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Abstract

Wepresentanewconstantwhicharisesin non-linearmaps. We

canshow(unlikeotherconstantsin mathematicalphysics) thatthis

newconstantis irrational.
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1. Theorem1 - ResultOnFull LogisticMap
Defineu�x  by

u�x  � 1 if x � 0

u�x  � 0 if x u 0

Thelogisticmap[2] which is xn�1 � 5xn�1 " xn , 5 � R hasbeen

investigatedwegive resultsfor 5 � 4 this is thethefull logisticmap.

Thefull logisticmaphasthenon-recursiverepresentation

xn � �1"cos�2n arccos�1"2x0   
2 [3]. It is knownthatu�cos2n"1 ,

n u 1 is thenth bit of 1= BitXor 1
2= see[4] andappendix. Wenowgive

theorem1 thatwith thefull logisticmapandx0 � 1"cos1
2 then

!
n�0

.
1
2n u� 1

2
" xn  � 1

2= BitXor 1=

andmoregenerallyit canbeshownwith x0 � 1")
2 and|)| t 1 then

!
n�0

.
1
2n u� 1

2
" xn  � u� 1

2 " x0 
2

� arccos|)|
2= BitXor arccos|)|= if 0 � |)| t 1

� u�0  � 1
2
� 1

4
if ) � 0

.
Thebirfucationdiagrambelowshowstherelationof Feigenbaumconstant[1]

andconstantsof theform
u� 1

2 "x0 
2 � arccos|)|

2= BitXor arccos|)|
= thisgivesa

solutionof to theproblemweconsiderof relatingknown

constantsto Feigenbaumconstant. Wecanshowconstantsof theform
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u� 1
2 "x0 
2 � arccos|)|

2= BitXor arccos|)|
= areirrationalwesketchtheproof, it is

knowncos�p=  � q whenp & q arerationalp � 0,o 1
3 ,o 1

2 ,o 2
3 and1 and

q � 1, 1
2 ,0," 1

2 and"1 respectivelyaretheonly possiblevaluessee[6].

We immeadiatlyseethat arccosp
= � q is irrationalfor nearlyall p. It canbe

shownby usingpropertiesof binaryexpansionsaBitXor a
2 is rationalif a

is rational.

Moregenerallywedefineaconditionfor asystemsof iteratons+n,1,+n,2, ...,+n,m

to bepossiblychaoticif at bifurcationparameters51,52, ...,5m

!
n�0

. '�u�g1�+n,1  ,u�g2�+n,2  , ...,u�gm�+n,m  ,51,52, ...,5n 
�b � 1 n � C

if C is adifferent(recognisable) (ir)rationalfor nearlyall

different+0,1,+0,2, ...,+0,m

for realvaluedfunctionsg1,g2, ...,gm andanintegervaluedfunction' this

definitioncanbebasedon thework in [4], b � N�.
Theresultgivenabovecanrecastas, if xn�1 � 4xn�1 " xn ,and

xn � �1"cos�2n arccos�1"2x0   
2 thenx0 � 1

2
" 1

2
*0 andxn � 1

2
" 1

2
*nwith

*n�1 � 2*n
2 " 1, "1 t *0 t 1, n u 0, with *0 � -, "1 t - t 1 wehave
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!
n�0

.
u�*n 
2n�1

� !
n�0

.
u�1 " 2xn 

2n�1
� 2

2 � arccos�- 
2= BitXor arccos�- = if 0 � - t 1

2 � 1
2
� arccos�|-| 

2= BitXor arccos�|-| = if " 1 t - � 0

2 � 1
4
� u�0  � 1

4
if - � 0

Thesetof pointsgeneratedby theiterationzn�1 � zn
2 with zn � C and|z0| � 1

generatepointsof aJuliaset. This setis closelyrelatedto theMandelbrotset[7].

Theorem2, if z0�cos)�isin ) thenu�Im�zn  , u�Re�zn   correspond

to bitsof )= and )
2= BitXor )= this canbeshown.

2. Generalisations

Theseries!n�0
. 1

2n�1 u�sin2n  � 1
2= and!n�0

. 1
2n�1 u�tan2n  � 1= aregiven

in [8], [9]. Replacingtanby cosgives!n�0
. 1

2n�1 u�cos2n  � 1= BitXor 1
2= see[4].

