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Abstract

This paper is centered on covariant dynamics on random graphs and
random networks (marked graphs), which can be described as rules to
navigate the vertices that are preserved by graph/network isomorphisms.
Such dynamics are referred to as vertex-shifts here. Unimodular random
networks can be heuristically described as networks seen from a vertex
chosen uniformly at random, both in the finite and in infinite network
cases. Some general ways of constructing unimodular random networks
are reviewed together with instances of vertex-shifts.

The main result of the paper is a classification of vertex-shifts on uni-
modular random networks. Each such vertex-shift partitions the vertices
into a collection of connected components and foils, which correspond to
the orbits and the stable manifold of the dynamics, respectively. The
classification is based on the cardinality of the connected components and
foils. It is shown that up to an event of zero probability, there are three
types of foliations in a connected component: F/F (with finitely many
finite foils), I/F (infinitely many finite foils), and I/I (infinitely many in-
finite foils). Distinctive properties of each type are also derived.

An infinite connected component of the graph of a vertex-shift is a
tree which, in the unimodular case, shares some similarities with a critical
branching process. Such trees are referred to as Eternal Family Trees here.
Construction techniques of such trees are also discussed. These lead to
additional structural results on the graphs of vertex shifts in each case of
the classification.

The results are illustrated by concrete examples stemming from clas-
sical domains of probability theory: random graphs, branching processes
and stationary point processes.
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1 Introduction

A network is a graph with marks on its vertices and edges. The marks can be
used to assign weights to the vertices and lengths, capacities or directions to
the edges. A rooted network is a network with a distinguished vertex called its
root. The heuristic interpretation of unimodularity is that the root is equally
likely to be any vertex, even though the network may have an infinite number
of vertices. This interpretation is made precise by assuming the random rooted
network satisfies a certain mass transport principle.

This paper studies general (that is, non-necessarily continuous, non-necessa-
rily measure preserving) dynamical systems on unimodular networks. A dynam-
ical system on a network G is a map f : V (G) → V (G), where V (G) denotes
the set of vertices of G. If f depends on the network in a measurable and
isomorphism-covariant way, it will be called a vertex shift. The stable manifold
of f is a partition of V (G) which will be referred to as the foliation of the ver-
tices: two vertices v and w are in the same foil when fn(w) = fn(v) for some
n ≥ 0. Connected components give another partition of V (G) in the sense that
v and w are in the same component when fn(v) = fm(w) for some m,n ≥ 0.

The main result of this paper is a classification of such dynamical systems on
unimodular networks in terms of the cardinality of the connected components, of
the foils and of the limit of the images of f . It is established that, almost surely,
there are three types of components: (F/F) those where there are finitely many
foils each of finite cardinality, and where the images of the component under
fn tend to a limit cycle (this is the only case that connected components can
have a cycle); (I/F) those with infinitely many foils, all with finite cardinality,
where the images under fn tend to a single bi-infinite path (this is the only
case where connected components form a two-ended tree); and (I/I) those with
infinitely many foils, all with infinite cardinality, where the images under fn

converge to the empty set (this is the only case where connected components
form a one-ended tree). In the last case, the set of f -pre-images of all orders of
any vertex in the component is a.s. finite.
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Palm probabilities of stationary point processes provide a subclass of uni-
modular networks, so that this classification generalizes that proposed in [5]
for point-shifts on stationary point processes. Several other basic ideas from
the theory of point processes are extended to general unimodular networks. In
particular analogues of Mecke’s point stationarity theorem for Palm probabili-
ties and that of Neveu’s exchange formula between two Palm probabilities are
derived.

Any infinite connected component (or connected set of orbits) described
above can be regarded as a directed tree, which is called an Eternal Family
Tree. Such trees are studied in complement to the classification, with a focus on
basic properties and construction methods. Such trees share similarities with
branching processes, by regarding f(v) as the father of v, with the specificity
that there is no vertex which is an ancestor of all other vertices, which explains
the chosen name. In the unimodular case, these branching processes happen to
be always critical, that is, the expected number of children of the root is one.

A general way for obtaining unimodular Eternal Family Trees as limits is
established by moving the root to a typical far vertex (Theorem 4.11). The eter-
nal Galton-Watson tree, which shares similarities with the size-biased Galton-
Watson tree, is introduced this way. Any unimodular Eternal Family Tree of
the I/I type is the limit of some random finite tree when moving the root to a
typical far vertex (Corollary 4.12). Another general way for obtaining unimod-
ular Eternal Family Trees is by joining an stationary sequence of finite mean
cardinality trees (Theorem 4.38). Any unimodular Eternal Family Tree of the
I/F type is the joining of a sequence of such trees (Theorem 4.38).

The paper is structured as follows. Unimodular networks are recalled in Sec-
tion 2. Vertex-shifts are discussed in Section 3 together with the classification
theorem. Eternal Family Trees are discussed in Section 4, and in particular the
eternal Galton-Watson tree. Section 4 discusses various Eternal Family Tree
construction methods like tree joining and moving to a far vertex. Section 5
discusses further connections with related results in the theory of point pro-
cesses.

The paper is based on the following literature: it leverages the framework
for unimodular networks elaborated in [4], and it extends to all unimodular
networks the classification of dynamics on the points of a stationary point pro-
cess established in [5]. To the best of the authors’ knowledge, the unimodular
network dynamics classification theorem, the notions of Eternal Family Tree
and Eternal Galton Watson Tree, which are used to state and embody this
classification, as well as the constructions proposed for such trees are new.

