 1), to obtain g_z g + g^+_z g^+ = h_z h + ah_z ah − 1

. (3.47)

Thus, h_z h − ah_z ah − 1 − � (1 − 2ah) � g_z g + g^+_z g^+ � + 4ah_z �

= h_z h − ah_z ah − 1

− (1 − 2ah) � h_z h + ah_z ah − 1 � − 4ah_z = − 2ah_z ah − 1 � 1 + (ah − 1) − ah � = 0. (3.48)

Combining (3.44), (3.45), and (3.46) one finds d dz ln(ϕ_+) = 1 2 � (1 − 2ah) � g_z g + g^+_z g^+ � + 4ah_z � + 1 2 d dz ln � g^+ g �

= 1 2 (1 − 2ah) � g_z g + g^+_z g^+ � + 2ah_z + 1 2 d dz ln � g^+ g � . (3.49)

Considering the first term on the right-hand side of (3.49) and subtracting g then yields 1 2 (1 − 2ah) � g_z g + g^+_z g^+ � + 2ah_z − g = 1 2 (1 − 2ah) � d dz ln(ah + a^−h^− − 1) + d dz ln(a^+h^+ + ah − 1) − d dz ln � (z − b^+)(z − b) � � + 2ah_z − ah + a^−h^− − 1

z − b = 1 2 (1 − 2ah) � ah_z + a^−h^−_z ah + a^−h^− − 1 + a^+h^+_z + ah_z a^+h^+ + ah − 1 − � 1 z − b^+ + 1 z − b �

+ 2ah_z − ah + a^−h^−

z − b + 1 z − b = 1 2 � 1 z − b − 1 z − b^+ � + ah z − b^+ − a^−h^− z − b

+ 2ah_z + 1 2 (1 − 2ah) � ah_z + a^−h^−_z ah + a^−h^− − 1 + a^+h^+_z + ah_z a^+h^+ + ah − 1 � , (3.50)

using (z − b)g − ah − a^−h^− + 1 = 0. (3.51) The latter follows from the definition (3.40) of g and h (cf. (3.15)) and from Lψ_− = zψ_−. By purely algebraic manipulations one obtains that

2ah_z + 1 2 (1 − 2ah) � ah_z + a^−h^−_z ah + a^−h^− − 1 + a^+h^+_z + ah_z a^+h^+ + ah − 1 �

= � a^−h^−ah_z − a^−h^−_z ah ah + a^−h^− − 1 − aha^+h^+_z − ah_za^+h^+ a^+h^+ + ah − 1 �

+ 1 2 � a^+h^+_z − ah_z a^+h^+ + ah − 1 − ah_z − a^−h^−_z ah + a^−h^− − 1 � . (3.52)

Summarizing the computations thus far, one finds d dz ln(ϕ_+) = g + 1 2 d dz ln � g^+ g � + 1 2 � 1 z − b − 1 z − b^+ � + ah z − b^+ − a^−h^− z − b + � a^−h^−ah_z − a^−h^−_z ah ah + a^−h^− − 1 − aha^+h^+_z − ah_za^+h^+ a^+h^+ + ah − 1 �

+ 1 2 � a^+h^+_z − ah_z a^+h^+ + ah − 1 − ah_z − a^−h^−_z ah + a^−h^− − 1 �

= g + (S^+ − I)Φ (3.53) for some function Φ = Φ(z, n). Using

g(z, n) = G(z, n, n) = − ∞� j=0 f̂_j (n)z^{−j−1}, (z, n) ∈ C × Z (3.54)

for 1/|z| sufficiently small (see, e.g., [22, Appendix C]) and (3.32), one concludes

−z^{−1} − ∞� j=1 jρ_{+,j} z^{−j−1} = − ∞� j=0 f̂_j z^{−j−1} + (S^+ − I)^∞ � j=0 d_{+,j} z^{−j−1} (3.55)

for some sequences {d_{+,j} (n)}_{n∈Z}, j ∈ N_0.

Noting that

ϕ_− = g^+ h , (3.56)

one finds the analogous result regarding ρ_{−,j} and d_{−,j} , j ∈ N. □

Remark 3.4. Closely related to (3.53) is the identity d dz ln � 1 − 1 ah � = −2g + (S^+ − I) � − 2Φ + d dz ln(g) � , (3.57)

which follows from (3.44) and (3.53), see also equation (3.19) in [2]. Equation (3.57) is the analog of a well-known identity for the diagonal Green’s function of Schrödinger operators, see, for instance, [7, p. 369], [19], [21, p. 99 and 122], and [24].

For later use we add the notion of degree of the quantities introduced.

Remark 3.5. Introduce deg(a^{(r)}) = deg(b^{(r)}) = 1, r ∈ Z. (3.58) This results in deg(f̂_ℓ) = ℓ, deg(ĝ_ℓ) = ℓ + 1, ℓ ∈ N, (3.59) using induction in the linear recursion relations (2.4)–(2.6). Similarly, the recursion relations (3.27) and (3.28) yield inductively that deg(ϕ_{±,j±1}) = j, j ∈ N_0. (3.60)

4. Local conservation laws Throughout this section (and with the only major exception of Theorem 4.4) we make the following assumption:

Hypothesis 4.1. Suppose that a, b: Z × R → C satisfy sup (n,t_p)∈N×R � |a(n, t_p)| + |b(n, t_p)| � < ∞,

a(n, · ), b(n, · ) ∈ C^1(R), n ∈ Z, a(n, t_p) ≠ 0 for all (n, t_p) ∈ Z × R.

(4.1)

To simplify notations we denote the bounded difference operator defined on ℓ^2(Z), generated by the finite difference expression P_{2p+2} in (2.13), by the same symbol P_{2p+2}.

We start with the following existence result.

Theorem 4.2. Let (z, t_p) ∈ (C \ spec(H)) × R and suppose a, b satisfy Hypothesis 4.1 and Tl_p(a, b) = 0 for some p ∈ N_0. Then there exist Weyl–Titchmarsh-type solutions ψ_± = ψ_±(z, n, t_p) such that

ψ_±(z, · , t_p) ∈ ℓ^2([n_0, ±∞) ∩ Z), n_0 ∈ Z, ψ_±(z, n, · ) ∈ C^1(R), (4.2) and ψ_± simultaneously satisfy the following two equations

L(t_p)ψ_±(z, · , t_p) = zψ_±(z, · , t_p), (4.3) ψ_{±,tp} (z, · , t_p) = P_{2p+2}(t_p)ψ_±(z, · , t_p), (4.4) = 2a(t_p)F_p(z, · , t_p)ψ^+_±(z, · , t_p) + G_{p+1}(z, · , t_p)ψ_±(z, · , t_p). (4.5) Moreover, the Wronskian

