Preprint-KUL-TF-95/2

Lie Algebraic Structure of Anomalously Scaled Fluctuations

M. Broidioi^1, B. Momont^2 and A. Verbeure^3

K.U.Leuven Instituut voor Theoretische Fysica Celestijnenlaan 200 D B-3001 LEUVEN (Belgium)

Abstract We present a general representation theorem for anomalously scaled fluctuations of single-site observables on a square lattice. The set of limiting fluctuation observables is a Lie algebra.

1e-mail : marino.broidioi@fys.kuleuven.ac.be 2e-mail : bruno.momont@fys.kuleuven.ac.be; Onderzoeker IIKW Belgium 3e-mail : andre.verbeure@fys.kuleuven.ac.be

1 Introduction

The theory of normal fluctuations is worked out for general quantum lattice systems in a series of papers by Goderis, Verbeure and Vets [1, 2, 3]. We briefly summarise how a microscopic physical system with normal fluctuations yields macroscopic fluctuation observables which form an algebra of canonical commutation relations.

Let B be the C^∗–inductive limit of the minimal tensor product algebras A_Λ = ⊗_{x∈Λ}A_x, where Λ ∈ D(^d) is a finite subset of^d. The algebras of single–site observables A_x are copies of a general C^∗–algebra with identity. Typical examples are the quantum spin models, where the A_x are matrix algebras. Let ω be a state on B which is ergodic for the space translations.

Definition 1.1 The local fluctuation observable F^0_n (A) of an observable A = A^∗ in the state ω is defined by

F^0_n (A) = |Λ_n|^{− 12} ∑ x∈Λn {τ_xA − ω(A)} (1.1) where the volume Λ_n is the d–dimensional cube [−n, n]^d ∩^d, |Λ_n| is the cardinality of Λ_n and where τ_x denotes the automorphism of B representing the space translation over the vector x.

If all selfadjoint operators A of a real linear subspace B_0 of B have normal fluctuations, i.e. if the limits lim_{n→∞} ω ( e^{isF 0n(A)} ) = exp − s^2 2 ∑ x∈^d { ω (Aτ_xA) − ω (A)^2 }

exist and are not trivial, then one can identify^{′′} lim_n F^0_n (A)^{′′} with a Bose field operator F^0(A) of a macroscopic algebra of canonical commutation relations (CCR). A macroscopic quasi–free state ω̃ is induced on this CCR-algebra by the limits lim_n ω ( e^{isF 0n(A)} ) ≡ ω̃ ( e^{isF 0(A)} ) . The Bose field operators are called the macroscopic fluctuation observables and they satisfy the commutation relations [ F^0(A), F^0(B) ] = iσ(A, B) ≡ lim_{n→∞} ω ([ F^0_n (A), F^0_n (B) ]) .

The existence of the sums ∑ x∈^d { ω (Aτ_xA) − ω (A)^2 } has been proved for all the observables in the algebra of strictly local observables A_L = ⋃ Λ∈D(^d) AΛ under rather weak

conditions on the decay of correlations of the state ω (see [3]). Further details can be found in the references.

These results yield interesting applications in physics, among which we mention the contributions to linear response theory and Onsager’s relations [4, 5, 6]. Other rigorous results were obtained on the level of the macrodynamics of the fluctuations. One was able to determine discrete points in the spectrum of the macrodynamics in the Schwinger model [7] and the Jellium model [8]. In the Overhauser model, the complete spectrum of the dynamics on the level of the density fluctuations has been determined [9]. Several problems in solid–state and phonon physics have been explained rigorously in the framework of normal fluctuations : e.g. the Peierls–Fröhlich instability and the Kohn anomaly [10], phon(i)on limits and phonon dynamics [11, 9].

Nevertheless, we are faced with the fact that the theory of normal fluctuations only applies to a limited class of physical systems. The presence of long–range correlations in the system causes problems. Therefore, it would be interesting to extend the theory of fluctuations so that it will be applicable to a wider class of physical systems, including systems with long–range correlations.

