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ABSTRACT

The problem of determining the interface separating a constant conductivity inclusion with
star-shaped support from boundary measurement data of a solution of the corresponding
PDEs is considered. An equivalent statement as a nonlinear integral equation is obtained.
The problem is analyzed and implemented numerically using truncated Fourier series ex-
pansion. Numerical experiments based on simplified iteratively regularized Gauss-Newton
method (SIRGNM) are presented.
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1 Introduction

Consider the following boundary value problem
Au=S(z), in QCR?* wu=0 on 09, (1.1)

where Q; is a unit disc with boundary 09, and Qg C € is the support of S, i.e. Qg = supp(S).
The inverse problem consist of identifying the shape of Qg given the Neumann data g—; of
the solution on 0€2;. Therefore, we define I’ as the operator mapping ¢ to g—jﬁ, where ¢ is the
parameterization of the shape boundary of (25. Ring (Ring, 1995) studied S(z) = xq4, Where
(25 to be a star-shaped with respect to the origin and xq, denoted the characteristic function of
Q5. He named the inverse problem as core identification. Hohage (Hohage, 2001) mentioned
briefly the shape identification of the inverse source problem (1.1) in general domain and for
general S(z) without details, complement the work of (Hettlich and Rundell, 1996), which is
more general than the study of (Ring, 1995) with different approach.

In this work, we are particularly interested in the case of S(x) of the form

S(z) = —VaVuy, 0 < a aconstant, (1.2)



where the support of a, supp(a) CC Q4, and uy is the solution of the following boundary value
problem
Aug =0, wg=g on 09Q. (1.3)

This work extends the work of Ring (Ring, 1995), and studying in more details of a particu-
lar case of Hohage (Hohage, 2001) work. Furthermore, this particular problem arises from
identification of conductivity inclusion shape from boundary measurement.

This work is organized into some sections and an appendix as follows. In the next section,
we state the inclusion problem in Electrical Impedance Tomography (EIT) as inverse source
problem particularly as core identification. The third section, we recall the results from core
identification and recast it to the problem at our hand. We owe much of these results in this
section to Ring (Ring, 1995). In this section, we also verify the singular system of the Fréchet
derivative at a particular situation, which demonstrate the degree of ill-posedness of the prob-
lem. Before closing by the last section, a section solely devoted to some numerical results, to
reconstruct the star-shaped support of conductivity inclusion using simpified Iteratively Reg-
ularized Gauss-Newton Method (sIRGNM). For the sake of conveniencies, we provide in the
appendix some nomenclatures and facts used in this work.

2 Object inclusion in Electrical Impedance Tomography and in verse source
problem of Poisson equation.

Consider the inverse boundary value problem of electric impedance tomography (EIT) in a
bounded simply connected domain Q; ¢ R? :
Determine the conductivity s : Q; — R, with 0 < k,,, = k(x) = ks < 00, in the elliptic equation

Ve (kVw)=0inQ,w=gonodQy, (2.1)

using all possible boundary measurement pairs (g, Ii%ﬁ)le). Here, w is the electrostatic po-
tential, and ¢ is the prescribed potential at the boundary. Due to the severe ill-posedness of
the problem, it is almost futile effort to build a reliable method for reconstructing general con-
ductivities. This is particularly true if only few of Cauchy data pairs (g, K%’agl) are available,
which is often the case in practice.
One specific application of EIT which has practical importance is locating inhomogeneities
inside objects with known background conductivities. For example, finding tissue anomalies
from normal healthy background fall into this category of problem. Assuming the background
conductivity to be constant, say 1, our problem setting can be expressed as follow:
Assuming that

a:=(k-—1) has compact support within €21,

i.e., k is 1 within the vicinity of the boundary of Q,, find information of supp(a) from single (or a
few) Dirichlet-Neumann pair(s) of boundary data for problem (2.1).

Assuming that the conductivity perturbation « is small, let us linearize the equations with re-
spect to the conductivity perturbation. The linearized equation for small a is an equation for the
additional potential © = w — ug, and can be obtained by solving equations

V(1+a)Vw=0 in O w=g¢g onofy (2.2)



and
Aug =0 in Q up=g¢9 onaoy . (2.3)

We assume that supp(a) = ; for some subdomain ; cc 9, and a(z) = 0 for z € Q;\Q,
and suppose that « € L*(2;). Then from (2.2) and (2.3) we have equivalent system of elliptic
equations

Aug =0 in O up =g 0on oy,

(2.4)
Au = —VaVug in u=0 onoQ;.

Here g is applied boundary voltage, v is a potential of the electrical field in the model back-
ground problem, or a harmonic reference potential, and « is fluctuation of the potential due to
the presence of the inclusion.