W (ψ_−(z, n, t_p), ψ_+(z, n, t_p)) is independent of (n, t_p) ∈ Z × R. (4.6) Proof. Applying (H(t) − zI)^{−1} to δ_0 (cf. (3.10) and (3.11)) yields the existence of Weyl–Titchmarsh-type solutions Ψ_± of Lψ = zψ satisfying (4.2). Next, using the Lax commutator equation (2.26) one computes

zΨ_{±,tp} = (LΨ_±)_{tp} = L_{tp} Ψ_± + LΨ_{±,tp} = [P_{2p+2}, L]Ψ_± + LΨ_{±,tp} = zP_{2p+2}Ψ_± − LP_{2p+2}Ψ_± + LΨ_{±,tp}

(4.7)

and hence (L − zI)(Ψ_{±,tp} − P_{2p+2}Ψ_±) = 0. (4.8) Thus, Ψ_± satisfy Ψ_{±,tp} − P_{2p+2}Ψ_± = C_±Ψ_± + D_±Ψ_∓. (4.9) Introducing Ψ_± = c_±ψ_±, and choosing c_± such that c_{±,tp} = C_±c_±, one obtains ψ_{±,tp} − P_{2p+2}ψ_± = D_±ψ_∓. (4.10) Since ψ_± ∈ ℓ^2([n_0, ±∞) ∩ Z), n_0 ∈ Z, and a, b satisfy Hypothesis 4.1, (2.24) shows that P_{2p+2}ψ_± = (2aF_pS^+ψ_± + G_{p+1}ψ_±) ∈ ℓ^2([n_0, ±∞) ∩ Z). (Incidentally, this argument yields of course (4.5).) Moreover, since ψ_±(z, n, t_p) = d_±(t_p)(H(t_p) − zI)^{−1}δ_0)(n) for n ∈ [±1, ∞) ∩ Z and some d_± ∈ C^1(R), the calculation ψ_{±,tp} = d_{±,tp} (H − zI)^{−1}δ_0 − d_±(H − zI)^{−1}H_{tp} (H − zI)^{−1}δ_0 (4.11) also yields ψ_{±,tp} ∈ ℓ^2([n_0, ±∞) ∩ Z). But then D_± = 0 in (4.10) since ψ_∓ /∈ ℓ^2([n_0, ±∞) ∩ Z). This proves (4.4).

Since ψ_±(z, · ) satisfy Lψ(z, · ) = zψ(z, · ), the Wronskian (4.6) is n-independent. To show also its t_p-independence, a computation reveals d dt_p

W (ψ_−, ψ_+) = � a_{tp} a + 2(z − b^+)F^+_p + G^+_{p+1} + G_{p+1} � W (ψ_−, ψ_+) = 0 (4.12)

using (3.16), (4.5), and (2.35). □ For the remainder of this section, ψ_± will always refer to the Weyl–Titchmarsh solutions introduced in Theorem 4.2.

The next result recalls the existence of a propagator W_p associated with P_{2p+2}. Theorem 4.3. Assume Hypothesis 4.1 and suppose a, b satisfy Tl_p(a, b) = 0 for some p ∈ N_0. Then there is a propagator W_p(s, t) ∈ B(ℓ^2(Z)), (s, t) ∈ R^2, satisfying (i) W_p(t, t) = I, t ∈ R, (4.13) (ii) W_p(r, s)W_p(s, t) = W_p(r, t), (r, s, t) ∈ R^3, (4.14)

(iii) W_p(s, t) is jointly strongly continuous in (s, t) ∈ R^2, (4.15) such that for fixed t_0 ∈ R, f_0 ∈ ℓ^2(Z), f(t) = W_p(t, t_0)f_0, t ∈ R, (4.16) satisfies d dt f(t) = P_{2p+2}(t)f(t), f(t_0) = f_0. (4.17) Moreover, H(t) is similar to H(s) for all (s, t) ∈ R^2, H(s) = W_p(s, t)H(t)W_p(s, t)^{−1}, (s, t) ∈ R^2. (4.18) This extends to appropriate functions of H(t) and so, in particular, to its resolvent (H(t) − zI)^{−1}, z ∈ C \ σ(H(t)), and hence also yields σ(H(s)) = σ(H(t)), (s, t) ∈ R^2. (4.19) Proof. (4.13)–(4.17) are standard results which follow, for instance, from Theorem X.69 of [28] (under even weaker hypotheses on a, b). In particular, the propagator W_p admits the norm convergent Dyson series

W_p(s, t) = I + � k∈N �_t s dt_1

�_{t1} s dt_2 · · ·

�_{tk−1} s dt_k P_{2p+2}(t_1)P_{2p+2}(t_2) · · · P_{2p+2}(t_k),

(s, t) ∈ R^2. (4.20) Fixing s ∈ R and introducing the operator-valued function K(t) = W_p(s, t)H(t)W_p(s, t)^{−1}, t ∈ R, (4.21) one computes K^′(t)f = W_p(s, t)(H^′(t) − [P_{2p+2}(t), H(t)])W_p(s, t)^{−1}f = 0, t ∈ R, f ∈ ℓ^2(Z), (4.22) using the Lax commutator equation (2.26). Thus, K is independent of t ∈ R and K(s) = H(s) then proves (4.18). □ In the special case where H(t), t ∈ R, is self-adjoint, the operator P_{2p+2}(t) is skew-adjoint, P_{2p+2}(t)^∗ = −P_{2p+2}(t), t ∈ R, and hence W_p(s, t) is unitary for all (s, t) ∈ R^2.

Next we briefly recall the Toda initial value problem in a setting convenient for our purpose.

Theorem 4.4. Let t_{0,p} ∈ R and suppose a^{(0)}, b^{(0)} ∈ ℓ^∞(Z). Then the pth Toda lattice initial value problem Tl_p(a, b) = 0, (a, b) � �_{tp=t0,p} = �a^{(0)}, b^{(0)}� (4.23) for some p ∈ N_0 has a unique, local, and smooth solution in time, that is, there exists a T_0 > 0 such that a( · ), b( · ) ∈ C^∞((t_{0,p} − T_0, t_{0,p} + T_0), ℓ^∞(Z)). (4.24) Proof. This follows from standard results in [1, Sect. 4.1] and has been exploited in the self-adjoint case in [31, Sect. 12.2]. More precisely, local existence and uniqueness as well as smoothness of the solution of the initial value problem (4.23) (cf. also (2.29)) follows from [1, Theorem 4.1.5] since f_{p+1} and g_{p+1} depend only polynomially on a, b and certain of their shifts, and the fact that the Toda flows are autonomous. □

Remark 4.5. (i) Theorem 4.1.5 in [1] also shows that Theorem 4.4 extends to the case where a^{(0)}, b^{(0)} ∈ ℓ^∞(Z) is replaced, for instance, by � a^{(0)}(n)^2 −^1_4 � n∈Z, � b^{(0)}(n) � n∈Z ∈ ℓ^1(Z). (4.25)

To apply the Banach space setting of [1, Theorem 4.1.5] in this situation, one introduces a new sequence � c^{(0)}(n) � n∈Z = � a^{(0)}(n)^2 −^1_4 � n∈Z,

(4.26)

and then demands � b^{(0)}(n) � n∈Z, � c^{(0)}(n) � n∈Z ∈ ℓ^1(Z), (4.27)

upon substituting � a^{(0)}(n)^2 � n∈Z by � c^{(0)}(n) +^1_4 � n∈Z in the equations of the Toda hierarchy. The latter is possible by Remark 2.4 since only a^2 but not a itself enters the Toda hierarchy of evolution equations. This observation will be used in the proof of Theorem 5.7.