One speaks about an observable showing abnormal fluctuation behaviour if the variances of the normally scaled fluctuations of that observable become either infinitely large or infinitely small in the infinite volume limit. Both situations can be avoided by the technique of rescaling the local fluctuations supernormally and subnormally respectively. Both types of anomalous behaviour are known to appear in physical systems. Examples are discussed in the context of several soluble models, showing a phase transition, like the anharmonic crystal [12, 13], the Curie–Weiss model [14] and the Bose gas [15, 16]. In [12, 13] the authors make some observations concerning the commutation relations of these anomalously scaled macroscopic fluctuation observables but the general algebraic structure of the macroscopic abnormally scaled fluctuations – especially in the case that some microscopic observables need to be scaled subnormally – has not been discussed so far, to our knowledge. This is the main subject of this paper.

2 Abnormal fluctuations

The main motivation to consider other than normal types of scaling is that not all interesting fluctuations are normal. The theory of normal fluctuations fails in situations where the interactions lead to long–range correlations in the state ω. Typical examples are physical systems at a phase transition. If the phase transition is continuous (or second order), it is common knowledge that quantities such as the heat capacity, or more generally some susceptibilities, diverge in the critical points. This corresponds to the divergence of the variances of normally scaled (i.e. with scaling factor |Λ_n|^{−1/2}) fluctuations of specific microscopic observables A, i.e. : ω (( F^0_n (A) )2) n→∞ −→ +∞. Equivalently : the long–range correlations in the state ω prevent the summability of quantities of the type : ∑ x∈^d { ω(Aτ_xA) − ω(A)^2 } . To make the ideas explained in this section more concrete, we will use the quantum anharmonic crystal, worked out in [12], as a guideline. The displacement operator Q and its powers show such diverging behaviour on the critical line.

The method to deal with these divergent quantities is to rescale the local fluctuations supernormally. Supernormal scaling means that one determines a scaling index δ_A ∈ (0,^1_2 ) for each observable A such that the, supernormally scaled, local fluctuations

F^{δA}_n (A) = |Λ_n|^{−δA} F^0_n (A) (2.2)

yield non–trivial characteristic functions lim_{n→∞} ω ( exp [ itF^{δA}_n (A) ]) = ϕ_A(t). Observe that it is no longer expected that the characteristic functions are Gaussian. The next step is to check whether it is possible to give a meaning to the limits

lim_{n→∞} F^{δA}_n (A) as operators — in general unbounded — on some Hilbert space. This will be the topic of a fundamental reconstruction theorem.

When the observable A is associated with the order parameter of the system, one usually describes in the physics literature ( see e.g. [17]) the asymptotic form of the connected two–point function with a critical exponent η ω(Aτ_xA) − ω(A)^2 ∼ O ( 1 |x|^{d−2+η} ) as |x| → ∞. The scaling index δ_A is related to the critical exponent η by the straightforward relation η = 2 − 2dδ_A. (2.3) In contrast to the supernormal fluctuations, it was found in [12], that the normally scaled fluctuation of the momentum operator P — i.e. with the usual scaling |Λ_n|^{− 1}2 — has a trivial characteristic function in the ground state of the quantum anharmonic crystal; i.e. lim_{n→∞} ω ( exp [ itF^0_n (P ) ]) = 1.

All moments of the local fluctuation of the microscopic momentum observable P converge to zero in the infinite volume limit and consequently the macroscopic fluctuation operator F^0(P ) will be the trivial zero operator; in particular the variance converges to zero: ω (( F^0_n (P ) )2) = |Λ_n|^{−1} ∑ x,y∈Λn ω (τ_xP τ_yP ) − ω (τ_xP ) ω (τ_yP ) n→∞−→ 0. (2.4) If the right hand side of (2.4) is of asymptotic order O ( |Λ_n|^{2δP} ) with δ_P < 0, then it is reasonable to expect that the fluctuations live on the specific scale |Λ_n|^{− 1}2^{−δP} . Instead of working with the normally scaled fluctuation F^0_n (P ), one checks whether the subnormally scaled local fluctuation

F^{δP}_n (P ) = |Λ_n|^{−δP} F^0_n (P ), (2.5) where δ_P is now strictly negative, leads to a non–trivial characteristic function lim_{n→∞} ω ( exp [ itF^{δP}_n (P ) ]) = ϕ_P (t) ≠ 1.

