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Abstract

The Lipschitz stability estimate for the non-stationary single-speedp@t equation with the
lateral boundary data is obtained. The method of Carleman estimates is usguakengss of the
solution follows.

1. Introduction

This paper addresses the question of the Lipschitz stability for the non-statsinglg-speed
transport equation with the lateral boundary data. This is a non-standard problamtacuation.
The author plans to use this estimate for establishing a stability estioraeoefficient inverse
problem for this equation. The author is not aware about other publications with siesldts for
the non-stationary transport equation. Reviews of uniqueness and stability fesotia-standard
Cauchy problems for partial differential equations (PDESs) can be found in, e. g., bbb&grentev,
Romanov, Shishatskii [10], Ames and Straughan [1], Isakov [6], and Klibanov andnbwi9]. A
derivation of the transport equation for non-stationary case can be found, for exantpkepook of
Case and Zweifel [4].

The proof of the main result of this paper is based on a new Carleman estimadéiohally,
Carleman estimates have been used for proof of stability and uniqueness f@sotn-standard
Cauchy problems for PDEs. They were first introduced by Carleman in 1939 $8|sak
Hormander [5], and [10], [6], [9]. Since the work of Bukhgeim and Klibanov [2] Carleestimates
are also used for proofs of uniqueness and stability results for coefficiemsenpeoblems and,
most recently, for construction of numerical methods, see the book of Klibanov arah®in9] for
details and more references. Works of Klibanov and Malinsky [8] and Kazemi &bdrov [7]
were the first ones, where Carleman estimates were used for proofs apehitz stability
estimates for hyperbolic equations with lateral Cauchy data; also seeh®method of this paper is
similar with one of [9], [7] and [8]. In Section 2 the statements of the resark given; in Section 3
the proofs of these results are provided.

2. Statements of results

Denote



Q=XeR": <R}, S=4veR": =1}
H=QxS"x(-T,T), T'=0Qx3" x(-T,T).

The transport equation id has the form [4]

U+ (v, VU) + a(x, t,v)u + j g% t,v, UK t, w)do, = F(xt,v), (2.1)
s
wherev € S"is a unit vector of particle velocity(x,t,Vv) is a density of particle flona(x,t,v) is an
absorption coefficienf(x,t,v) is an angular density of sourcegx,t,v, 1) is a scattering indicatrix

and(v,Vu) represents a scalar product of two vectors.
Consider the following boundary condition

ur = p(x,t,v), where (x,t,v) € 6Q x [-T,T] x S*and(n,v) < 0. (2.2)

Here(n,v) is the scalar product of the outer normal vecatdo the surfacé( and the direction of
the velocityv. So, only incoming radiation is given at the boundary in this case.
Equation (2.1) with the boundary condition (2.2) and the initial conditian=at-T

uix,-T,v) = q(x,v), where (x,v) € Qx S, (2.3)

form the classical forward problem for the transport equation. Standard uniquexisgsnce and
stability results for this problem are well known, see, e. g., Prilepko antkbra[11].

Suppose now that the initial dagx, v) is unknown, but the following additional boundary
condition is given:

ur = p(xt,v), where (x,t,v) € 6Q x [0,T] x S"and(n,v) > 0. (2.4)

Hence, the functiop(x, t,v) describes the outgoing radiation on the boundary. Thus, we obtain a
non-standard Cauchy problem for the non-stationary transport equation:

Problem 1: Given the lateral data (2.2), (2.4), determine the solutiont, v) of the equation
(2.2).

Theorem 1. [Lipschitz stability]Let functions a(x,t,v) and g(x,t, v, u) be bounded, i.e.
[a(x,t,v)| < a1 V(xt,v) € Hand |[g(x,t,v,u)| < g1 V(Xtv,u) € Hx S, wherea; and g; are
positive constants. Let functions p(x,t,v), F(x,t,v) € Lo(H) andlet T > R. Suppose that the function
ue CYQx[-T,T]) x C(S") satisfiesthe conditions (2.1), (2.2), (2.4).Then the following Lipschitz
stability estimate holds:

Il )< K TRy +HIF T,y 1. (2.5)

where K = K(g,Q,a,T) isthe positive constant independent on functionsu, p and F.