From (2.4), by generating the corresponding harmonic reference potential v, we can reduce
our problem to finding the support of the source in the following Poisson equation

Au = S(x)in Q,u=00n9dN;, (2.5)

where the source is expressed formally as S(z) = — V - a V uo.

Note that this notation has to be properly interpreted in a weak sense if k lacks the appropriate
smoothness, but nonetheless, S is always supported within the support of a. Also note that
each pair of Dirichlet-to-Neumann data for problem (2.1) leads to a different source, and thus,
in principle, to additional information about the support of a. Furthermore, the smallness of « is
not necessarily to be of low-contrast conductivity but also of high-contrast conductivity as well
such as arises in the problem in geophysics, see for example (Cherkaeva and Tripp, 1996).
The inverse linearized problem is to find a conductivity distribution a which fits the measured
currents on the surface ,%bgl , of potential difference u satisfying (2.4)for the applied volt-
ages g.

Starshape Object Inclusion problem as core identification.

From now on, in this work, we consider 2, the unit disc. It is well known that the unique solution
to the problem (1.1) is given by

u(z) = [ G(z,£)5(§)dE, (2.6)

951

where

1 1
G(a.6) = g tle €] - 5t (Il = 151).

is the Green’s function for ;. We assume that Q2 to be a star-shaped with respect to the
origin. We consider the particular case that a = xq, and Qg cC O, hence alpa, = 0. Then
00s = {q(t)(cost,sint) : t € [0,2x]} for ¢ which is a positive function and 27 —periodic.

Let Zoy = Z\{0}, the set of non-zero integers, and let the Poisson Kernel

Plr,s) = 5= S ()™, (2.7)
nez



which is the Green’s function of Laplace equation in the unit disc €2; in polar coordinates (r, s).
We restrict ourselves by choosing the harmonic reference potential u( of the form
|k

ug := Ug(r,s) = Tﬂeiks,k € Zo,

which is the solution of boundary value problem (1.3) under scaled trigonometric function
ei ks

g = 7719 € ZO7
||

as a Dirichlet boundary value at 09 .
Forward Map F. The defined operator F' mapping q to g—z is by taking the normal derivative of
(2.6)

Ou _ 0 [ Gl e)s(ed,

61/33 N aVr N

Flg)t) =

0
= 5, (2, €)VeaVeUi()de,
Q4 Vg
by applying Green’s second formula

and use the fact that algo, =0

0
— [ Ve, GOV
QS Uy
due to change of variables from cartesian to polar
and the use of Poisson Kernel for Green’s function

also inserting a = xog4
21 rq(s)

- / VeP(r,t —s) - VeUg(r, s)rdrds; — &(r, s)
o Jo

after inserting an explicit expression of the Poisson Kernel

1 2r  rq(s) ) )
- = / Z |n|6zn(t—s)ezksr|n\+\k\—2rd,r_d8
2 0 0 n#0,n€Z

We arrive at the forward map F' mapping ¢ to %,

1 2m ‘n‘ . .
F 4 = — [n|+|k| Ji ks zn(t—s)d ) 28
(Q)( ) m /0 n;égez ’n‘ + |k|q(5) e e S ( )

In the next section we address some propeties of the forward operator (2.8) as we derived
above. We address the smoothness property of F(¢)(t) and derive the Fréchet derivatives
of F.

3 Smoothness and differentiability
Denote, T = [0, 27| and Z, = Z\{0}, then (2.8) is a well-defined map

F : HT)> D(F) — Hy "*(T),
q+— F(q)(t).



The domain for F' is defined as the set
domF = {qge HY(T): 0 < ¢(t) < 1forallt € T}, (3.1)
and frequently we shall consider the interior (domF)° of domF in H'(T), given by
(domF)° = {q€ H'(T): 0 < ¢(t) < 1forall t € T}. (3.2)

Proposition 3.1. Let F' be as defined in (2.8) and suppose that domF and (domF')° are given
as in (3.1) and (3.2), respectively.

1. Then
F(q) € H(T)

for every ¢ € domF and [ < 1.

2. If ¢ € (domF)°, then
F(q) € C(T).

3. For every g € (domF)°, there exists a neighbourhood U (q) of ¢ in H*(T) such that
F:U(q) ¢ HY(T) — HYT)

is Lipschitz continuous for every I € R, with Lipschitz constant given by é where ¢ is
depending on U(q) and {.

Proof. We follow in parallel to the proof of Proposition 4.1. in Ring (Ring, 1995).

