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Abstract

A new relativistic mean-�eld model, which reproduces the astronomical obser-
vations of neutron stars and the experimental nuclear symmetry energy, is applied
to warm nuclear matter. We con�rm that the model also reproduces the criti-
cal temperature and the caloric curve in the liquid-gas phase transition of nuclear
matter.

The recent great experimental progress [1-4] in nuclear multifragmentation reaction has

revealed the liquid-gas phase transition of nuclear matter. Its signals are observed in

the critical phenomena [5-8], the caloric curve [9,10], the negative heat capacity [11,12]

and the bimodality [13]. The phase transition provides valuable information on nuclear

equation of state (EOS) at sub-saturation densities. On the other hand, the recent

astronomical observations of neutron stars (NSs) provide the information on the EOS at

super-saturation densities. In the theoretical point of view it is desirable to reproduce

both the EOSs of dilute and dense nuclear matter and both the EOSs of warm and cool

nuclear matter simultaneously on the single fundamental model of nuclear system.

It has been found recently [14,15] that the reasonable description of NS matter requires

the relativistic mean-�eld (RMF) model, which takes into account the �eld-dependent

meson-nucleon coupling constants. In this respect, we have developed a new RMF model

[16], which reproduces the mass-radius relation of NS [17] and satis�es the standard sce-

nario of NS cooling. Moreover, the model reproduces the density-dependence of nuclear

symmetry energy [18-20] at sub-saturation densities. It is therefore worthwhile to inves-

tigate the applicability of the model to the liquid-gas phase transition of warm nuclear

matter.

In Ref. [16] we have introduced the modi�ed scalar and vector vertices of isoscalar

meson:
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where �(�) is the positive (negative) energy projection operator for the Dirac nucleon of

mass MN ,

�(�) (p) =
� =p+MN

2MN

: (3)

The modi�ed vertices for the isovector mesons have been also de�ned similarly. They are

reduced to the �eld-dependent e¤ective NNX (X = �, !, � and �) coupling constants.
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In the RMF theory the Lagrangian for asymmetric nuclear matter is
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where  p and  n are the Dirac �elds of proton and neutron. We have taken into account

the isovector-scalar meson � besides the isovector-vector meson �.

M�
i = m�

iMN = MN + Si is the e¤ective mass of a proton or a neutron in the medium.

The scalar and vector potentials are given by

Sp = �g�pp � h�i � g�pp� h�3i ; (6)

Sn = �g�nn� h�i+ g�nn� h�3i ; (7)

Vp = g�pp! h!0i+ g�pp� h�03i ; (8)

Vn = g�nn! h!0i � g�nn� h�03i : (9)

We assume �� = �! = �0 and �� = �� = �1 in Eq. (4). The value �0 = 2=3 is determined

[16] so as to reproduce m�
p = m�

n ' 0:6 in the saturated symmetric nuclear matter.

The parameter �1 is constrained within the range 0 � �1 � 0:2 [16] so that the direct

URCA cooling is forbidden in NSs. In the present work we assume a value �1 = 0, which

reproduces the nuclear symmetry energy Esym (�) = 31:6 (�=�0)
0:7 being consistent with

the experimental analyses in Refs. [18-20].

At �nite temperature T the thermodynamic potential per volume ~
 � 
=V of asym-

2



K. Miyazaki

metric nuclear matter is
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where kB is the Boltzmann constant and E�ki = (k
2 +M�

i
2)
1=2. The spin-isospin degen-

eracy  is equal to 2. The �i is de�ned using the chemical potential �i and the vector

potential Vi of a proton or a neutron:

�i = �i � Vi: (11)

The e¤ective masses M�
i = m�

iMN and the vector potentials V i = viMN are determined

by extremizing ~
:
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where the mean-�elds are calculated from the e¤ective masses and the vector potentials.