(ii) In the special case where H(t), t ∈ R, is self-adjoint, one obtains sup (n,t_p)∈N×(t_{0,p}−T_0 ,t_{0,p}+T_0) � |a(n, t_p)| + |b(n, t_p)| �

≤ 2‖H(t_p)‖ = 2‖H(t_{0,p})‖, (4.28)using (the local version of ) the isospectral property (4.19) of Toda flows. A further application of [1, Proposition 4.1.22] then yields a unique, global, and smooth solution of the pth Toda lattice initial value problem (4.23). Moreover, the same argument shows that if a, b satisfy Hypothesis 4.1 and the pth Toda equation Tl_p(a, b) = 0, then a, b are actually smooth with respect to t_p ∈ R, that is, a(n, · ), b(n, · ) ∈ C^∞(R), n ∈ Z. (4.29)

Theorem 4.6. Assume Hypothesis 4.1 and suppose a, b satisfy Tl_p(a, b) = 0 for some p ∈ N_0. Then the following infinite sequence of local conservation laws holds,

∂_{tp} ln(a) − (S^+ − I)f_{p+1} = 0, (4.30)

∂_{tp} ρ_{±,j} + (S^+ − I)J_{±,p,j} = 0, j ∈ N, (4.31)

where

J_{±,p,j} = −2 � a^2 p� ℓ=0 f_ℓϕ_{±,p+j−ℓ} � , (4.32)

and ϕ_{±,j} , j ∈ N, are given by (3.27) and (3.28), and ρ_{±,j} , j ∈ N, are given by (3.33) and (3.36).

Proof. Using (4.5) and (3.21) one computes

∂_{tp} ln � ψ^+ ψ_+ � = ψ^+_{,tp} ψ^+ − ψ_{+,tp} ψ_+

= 2a^+F^+_p ϕ^+ − 2aF_pϕ_+ + G^+_{p+1} − G_{p+1}

= (S^+ − I) � 2aF_pϕ_+ + G_{p+1} � . (4.33)

Utilizing the expansion (3.26) of ϕ_+ as z → ∞ one finds

2aF_pϕ_+ + G_{p+1} = 2a^2

� p� ℓ=0 f_{p−ℓ}z^ℓ

�_∞� j=1 ϕ_{+,j} z^{−j} � − z^{p+1} + p� ℓ=0 g_{p−ℓ}z^ℓ + f_{p+1}

= � 2a^2 p� ℓ=1 f_{p−ℓ}ϕ_{+,ℓ} + g_p + f_{p+1} � + p� k=1 � 2a^2 p� ℓ=1 f_{p−ℓ}ϕ_{+,ℓ} + g_{p−k} � z^k

− z^{p+1} + 2a^2 ∞� j=1 � p� ℓ=0 f_ℓϕ_{+,p+j−ℓ} � z^{−j} . (4.34)

On the other hand, using (3.21) and the expansions (3.26) and (3.32), one concludes

∂_{tp} ln � ψ^+ ψ_+ � = ∂_{tp} ln(ϕ_+) = a_{tp} a + ∞� j=1 (∂_{tp} ρ_{+,j} )z^{−j} . (4.35)

Combining these equations one infers

a_{tp} a + ∞� j=1 (∂_{tp} ρ_{+,j} )z^{−j} = (S^+ − I) � 2a^2 p� ℓ=1 f_{p−ℓ}ϕ_{+,ℓ} + g_p + f_{p+1}

+ p� k=1 � 2a^2 p� ℓ=k+1

f_{p−ℓ}ϕ_{+,ℓ−k} + g_{p−k} � z^k

− z^{p+1} + 2a^2 ∞� j=1 p� ℓ=0 f_ℓϕ_{+,p+j−ℓ}z^{−j} �

= (S^+ − I) � 2a^2 p� ℓ=1 f_{p−ℓ}ϕ_{+,ℓ} + g_p + f_{p+1} �

+ (S^+ − I) � 2a^2 ∞� j=1 p� ℓ=0 f_ℓϕ_{+,p+j−ℓ}z^{−j} � (4.36)

= (S^+ − I)f_{p+1} + (S^+ − I) � 2a^2 ∞� j=1 p� ℓ=0 f_ℓϕ_{+,p+j−ℓ}z^{−j} �

and hence (4.31), (4.32) in the case of ρ_{+,j} . Here we used the first of the equations in Tl_p(a, b) = 0 as well as the fact that the left-hand side of (4.36) contains no positive powers of z.

Similarly, one can start with ϕ_− and finds

∂_{tp} ln � ψ^+_− ψ_− � = (S^+ − I) � 2aF_pϕ_− + G_{p+1} �

= (S^+ − I) � 2ϕ_{−,0}f_p + 2 p−1� ℓ=0 f_ℓϕ_{−,p−ℓ} + g_p + f_{p+1} �

+ (S^+ − I) p−1� j=1 � 2 p−1−j�

ℓ=0 f_ℓϕ_{−,p−j−ℓ} + 2ϕ_{−,−1}f_{p−j+1}

+ 2ϕ_{−,0}f_{p−j} + g_{p−j} � z^j

+ (S^+ − I) � (2ϕ_{−,−1}f_{p−1} + 2ϕ_{−,0}f_0 + g_0)z^p + (2ϕ_{−,−1}f_0 − 1)z^{p+1} �

+ (S^+ − I) ∞� j=1 � 2 p� ℓ=0 f_ℓϕ_{−,p+j−ℓ} � z^{−j} . (4.37)

Thus, − a_{tp} a + ∞� j=1 (∂_{tp} ρ_{−,j} )z^{−j} = ∂_{tp} ln(ϕ_+) = ∂_{tp} ln � ψ^+ ψ_+ �

= (S^+ − I) � 2ϕ_{−,0}f_p + 2 p−1� ℓ=0 f_ℓϕ_{−,p−ℓ} + g_p + f_{p+1} �

+ (S^+ − I) ∞� j=1 � 2 p� ℓ=0 f_ℓϕ_{−,p+j−ℓ} � z^{−j} , (4.38)

implying

∂_{tp} ρ_{−,j} = (S^+ − I) � 2 p� ℓ=0 f_ℓϕ_{−,p+j−ℓ} � , j ∈ N (4.39)

and hence (4.31), (4.32) in the case of ρ_{−,j} . □

Remark 4.7. We emphasize that the sequence (4.39) yields no new conservation laws, and so the latter is equivalent to that in (4.36).