1. Observe that,

In|q(s) |n|+\k\ » )
1Py = (527 300 +n2)] / 1PN —ins g
(1) 2 ] + 1
(1+n)l+1
< -_
< 2

neZop
Since (1+n2)*/(In|+ k) < (1 +02)!F/(jn] +1) < 2222 foralll > 0, |k| > 1, and
In| > 1, the series converges if 21 — 2 < —1,i.e., if | < %
Note that we also have a tighter bound due to the following inequality (1 + n?)*!/(|n| +

1) < 21+2|n2+1 put we don’t use this tighter bound, as the current scale will be of the
similar result as in (Ring, 1995).

2. As argued in (Ring, 1995), suppose that ¢ € (domF')°. The n-th terms of F'(q) under
Fourier Transform is

2 |n|q Inl+|k\ .
F — k e~ins
llF(@) )] = ol 5] [ e ay

Since H(T) c C(T), clearly sup,cr|g(s)| = |/¢|lc < 1, then we have

’k 1 ’/Zﬂ- Inlq(s) |n|+\k\ e—ins g ds| < n | H ( )\n|+|k|”
In| + [k| ~n |+Vf| -

— 0,

as |n| — oo since ||g|lo < 1.



3. Since the embedding H'(T) — C(T) is bounded, we can find a neighbourhood U(q) of
€ (domF)° such that m := {||¢||s : ¢ € U(q)} < 1. We will take a look at

F:U(§) ¢ HYT) — €*>(T) c H(T)

with [ € R. Therefore

1/2
L2 (gl (PR R
IF(q1) = Fla)lmery = ( (1+n2)l|/0 In|(q 4y )e_msds|2
nez

[n[ + [k

1/2
1 (1+n?) W/ JrHF _ glnl+Ibly —ins g 12
< — ins g
= on (nz T+ R Je " ds]

1 (1+n2)l+1
< Ly en)o
— 2
2 (Z (Inl + kD)
o L R 1/2
( / -l S I ds)?
J
< (O @) HmHEN2) g — gyl (3.3)
neZp
< Lla — allmr

where
L — ( Z (1 + n2)l+1m2(\n|+|k|))1/261

neZo

with ¢y such that || f||ec < c1l|f||gi(m)- The series in (3.3) is convergent via the quotient criterion.
Hence we have demonstrated that for everyl € R,

F:U(§) c HY(T) — HY(T),
is locally Lipschitz continuous. Ol

Observe that in the above proposition, we also proved Lipschitz continuity of F' with respect to
C(T)—norm on (domF)°.
Derivative of F. Now we turn to deriving Fréchet derivative of F.

Proposition 3.2. The forward map F(q) : (domF)° ¢ H'(T) — H!(T) is Fréchet differentiable
at every element ¢ € (domF)° with derivative given by

(DF[qlh)(t) = % /027T Z In|q(s) Mk ik sp(s)ein(t=9)gs, (3.4)
neEZg

for all h € H*(T). The Fourier transform of D F[q]h is given by

1 2 ) )
(DFlaty(n) = 5= [ Inla(s)" M (s)eiveas, 35)

forall h € H*(T) and n € N.



Proof. Before we proceed to show differentiability of F, it is necessary first to show that (3.5)
is the Fourier Transform of (3.4). Observe that for ¢ € (domF')°

| Inlg(s) ik seint=9) < gDl o

_ 2
P (1~ [lall)

we interchange the summation and integration in (3.4) and obtain

2T
(DF[qh)(t) = QL > / Injq(s)MHFletEsp(5)et (=9 dg ¢t
™ 0

neZo

which confirms (3.5) to be correct.
To prove Fréchet differentiability of F it is sufficient to show the following

(1) DF|q]: HY(T) — HY(T) is a bounded linear operator.
(2.) DF is alocally Lipschitz continuous dependent on ¢, i.e., there exists L(q) > 0, such that
1F(q) — F(Dl ey, mery) < Lllg — qll ey
(3.) DF]q] is Gateaux derivative of F' at ¢, i.e.
lim ||F(q + 7h) = F(a) = TDF[alhl| 1 my = 0,
where 7 € [0, c0) for every h € H'(T).

Let us show first that DF[q] as defined in (3.4) is a bounded linear operator from H'(T) into
H(T) for some arbitrary but fixed I € R. Using

1/2
1 2m n 1 ks in(t—s
IDFlgy = | 2@ +nd s [ lnla(o)" e shs)eintast |
neZo g 0
, 1/2
< [ 3@+ 02 gm0 / W) C9ds? |
neZo 27T 0
1/2
< O @+ a+n?) g2 w2y |
neZo
1/2
< [ )0 g 2 )
neZo
1/2
< ¢ (Zlh(n)\2> < ety
nez

where we chose c sufficiently large such that (1 + n2)@+/2||g| "D < ¢ for all n € Z. (Note
that ||¢||« < 1 since ¢ € (domF)°). Hence DF[q] : HY(T) C Lo(T) — HYT) is a bounded
linear operator. Moreover the results show a stronger result than we require and also DF'[q]
can be uniquely extended to a bounded linear operator from Lo (T) into H(T).