Also in this case, one should give a mathematical meaning to the limiting operators :

lim_{n→∞} F^{δP}_n (P )

3 Algebraic aspects

The focus in this section will be on the algebraic structure of a set of abnormally (super– as well as subnormally) scaled fluctuations. We present the results for single–site observables. Generalisation to strictly local observables is straightforward and does not reveal any new mathematical structures.

First, we mention partial results concerning the algebraic structure of abnormal fluctuations, obtained in the framework of the quantum anharmonic crystal [12]. There it is argued that the commutator of two local fluctuations F^{δA}_n (A) and F^{δB}_n (B) goes to zero in the limit n → ∞ if δ_A + δ_B > 0 or to the c–number ω ([A, B]) if δ_A + δ_B = 0.

The nature of the commutator of local fluctuations F^{δA}_n (A) and F^{δB}_n (B) when δ_A + δ_B < 0 has not been considered in [12]. Precisely this situation turns out to have a rich mathematical structure when studying the algebra of macroscopic fluctuations. We prove that, when δ_A + δ_B < 0, the commutator [ F^{δA}_n (A), F^{δB}_n (B) ] is in fact again the local fluctuation of a microscopic observable. This observation reveals the possibility of obtaining a non–trivial macroscopic Lie algebra of macroscopic fluctuations. This structure is a major generalisation of the CCR structure, found so far.

Consider the GNS representation [18] of the physical system (B, ω) with ω an ergodic state on B. The GNS representation is specified by a triplet (π, H, Ω); π is a representation of the C^∗–algebra B into the bounded operators B(H) of the Hilbert space H : π : A ∈ B → π(A) ∈ B(H). and Ω ∈ H is a cyclic vector for the algebra π(B) such that :

ω(A) = (Ω, π(A)Ω) .

In the GNS representation of (B, ω), we consider in π(B) a bounded, skew–symmetric representation on H of a real Lie algebra g(1) generated by m single–site observables π(L_j) ≡ L_j multiplied by i. The structure of this Lie algebra is characterised by the following commutation relations :

[iL_j, iL_k] = m∑ l=1 c^l_{jk}iL_l. (3.6)

The c^l_{jk} ∈ IR are the structure constants with respect to the basis {iL_j}_{j=1,...,m}.

The operator ∑m j=1 L^2_j is bounded and selfadjoint since all L_j are bounded and selfadjoint operators. This implies that the representation of g(1) is integrable [19]. Hence, the operators

exp[i m∑ j=1 α_jL_j] (α_1, . . . , α_m) ∈ IR^m define a Lie group G(1) of unitary operators on H such that

exp[i m∑ j=1 α^1_j L_j] exp[i m∑ j=1 α^2_j L_j] = exp[i m∑ j=1 γ^{1,2}_j (α^1, . . . , α^2_m)L_j] where the coefficients γ^{1,2}_j (α^1, . . . , α^2_m) are entire analytic functions of the α^1’s and α^2’s.

The unitary operators exp i m∑ j=1 α_jF^{δj}_n (L_j) = ⊗_{x∈Λn} exp i m∑ j=1 α_j|Λ_n|^{−( 12 +δj )}τ_x (L_j − ω(L_j))

(3.7) multiplied with a phase factor e^{iα0} define for each n ∈ IN a regular unitary representation of a Lie group G(n) on the space H. The associated Lie algebras g(n) are given by the (m+1) dimensional real spaces with elements of the type α_0i + ∑m j=1 α_jiF^{δj}n (L_j), α_j ∈ IR.

The purpose of introducing an extra dimension, corresponding to the generator i , will be clear from the consideration of the commutator [ iF^{δj}_n (L_j), iF^{δk}_n (L_k) ] = |Λ_n|^{−(1+δj +δk)} ∑ x∈Λn τ_x [iL_j, iL_k] = |Λ_n|^{−(1+δj +δk)} ∑ x∈Λn {τ_x [iL_j, iL_k] − ω ([iL_j, iL_k])} +|Λ_n|^{−(δj +δk)}ω ([iL_j, iL_k]) = m∑ l=1 c^l_{jk}|Λ_n|^−(^{12 +δj +δk−δl})|Λ_n|^{−( 12 +δl)} ∑ x∈Λn { τ_xiL^l − ω(iL^l) }