Now definea�n,xk  belowrecursively, k � N. x is understood

to bexk for somek. a�n,xk  � an with initial valuexk weusesimiliar

definitionsfor b�n,xk  � bn etc.

a�n,xk  � sin�2n arcsin�a0  
� a0 � xk if n � 0 0 � xk � 1

� 2a0 1 " a0
2 if n � 1

� 2an"1�1 " 2an"2  if n u 2

this recursivedefinitionandthesimilaronesthatfollow arederivedusing

thedoubleangleformulaefor tan, sineandcosetc. Then

!
n�0

.
1

2n�1 u�a�n,xk   � arcsin�xk 
2=

see[8]. Definebn by

b�n,xk  � cos�2n arccos�b0  
� xk � b0 0 � xk � 1 if n � 0

� 2bn"1
2 " 1 if n u 1

thenit canbeshown(for exampleaproofbasedon theorem1) that

!
n�0

.
1

2n�1 u�b�n,xk   � arccos�xk = BitXor arccos�xk 
2=

which is a result. DefinethePloufferecursion[9] with cn by
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c�n,xk  � tan�2n arctan�c0  
� c0 � xk if n � 0

� 2cn"1
2

1 " cn"1
2 if n u 1, |ck| p 1

� ". if n u 1,|ck| � 1

weconsider0 � xk � 1

!
n�0

.
1

2n�1 u�c�n,xk   � arctan�xk =

see[8]. Let d�n,x ,e�n,x , f�n,x  betheanalogousrecursionsfor sec, cscand

cot respectivelyobtainedby usingthedoubleangleformulasofor example

for d�n,x  wehave

d�n,xk  � xk � d0 � 0 � xk � 1 if n � 0

� 1
"1 � 2

dn"1
2

if n u 1

thenit canbeshownthat

!
n�0

.
1

2n�1 u�d�n,xk   � arcsec�xk = BitXor arcsec�xk 
2=

Now define

!
�n

BitXorf�vn  � f�v1 BitXorf�v2 ...f�vn"1 BitXor�vn 

and

!
�n

^
BitXor f�vn  � f�v1 BitXor f�v1 

2
...f�vn BitXor f�vn 

2

!
�n

^ ^

BitXor f�vn  � f�v1 BitXor f�v1 
2

BitAnd...BitAndf�vn BitXor f�vn 
2

!
�n

^ ^ ^

BitXor f�vn  � f�v1 BitXor f�v1 
2

BitOr...BitOrf�vn BitXor f�vn 
2

Lemma-If v1,v2, ...,vn � ¡"1,1¢ thenu�v1v2...vn  � u�v1  Xor u�v2 ...Xor u�vn 
by theabovelemmawehaveTheorem3

!n�0
. 1

2n�1 u��
�A

a�n,xA �
�B

b�n,xB �
�C

c�n,xC �
�D

�d�n,xD �
�E

e�n,xE �
�F

f�n,xF   �
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�!
�A

BitXor 1= arcsin�xA  BitXor(!
�B

^
BitXor 1= arccos�xB  BitXor(!

�C
BitXor

1= arctan�xC  BitXor(!
�D

^
BitXor 1= arcsec�xD  BitXor(!

�E
BitXor 1= arccsc�xE  

BitXor(!
�F

BitXor 1= arccot�xF  

Now consideravariantof theorem3 therecursionsinvolving cosonly wehave

!
n�0

.
1

2n�1 u��
�B

b�n,xB   � !
�B

^
BitXor 1= arccos�xB 

Considerthesystemof logisticequationsTn�1,k � 4Tn,k�1 " Tn,k ,n u 0.

Wewill demonstratethatfor asystemof logisticequationthesystemgives
)= to angivennumberbinarydigits from iterationsof thesystem. Wehave

Tn,k � 1
2 �1 " cos�2n arccos�1 " 2T0,k  

Tn,k � 1
2 " 1

2 b�n,xk  for n u 0

let 1 t k t z (sowehaveasystemof z logisticequations).

Let xk � cos� )
2k   � ¡"1,1¢, ) � ¡0,2=¢ or let

xk � cos�mk)  � ¡"1,1¢, ) � ¡0,2=¢, with mk � 1 or mk � 1
2v , v � 1,2,3,...

Let g � !
n�0

z

u�xn , By propertiesof BitXor,

!n�0
. 1

2n�1 u��
k�1

z

�1 " 2Tn,k   � )= BitXor )
2z= � !