For the proof of (2.) we pick a neighbourhood U (q) of ¢ in H*(T) c L?(T) such that ||l <
m < 1, for all g. Then we have

neEZg

IDFlglh — DE[hll g(r) = (Z(Prnz)lnx

| e ol +k | 12
o7 /. (=D Y ¢q" M n(s)e"ds]?

1/2
< (Z(1+n2)’n2(n+k+1)2m2(”+k)ﬁ(n)2) X

neElg
”q - q~”oo
1/2
< | D0+ (0l + k] 4+ 1Pm2 AP x
neEZg
”q - (j”oo

We choose ¢; and c; two constants such that [|¢ — [l < c1llg — | g1 (1) for all ¢ elements in
U(q), the neighbourhood of ¢, and

(14 n2)F (|| + k] + 1)2m2InHRD) < 2 for all n € Z.

Then we have
|DF(glh — DF[ghl gy < Lllg — @l geeryl|Al] gy

with L = ¢;¢o, and consequently
|DF[glh — DF[qh|l e (my, i ry) < Ll — @ll ey

forall g € U(q).
Now, it remains to show that DF' is the Gateaux derivative of F. We find that

|F(qg+7h) — F(q) — TDFqlhllguery =

1/2
0

= 2 In| + |k|
[n|+|k| [n|+|k| V2
1 p) Ikl glnl+
- L arnme ’/ ((g+7h) q )_Tq|n|+|k|h(s))e—nsds‘2
2 In| + |k
HGZO

IN
|

1/2
1 (l+1) ||+ K| In[+[kI\ Al ki1 —ns 2
o | e [7 WHM[}) J ) Pyt S

neZg

1 mEE il "
< 1 (l+1)/ Y g 6V gInl IRl s g2
< o [ Zasrmen \nmm[z J ) Pyt e

neZg

IN

1/2
T (Z (1+ ”2)(l+1)(m||q + 7'|h||||n|+|k|) )

neZg



where we used 7%~1 < 7%/2 for all k > 2 and 7 € (0,1). The last series converges if ||q +
T|h||leoc < oo by the quotient criterion, hence the whole expression goes to 0 as 7 — 0.
O

The following theorem is in parallel to the result of Theorem 4.5 in Ring (Ring, 1995).
Theorem 3.3. The operator DF[q] : H'(T) — H.(T) with [ € R is injective for all ¢ € (domF)°.

Proof. Let h(s) € kerDF[q] C H'(T),then

1 2m ) )
0:%/0 Z |n|q(s)|n|+|k|€zksh(s)eznsds

neZo
after exchanging integral and sum, then

1

0:% 0

21
q(3)|”|+‘k‘eiksh(s)emsds, foralln #0,n € Z.

Let h(s) = q(s)*I=1etksh(s), this equivalently with

1 27 - )
= — q(s)M 1 h(s)e’ ™ ds, foralln #0,n € Z.
2 0
It was shown in (Ring, 1995)[Theorem 4.5], that the functions {q(s)"le!"s;n € Z} are dense in
H'(T), thus we may conclude that ¢(s)h(s) = 0. However, since ¢(s)¥—'e’*s £ 0,5 € T\{0}
and ¢(s) > 0, then leads to h(s) = 0, or h € kerDFq]. O

Theorem 3.4. The evaluation of adjoint operator D F'[q]* of (3.4) is given by:
21
(DFl*9)(s) = a(s) e o [ 3 fnla()em=g(e)a, 36)
2 0
neZg
for g(t) € HL(T).
Proof. We follow in parallel to the idea of the proof of Theorem 5.1 and utilize some results of

the appendix in the works of Ring (Ring, 1995).
(The following geometric series: r/(1 —r)? = > neng M Ir| < 1, is needed in the proof.)