The first local conservation law, (4.30), is of course nothing but the first equation in Tl_p(a, b) = 0, namely a_{tp} = a(f^+_{p+1} −f_{p+1}). The second equation in Tl_p(a, b) = 0 is (4.31) for j = 1, namely^1 b^+_{tp} = −(S^+ − I)g_{p+1}. The first few local conservation laws explicitly read as follows: (i) p = 0:

∂_{t0} ρ_{+,j} = 2(S^+ − I)ϕ_{+,j} , (4.40) in particular, j = 1 : ∂_{t0} b^+ = 2(S^+ − I)a^2,

j = 2 : ∂_{t0} � (a^+)^2 + 1 2 (b^+)^2 � = 2(S^+ − I)a^2b^+.

(ii) p = 1:

∂_{t1} ρ_{+,j} = 2(S^+ − I)(ϕ_{+,j+1} + (b + c_1)ϕ_{+,j} ), (4.41) in particular, j = 1 : ∂_{t1} b^+ = 2(S^+ − I) � a^2 � b^+ + b � + c_1 � , j = 2 : ∂_{t1} � (a^+)^2 + 1 2 (b^+)^2 � = 2(S^+ − I) � a^2 � (a^+)^2 + b^+(b + b^+) � + c_1b^+ � . �_p

ℓ=0 f_ℓϕ_{−,p+1−ℓ} � UsingLemma3.3, oneobservesthatonecanreplaceρ_{±,j} in (4.31) by f̂_j by suitably adjusting the right-hand side.

1Using the second equation in Tlp(a, b) = 0 one infers that 2a2 ∑p ℓ=0 f̂_ℓϕ_{+,p+1−ℓ} = −ĝ_{p+1} up to a constant, that is, an element in the kernel of S^+ − I. Using the notion of a degree (cf. Remark 3.5), one concludes that the constant equals zero.

An obvious consequence of the local conservation laws is that, assuming sufficient decay of the sequences a^2 −^1_4 and b, one obtains d dt_p � n∈Z ρ_{±,j} (n, t_p) = d dt_p � n∈Z f̂_j (n, t_p) = 0. (4.42)

5. Hamiltonian formalism, variational derivatives We start this section by a short review of variational derivatives for discrete systems. Consider the functional

F : ℓ^∞(Z)^κ → C,

F(u) = � n∈Z F � n, u(n), u^{(+1)}(n), u^{(−1)}(n), . . . , u^{(k)}(n), u^{(−k)}(n)

� (5.1)

for some κ ∈ N and k ∈ N_0, where F : Z × C^{2rκ} → C is C^1 with respect to the 2rκ complex-valued entries and where

u^{(s)} = S^{(s)}u, S^{(s)} = � (S^+)^su if s ≥ 0, (S^−)^{−s}u if s < 0, u ∈ ℓ^∞(Z)^κ. (5.2)

For brevity we write

F (n, u) = F � n, u(n), u^{(+1)}(n), u^{(−1)}(n), . . . , u^{(k)}(n), u^{(−k)}(n) � , (5.3) and it is assumed that {F (n, u)}_{n∈Z} ∈ ℓ^1(Z).

For any v ∈ ℓ^1(Z)^κ one computes for the differential dF

(dF)_u(v) = d dϵ F(u + ϵv) � �_{ϵ=0} = � n∈Z � ∂F (n, u) ∂u v(n) +

∂F (n, u) ∂u^{(+1)} v^{(+1)}(n) +

∂F (n, u) ∂u^{(−1)} v^{(−1)}(n)

+ · · · +

∂F (n, u) ∂u^{(k)} v^{(k)}(n) +

∂F (n, u) ∂u^{(−k)} v^{(−k)}(n) �

= � n∈Z � ∂F (n, u) ∂u + S^{(−1)}

∂F (n, u) ∂u^{(+1)}

+ S^{(+1)}

∂F (n, u) ∂u^{(−1)}

+ · · · + S^{(−k)}

∂F (n, u)

∂u^{(k)}

+ S^{(k)}

∂F (n, u) ∂u^{(−k)} � v(n), (5.4)

assuming

{F (n, u)}_{n∈Z}, � ∂F (n, u) ∂u^{(±j)} � n∈Z ∈ ℓ^1(Z), j = 1, . . . , k. (5.5)

Because of the result (5.4), we thus introduce the gradient and the variational derivative of F by

(∇F)_u = δF δu (5.6) = ∂F ∂u + S^{(−1)} ∂F ∂u^{(+1)}

+ S^{(+1)} ∂F ∂u^{(−1)}

+ · · · + S^{(−k)} ∂F ∂u^{(k)}

+ S^{(k)} ∂F ∂u^{(−k)} , assuming (5.5).

To establish the connection with the Toda hierarchy we make the following assumption for the remainder of this section.

Hypothesis 5.1. Suppose a, a^{−1}, b ∈ ℓ^∞(Z). (5.7) We introduce the difference expressions D = � 0 D_1 D_2 0 � , D_1 = aS^+ − a, D_2 = a − a^−S^−,

D^{−1} = � 0 D^{−1}_2 D^{−1}_1 0 � , (D^{−1})^† = � 0 (D^{−1}_1 )^† (D^{−1}_2 )^† 0 � , (5.8)

where

(D^{−1}_1 u)(n) = n−1�

m=−∞

u(m) a(m)

, (D^{−1}_2 u)(n) = 1 a(n) n� m=−∞

u(m), (5.9)

((D^{−1}_1 )^†u)(n) = 1 a(n) ∞� m=n+1

u(m), ((D^{−1}_2 )^†u)(n) = ∞� m=n u(m) a(m)

, u ∈ ℓ^1(Z).

Viewing D, D^{−1} and D_1, D^{−1}_1 , D_2, D^{−1}_2 as operators on ℓ^1(Z)^2 and ℓ^1(Z), respectively, one concludes that DD^{−1} = I_ℓ1_{(Z)}2 , D_1D^{−1}_1 = I_ℓ1_{(Z)}, D_2D^{−1}_2 = I_ℓ1_{(Z)}. (5.10) Next, let F be a functional of the type F : ℓ^∞(Z)^2 → C, F(a, b) = � n∈Z F (n, a, b, a^{(+1)}, b^{(+1)}, a^{(−1)}, b^{(−1)}, . . . , a^{(+k)}, b^{(+k)}, a^{(−k)}, b^{(−k)}) = � n∈Z F (n, a, b), (5.11)

assuming

{F (n, a, b)}_{n∈Z}, � ∂F (n, a, b) ∂a^{(±j)} � n∈Z , � ∂F (n, a, b) ∂b^{(±j)} � n∈Z ∈ ℓ^1(Z), j = 1, . . . , k.