Coroallary. [UniquenessBuppose that conditions of Theorem 1 are fulfilled. Then the Problem 1

has at most one solution.

Below conditions of Theorem 1 are assumed to be satisfied. The proof of Theoremskdsdra



the Carleman estimate formulated in Lemma 1.
Let

n
Lou = u; + (v,VUu) = Uy +Z vili,
i-1

whereu; = ou/ox;. Introduce the function

w(xt) = X2 -nt?, n=conste (0,1).

Letc = const € (0,R). Denote

Ge = {(X1) : w(x,t) >c and |x < R}.

Introduce the Carleman Weight Function (CWF) as
C(xt) = exgdAw(x,1)].

(2.6)

(2.7)

(2.8)

(2.9)

Lemma 1. Choose the number 1 such that n € (0,1) and T > R/ /7. Also, choose the constant

c € (0,R) suchthat Gc = Q x (-T,T). Thenthere exist positive constants 1o = 10(G.) and
M = M(Gg), depending only on the domain G, such that the following pointwise Carleman

estimate holdsin G, x " for all functionsu(x,t,v) € C1(G.) x C(S") and for all 1 > 10(G¢) :

(Low)%C?%> 24(1 - n)UPC2%4+V e U + V4,
where the vector function (U, V) satisfies the estimate

(U, V)] < MAU?C?.

3. Proofs of results
Proof of Lemma 1.

Denotev = u« C, whereC is the CWF. Hence,

U=vsC™t=1veexp[A(nt? - X2,

Ut = (¢ + 2Antw)C L, U = (v; — 2Axp)C L.

n n
Lou = |:vt +Z Vivi + 2/1(11'[ —Z ViX )v:|C1.
i=1 j=1

Then

Hence,

(2.10)

(2.11)

(3.1)

(3.2)



n n
(Lou)2C? > 4l(nt Vij) eV (vt +Z vivi) =
j=1 i=1

n n n
+Z |:2/1(nt —Z Vij)ViUZ:| + 2/1(2 viz)vz.
i=1 j=1 i i=1
Since
n
Z v? =1 and v? = U2C?
i=1
then
(Lou)2C2 > 2(1 - pueC2 + Ve U+ V;,
where
(U, V)| < Kiu2c2
L]

Proof of Theorem 1.
Choose the numbeyr € (0, 1) such thafl > R/ /i7. Also, choose the constansuch that

c € (0,R/12) andG. c Q x (-T,T), and choose sufficiently small> 0 such that
Gaas N{Q x (-T,T)} =+ <. Consider the set&¢3s < Gezs © Gers < Ge. (See fig.1 for a

schematic representation in the 1 - D case)

(3.3)

(3.4)

(3.5)

(3.6)



F|gl SetSGC+3§ C Gc+25 C Gc+§ C Gc.

Also, consider the functiop(x,t) € C1({Q x (=T, T)}), such that

1 In GC+25|
x(X.1) = 0 in {Qx (-T,DH}\Gcss, (3.7)
between 0 and 1 otherwise.
The equation (2.1) implies that
lut + (v, Vu)| < K|:a1|u|+_[ luldo . + |F|:|. (3.8)
s

Here and belovK denotes different positive constants dependin@of, ai, g1, but independent
on A andu.
Letw(x,t,v) = u(xt,v) e y(x1t). Then