1 o 1 °n n iks in(t—s
(DFlglh, ) g2y ey = 5 i (% /0 gzj Injq(s)MHFl iR s g (5)ei )ds) g(t) dt,
nczo
1 2w )
= o[ aeMeten(s)
m™Jo
1 2w )
/ Z Injq(s)™e™ =9 g(t) dt | ds. (3.7)
2n 0 neEZg
The order of integration can be reversed since we have
k] ik (3 in(t—s) s 1Bl
| Z nfq(s) e "h(s)e gt < 1=l g9(t)|

n€”Zo



for all (s,t) € T x Tand g € H'Y/? C Ly(T). We put

g*(s) = qls ’“’“( / > Inlg(s)letn =) <>d>. (3.8)

neZo

From

||
q
‘ 2 : ‘n‘q |n\+\k\ Leiks znt s) (>‘ < H H Q‘Q(tﬂ?

= (1= Tlalloo)
thus allows us to reorder the summation and integration in (3.8), so we obtain

2w
76 = X lnla)a(s) Mt (o [Tyt ar) e,
™

neZo

_ Z |7’L|q \n| |k\ iksa ( )ein(—s). (39)

neZo

The following estimates

S am)Plnllglll < > am)Plnllqllk,
neZo nez
< O +n)2gm)P)V2O (1 +n®) P nP gl 2,
nez nez
< O+ Plam)P)2O0 (1 +n®) g2 2,
nez nez
< (gl r20my) Q_ (1 + 02l 2) Y2,
nez
< 00,

imply the uniform convergence of the series (3.9) on T. Therefore we conclude that ¢g* € C(T) C
H~(T). Moreover (3.7) implies that

(DFEglh, g) g-172(7y,m1/2(Ty = (he 6 ) Er(m), -1 (T)

and consequently

(DF9)s) = a(e) e 5 [ 5 nlao)e 0oy, (3.10)

n€lg

Singular system of D F'[q] for circular support inclusion.

Let ¢o,0 < g9 < 1, be a constant radius of support inclusion.
Denote €;(s) = €¢'/%, we have

2
n n zn 1js _t(k—m)s
(DFqole;)(t) = Y 2W1|7|z+||k|+1q e t/o eIt (e gs (3.11)
neZ

Under complex unit monomial basis in T the entry of D F[qy] can be expressed as

(DF[qo])jn = ((DFlqol€;) (), en(t)) g-172(my), m1r2(m)
|n|qgn|+‘k‘5j+k



for n # 0,n,j € Z, and ¢ denoting delta Dirac notation. We observe here we have an infinite
matrix representation of D F'[qy], which is a non-zero upper-lower k-diagonal or k-banded.

Let us make some notes related to the infinite matrix representation of DF|qy] induced by
harmonic reference potential ug.

Note 3.5. Observe that under 'harmonic reference potential’ u, of the form of a finite linear
combination of elementary harmonic reference potential

ug =Y apUi(r, s)

keK

B Z O[k(T‘)keikS’K = {kl S Zo,i = 17 Ce ’n}’
keK

which is the solution of boundary value problem (1.3) under boundary value

g = Z ape’™ K = {k; € Zo,i=1,--- ,n},
keK

the infinite matrix DF[qo] is a non-zero banded matrix with bandwidth | min{k;;k; € K}| +
max{k;; k; € K}.
In the case of *harmonic reference potential’ is ug := US(r, s) = (r¥ cosks)/k, k € Zo, which is
the solution of boundary value problem (1.3) under cosine boundary value g = (cosks)/k,k €
Zo, we observe that the infinite matrix D F[qy] under trigonometrical polynomial basis is a non-
zero symmetric k-bidiagonal.
While in the case of *harmonic reference potential’ is ug := U (r,s) = (r¥sinks)/k,k € Zq,
which is the solution of boundary value problem (1.3) under boundary value g = (sinks)/k, k €
Zy, we obtain that the infinite matrix D F'[qo] under trigonometrical polynomial basis is a non-
zero skew-symmetric k-bidiagonal.

Singular system of DF[q].
Let e5(t) = (1 + 5%)*/%¢'", then

(DF[@le)(t) = (1+%)7**(DFqle;) (),

N — k| ¢q
_ (1+]2) 5/2 Z ]n’q(‘)nH' ‘(%Jrken(t),
nelg

O\ —s/2) 1 |il+lk
= (1+ )1 M e n(0).

Denote
kl+|7] | - . )
;= ay L+ )2,

then from (3.6) and Theorem (3.3), we can show :
DF[qo]*ej4u(t) = 0 €5(2).

Then we demonstrate that the triple {¢;(¢), €;+£(t), 0;} is singular system of DF[go], the Fréchet
derivative of F" at positive constant gy, since {¢(t),j € Z} and {¢'/*,j € Zy} are complete
orthonormal basis of H*(T) and L2(T), respectively. Also it shows that DF|[q] is a compact
linear operator.