(5.12) The gradient ∇F and symplectic gradient ∇_sF of F are then defined by

(∇F)_{a,b} = � (∇F)_a (∇F)_b � = �_{δF} δa δF δb � (5.13) and (∇_sF)_{a,b} = D(∇F)_{a,b} = D � (∇F)_a (∇F)_b � , (5.14)

respectively. In addition, we introduce the bilinear form Ω: ℓ^1(Z)^2 × ℓ^1(Z)^2 → C,

Ω(u, v) = 1 2 � n∈Z � (D^{−1}u)(n) · v(n) + u(n) · ((D^{−1})^†v)(n) � . (5.15)

One then concludes that

Ω(Du, v) = � n∈Z u(n) · v(n) = � n∈Z � u_1(n)v_1(n) + u_2(n)v_2(n) �

= ⟨u, v⟩_ℓ2_{(Z)}2 , u, v ∈ ℓ^1(Z)^2,

(5.16) where ⟨ · , · ⟩_ℓ2_{(Z)}2 denotes the “real” inner product in ℓ^2(Z)^2, that is, ⟨ · , · ⟩_ℓ2_{(Z)}2 : ℓ^2(Z)^2 × ℓ^2(Z)^2 → C, ⟨u, v⟩_ℓ2_{(Z)}2 = � n∈Z u(n) · v(n) = � n∈Z � u_1(n)v_1(n) + u_2(n)v_2(n) � . (5.17)

In addition, one obtains

(dF)_{a,b}(v) = ⟨(∇F)_{a,b}, v⟩_ℓ2_{(Z)}2 = Ω(D(∇F)_{a,b}, v) = Ω((∇_sF)_{a,b}, v). (5.18) Given two functionals F_1, F_2 we define their Poisson bracket by {F_1, F_2} = dF_1(∇_sF_2) = Ω(∇_sF_1, ∇_sF_2) = Ω(D∇F_1, D∇F_2) = ⟨∇F_1, D∇F_2⟩_ℓ2_{(Z)}2 = � n∈Z �_{δF1}

δa (n)

δF_1

δb (n) � · D �_{δF2} δa (n)

δF_2

δb (n) � . (5.19)

One then verifies that both the Jacobi identity {{F_1, F_2}, F_3} + {{F_2, F_3}, F_1} + {{F_3, F_1}, F_2} = 0, (5.20) as well as the Leibniz rule {F_1, F_2F_3} = {F_1, F_2}F_3 + F_2{F_1, F_3}, (5.21) hold.

If F is a smooth functional and (a, b) develops according to a Hamiltonian flow with Hamiltonian H, that is, � a b � t = (∇_sH)_{a,b} = D(∇H)_{a,b} = D

�_{δH} δa δH δb � , (5.22)

then dF dt = d dt � n∈Z F (n, a, b)

u^{(r)}(n), u^{(−r)}(n) �

= � n∈Z �_{δF} δa (n) δF δb (n) � · � a(n) b(n) � t = � n∈Z �_{δF} δa (n) δF δb (n) � · D �_{δH}

δa (n) δH δb (n) �

= {F, H}. (5.23) Here, and in the remainder of this section and the next, time-dependent equations such as (5.23) are viewed locally in time, that is, assumed to hold on some open t-interval I ⊆ R.

If a functional G is in involution with the Hamiltonian H, that is, {G, H} = 0, (5.24) then it is conserved, that is, dG dt = 0. (5.25) Next, we turn to the specifics of the Toda hierarchy.

Lemma 5.2. Assume Hypothesis 2.1. Then, δf̂_ℓ δa = − ℓ a ĝ_{ℓ−1}, ℓ ∈ N, (5.26)

δf̂_ℓ δb = ℓf̂_{ℓ−1}, ℓ ∈ N. (5.27)

Proof. With our assumptions on (a, b) we only know that f̂_ℓ ∈ ℓ^∞(Z). We start by deriving (5.27). To that end we introduce the functional ^F_{ℓ,N} (a, b) = � n∈Z f̂_ℓ(n)χ_N (n), (5.28)

where χ_N is the characteristic function of the set [−N, N] ∩ Z. Then one finds (d ^F_{ℓ,N} (a, b))_b(v) = � n∈Z � χ_N (n)

∂f̂_ℓ ∂b + χ^−_N (n)S^{(−1)}

∂f̂_ℓ ∂b^{(−1)}

+ χ^+_N (n)S^{(+1)}

∂f̂_ℓ ∂b^{(+1)}

+ · · · � v(n)

→_{N→∞} � n∈Z � ∂f̂_ℓ ∂b + S^{(−1)}

∂f̂_ℓ ∂b^{(−1)}

+ S^{(+1)}

∂f̂_ℓ ∂b^{(+1)}

+ · · · � v(n)

= � n∈Z δf̂_ℓ δb (n)v(n), v ∈ ℓ^1(Z). (5.29)

On the other hand, recalling that ( · , · )_ℓ2_{(Z)} denotes the usual scalar product in ℓ^2(Z), =ℓ � n∈Z f̂_{ℓ−1}(n)v(n), v ∈ ℓ1(Z),

using (2.11), and the general result that for bounded operators A, B ∈ B(H) on a separable, complex Hilbert space H with AB and BA trace class operators, their commutator is traceless, that is, tr([A, B]) = 0 (cf. [11], [29, Corollary 3.8]). Combining the two expressions, one concludes that (5.27) holds.

Next we turn to the proof of (5.26). To this end one first observes that, as before,

(d ^F_{ℓ,N} (a, b))_a(v) →_{N→∞} � n∈Z � ∂f̂_ℓ ∂a + S^{(−1)}

∂f̂_ℓ ∂a^{(−1)}

+ S^{(+1)}

∂f̂_ℓ ∂a^{(+1)}

+ · · · � v(n)

= � n∈Z δf̂_ℓ δa (n)v(n), v ∈ ℓ^1(Z). (5.30)

Furthermore, one computes

(d ^F_{ℓ,N} (a, b))_a(v) = d dϵ ^F_{ℓ,N} (a + ϵv) � �_{ϵ=0} = d dϵ � n∈Z � δ_n, � (a + ϵv)S^+ + (a + ϵv)^−S^− + b

�_ℓ

δ_n � ℓ^2(Z)χN (n) � � �_{ϵ=0}

= � n∈Z � δ_n, ℓ−1� k=0 � L^k(vS^+ + v^−S^−)L^{ℓ−1−k} � δ_n � ℓ^2(Z)

χ_N (n)

= ℓ−1� k=0 � n∈Z � δ_n, (vS^+ + v^−S^−)L^{ℓ−1}δ_n � ℓ^2(Z)v(n)χN (n) + ℓ−1� k=0 � n∈Z � δ_n, [L^k(vS^+ + v^−S^−), L^{ℓ−1−k}]δ_n � χ_N (n)

→_{N→∞} ℓ−1� k=0 � n∈Z � δ_n, (vS^+ + v^−S^−)L^{ℓ−1}δ_n � ℓ^2 (Z)v(n) + ℓ−1� k=0 tr � [L^k(vS^+ + v^−S^−), L^{ℓ−1−k}] �

= ℓ � n∈Z � δ_n, vS^+L^{ℓ−1}δ_n � ℓ^2(Z) + � δ_n, v^−S^−L^{ℓ−1}δ_n � ℓ^2(Z) �

= ℓ � n∈Z � v(n) � S^−δ_n, L^{ℓ−1}δ_n � ℓ^2(Z) + v(n − 1) � S^+δ_n, L^{ℓ−1}δ_n � ℓ^2(Z) �

= ℓ � n∈Z � v(n) � δ_{n+1}, L^{ℓ−1}δ_n � ℓ^2(Z) + v(n − 1) � δ_{n−1}, L^{ℓ−1}δ_n � ℓ^2 (Z) �

= ℓ � n∈Z � v(n) � δ_{n+1}, L^{ℓ−1}δ_n � ℓ^2(Z) + v(n) � δ_n, L^{ℓ−1}δ_{n+1} � ℓ^2(Z) �

= 2ℓ � n∈Z � δ_{n+1}, L^{ℓ−1}δ_n � ℓ^2(Z)v(n)

= −ℓ � n∈Z 1 a(n) ĝ_{ℓ−1}(n)v(n), v ∈ ℓ^1(Z). (5.31)

Thus (5.26) is established. □

For the remainder of this section we now introduce the following assumption.