+|Λ_n|^{−(δj +δk)}ω ([iL_j, iL_k]) = m∑ l=1 c^l_{jk}|Λ_n|^−(^{12 +δj +δk−δl})iF^{δl}_n (L^l) −i|Λ_n|^{−(δj +δk)}ω ([iL_j, iL_k]) i This simple calculation reveals the (volume dependent) structure constants of g(n) with respect to the basis i , {iF^{δj}n (L_j)}_{j=1,...,m}. They are given by the expressions : c^l_{jk}(n) = c^l_{jk}|Λ_n|^−(^{12 +δj +δk−δl}) for l, j, k ∈ {1, . . . .m} (3.8) c^0_{jk}(n) = −i|Λ_n|^{−(δj +δk)}ω ([iL_j, iL_k]) for j, k ∈ {1, . . . .m} (3.9) c^l_{0k}(n) = 0. (3.10)

Assume now that it is possible to determine for each L_j, j = 1, . . . , m, a scaling index δ_j <^1_2 such that lim_{n→∞} ω exp i m∑ j=1 α_jF^{δj}_n (L_j)

= ϕ(α_1, . . . , α_m) (3.11)

defines a non–trivial analytic^4 function ϕ of the real variables α_1, . . . , α_m. In particular, we assume the existence of the limits lim_{n→∞} ω ( exp[iα_jF^{δj}_n (L_j)] ) = ϕ_j(α_j) (3.12)

as non–trivial analytic, (not necessarily Gaussian) characteristic functions for every j = 1, . . . , m. The next step in the determination of the macroscopic fluctuation observables, is the analysis of the limits lim_{n→∞} ω exp i m∑ j=1 α^1_j F^{δj}_n (L_j) exp i m∑ j=1 α^2_j F^{δj}_n (L_j)

= lim_{n→∞} ω exp i m∑ j=1 γ^{1,2}_j (n)F^{δj}_n (L_j) e^{iγ1,20 (n)}

. (3.13)

where for j = 1, . . . , m

γ^{1,2}_j (n) = |Λ_n|^{12 +δj} γ^{1,2}_j ( α^1 |Λ_n|^12^{+δ1} , . . . , α^2_m |Λ_n|^12^{+δm} ) (3.14)

as is easily verified with the help of formula (3.7).

By our assumption (3.11) about the existence of a smooth distribution ϕ(α_1, . . . , α_m), the limits (3.13) will be well–defined if and only if the limits n → ∞ of the numbers γ^{1,2}_0 (n) and γ^{1,2}_j (n) are defined. This property is directly related to the convergence of the structure constants c^l_{jk}(n) as n → ∞.

4the scaling indices were introduced in such a way that Œ should only be C^2 which corresponds to the existence of the variance of the macroscopic fluctuation observable. But it is logical to require that also the higher moments exist and that the analyticity of the central limit is assured [20].

Note that when all scaling indices are zero, the theory of normal fluctuations for single– site observables is recovered. For the case of normal fluctuations, the structure constants reduce to the numbers c^l_{jk}(n) = c^l_{jk}|Λ_n|^{− 12} for l, j, k ∈ {1, . . . , m} c^0_{jk}(n) = −iω ([iL_j, iL_k]) for j, k ∈ {1, . . . , m} c^l_{0k}(n) = 0.

It is obvious that one obtains the CCR structure, as in [3], in the limit n → ∞, because the c^0_{jk}(n) are volume independent numbers and the c^l_{jk}(n) converge to zero for l ∈ {1, . . . , m}.

Consider now again the general case (3.8)–(3.10)in which some (or all) scaling indices differ from zero and the structure constants c^l_{jk}(n) for values of j and k for which the corresponding scaling indices have δ_j + δ_k > 0. An immediate consequence of the strict positivity of the sum of the scaling indices is that the structure constants c^0_{jk}(n) = −i|Λ_n|^{−(δj +δk)}ω ([iL_j, iL_k]) converge to zero as n → ∞. The ergodicity of the state ω implies moreover that the other structure constants c^l_{jk}(n) also converge to zero because the scaling index δ_l cannot exceed +^1_2 and hence the exponent of the factor |Λ_n|^{−( 1}2^{+δj +δk−δl)} in (3.8) is strictly negative as well. This means that for a couple (j, k) for which δ_j + δ_k > 0, all structure constants c^l_{jk}(n), where l = 0, . . . , m, converge to zero. This indicates that the macroscopic fluctuation operators associated to L_j and L_k, will commute. In physical terms, one speaks about classically behaving fluctuations if all scaling indices are positive.