Remark 3.1. From the knowledge of the singular system of DF[qy], we could obtain the infor-
mation of modified source condition needed for the class of iterative method using fixed Fréchet
derivative such as simplified IRGNM, the method that we use in the numerical section later.
This method studied in details by Mahale & Nair (Mahale and Nair, 2009) and Jin (Jin, 2010),
and by following the argument given by (Hohage, 2001) in his discussion on source condition
for the inverse (constant) source problem, we might highlights the modified source condition
for simplified IRGNM. This issue will be addressed in the future works.

The following theorem highlights the degree of ill-posedness of D F'[qp].
Theorem 3.6. Assume that 0 < go(t) = go < 1, a positive constant. Then the operator
fo(DFlqo]" DF[go]) - H*(T) — H*™(T)
is bounded and boundedly invertible.
Proof. By the help of the singular system of D F[q], we have
fo(DFlqo)* DF [go))€§ = fy(a7)e5.
Choosing Ay = || DF[qo]|| in the definition of f,, we obtain
Fo(02) = (G| + ) I R+ cg + sIn(1+ %) —In|jl,  R:=1/go.
Since
(7] + |k In R + cp + sIn(1 + j2) — %111(1 + 52| < (] + |k]) In R + cg + sIn(1 + 5%) — In 5],
then there exists ¢ > 0 a constant, and for all j € Z
(V1 +52) < (Ij] + [k In R+ cp + sIn(1 + %) —In ],

therefore
fp(%z) <Pl +j2)fp/2.

This leads to
| fp(DF[qo]” DF[qo]) | s (1) — 40 (T) < €77
Using the fact —In |j| < 0 for all j € Zy, and use of the following inequality:
(I7] + |E) In R+ cg + sIn(1 + 52) —In|j| < (|j] + |E]) In R+ cg + sIn(1 + 5%),

then there exists C' > 0 a constant, and for all j € Z,

(7] + [k) In R + cg + sIn(1 + j%) < C(V/1 + 52),

therefore
C7P(1+ %) 7P < fo(0F).
So we conclude
1 fp(DF [qo]*DF [qo]) ™" | rs+r(m)—rs(my < C 7.
Hence f,(DF[qo]* DF[qo]) is boundedly invertible. O



Remark 3.2. The above result, highlights the degree of ill-posedness of the problem. Let
¢* be the exact value, the condition ¢y — ¢* = f,(DF[qo]* DF[qo])w for some w € H*(T) is
equivalent to the fact that ¢y — ¢* € H**P(T). Moreover, there are constants ¢, C' such that
clwllersery < llao — ¢l gs+o(ry < Cllwll ars(m

Remark 3.3. In the case inclusion of the form a(r), that is a known radial function, the forward
map (2.8) will be of the form

_ M °n in(t—s) iks a(s) In|+|k|—2
F(q)(t) = Z 2 e r a(r)rdr | ds.
0

n#£0,n€Z 27 Jo
Observe that in our case for star-shaped inclusion, it is necessary that radially supp(a(r)) is
an interval [0,b] C [0,1],0 < b < 1. This condition rules out the following studies on non-
uniqueness result :

1. Counter example of constant radial object by Kang & Seo (Kang and Seo, 2001).

2. ldentification of radial function by El Badia & Ha-Duong (Badia and Ha-Duong, 1998).

Assuming that a(r) is bounded over its support and with finite jump discontinuity, the results for
star-shaped constant conductivity support still valid without essential change in the proof.We
don’t pose the general radial case result in this work, as to maintain the simplicity of exposition
in mind.

4 Numerical Implementation.

We may follow the implementation of either (Ring, 1995) or (Hohage, 2001) for star-shaped
support of inverse source problem, for numerical implementation to reconstructs the shape of
conductivity inclusion. Rather than working in complex arithmetic as in (Ring, 1995), in this
work we follow the numerical implementation of (Hohage, 2001), hence we need to recast
the expression of the forward operator and the Fréchet derivative in terms of trigonometrical
polynomials. To ease the work, we consider three simple cases of general form.