�B

^
BitXor )

2B=

wehavetheorem4 (weomit theproof)

!
n�0

.
1

2n�1 u��
k�1

z

�1 " 2Tn,k   � !
n�0

.
1

2n�1 u��
k�1

z

b�n,xk  

� )= BitXor )
2z= if �k, 0 � xk t 1

� )= BitXor )
2z= if �k,xk p 0,"1 t xk � 1 & g even

� 1
2
� )= BitXor )

2z= if �k,x p 0,"1 t xk � 1 & g odd

� 1
4

if �k, xk � 0 & z odd

� 0 if �k, xk � 0 & z even

� 1 " �"1 z

8
� u�"|V| � )= BitXor )

2z= �
u�V  1 " �"1 g

4
" 1 " �"1 z

8
 

V � argmin�k
xk

wecannowgiveTheorem5 it canbeshownthat

5



lim
zv. !

n�0

.
1

2n�1 u��
k�1

z

�1 " 2Tn,k   � lim
zv. !

n�0

.
1

2n�1 u��
k�1

z

b�n,xk  

� )= if �k, 0 � xk t 1

� )= if �k,xk p 0,"1 t xk � 1 & g even

� 1
2
� )= if �k,x p 0,"1 t xk � 1 & g odd

� 1
4

if �k, xk � 0 & z odd

� 0 if �k, xk � 0 & z even

� 1 " �"1 z

8
� u�"|V| � )= � u�V  1 " �"1 g

4
"

1 " �"1 z

8
 

V � argmin�k
xk

Wenowgive two variantsof theorem4 (andwecouldgeneralisethesetheorems

to basedon theorem3 to obtaintwo variantsof theorem3.)

Lemmas, If v1,v2, ...,vn � ¡"1,1¢ thenu�v1 u�v2 ...u�vn  � u�v1  And...And u�vn 
If v1,v2, ...,vn � ¡"1,1¢ thenu�"�u�v1  � u�v2 ...u�vn    � u�v1  Or...Or u�vn 
henceby propertiesof BitOr andBitAnd wehavetheorem6

!
n�0

.
1

2n�1 �
k�1

z

u�1 " 2Tn,k  � !
n�0

.
1

2n�1 �
k�1

z

u�b�n,xk   � !
n�1

n�z�1 ^ ^

BitXor )
2n"1=

!
n�0

.
1

2n�1 u�!
k�1

z

"u�1 " 2Tn,k   � !
n�0

.
1

2n�1 u�!
k�1

k�z

"u�b�n,xk    � !
n�1

n�z�1 ^ ^ ^

BitXor )
2n"1=

� !
n�1

n�z�1 ^
BitXor )

2n"1=

� 1 " �"1 z

8
� u�"|V| �!

n�1

n�z�1 ^
BitXor )

2n"1= �

u�V  1 " �"1 g

4
" 1 " �"1 z

8
 

V � argmin�k
xk

nowdefine

Tn,k � 1
2
" 1

2 b”�n,xk  for n u 0 with b”�n,xk  � �"1 kb�n,xk  we

give theorem7, z u 1,k u 0,

xk � cos�� 1
2
�1 � �"1 k  � 1 � )

2= " 1
2

k " 1
3
" 1

2

k � 1
3
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!
n�0

.
1

2n�1 �
k�1

z

u�1 " 2Tn,k  � !
n�0

.
1

2n�1 �
k�1

z

u�b”�n,xk   � !
n�1

n�z�1 ^ ^

BitXor )
2n"1=

!
n�0

.
1

2n�1 u�"!
k�1

z

u�1 " 2Tn,k   � !
n�0

.
1

2n�1 u�"!
k�1

k�z

u�b”�n,xk    � !
n�1

n�z�1 ^ ^ ^

BitXor )
2n"1=

� � 1
2
o "1

2
  o � 1 " �"1 z

8
� u�"|V| � )= BitXor�

)
2= " 1

2

z " 1
3

" 1
2

z � 1
3
  � u�V  1 " �"1 g

4

" 1 " �"1 z

8
  

V � argmin�k
xk

wecannowgive theorem8

lim
zv. !

n�0

.
1

2n�1 �
k�1

z

u�1 " 2Tn,k  � lim
zv. !

n�0

.
1

2n�1 �
k�1

z

u�b”�n,xk   � lim
zv. !

n�1

n�z�1

^ ^

BitXor )
2n"1= �

lim
zv. !

n�0

.
1

2n�1 u�"!
k�1

z

u�1 " 2Tn,k   � lim
zv. !

n�0

.
1

2n�1 u�"!
k�1

k�z

u�b”�n,xk    � lim
zv. !

n�1

n�z�1

^ ^ ^

BitXor )
2n"1=

� � 1
2
o "1

2
  o 1 " �"1 z

8
� u�"|V| � )= BitXor 1

3

� u�V  1 " �"1 g

4
" 1 " �"1 z

8
 

V � argmin�k
xk

3. A Methodfor S.o.i.c.

If wecanshowthatif theR.H.S. of theorem3 is (ir)rationaletc. depending

on theinitial conditionsthenthisgivesamethodto detectchaos-

sensitivityof initial conditions(s.o.i.c.) wecanshowdetectionof s.o.i.c. for

somesequence. Wegive themethodbelowafterfirst provinggiving theorems

A andB below.