See Eqs. (42)-(47) in Ref. [16]. The explicit expressions of the derivatives of mean �elds

are also given in Ref. [16]. The baryon and scalar densities are de�ned by

�Bi = 

1Z
0

d3k

(2�)3
[nki (�i; T )� �nki (�i; T )]; (14)
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[nki (�i; T ) + �nki (�i; T )]: (15)

The Fermi-Dirac distribution functions of nucleon and antinucleon are

nki (�i; T ) =

�
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; (16)

3



The liquid-gas phase transition and the caloric curve of nuclear matter
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The pressure is given by
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In the following calculations we have performed the Fermi integral directly using the

adaptive automatic integration with 20-points Gaussian quadratures.

Given the temperature T and the total baryon density

�B = �Bp + �Bn; (19)

we can solve the 3rd-rank nonlinear simultaneous equations (12), (13) and (19) using the

Newton-Raphson method so that we have the e¤ective mass m�
p = m�

n, the vector poten-

tial vp = vn and the chemical potential �p = �n of a nucleon in symmetric nuclear matter.

Figure 1 shows the isotherms in the pressure-density plane for symmetric nuclear matter.

(In the following we set kB = 1.) They exhibit typical nature of van der Waals EOS, that

is, the liquid-gas phase transition. T = 12:95MeV is the �ash temperature above which

the pressure is always positive at any density. We have found the critical temperature

TC = 16:47MeV, where the isotherm has an in�ection point at PC = 0:3176MeV=fm3 and

�C = 0:06fm
�3. The result agrees well with the empirical value TC = 16:6� 0:86MeV in

Ref. [21].

For asymmetric nuclear matter, given the temperature, the baryon density and the

isospin asymmetry a

a =
�Bn � �Bp

�B
; (20)

we solve the 6th-rank nonlinear simultaneous equations (12), (13), (19) and (20) so that

we have the e¤ective masses m�
p and m

�
n, the vector potentials vp and vn and the chemical

potentials �p and �n of proton and neutron. Figure 2 shows the isotherms for a = 0:3.

They are also similar to the van der Waals EOS. The �ash temperature is T = 11:84MeV.

The critical temperature is T = 15:26MeV. The critical point lies at PC = 0:2875MeV=fm3

and �C = 0:059fm
�3. Although the critical density is insensitive to the asymmetry, the

critical temperature and pressure decrease as the asymmetry increases.

Next, we investigate asymmetric nuclear matter under constant pressure. It would

be produced in nuclear multifragmentation reaction. In this case we have to solve 7th-

rank nonlinear simultaneous equations (12), (13), (18), (19) and (20) so that the e¤ective

masses m�
p and m

�
n, the vector potentials vp and vn, the chemical potentials �p and �n
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and the temperature T are determined. The quantity characterizing the thermodynamic

process under constant pressure is the enthalpy H:

~H = H=V = E + P; (21)

where the energy density is given by

E =
X
i=p;n

8<:
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2
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2
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2 : (22)

The entropy ~S = S=V is calculated in terms of the Gibbs-Duhem relation T ~S = ~H � ~G,

where ~G = G=V = �p�Bp + �n�Bn is the Gibbs energy per volume.

We have calculated the asymmetric nuclear matter of an asymmetry a = 0:3 un-

der a constant pressure P = 0:025MeV=fm3. Figure 3 shows the entropy per particle

S=A = ~S=�B as a function of the enthalpy per particle H=A = ~H=�B. Our numerical re-

sult, the black curve, has a dip or a convex intruder betweenH=A =3.4MeV and 30.7MeV

as a result of the liquid-gas phase transition. Because the entropy should be concave, the

convex intruder is not realized but the common tangent depicted by the red line is real-

ized according to the principle of increasing entropy. Because of @S=@H = 1=T we can

determine the boiling temperature T = 7:91MeV of nuclear liquid from the inclination of

the common tangent. The value is also determined more directly from an intersection in

the T - ~G plain.

The black curve in Fig. 4 shows the caloric curve, the temperature as a function of

the excitation energy per particle. The dotted part corresponds to the convex intruder of

the entropy in Fig. 3 and so is replaced by the horizontal line of the boiling temperature

T = 7:91MeV. The triangles are the experimental data from the multifragmentation

reaction of Fig. 5 in Ref. [10]. Although the black curve does not agree well with

the data at low excitation energies, the plateau, which corresponds to the metastable

liquid-gas mixed phase, is reproduced.