Cosine boundary input. The first case is the case of uf (t) = % cos(kt), or a harmonic reference
potential under boundary input of the form gj = %,5'“), k # 0. We have the following expression

on the forward map F' and its Fréchet derivative.

e Forward map from ¢(t) to 2% :

n 2T
Fo® = =Y T <(/0 a(s)"¥ cos (k — n)s ds) cosnt —

s o n+k
21

(/ q(s)"*sin (k — n)s ds) sin nt) . (4.1)
0

e Derivative :
1 21
(DFglgh)(t) = — Z n <(/ q(s)" " " 1h(s) cos (k — n)s ds) cosnt —

g neNp 0

27
(/0 q(s)" ™ th(s)sin (k — n)s ds) sin nt> . (4.2)



Sine boundary input. The second case is u; (t) = % sin(kt), or a harmonic reference potential
under scaled sine boundary input of the form g; = %, k # 0. The corresponding forward

map F and its Fréchet derivative for this case are the following,

e Forward map from ¢(t) to 3* :

n 2m
Fig)t) = % Z Y] <(/O q(s)"*sin (k — n)s ds) cosnt+
neNy
2
(/0 q(s)""* cos (k — n)sds) sin nt) . (4.3)

e Derivative ;

27
(DF{[g)h)(t) = % Z n <(/0 q(s)"”“*lh(s) sin (k —n)s ds) cosnt+

neNp

2w
(/0 q(s)""*h(s) cos (k —n)s ds) sin nt) . (4.4)

Finite linear combination of Cosine & Sine boundary input case. And lastly, a case of uy(t) =
> ke KNy 7k (g¢ cos(kt) + gisin(kt))/k, K = {ki,---,kx} or a harmonic reference potential
under finite linear combination of scaled cosine and sine boundary input of the form ¢ =
> ker N, (95 cos(kt) + gj sin(kt))/k, the corresponding forwad map and it's Fréchet derivative
provided as follows.

o Forward map from g(t) to 9% :

Fa® = Y 23 A

ke KCNp n€Np

27
([ [ ey cos s+ gsin(t—ms) s Leasnts

2
[/ q(s)"* (g3 cos (k —n)s — g§ sin (k — n)s) ds | sin nt) :
0
e Derivative :

(DF[gh)(t) = Y (gi(DF{lgh)(t) + gi(DEF{[alh) (1))
ke KCNp

S i
ke KCNp T neNp (n + k>
2m
([/ q(s)"* 1 h(s)(gf cos (k —n)s + gisin (k —n)s) ds | cosnt+
0

2
[/0 q(s)" ™" h(s)(gi cos (k —n)s — gisin(k —n)s) ds ] sinnt) .

For general case of a harmonic reference potential, we may take the last case as an example,
and extend it to suit the case.



Numerical Implementation (Discrete approximation).

To solve the inverse problem finding ¢ from data g—g = ¢%, we use an iterative method called
the simplified iteratively regularized Gauss-Newton method (sSIRGNM), defined by the iteration
process

Q1) = @+ (F'ao)" F'lao) + e D)™ (F'lqo)* (v° — F(q})) + ck(gf — @0)), k € No,  (4.5)

where F’[q] is the Fréchet derivative of F at initial guess ¢g, and «y is regularization parameter.
This method is a simplified version of iteratively regularized Gauss-Newton method (IRGNM),
which falls within the class of regularized Gauss-Newton method, and studied recently in de-
tails by Mahale & Nair (Mahale and Nair, 2009), Jin (Jin, 2010), and George (George, 2010).
The reader may consult the monograph by (Kaltenbacher, Neubauer and Scherzer, 2008)
or (Bakushinsky, Kokurin and Smirnova, 2011) on the subject of regularized Gauss-Newton
method for solving nonlinear inverse problem.

To arrive at a finite dimensional system, we introduce the space T, of trigonometric polynomi-
als of degree < M, M is a positive integer, and solve the following minimization problem

1Px (E'[qo]h + F(ar) — 972 + llh + ai, — qol| s s = min! (4.6)

over hy, € Ty at each step. Here K and N are positive integers, Py is the orthogonal projection
onto T in Ly([0,2x]) and || f|2 s k» s € N, is the approximation of | 113+ using the trapezoidal
rule with K equidistant grid points, i.e.

K-1
k ),k
Qﬂm%W””f<m%Wﬁ'

It turns out that (4.6) is equivalent to a linear least squares problem for the Fourier coeffficients
of hy,.

Px(F'[qo]lhi. + F(qr) — ¢°) is easily evaluated by truncating the series in (4.1) and (4.2). We
approximate the integrals in these formulas using the trapezoidal rule with N, grid points. Since
the Lo —norm of a function f(t) = ag + Y"1, a; cos(jt) + b; sin(jt) provided by

1
2 —
k=0

N
1
113, = a3+ 5 D a2 +42,
Jj=1

we obtain (2N + 1) linear equations for the 2M + 1 Fourier coefficients of hj from the term
|1Px (F'[qo) i+ F (qx)—g°)||7, in (4.6). The term || hx+qx—qol %+ x Yields another 2K equations.
Hence in total we obtain a linear least squares problem with (2(N + K') + 1) equations for the
(2M + 1) Fourier coefficients of hy.