If δ_j + δ_k = 0, the ergodicity of the state ω still implies the convergence of the c^l_{jk}(n) to zero for all l ≠ 0. On the other hand, it is trivial that in this case the c^0_{jk}(n) are the volume independent numbers −iω ([iL_j, iL_k]). This indicates that the systems of macroscopic fluctuation operators of a pair L_j and L_k behave again as Bose fields.

The most delicate situation is when j and k are such that δ_j + δ_k < 0 : the exponent −(δ_j + δ_k) of |Λ_n| in the c^0_{jk}(n) = −i|Λ_n|^{−(δj +δk)}ω ([iL_j, iL_k]) is now strictly positive. This is the new situation. We prove

Lemma 3.1 If, for an ergodic state ω, the fluctuations of L_j and L_k exist with scaling indices δ_j and δ_k; i.e. assumption (3.11) is satisfied, such that δ_j + δ_k < 0, then ω ([L_j, L_k]) = 0 Proof : Using Schwarz inequality | | |ω ([ F^{δj}_n (L_j), F^{δk}_n (L_k) ])| | 2 ≤ 4 ω (( F^{δj}_n (L_j) )2) ω (( F^{δk}_n (L_k) )2) . (3.15) The right hand side of (3.15) is bounded uniformly in n by a constant on the basis of the definition of δ_j and δ_k and of the assumption (3.11).

On the other hand : ω ([ F^{δj}_n (L_j), F^{δk}_n (L_k) ]) = |Λ_n|^{−( 12 +δj + 12 +δk)} ∑ x,y∈Λn ω ([τ_xL_j, τ_yL_k]) = |Λ_n|^{−(1+δj +δk)} ∑ x∈Λn ω (τ_x [L_j, L_k]) = |Λ_n|^{−(δj +δk)}ω ([L_j, L_k]) Hence, when n → ∞, the bound (3.15) implies that ω ([L_j, L_k]) = 0 when δ_j + δ_k < 0.

It follows trivially from this lemma that for each n ∈ IN, the structure constants c^0_{jk}(n) = 0 when δ_j + δ_k < 0.

Concerning the other structure constants c^l_{jk}(n) = c^l_{jk}|Λ_n|^{−( 1}2^{+δj +δk−δl)} for l = 1, . . . , m, one sees immediately that we are in trouble if for some l ∈ {1, . . . , m} the exponent 1 2 + δ_j + δ_k − δ_l < 0 while c^l_{jk} ≠ 0. If this situation occurs, the structure constants c^l_{jk}(n) diverge. We are not able to proceed with the analysis if there exists a value of l such that c^l_{jk} ≠ 0 and^1_2 + δ_j + δ_k − δ_l < 0.

However when^1_2 +δ_j +δ_k −δ_l ≥ 0 for the values of l ∈ {1, . . . , m} for which c^l_{jk} ≠ 0, the structure constants c^l_{jk}(n) either converge to zero (if the inequality is strict) or they are equal to c^l_{jk} (if there is equality). The latter case can be interpreted as a phenomenon of scale invariance in the physical system (B, ω). Moreover it has the interesting consequence that new algebraic structures for the macroscopic fluctuations will be obtained which are more complex than the CCR–structure.

The discussion of the limiting structure constants lim_n c^l_{jk}(n) and the continuity properties of the characteristic function ϕ in (3.11) guarantee that the limits (3.13) lim_{n→∞} ω exp i m∑ j=1 γ^{1,2}_j (n)F^{δj}_n (L_j) e^{iγ1,20 (n)}

= e^{i limn γ1,20 (n)}ϕ ( lim_n γ^{1,2}_1 (n), . . . , lim_n γ^{1,2}_m (n) )

exist.

These observations indicate the possibility of having a Lie algebraic structure for the limiting fluctuation observables.

It is explained in [21] how to associate a C^∗–algebra to a topological group G and how complex functions of the positive type on the group define states on the C^∗–algebra. These notions are essential in order to formulate the reconstruction theorem, in which the limiting fluctuation observables are characterised as operators on a Hilbert space.