TheoremA

Therearetwo representationsof * � F
2 BitXorF

with F � ¡0,1¢ with thetwo valuesof F � )1,)2

)1 � ¡0,1¢ and)2 � 1 " )1.
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Proof

Seeappendix.

TheoremB

arccos|)|
2= BitXor arccos|)|

= is irrational when arccos|)|
2= is irrational.

Proof

This is straightfowardby theproof titled ’ If * � )
2 BitXor) is....’

(seeappendixpages13-16) that arccos|)|
2= BitXor arccos|)|

= is irrational

when arccos|)|
= is irrational. arccos|)|

= is strictly monotonicdecreasing

on [0,1] thiswill allow usto useTheoremA. Weknow

thevaluesfor which arccos|)|
= is rationalfor rational) this showsthat

arccos|)|
2= BitXor arccos|)|

= is rationalfor therationalvalues.

Proofof s.o.i.c. for thelogisticequation

Wearemeasuringthebehaviorof theiteratesby lookingat thesigns

of theiterates.

Definef�)  � " u� 1
2 "x0 
2 �!n�0

. 1
2n u� 1

2 " xn  � arccos|)|
2= BitXor arccos|)|

=
with x0 � 1")

2 and|)| t 1 for iteratesof thelogisticequation.

Weconsider0 � ) t 1 hencex0 � 1
2 . Wehaveto showthatfor small

e � �k, l  thatf�) o e  p f�)  equalityoccursby usingtheoremA when
arccos�) 

2= BitXor arccos�) = � �1 " arccos�) 
2=  BitXor�1 " arccos�) =  

henceweshouldnotchoosee � cos�= " arccos�)   � 2.
Hencewesetarbritarysmallk, l for ) in f�)  suchthatk � ) � l

and2 � �k, l  weseethatk " l � e � l " ).

By theoremB weseethatfor all suche abovethatf�) o e  is adifferent

(ir)rationalandbecausearccos�) = is strictly monotonicdecreasing

on ¡0,1¢ this showswehavedetecteds.o.i.c. for x0 � 1
2 .

A verysimilarproofshowswehavedetecteds.o.i.c. for x0 � 1
2 .

For x0 � 1
2 , weknowthatf�0  is rational, weknowall thevaluesof

rationalx0 suchthatf�x0  is rational. Now wesetarbritaryk, l suchthat

for anye � �k, l  thenf�e  isirrational. Thenbecausef�e  is irrationalthis

givesadifferenttypeof behaviourfor theiteratesthis showswehave

detecteds.o.i.c. thesamemethodof proofworksfor anyrationalvalues

of x0. It canbeshownby usingthetheproof
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titled’ If * � )
2 BitXor) is....’ twice that )= BitXor )

4= is irrational.

Now considertheorem4

with z � 2 !n�0
. 1

2n�1 u��
k�1

2

�1 " 2Tn,k   � )= BitXor )
4=

wecanextendtheaboveproof to shows.o.i.c. for the

sequence£�
k�1

2

�1 " 2Tn,k ¤n�1
n�.. Thelogisticequation

yn�1 � Pyn�1 " yn

k
  canbederivedfrom

dy
dt

� ry�1 " y
K   with dy

dt
� �yn�1 " yn /h hence

theaboveresutlsin section1&2 canbeusedto estimate

thesolutionsof asystemof oneor morelogisticequations.
.
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Appendix

Proofof ClosedFormof TheSeries!n�0
. (2"n"1)u[cos(2n)] � 0.4756260707...

Definexor for two binarydigits(bits) j andk
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j k j or k

0 0 0

0 1 1

1 0 1

1 1 0

BitXor doestheXor operationon thenthbit of thefractionalpartof thenumbers
to give thenthbit in theresult. Xor is astandardoperationon two bits see[10].
Theclosedform of theseriesis 1

2= BitXor 1= (hencebinarydigit in thebinary
expansionof 1= BitXor 1

2= is 1 if andonly if thecorrespondingbinarydigits in the
expansionsof 1= and 1

2= aredifferent).Verifying this closedform for thefirst 10
bitsof!n�0

. (2"n"1)u[cos(2n)] , 1
2= � 0.00101000102 , , 1= � 0.01010001012

thisgives0.01111001112 whenXor oneachof thecorrespondingbitsof 1= and
1

2= , andmakingtheintegerpartzero.