Wi +Z ViWi ){(Ut +Z viui)+u(;ﬁ +Z Vi)(i)- (3.9)
i=1 i=1 i=1

Derivativesyt, xi,i = 1,...,n are not equal to zero only iB..5\G¢2s and are bounded. So, using



inequality (3.8), we obtain

e+ viwi| < K« |:x(|u|+j Juldo, + |F|) +(L-)- |u|:|. (3.10)

i=1 Si

Thus

Wi+ viwi] < K|: (|w|+j Wido, + |F|) +(L-7) |u|:|. (3.11)

i=1 N

Multiplying (3.11) by the CWF and squaring both sides, we obtain

n
W +Z Viwi[2C? < K|: (|W|2 +_[ w2do , + |F|2)C2 +(1—y) |u|2C2:|. (3.12)

i=1 n

The Carleman estimate (2.10) leads to

20(1 - nW2C2 + Ve U+ V; < K|: (|W|2 +J. w2do, + |F|2)C2 +(1-y)e |u|2C2:|,
Sn

(3.13)
where(x,t,v) € He, He = Ge x S". Integrating oveH. and applying the Gauss’ formula, we obtain

24(1 - 1) j w2C2dh < (3.14)

He

< K|:j (lwl2 +J. WZdGH + |F|2)C2dh+J. (1){)U2C2dh:| +J. |(U,V)|dS,

Hc Sn Hc MC

wheredh = dxdvdt and M = 0G x S". Noticing that

j ( j wzdc,,)czdh Ae j w2C2dh, (3.15)

Hc Sk He

whereA is the area of the unit sphe88, we remove the inner integral ov8t in (3.14). So, (3.14)
becomes

24(1- 1) j w2C2dh < (3.16)

He



< K(j w2C2dh +j IF[2C2dh + (1 - y) j u2C2dh) +j (U, V)[dS
Hc He He Mc

Chooselp such thaK/(240(1 - 1)) < 1/2. Then for alll > 1, we have

A j w2C2dh < K(j IF[2C2dh +j (1x)u2C2dh) +j UVds  (3.17)

He Hc Hc Mc

From the Carleman estimate (2.10) we have
j I(U,V)[dS < KA j W2C2dS, (3.18)
M¢ Mec
and sincev = 0 on the part of the boundaryl. where ¥|> — nt? = c,
j I(U,V)[dS < KA j W2C2dS = K1 j p2C2dS (3.19)
MC MC M/C
HereM/c = M. N {(xt) : x| = R} x S".
Estimate both sides of the inequality (3.17). Note that simee u in He,2s andHc3s < He, then
A [ wCldh>2 [ wClth>2e%e® [ udh, (3.20)

He H c+36 H c+35

Also, since 1- y(x,t) = 0in Gg,2s, then

sup (1 - y)C? = g2c+2), (3.21)
Hc
Hence,
[ (- puec?dn < e [ wdh, (3.22)
Hc Hc

Therefore (3.17) leads to

1e2A(c+35) J. u?dh < K(J. |F|2C2dh+ezl(c+25) -J‘ u?dh + 14 .[ pZCZdS). (323)
Heizs Hc Hc M/¢

Let m =sup (]x|?> — nt?). Then
Ge

AP CPNUIR 41, ) < K(EZMIFIR 1) + €PN 1) + 17 IPIR ) ) - (3-24)

Dividing this inequality byiexp(21(c + 30)), we obtain

2\m —20
BB < K( S IFIR 10 + S MRy + €TI0 ). (3:25)



Choose arnxg such thato| = R/4. Consider domaiG:(Xo) = {(X,t) : [Xx — Xo[? — nt? > ¢},
which is obtained by a shift of the doma. (See fig.2).

-

Fig.2. G¢- Solidline, G¢(xo) — Dashed line.