Denote by W (G) the complex vector space generated by the functions

W (g) : G → C : h → W (g)(h) = 0 if g ≠ h 1 if g = h. The group–product of G defines a product on W (G) by

W (g_1)W (g_2) = W (g_1g_2)

and gives W (G) the structure of an algebra with unit W (e) where e is the neutral element of the group G.

W (G) is a^∗–algebra for the involution

W (g) → W (g)^∗ = W (g^{−1})

In order to equip W (G) with the C^∗–structure, we use the construction from [22, 23]. The function

||.||_1 : W (G) → IR^+ n∑ i=1 λ_iW (g_i) → n∑ i=1 |λ_i| ∀λ_i ∈ C, g_i ∈ G is a^∗–norm and the completion W (G)^1 is a^∗–Banach algebra with unity. The norm ||.||_1 is not a C^∗–norm, however.

Lemma 3.2 Every positive linear form on W (G) is continuous w.r.t. ||.||_1–topology and hence extends continuously to a positive linear form on W (G)^1.

Proof : By Schwarz inequality, one has for all positive linear forms ρ |ρ(W (g))| = |ρ(W (g)W (e))| ≤ ρ ( W (g^{−1})W (g)

) 1_2

ρ( )^{12} = ρ( ) Hence for all ∑ i λ_iW (g_i), |ρ( ∑ i λ_iW (g_i))| ≤ ∑ i |λ_i|ρ( ) = || ∑ i λ_iW (g_i)||_1ρ( ) and ρ is continuous.

Define now on W (G)^1 the following norm : ||A|| = sup_{ρ∈S} √ ρ(A^∗A) ∀A ∈ W (G)^1 where S stands for the set of states on W (G)^1. This norm is called the minimal regular norm [24]. One can check that ||.|| is a C^∗–norm. By construction, it is immediate that ||A|| ≤ ||A||_1. The completion W (G) of W (G)^1 with respect to this minimal regular norm is called the C^∗–algebra on the Lie group G.

Each state η on this algebra determines a generating functional, which is a complex function of the positive type on the group [21] : g ∈ G → η (W (g)) . Conversely, a continuous complex function ϕ on the group G defines a unique state η of the C^∗–algebra W (G) by the identification ϕ(g) = η (W (g)) if and only if N∑ i,j=1 λ_iλ_jϕ(g_ig^{−1}_j ) ≥ 0 for λ_i ∈ C and g_i ∈ G. (3.16) The mathematical characterisation of the limiting fluctuation operators can now be continued. If the limits lim_n γ^{1,2}_0 (n) and lim_n γ^{1,2}_j (n) (3.14) exist, then it is possible to consider the following Lie group structure on IR^{m+1} : the group product is defined by ( α^1_0, . . . , α^1_m ) ( α^2_0, . . . , α^2_m ) = ( lim_n γ^{1,2}_0 (n), . . . , lim_n γ^{1,2}_m (n) ) . where the functions γ^{1,2}_j (n) are defined by formula (3.14). We denote this (connected) group by G(∞). It is easily verified that the neutral element e of G(∞) is : e = (0, . . . , 0) and the inverse of an element (α_0, . . . , α_m) is given by

(α_0, . . . , α_m)^{−1} = (−α_0, . . . , −α_m) Finally, we construct the associated C^∗–algebra W (G(∞)) as above. The characterisation of the macroscopic fluctuations is a result of the following theorem.

Theorem 3.1 (Reconstruction theorem) For each (α_0, . . . , α_m) ∈ IR^{(m+1)}, the limits lim_{n→∞} ω ( e^i ∑_m j=1 α_j F^{δj}_n (L_j ) ) = ϕ(α_1, . . . , α_m) define a state ω̃ on the C^∗–algebra W (G(∞)) with generating functional ϕ̃(α_0, α_1, . . . , α_m) = ω̃ (W (α_0, . . . , α_m)) = e^{iα0} ϕ(α_1, . . . , α_m) Proof : In order to prove that ω̃ is a state of the C^∗–algebra W (G(∞)), we have to check the condition (3.16) for ϕ̃.