Hypothesis 5.3. In addition to Hypothesis 2.1 suppose that � a(n)^2 −^1_4 � n∈Z, {b(n)}_{n∈Z} ∈ ℓ^1(Z). (5.32)

We fix ℓ ∈ N and want to show that a suitably renormalized functional ^F_ℓ is well-defined. We define it by subtracting the limit of each f̂_ℓ(n) as n → ∞. Each f̂_ℓ is a polynomial in a, b and certain shifts thereof. Terms with a and shifts enter

homogeneously and only in even powers. Assume that f̂_ℓ(n) → λ_ℓ as |n| → ∞. For ℓ odd, we know that λ_ℓ = 0 because each each term contains at least one b or certain shifts thereof. Then {f̂_ℓ(n) − λ_ℓ}_{n∈Z} ∈ ℓ^1(Z). We can see this as follows. Each f̂_ℓ is a finite sum of terms containing a and b with shifts. Terms with b are already summable. Only terms exclusively with a have a nonzero limit and hence are nonsummable. Their general form will be α_1(n) · · · α_k(n) with α_j (n) = (a^{(mj )}(n))^{2pj} → λ̃_j as |n| → ∞, where (m_j ) denotes the shifts. Then

α_1(n) · · · α_k(n) − λ̃_1 · · · λ̃_k = (α_1(n) − λ̃_1)α_2(n) · · · α_k(n)

+ λ̃_1(α_2(n) − λ̃_2)α_2(n) · · · α_k(n)

+ · · · + λ̃_1 · · · λ̃_{k−1}(α_k (n) − λ̃_k). (5.33)

Thus we see that {α_1(n) · · · α_k(n) − λ̃_1 · · · λ̃_k}_{n∈Z} ∈ ℓ^1(Z), (5.34) and hence {f̂_ℓ(n) − λ_ℓ}_{n∈Z} ∈ ℓ^1(Z). (5.35) Thus, the functional ^F_ℓ(a, b) = � n∈Z �^ f_ℓ(n) − λ_ℓ � (5.36)

is well-defined.

In the following it is convenient to introduce the abbreviation N_{−1} = N∪{−1, 0}. Theorem 5.4. Assume Hypothesis 5.3 and let p ∈ N_{−1}. In addition, define

^I_p = 1

p + 2 � n∈Z �^ f_{p+2}(n) − λ_{p+2} � , (5.37)

where λ_{p+2} = lim_{|n|→∞} f̂_{p+2}(n). (5.38)

Then,

(∇^I_p)_a = 1 p + 2 δf̂_{p+2} δa = − 1 a ĝ_{p+1}, (∇^I_p)_b = 1 p + 2 δf̂_{p+2} δb = f̂_{p+1}. (5.39)

Moreover, the homogeneous pth Toda equations then take on the form

^Tl_p(a, b) = � a_{tp} b_{tp} � − D � (∇^I_p)_a (∇^I_p)_b � = 0, p ∈ N_{−1}. (5.40)

Proof. This follows directly from Lemma 5.2 and (2.29). □

Remark 5.5. In (5.40) we also introduced the trivial linear flow ^Tl_{−1} given by

^Tl_{−1}(a, b) = � a_{t−1} b_{t−1} � − D � (∇^I_{−1})_a (∇^I_{−1})_b � = � a_{t−1} b_{t−1} � = 0. (5.41)

Next, we consider the general case, where

Tl_p(a, b) = � a_{tp} − a(f^+_{p+1} − f_{p+1})

b_{tp} + g_{p+1} − g^−_{p+1} � = 0, p ∈ N_{−1}, (5.42) and f_p = p� k=0 c_{p−k}f̂_k, g_p = p� k=1 c_{p−k}ĝ_k − c_{p+1}, p ∈ N_0. (5.43)

Introducing

I_{−1} = ^I_{−1}, I_p = p� k=0 c_{p−k} ^I_k, p ∈ N_0, (5.44)

one then obtains

Tl_p(a, b) = � a_{tp} b_{tp} � − D � (∇I_p)_a (∇I_p)_b � = 0, p ∈ N_{−1}. (5.45)

Theorem 5.6. Assume Hypothesis 5.3 and suppose that a, b satisfy Tl_p(a, b) = 0 for some p ∈ N_{−1}. Then, dI_r dt_p

= 0, r ∈ N_{−1}. (5.46)

Proof. From (4.31) and (3.39) (cf. Remark 4.7) one obtains df̂_{r+2} dt_p

= (S^+ − I)β_{r+2}, r ∈ N_{−1}, (5.47)

for some β_{r+2}, r ∈ N_{−1}, which are polynomials in a and b and certain shifts thereof. Using definition (5.37) of ^I_r , the result (5.46) follows in the homogeneous case and then by linearity in the general case. □ Theorem 5.7. Assume Hypothesis 5.3 and let p, r ∈ N_{−1}. Then, {I_p, I_r} = 0, (5.48) that is, I_p and I_r are in involution for all p, r ∈ N_{−1}.

Proof. By Remark 4.5 (i), there exists T_0 > 0 such that the initial value problem Tl_p(a, b) = 0, (a, b) � �_{t=0} = �a^{(0)}, b^{(0)}�, (5.49)

where a^{(0)}, b^{(0)} satisfy Hypothesis 5.3, has a unique and continuous solution a(t), b(t) satisfying Hypothesis 5.3 for each t ∈ [0, T ). For this solution we know that d dt I_p(t) = {I_r(t), I_p(t)} = 0. (5.50) Next, let t ↓ 0. Then

0 = {I_r(t), I_p(t)} →_{t↓0} {I_r(0), I_p(0)} = {I_r, I_p} � �_{(a,b)=(a(0) ,b(0) )}. (5.51)