We note in Fig. 4 that the last experimental datum lies above the boiling temperature.

It may be a signal that the liquid-gas phase becomes unstable. The thermodynamic

conditions of the (meta-)stable state are

@P

@�B
� 0; (23)

T

Cp
=
@ T

@S
� 0: (24)

The �rst condition determines the spinodal region. Its boundary is depicted by the red

dotted curve in Fig. 2. The boundary for P = 0:025MeV=fm3 is �B = 0:086fm
�3. The
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corresponding excitation energy is E�=A = 11:87MeV. The boundary of the second con-

dition is just on the extreme of temperature shown by the red vertical line in Fig. 4.

We have T = 12:11MeV at E�=A = 11:86MeV. Both the conditions (23) and (24) agree

with each other. Above the boiling temperature the caloric curve would be described

[22] by E�=A = (3=2)T of a free gas. It is shown by the blue dashed line in Fig. 4. For

T = 7:91MeV we have E�=A = 11:865MeV. The value agrees fairly well with the ther-

modynamic conditions (23) and (24). The black line is therefore connected continuously

to the blue line.

Finally, we should refer to Ref. [23], which showed that the asymmetric nuclear

matter was the binary system with two independent chemical potentials of proton and

neutron. Based on the Gibbs condition of phase equilibrium, both the chemical po-

tentials were equilibrated in the liquid-gas mixed phase. The geometrical construc-

tion was used to determine them. Such a technique is widely used in the other works

[24-26] of the liquid-gas phase transition in asymmetric nuclear matter. To the contrary,

in the common tangent method used in the present work, only the Gibbs energy is equi-

librated. However, the upper limit on the plateau in the caloric curve of Fig. 4 is likely

to support our analysis. Moreover, it is noted that the geometrical construction of the

equilibrated chemical potentials is appropriate to the canonical ensemble, in which the

chemical potentials are the functions of temperature, while the nuclear matter produced

in multifragmentation reaction is the microcanonical ensemble, in which the chemical

potentials and the temperature are determined individually for �xed values of the other

quantities. In fact, for the caloric curve of Fig. 4 we investigate the microcanonical

ensemble of nuclear matter. Now we are planning the physically reasonable calculation

of the liquid-gas phase transition in the microcanonical ensemble of the binary nuclear

system. It does not rely on the common tangent method nor the geometrical construction.

We have applied the RMF model developed in Ref. [16] to warm asymmetric nuclear

matter. The model can reproduce the astronomical observations of NSs and the experi-

mental nuclear symmetry energy, simultaneously. We have found that the model is also

useful to the liquid-gas phase transition of nuclear matter. The critical temperature and

the caloric curve are reproduced. The latter has been calculated in the microcanonical

ensemble. Although we are based on the traditional assumptions of thermodynamics,

the concavity and the extensivity of entropy, they are never obvious. In fact, it has been

recently reported [11,12] that the entropy of �nite nuclei really has a convex intruder and

so the negative heat capacity. They are also observed [27-29] in other small �nite systems.

On the other hand, Ref. [30] analyzed the nuclear multifragmentation in the so-called

Tsallis statistics [31,32], which violates the extensivity of entropy. It is an interesting

subject to extend our model to �nite nuclei in the nonextensive statistics.
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Figure 1: The isotherms in the pressure-density plane for symmetric nuclear matter.
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Figure 2: The isotherms in the pressure-density plane for asymmetric nuclear matter of
an asymmetry a = 0:3. The red dotted curve shows the spinodal boundary.
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Figure 3: The black curve is the entropy per particle as a function of the enthalpy per
particle for asymmetric nuclear matter of an asymmetry a = 0:3 under a constant pressure
P = 0:025MeV=fm3. The red line shows the common tangent of the black curve.
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Figure 4: The black solid or dotted curve is the caloric curve corresponding to the black
curve in Fig. 3. The horizontal black solid line is the boiling temperature of nuclear
liquid, which corresponds to the common tangent in Fig. 3. The vertical red line shows
the extreme of the temperature. The blue dashed line is the result E�=A = (3=2)T of a
free gas. The triangles are the experimental data from Fig. 5 in Ref. [10].
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