The positivity condition of the generating functional ϕ̃ is easily checked : for arbitrary λ_i ∈ C and (α^i_0, . . . , α^i_m) ∈ G(∞), one has N∑ i,j=1 λ_iλ_jϕ̃((α^i_0, . . . , α^i_m)(α^j_0, . . . , α^j_m)^{−1})

= N∑ i,j=1 λ_iλ_jϕ̃ ( lim_n γ^{i,j}_0 (n), . . . , lim_n γ^{i,j}_m (n) )

The γ^{i,j}_l (n) are defined in (3.14). The upperindices i, j indicate that the γ^{i,j}_l (n) are the coordinates of the element (α^i_0, . . . , α^i_m)(α^j_0, . . . , α^j_m)^{−1}. By (3.13), the last expression equals : = N∑ i,j=1 λ_iλ_je^{iαi0} e^{−iαj0} lim_n ω ( e^i ∑_m j=1 α_j F^{δj}_n (L_j )e−i ∑_m j=1 α_j F^{δj}_n (L_j ) )

= lim_n ω ( N ∑ i=1 λ_ie^{iαi0} e^i ∑_m j=1 α_j F^{δj}_n (L_j ) ) ( N ∑ i=1 λ_ie^{iαi0} e^i ∑_m j=1 α_j F^{δj}_n (L_j ) )∗

≥ 0 by the positivity of the state ω. This proves the theorem.

Consider now the GNS representation [18] of the C^∗ system ( W (G(∞)), ω̃ ) , given by the triplet ( π̃, H̃, Ω̃ ) . In analogy with the philosophy of [1, 2, 3] we call the representation algebra π̃ ( W (G(∞)) ) the algebra of abnormally scaled macroscopic fluctuations for the system (B, g(1), ω).

¿From the assumption (3.11) that the function ϕ is analytic, it is trivial that the functions t ∈ IR → ϕ̃ ( (α^2_0, . . . , α^2_m)(tα^1_0, . . . , tα^1_m)(α^3_0, . . . , α^3_m) ) (3.17)

are continuous for each (α^1_0, . . . , α^1_m), (α^2_0, . . . , α^2_m), (α^3_0, . . . , α^3_m) ∈ IR^{m+1}. The construction of the GNS representation [18], guarantees that there exists an element A = n∑ i=1 λ_iW (α^i_0, . . . , α^i_m) ∈ W (G(∞)) such that ||ψ_A − μ|| ≤ ϵ 4 for any element μ ∈ H̃ and any ϵ ∈ IR^+. The vector ψ_A is the canonical image of A into the representation space H̃ of π̃. Hence ||π̃ ( W (tα^1_0, . . . , tα^1_m) ) μ − μ|| ≤ 2||μ − ψ_A|| + ||π̃ ( W (tα^1_0, . . . , tα^1_m) ) ψ_A − ψ_A|| ≤ ϵ 2 + 2 ( ω̃(A^∗A) − Reω̃(A^∗W (tα^1, . . . , tα^1_m)A) ) ≤ ϵ for t sufficiently small by continuity of the functions (3.17). This observation implies that the maps t ∈ IR → π̃ (W (tα_0, . . . , tα_m)) define for each (α_0, . . . , α_m) ∈ IR^{m+1} a strongly continuous group of isometries, due to the definition of the group multiplication (3.14).

Due to Stone’s theorem, there exists a selfadjoint linear operator F (α_0, . . . , α_m) on H̃, for all (α_0, . . . , α_m) ∈ IR^{m+1}, such that π̃ (W (tα_0, . . . , tα_m)) = e^{itF (α0,...,αm)}.

By the assumption of analyticity of ϕ, it is trivial that the map

F : IR^{m+1} → L(H̃) : (α_0, . . . , α_m) → F (α_0, . . . , α_m),

where L(H̃) denotes the set of all linear operators on H̃, defines a skew-symmetric representation of a Lie algebra g(∞) on the Hilbert space H̃.

The elements F (0, . . . , 1, 0, . . . , 0) ≡ L̃_j define a basis of this representation of the Lie group g(∞) on H̃ and by the reconstruction theorem 3.1, one can make the identification

” lim_{n→∞} ”F^{δj}_n (L_j) = L̃_j

for j = 1, . . . , m and ≡ L̃_0. The ” lim_{n→∞} ” is the central limit, which is assumed to hold in the theorem.