Since a^{(0)}, b^{(0)} are arbitrary coefficients satisfying Hypothesis 5.3 one concludes (5.48). □ There is also a second Hamiltonian structure for the Toda hierarchy. Rewriting the linear recursion (2.4)–(2.6) in the form

f^+_{ℓ+1} − f_{ℓ+1} = − 1 2 (g^+_ℓ − g^−_ℓ ) + (b^+f^+_ℓ − bf_ℓ), g_{ℓ+1} − g^−_{ℓ+1} = −2(a^2f^+_ℓ − (a^−)^2f^−_ℓ ) + b(g_ℓ − g^−_ℓ ), ℓ ∈ N_0, (5.52) one finds �_1 2 (f^+_{n+1} − f_{n+1}) g^−_{n+1} − g_{n+1} � = ~D � −^1_a g_n f_n � , (5.53) where we abbreviated ~D =

�_1

2 a(S^+ − S^−)a a(S^+ − I)b b(I − S^−)a 2(S^+ − S^−)a^2 � . (5.54)

One can introduce a second Poisson bracket {{ · , · }}, defined by

{{F_1, F_2}} = � n∈Z �_{δF1} δa (n)

δF_1

δb (n) � · ~D

�_{δF2}

δa (n)

δF_2

δb (n) � . (5.55)

This second Poisson bracket is also skew-symmetric and satisfies the Jacobi identity and the Leibniz rule. As in Theorem 5.7, one verifies that all I_p, p ∈ N_{−1}, are in involution also with respect to this second Poisson bracket (5.55), that is,

{{I_r, I_p}} = 0, p, r ∈ N_{−1}. (5.56)

Combining (5.37), (5.44), (5.45), and (5.52), (5.54) permits one to write the pth Toda equation in another Hamiltonian form

Tl_p(a, b) = � a_{tp} b_{tp} � − ~D � (∇I_{p−1})_a (∇I_{p−1})_b � = 0, p ∈ N_0. (5.57)

6. A sketch of the almost periodic case Following Johnson and Moser [24] in the context of one-dimensional almost periodic Schrödinger operators and Carmona and Kotani [6] in the corresponding discrete case (see also the treatment in Carmona and Lacroix [7, Sects. VII.1, VII.2]), we now very briefly sketch an extension of the Hamiltonian formalism to the case of almost periodic coefficients a and b.

To set the stage, if c denotes an almost periodic sequence on Z, we recall that its ergodic mean ⟨c⟩ is given by

⟨c⟩ = lim_{N↑∞} 1 2N + 1 N� n=−N

c_n. (6.1)

We assume that u has the frequency module M(u) and given a density F as in (5.3), equation (5.1) then becomes

F(u) = lim_{N↑∞} N� n=−N F � n, u(n), u^{(+1)}(n), u^{(−1)}(n), . . . , u^{(k)}(n), u^{(−k)}(n) � , = ⟨F ( · , u)⟩,

(6.2)

and assuming that the frequency module M(v) of v satisfies M(v) ⊆ M(u), the analog of (5.4) then reads

(dF)_u(v) = d dϵ F(u + ϵv) � �_{ϵ=0}

= lim_{N↑∞} N� n=−N � ∂F (n, u) ∂u + S^{(−1)}

∂F (n, u) ∂u^{(+1)}

+ S^{(+1)}

∂F (n, u) ∂u^{(−1)}

+ · · · + S^{(−k)}

∂F (n, u) ∂u^{(k)}

+ S^{(k)}

∂F (n, u) ∂u^{(−k)} � v(n) = � (∇F)_uv � = � δF δu v � . (6.3)

Assuming a and b are almost periodic with frequency module M, we again consider functionals as in (5.11),

F(a, b) = � F ( · , a, b, a^{(+1)}, b^{(+1)}, a^{(−1)}, b^{(−1)}, . . . , a^{(+k)}, b^{(+k)}, a^{(−k)}, b^{(−k)}) � = � F ( · , a, b) � , (6.4) and in analogy to (5.19), the Poisson brackets of two functionals F_1, F_2 are then given by

{F_1, F_2} =

� �_{δF1}

δa (n)

δF_1

δb (n) � · D �_{δF2}

δa (n)

δF_2

δb (n) � � . (6.5)

Again one verifies that both the Jacobi identity as well as the Leibniz rule hold in this case. Moreover, as in (5.22) and (5.23), if F is a smooth functional and (a, b) develops according to a Hamiltonian flow with Hamiltonian H, that is, � a b � t = (∇_sH)_{a,b} = D(∇H)_{a,b} = D

�_{δH} δa δH δb � , (6.6)

then dF dt = d dt ⟨F (n, a, b)⟩ = {F, H}. (6.7)

Next, assuming in addition that 1/a ∈ ℓ^∞(N) and that ⟨1/a⟩ stays finite for t varying in some open time interval I ⊆ R, we now introduce the fundamental function w by w(z) = ⟨ϕ_+(z, · )⟩ (6.8) for |z| sufficiently large. Since w^′(z) = −⟨g(z, · )⟩, z ∈ C \ spec(H), (6.9) w in (6.8) extends analytically to z ∈ C \ spec(H). We note that w is the appropriate discrete analog of the function ⟨m_+(z)⟩ = ⟨−1/G(z, · , · )⟩ introduced by Johnson and Moser [24] in the case of almost periodic Schrödinger operators. (Here m_+ denotes the right half-line Weyl–Titchmarsh coefficient and G(z, · , · ) the diagonal Green’s function of the underlying almost periodic Schrödinger operator H = −d^2/dx^2 + V in L^2(R).)

One observes the asymptotic expansion

w(z) = ⟨ln(ϕ_+(z, · )⟩ =_{z→∞} ⟨ln(a/z)⟩ + � j∈N ⟨ρ_{+,j} ⟩z^{−j}

=_{z→∞} ⟨ln(a/z)⟩ + � j∈N j^{−1} �^ f_j � z^{−j}

(6.10)

and computes

δw(z) δa (n) = 1 a(n)

− 2G(z, n, n + 1), z ∈ C \ spec(H), n ∈ Z, (6.11)

δw(z) δb (n) = −g(z, n), z ∈ C \ spec(H), n ∈ Z. (6.12)

Introducing

^I_{−1} = I_{−1} = �f̂_1�, ^I_p = 1 p + 2 �^ f_{p+2} � , I_p = p� k=0 c_{p−k} ^I_k , p ∈ N_0, (6.13)

the Toda equations again take on the form

Tl_p(a, b) = � a_{tp} b_{tp} � − D � (∇I_p)_a (∇I_p)_b � = 0, p ∈ N_{−1}, (6.14)

Finally, one can show that w(z_1) and w(z_2) are in involution for arbitrary z_1, z_2 ∈ C \ spec(H), and hence obtains

{w(z_1), w(z_2)} = 0, z_1, z_2 ∈ C \ spec(H), (6.15) {w(z), I_p} = 0, {I_p, I_r} = 0, z ∈ C \ spec(H), p, r ∈ N_{−1}. (6.16)

Naturally, these considerations apply to the special periodic case in which ⟨c⟩ for a periodic sequence c on Z is to be interpreted as the periodic mean value.