The Carleman estimate (2.10)-(2.11) is valid @(xo). So, we can obtain an estimate similar to
(3.25)

e2im o 226
||U||EZ(HC+35(XO)) < K(—/l “F”EZ(HC(XO)) o ”U”EZ(HC(XO)) + emm“p”Ez(M/c(xo)) , (3.26)

whereH¢(Xo) = Ge(Xo) x S*andM/¢(Xo) = 0Gc(Xo) N {(X,t) : X| = R}.
One can see from fig.2 that our choiceadindx, provides us with a layer

Es, = {(xt) : X € O, lt| < 61} < (Ge N Ge(X0)) (3.27)

for some sufficiently smalb;. Estimates (3.25) and (3.26) lead to the following estimate in
E51 x S

2Am —216
BIR.e, s < K(EIFIR g + IR0 + €MIRIR, ). (3:28)

Since there existy € (-d1,01) such that



JI UZ(X,t]_,V)dVdX < %l”ullﬁz(Egle")'
S0
then by (3.28) we obtain
j j u2(x,tz,v)dvdx < N,
s'Q
where

ELIFIR 0+ S IR 0 + €#MIPIR ) ).

Denote

n
Y(X,L,V) = U+ vili,

i=1
u(x,ty,v) = Uo(X,v),

Ulst) = P(Xt,v),

WhereS+(t1) =0Q x (11, T) x S". LetH*(t1) = Q x (11, T) x S.
Estimate thd_,(H*(t1)) norm ofu. Multiplying (3.32) by 21 and integrating over
Q x S x (t3,t), wheret € (t1,T), we obtain

J J] 2 w?deavar +HIZ (viu?)idxdvdr j [[ 2uvaxavdr.

t15'Q t197Q i=1 t19"Q

Consider the vector functioB = (viU2,voU?, ...,vau2). Then

> (viu?)i = divB,

i=1

so0 (3.35) becomes

” u?(x,t, v)dxdv —” u?(x,ty,v)dxdv +j_” (B, R)ddvdr <

SQ SQ 11500
< K(jj j u2dxdvdz +jj j dedvdr).
11S'Q 11S'Q

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

Here(§,ﬁ’) denotes the scalar product of vecBwith vectorn, wheren is the outward normal

vector ono).
Noticing thatB = v « u?, where J| = 1, we obtain



j j u2(x,t, v)dxdv sj j U2 (x,ty, v)dxdv +j j j u2dSdvdr + (3.38)

SQ S'Q t1870Q

, K(j [] o+ [ yzdxdvdf),

115"Q 115"Q

EstimateY] using (3.8) and (3.32)

V] < K|:a1|u|+J juldo, + |F|:|. (3.39)
Sﬂ
Estimates (3.38) and (3.39) lead to
t

j j u2(x,t, v)dxdv gj j U2 (x,ty, v)dxdv +j j j p2dSdvdr + (3.40)
S0 S0 11,5700

t t

+K j j j u2dxdvde +j j j F2dxdvdr |.
t1S'Q t1S'Q

Using the Gronwall’s inequality, we obtain

j j u2(x,t, v)dxdv < K(I j U2 (x,ta, v)dxdv +j j j p2dSdvdr +j j j dexdvdr),

S'Q s'Q t1S0Q2 t1S'Q

(3.41)
and by using (3.30) and (3.31) to estimate norm@fty,v), we get

[] et vydxav < K(N +j [ | prdsdvar +j [f dexdvdr) -

s'Q t1S"0Q2 t1S'Q

t t
2.m —20
- K(GTHFHEZ(H) + E R ) + € MIRIR ¢ +] [ | pPdsavz +[ [ dexdvdr) <

t1S"0Q2 t119'Q

(3.42)

eZAm e—Z)LS
< K(T“FIIEZ(H) + =Ml + €Ml ) ) -

So,

10



||U||EZ(H+(t1)) < K(T”F“EZ(H) + THUHEZ(H) + emm”p”Ez(r) . (3.43)

One can obtain similar estimate fcu1|ﬁ2(Hf(tl)), whereH(t;) = Q x (-T,t1) x S".
Summing up that estimate with (3.43), we obtain

2/m —216
||U||EZ(H) < K(eT”F“EZ(H) + eT”U“EZ(H) + emm”p”Ez(r))- (3.44)

Choosingl > 41 such that

K e’;” <1, (3.45)
we obtain
2 e?m e 20| 2
IR,y = K( S IFIR ) + €MpIR, r) ). (3.46)
which implies the desired estimate (2.5).
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