Proof

Thenthdigit of ax� R in baseb canbeobtainedby computingthefractional
partof (xbn) becauseit is theleadingdigit of this fractionalpart.
Forcos[2=x], let x � R, x�0 , let FractionalPart[x] � F[x].

F[x]� �,  (0,.25) (0.25,0.5) (0.5,0.75) (0.75,1)

u[cos[2=x¢¢ 0 1 1 0

Hencethenthdigit of 1= in base4 givesthevalues, u[Cos[2*(4n)*( 1= )*=]] �
u[Cos[2*(4n)]] ,(n�0 correspondsto the1st digit afterthebase4 point, thefirst
digit afterthebase4 pointof x is definedasFloor[4*F[x]]), (nu0) are0 if thenth
digit in base4 is 0 or 3, is 1 if thenthdigit is 1 or 2. Thenthdigit of 1

2= in base4
givesthevalues, u[Cos[2*(4n)*( 1

2= )*=]] � u[Cos[(4n)]] ,(n�0 correspondsto
the1st digit afterthebase4 point), (nu0) are0 if thenthdigit in base4 is 0 or 3,
is 1 if thenthdigit is 1 or 2.
Thetruncatedbinaryexpansionof 1

2= is 0.00101000101111100112 with the
binaryexpansionof 1= startingat thesecondbit in theexpansion. Using
thefact thattwo binarydigits canberepresentedexactlyasadigit in base4,
andu[Cos[4n]] � u[Cos[22n]] is 1 if thecorrespondingbase2 bitsof thebase4
digitsare01 or 10 and0 if thedigitsare00 or 11 in theexpansionof 1

2= .
u[Cos[2*4n]] � u[Cos[22n�1]] is 1 if thecorrespondingbase2 bitsof thebase4
digitsare01 or 10 and0 if thedigitsare00 or 11 in theexpansionof 1= .
Wecanseethatu[Cos[22n]] canbecalculatedby Xor onconsecutivedigitson
thebinaryexpansionof 1

2= , generallyXor on themthand(m�1)th digits in the
expansionof 1

2= , with m�0 correspondingto thefirst bit afterthebinarypoint.
If m is evenmu0, thisgivesthevalueu[Cos[22n]] for nu0, If m is oddmu1, this
givesthevalueu[Cos[22n�1]] for nu0,
This givestheidentitywith nu0

u¡Cos�2n ¢ � u¡Sin�2n ¢ Xor u¡Sin�2n�1 ¢.
Theaboveis equivalentto Xor on thenthbit in theexpansionof 1= and 1

2= to
calculateu[Cos(2n)] for nu0, so 1

2= BitXor 1= mustbetheclosedform of
10



thesumof theseries.
.
TheoremA

Therearetwo representationsof * � F
2 BitXorF

with F � ¡0,1¢ with thetwo valuesof F � )1,)2

)1 � ¡0,1¢ and)2 � 1 " )1.
Proof

Considerthetwo expansionsbelow

)1 � a1 a2 a3... ...an...
* � b1 b2... ...bn"1

)2 � a1‘ a2‘ a3‘ ... ...an‘ ...
* � b1 b2... ...bn"1

Wehaveto showthatfor fixed * � ¡0,1¢ therearetwo valuesof F we
usethevaluesof *. Given)1 * is uniquelydetermined. It is sufficientto
consider* irrationalandit is sufficientto showtherefinite )d for any
real*. Now weconsiderall possiblevaluesof )2. Supposethefirst
digit that)2 is differentfrom )1 is at a2 (soa2‘ � 1 " a2) we
seefrom thedefinitionof Xor thatb1 calcualtedfrom )2 is different
from theb1 calculatedfrom )1hence)2 cannotbedifferentat a2. We
seein generalthatif ap p u 2, is thefirst digit where)2 differs from
)1 thatbp"1 calcualtedfrom )2 is differentfrom thebp"1 calculated
from )1 hence)2 candiffer from )1 at a1‘
( a1‘ � 1 " a1). Considerthetableof possibledigitsbelow

a1 a2 b1

0 0 0

0 1 1

1 0 1

1 1 0

hencea2‘ � 1 " a2. It is straightfowardto showby inductionthat
ap‘ � 1 " ap, p u 1 hencethereareonly two valuesof F with )2 � 1 " )1.
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continuedin four separatefiles
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