The structure constants w.r.t. the basis { iL̃_j } j=0,...,m are obviously given by the limits

lim_{n→∞} c^l_{jk}(n).

The ground state of the quantum harmonic crystal is a nice illustration of the phenomenon that the macroscopic abnormally scaled fluctuations of some observables have a non–trivial Lie algebraic structure. The details about this model will be published in a separate paper [25].

Finally, the problem which we have treated here is closely related to the theory of contractions of Lie algebra representations, at least from the mathematical point of view. The concept of contraction of Lie algebra representations was introduced in [26, 27] and is a subject of active interest, particularly in connection with the theory of quantum groups [28, 29].

We feel that our approach has the advantage of characterising unambiguously the limiting Hilbertspace for the representation of the limiting Lie algebra in contrast to the methods used in [30, 31, 32].

References

[1] Goderis D., Verbeure A., Vets P., Prob. Th. Rel. Fields 82, 527–544 (1989).

[2] Goderis D., Vets P., Commun. Math. Phys. 122, 249–265 (1989).

[3] Goderis D., Verbeure A., Vets P., Commun. Math. Phys. 128, 533–549 (1990). [4] Goderis D., Verbeure A., Vets P., Commun. Math. Phys. 136, 265–283 (1991). [5] Goderis D., Verbeure A., Vets P., J. Stat. Phys. 56, 721 (1989). [6] Goderis D., Verbeure A., Vets P., J. Stat. Phys. 62, 759–777 (1991). [7] Verbeure A., J. Math. Phys. 32, 689–693 (1991). [8] Broidioi M., Verbeure A., Helv. Phys. Acta 66, 155–180 (1993). [9] Momont B., J. Math. Phys. 34, 5549–5559 (1993).

[10] Pulè J.V., Verbeure A., Zagrebnov V., J. Stat. Phys. 76, 159–182 (1994). [11] Broidioi M., Momont B., Verbeure A., Phonion limits and macroscopic quasiparticle spectrum for the BCS model, in Quantum Probability and Related Topics VIII, edited by L. Accardi (World Scientific, Singapore, 1993).

[12] Verbeure A., Zagrebnov V. A., J. Stat. Phys. 69, 329–359 (1992). [13] Verbeure A., Zagrebnov V. A., J. Stat. Phys. 79, 377–393 (1995). [14] Verbeure A., Zagrebnov V., J. Stat. Phys. 75, 1137–1152 (1994). [15] Broidioi M., J. Math. Phys. 35, 2357–2370 (1994). [16] Broidioi M., Verbeure A., to appear in Commun. Math Phys.

[17] Binney J. J., Dowrick N. J., Fisher A. J., Newman M. E. J., “The theory of critical phenomena”, Oxford, Clarendon Press (1992).

[18] Bratteli O., Robinson D., “Operator Algebras and Quantum Statistical Mechanics, ” vol I&II; Springer Verlag (1979),(1981).

[19] Nelson E.,Ann. Math. 70, 572–615 (1959). [20] Vets P., PhD thesis (1990).

[21] Dixmier J., “les C^∗–algèbres et leurs représentations, ” Gauthier-Villars & C^{ie}, Paris (1964).

[22] Manuceau J., Sirugue M., Testard D., Verbeure A., Commun. Math. Phys. 32, 231– 243 (1973).

[23] Manuceau J., Ann. Inst. H. Poincaré 8, 139 (1968).

[24] Naimark M. A., “Normed Rings”, Groningen, P. Noordhoff N. W. (1966). [25] Broidioi M., Momont B., Verbeure A. : in preparation.

[26] Inönü E., Wigner E. P., Proc. Natl. Acad. Sci. U.S.A. 39, 510–524 (1953). [27] Segal I. E., Duke Math. J. 18, 221–265 (1951).

[28] Vaksman L. L., Korogodskii L. I., Sov. Math. Dokl. 39, 173–177 (1989). [29] Celeghini E., Giachetti R., Sorace E., Tarlini M., J. Math. Phys. 31, 2548–2551 (1990).

[30] Cattaneo U., Wrewzinski W., Commun. Math. Phys. 68, 83–90 (1979). [31] Weimar-Woods E., J. Math. Phys. 32, 2660–2665 (1991). [32] Weimar-Woods E., J. Math. Phys. 32, 2028–2033 (1991).