Test Cases

Two cases of conductivity inclusion shape have been tested, a rose petal and a dented circular
shapes. The first case, a rose petal shaped inclusion, a domain described parametrically by
the function

q1(t) == (0.540.1cos(5 x t)).



90 0 1

Figure 1: We show the result of two test cases of conductivity star shape support and its
domain reconstruction for exact data. On the left column, we show the first case where the
shape support is ¢f(t) := (0.5 4 0.1 cos(5 * t)). While on the right column, we show the similar
result for the second test case where ¢f(t) is a circle with inward dent. From top to bottom we
show the domain shape reconstruction at initial step, fifth step, and the fiftieth step.

The harmonic reference potential used in this case induced by boundary source g = cos(t).
The second case we chose a dented circular shaped domain described parametrically by the
function

o 0.5, tel0,m—1/2]U[r +1/2,2x],
2(t) = 0.5 = 0.1 % exp(—(y=g=my2)), t € [r—1/2,m+1/2].

The harmonic reference potential used in this second case induced by boundary source g =
cos(3 xt).

In both cases, the numerical experiment we perform using forward map F given in (4.1) and
its Fréchet derivative (4.2). The synthetic data generated using (4.1) over finer grid points than
the number of grid used in SIRGNM, to avoid an obvious inverse crime. The reconstruction and
the initial guess of both domain are shown in figure 1.0n both numerical experiments, we use
M =5, N =32, N, = 128, while the data generated using forward operator, using n = 256 grid
points to avoid inverse crime.



5 Concluding Remarks

We have presented a result to identify a star-shaped conductivity inclusion from boundary mea-
surement as a core identification problem. Using the Newton method requires the knowledge
of the derivative of the measurements with respect to the shape perturbation. This derivative
has been computed along the lines of the works of Ring for the core identification (Ring, 1995).
Based on this result we developed a numerical method for reconstructing the shape of the
conductivity inclusion.

The numerical implementation has made use of the simplified iteratively regularized Gauss-
Newton method in order to solve the inverse problem, the forward problem being solved by the
Fourier expansion method. Our method works satisfactorily to identify conductivity inclusion
with star-shaped boundary.
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Appendix A: Nomenclature and facts

Let H'(Q;) is the sobolev space of all functions u € L?(£2;) for which %Li € L2(y) fori=1,2,
endowed with the inner product

ou Ou ou Ou
(u, v) () = (U, V) 2(qy) + <87:1’ aﬁﬁh?(m) + <87:2’ sz)m(m)-

Moreover we define the Hilbert space
H(A, Q) ={ve HY(D) : Av e L* ()}, (5.1)
with inner product

(u,v) (a0) = (W V) g1y T (Au, Av)r2(q,). (5.2)

Points on the boundary of 2; are identified with their corresponding angle in polar coordinates,
i.e. we set 90 = {t+27Z : t € R} = R/27Z =: T. For | > 0, the Sobolev space H!(T) is
defined by

HY(T) = {f € LX(T) Y _(1+n*)|f(n) < oo}, (5.3)

nez

where | g
fy =5 | fls)e™mds, (5.4)

denotes the Fourier transform of f. H'(T) is a Hilbert space with respect to the inner product

—

(f,9)mery = D_(1L+n*) f(n)g(n). (5.5)

nez
The Sobolev space H.(T)(I > 0) is defined by
HY(T) = {f € LX(T) Y _(1+n*)'|f(n)]* < oo}. (5.6)
nelo
By H~!(T)(I > 0) we denote the dual of H'(T). With the Fourier transform defined on H~!(T)
by f(n) == (f,e™™) yr—(p) e (r) We find

(fre™ ™ yiemy ey = f(n)i(n) (5.7)

neL



for the duality pairing (.,.) sr—1(1),zzi(r) @nd for f € H~/(T) and g € H'(T). Moreover, H'(T) is
characterized by (5.3) and the inner product on H~!(T) is given by (5.7), in both cases with [
replaced by —I. We have

=Y fn)ye™ (5.8)

nez
for f € HY(T),l € R, where the series (5.8) converges in H'(T). We define the differential
operator D : HY(T) — H'~1(T) by

Df = Zinf(n)emt. (5.9)

ne”L
It is a bounded linear operator with ker(D) given by the constant functions on T. The space
C>(T) of all infinitely differentiable functions on T is characterized by

C®(T) = {f : T — C |n|*|f(n) — 0asn — oofor all k € N}. (5.10)

Those facts follows as a special case of theorems on Sobolev spaces on smooth compact
manifolds as given for example in Wloka (Wloka, 1987).



