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Abstract 
             

The inverse problem is considered for the  composition type equation in the bounded plane 
domain with unknown borders. This problem is investigated in variations formulation. The first variation 
of the functional has been calculated and with the help of this, the algorithm is proposed for the 
numerical solution of the given problem. 
   

Consider the following  problem 
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in the domain { })()(,:),( 12211121 xxxbxaxxD γγ <<<<=  ,  where 2,1),(),( 11 =kxgx kkϕ  and  

[ ]baxx ,),( 12 ∈γ   are known functions,  ba <  are known numbers. As  a solution of problem (1)-(3), we 
consider the pair ))(),,(( 1121 xxxu γ  which satisfies following conditions: )()(),,()( 32

11 DСxubaСx ∈∈γ  
and conditions (2),(3) are satisfied. Suppose ).,(,, 2 baСg kkk ∈γϕ  
  Denote by Γ  the set of functions )( 11 xγ  satisfying  the following limitations  
          1. );()(),()( 2121 bbaa γγγγ ==  
         ).,(),()()(.2 11111 baxxxx ∈∀≤≤ βγα  

Here ),,()(),( 2
11 baCxx ∈βα )()()(),()()( 21211 aaaxxx γβαγβα ==<≤ ,  )()()( 2 bbb γβα ==  

We investigate inverse problem (1)-(3) in the following  variation form. Suppose, it needs to be 
bound such  a function Γ∈)( 11 xγ  that corresponding function ),( 21 xxu  satisfies  equation (1), boundary 
conditions (2)   and 
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and gives minimum to the functional 
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Note that if inverse problem (1)-(3) has a solution ))(),(( 11 xxu ∗∗ γ  then )( 11 x∗γ  is also a solution 
of given optimal  control problem, because ,0)()( 11 =≥ ∗γγ JJ  for the arbitrary  Γ∈1γ . Thus, we 
investigate optimal control problem (1),(2),(4),(5) taking into account the existence of   the solution of   
problem (1) – (3). 

 Suppose ),( 21 xxψψ =  is a  solution of following boundary problem   
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Theorem. Functional (5) is differentiable on the Γ  and following formulae is true for the first variation   
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Proof. Take  Γ∈21 , γγ   satisfying   εγγ <−
),(1111 2)()(

baC
xx   for small number ε   and denote    

)}(),(max{)( 11111
)(

1 xxx γγγ ε =   and )()( 11111 xx γγγ −=Δ . 
 Let ‘s suggest )(),( 11 xuxu  are solutions of (1), (2), (4)  corresponding to  )(1 xγ    and ).(1 xγ   It is 

clear that )()( 11 xuxuu −=Δ   satisfies  (1) on the domain 
{ })()(,);,( 1221

)(
1121 xxxbxaxxD γγ ε

ε <<<<= ,  i.e. 
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    here ),( 21 xxψ   is a solution of  (6) -(8) corresponding to )( 1

)(
1 xεγ . From the last  equality we obtain   
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     Now calculate the   increment   of  functional  (5).  It is clear that       
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      Subtracting (10) from (11) considering that  )(xεε ψψ =   is a solution of (6) -(8) by  

)( 1xεγγ =  and boundary conditions (2), (4)  we obtain    
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   Now transfer )()( xuxuu −=Δ  considering boundary conditions                 
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     Then from  (11),  obtain 
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    where    )()( xx εψψψ −=Δ . 
 
    Under the given conditions it is possible that [1,2] 
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        Thus, we obtain the following  formulae for the first variation of the functional )( 1γJ  
 

              ( ) ( )( ) 11111

)(2
1

22
112

dxxx
x
ug

n
u

x
u

nx
J

xx

b

a

γγψδ
γ

−⋅⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

⋅⎟
⎠
⎞

⎜
⎝
⎛ −
∂
∂

−
∂
∂

⋅⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

∂
∂

=
=

∫ . 

 
The theorem is proved. Using obtained formulae for the first variation the following algorithm for 

the solution of problem (1)–(3) is proposed ([3].,pp.76). 
 
        Step1.  Solving of the problem (1) – (3) provides )(0 xu  for Γ∈)( 1

)0(
1 xγ  on the known domain 0D .  

        Step2. Using )()0( xu  in (8) solve problem (6)–(8) and find ).()0( xψ  
        Step 3. Calculate 
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         Step 4. Find  )( 1
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1 xγ  considering the sign of  )( 10 xA  
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         Step 5. Find the following curve Γ∈)( 1
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1 xγ  from relation  
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The process continues until required exactness criteria achieved. Note that the convergence  of the 

method is provided by  applying  some conditions on the functions )( 11 xγ ([3].pp.80). 
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