Acknowledgments. Fritz Gesztesy gratefully acknowledges the extraordinary hospitality of the Department of Mathematical Sciences of the Norwegian University of Science and Technology, Trondheim, during two-month stays in the summers of 2005 and 2006, where parts of this paper were written. He is also indebted to the Office of Research of the University of Missouri–Columbia, for granting a research leave for the academic year 2005/06. Moreover, we gratefully acknowledge the hospitality of the Mittag-Leffler Institute, Sweden, creating a great working environment for research, during the fall of 2005.

References

[1] R. Abraham, J. E. Marsden, and T. Ratiu, Manifolds, Tensor Analysis, and Applications, 2nd ed., Springer, New York, 1988.

[2] V. Batchenko and F. Gesztesy, On the spectrum of Jacobi operators with quasi-periodic algebro-geometric coeffcients, Intl. Math. Res. Papers No. 10, 511–563 (2005).

[3] G. M. Beffa, The second Hamiltonian structure for the periodic Toda lattice, Proc. Roy. Soc.

Edinburgh 127A, 547–566 (1997).

[4] A. M. Bloch and M. I. Gekhtman, Hamiltonian and gradient structures in the Toda flows, J.

Geom. Phys. 27, 230–248 (1998).

[5] W. Bulla, F. Gesztesy, H. Holden, and G. Teschl, Algebro-geometric quasi-periodic finite-gap solutions of the Toda and Kac-van Moerbeke hierarchies, Memoirs Amer. Math. Soc. 135, No. 641, 1–79 (1998).

[6] R. Carmona and S. Kotani, Inverse spectral theory for random Jacobi matrices, J. Stat. Phys.

46, 1091–1114 (1987).

[7] R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Birkhäuser, Basel, 1990.

[8] P. A. Damianou, Symmetries of Toda equations, J. Phys. A 26, 3791–3796 (1993). [9] P. A. Damianou, Multiple Hamiltonian structures for Toda systems of type A–B–C, Reg.

Chaotic Dyn. 5, 17–32 (2000).

[10] P. A. Damianou and R. L. Fernandes, From the Toda lattice to the Volterra lattice and back, Rep. Math. Phys. 50, 361–378 (2002).

[11] P. A. Deift, Applications of a commutation formula, Duke Math. J. 45, 267–310 (1978). [12] G. Eilenberger, Solitons. Mathematical Methods for Physicists, Springer, Berlin, 1983. [13] L. D. Faddeev and L. A. Takhtajan, Hamiltonian Methods in the Theory of Solitons, Springer, Berlin, 1987.

[14] R. L. Fernandes, On the master symmetries and bi-Hamiltonian structure of the Toda lattice, J. Phys. A 26, 3797–3803 (1993).

[15] H. Flaschka, On the Toda Lattice. II, Progr. Theoret. Phys. 51, 703–716 (1974). [16] H. Flaschka, Discrete and periodic illustrations of some aspects of the inverse method, in Dynamical Systems, Theory and Applications, J. Moser (ed.), Springer, Berlin, 1975, pp. 441–466.

[17] H. Flaschka and D. W. McLaughlin, Some comments on Bäcklund transformations, canonical transformations, and the inverse scattering transform, in Bäcklund Transformations, the Inverse Scattering Method, Solitons, and Their Applications, R. M. Miura (ed.), Lecture Notes in Math. 515, Springer, Berlin, 1976, pp. 253–295.

[18] H. Flaschka and D. W. McLaughlin, Canonically conjugate variables for the Korteweg-de Vries equation and the Toda lattice with periodic boundary conditions, Progr. Theoret. Phys. 55, 438–456 (1976).

[19] I. M. Gel’fand and L. A. Dikii, Asymptotic behavior of the resolvent of Sturm–Liouville equations and the algebra of the Korteweg–deVries equations, Russ. Math. Surv. 30:5, 77– 113 (1975).

[20] F. Gesztesy and H. Holden, Trace formulas and conservation laws for nonlinear evolution equations, Rev. Math. Phys. 6, 51–95 (1994).

[21] F. Gesztesy and H. Holden, Soliton Equations and Their Algebro-Geometric Solutions. Vol.

I: (1 + 1)-Dimensional Continuous Models, Cambridge Studies in Advanced Mathematics, Vol. 79, Cambridge Univ. Press, Cambridge, 2003.

[22] F. Gesztesy and H. Holden, Soliton Equations and Their Algebro-Geometric Solutions. Vol.

II: (1+1)-Dimensional Discrete Models, Cambridge Studies in Advanced Mathematics, Cambridge Univ. Press, in preparation.

[23] K. E. Gustafson and D. K. M. Rao, Numerical Range. The Field of Values of Linear Operators and Matrices, Springer, New York, 1997.

[24] R. Johnson and J. Moser, The rotation number for almost periodic potentials, Commun.

Math. Phys. 84, 403–438 (1982). Erratum, ibid. 90, 317–318 (1983).

[25] N. Kutz, Tri-Hamiltonian Toda lattice and a canonical bracket for closed discrete curves, Lett. Math. Phys. 64, 229–234 (2003).

[26] L.-C. Li, On the complete integrability of some Lax equations on a periodic lattice, Trans.

Amer. Math. Soc. 349, 331–372 (1997).

[27] S. Novikov, S. V. Manakov, L. P. Pitaevskii, and V. E. Zakharov, Theory of Solitons, Consultants Bureau, New York, 1984.

[28] M. Reed and B. Simon, Methods of Modern Mathematical Physics II: Fourier Analysis, Self- Adjointness, Academic Press, New York, 1975.

[29] B. Simon, Trace Ideals and Their Applications, 2nd ed., Amer. Math. Soc., Providence, RI, 2005.

[30] T. Takebe, Toda lattice hierarchy and conservation laws, Commun. Math. Phys. 129, 281–318 (1990).

[31] G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices, Amer. Math. Soc., Providence, R.I., 2000.

[32] M. Toda, Theory of Nonlinear Lattices, Springer, Berlin, 1989. [33] M. Toda, Nonlinear Waves and Solitons, Kluwer, Dordrecht, 1989. [34] P. van Moerbeke, The spectrum of Jacobi matrices, Invent. Math. 37, 45–81 (1976). [35] P. van Moerbeke and D. Mumford, The spectrum of difference operators and algebraic curves, Acta Math. 143, 93–154 (1979).

[36] J. Weidmann, Linear Operators in Hilbert Spaces, Springer, New York, 1980. [37] D. J. Zhang and D. Y. Chen, The conservation laws of some discrete soliton systems, Chaos, Solitons and Fractals 14, 573–579 (2002).

[38] D. J. Zhang and D. Y. Chen, Hamiltonian structure of discrete soliton systems, J. Phys. A 35, 7225–7241 (2002).

Department of Mathematics, University of Missouri, Columbia, MO 65211, USA E-mail address: fritz@math.missouri.edu URL: http://www.math.missouri.edu/people/fgesztesy.html

Department of Mathematical Sciences, Norwegian University of Science and Technology, NO–7491 Trondheim, Norway

E-mail address: holden@math.ntnu.no URL: www.math.ntnu.no/~holden/