2 Unimodular Networks

2.1 Definition

The following definitions are borrowed from [4].
A network is a (multi-)graph G = (V,E) equipped with a complete sepa-

rable metric space Ξ, called the mark space and with two maps from V and
{(v, e) : v ∈ V, e ∈ E, v ∼ e} to Ξ. The image of v (resp. (v, e)) in Ξ is called
its mark. In this paper, all networks are assumed to be locally finite; that
is, the degrees of every vertex is assumed to be finite. Moreover, a network is
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assumed to be connected except when explicitly mentioned. For r ≥ 0, the ball
of (graph-distance) radius ⌈r⌉ with center v ∈ V (G) is denoted by Nr(G, v).

An isomorphism between two graphs G and G′ is a pair of bijections, one
from V to V ′, and one from E to E′, which are compatible, namely the end
vertices of an edge in G are mapped to the end vertices of the image of the
edge in G′. An isomorphism between two networks is a graph isomorphism
that also preserves the marks, namely the mark of the image of v (resp. (v, e))
by the bijection is the same as that of v (resp. (v, e)). The set of all network
isomorphisms from G to itself is referred to as the set of automorphisms of G
and is denoted by Aut(G).

A rooted network is a pair (G, o) in which G is a network and o is a
distinguished vertex of G called the root. An isomorphism of rooted networks
is a network isomorphism that takes the root of one to that of the other. Let G
denote the set of isomorphism classes of connected locally finite networks and G∗

the set of isomorphism classes of rooted connected locally finite networks. The
set G∗∗ is defined similarly for networks with a pair of distinguished vertices.
The isomorphism class of a network G (resp. (G, o) or (G, o, v)) is denoted by
[G] (resp. [G, o] or [G, o, v]). For each isomorphism class in G∗, one can choose
a representative member of the class in the set of rooted networks on N rooted
at 0 (see [4]).

The sets G∗ and G∗∗ can be equipped with a metric and its Borel sigma-
field. The distance between (G, o) and (G′, o′) is 2−α, where α is the supremum
of those r > 0 such that there is a rooted isomorphism between Nr(G, o) and
Nr(G

′, o′) such that the distance of the marks of the corresponding elements
is at most 1

r
. This makes G∗ a complete separable non-compact metric space.

There are two natural projections π1, π2 from G∗∗ to G∗ obtained by forgetting
either root. These projections are continuous and measurable.

With the Borel sigma-field on G∗, measurable subsets of G∗ and measur-
able functions on G∗ are those who can be identified by looking at the finite
neighborhoods of the root. For example, the degree of the root is a measurable
function and the set of networks with an amenable underlying graph (that is,

limr→∞
#Nr+1(o)
#Nr(o)

= 1) is measurable.

A random network is a random element in G∗, that is, a measurable
function from some probability space (Ω,F ,P) to G∗. This function will be
denoted by bold symbols: [G,o]. Its value on ω ∈ Ω is denoted by [Gω,oω],
which is an isomorphism class of rooted networks. The subscript ω is omitted
if it is clear from the context. Note that a probability measure µ on G∗ can
be regarded as a random network when considering the identity map on the
canonical probability space (G∗, µ).

Definition 2.1. A random network [G,o] is unimodular if for all measurable
functions g : G∗∗ → R

≥0,

E




∑

v∈V (G)

g[G,o, v]


 = E




∑

v∈V (G)

g[G, v,o]


 , (2.1)

where the expectations may be infinite. A probability measure on G∗ is called
unimodular when by considering it as a random network, one gets a unimod-
ular network.
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Note that the sums in (2.1) can be computed for any representative rooted
network in the equivalence class of [G,o].

Here is another and equivalent view point on (2.1). Let g : G∗∗ → R
≥0

be a given measurable function. For any network G, this induces a function
ĝG : V (G)×V (G) → R

≥0 defined by ĝG(v, w) := g[G, v, w], which is interpreted
as the mass going from v to w, ĝ is called a (diagonally) invariant weighted
transport, whenever the diagonal action of network isomorphisms leaves g
invariant. Note that an invariant weighted transport is defined for all networks.
Define

ĝ+G(v) :=
∑

w∈V (G)

ĝG(v, w), (2.2)

ĝ−G(v) :=
∑

w∈V (G)

ĝG(w, v). (2.3)

The functions ĝ+ and ĝ− can be seen as the outgoing mass from vertices
and the incoming mass to vertices, respectively. One says that the weighted
transport ĝ is non-weighted or a Markovian kernel when ĝ+ ≡ 1.

The following corollary is a rephrasing of (2.1) with the notation of weighted
transports.

Corollary 2.2. A random network [G,o] is unimodular if and only if for all
invariant weighted transports ĝ, one has

E
[
ĝ+
G
(o)

]
= E

[
ĝ−
G
(o)

]
.

Therefore, unimodularity means that the average outgoing mass from the
root is equal to the average incoming mass to it. This is called the Mass Trans-
port Principle.

The following proposition is helpful for verifying unimodularity. See [4] for
a proof.

Proposition 2.3. A random network [G,o] is unimodular if and only if it
is involution invariant; that is, (2.1) holds for all non-negative functions g
supported on the set of doubly rooted networks whose roots are neighbors.

2.2 Basic Examples

Many examples of unimodular networks can be found in the literature, see for
instance [4]. This section recalls some elementary examples for the purpose
of illustrating new definitions. More elaborate examples will be discussed in
Sections 4 and 5.

Graphs and directed graphs are special cases of networks. For the former,
it is enough to consider a mark space with only one element. To represent the
directions of the edges in the latter, one can use a mark space with two elements.
In general, by taking one or two distinct elements in Ξ, the classes of graphs
and directed graphs can be regarded as subclasses of networks.

Below, an end in a tree is an equivalence class of infinite simple paths,
where two simple paths are equivalent when they have infinitely many common
vertices.
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Example 2.4 (Deterministic Graphs). Let G be a finite deterministic graph
(or network) and o be a random vertex in G. It is easy to see that [G,o] is
unimodular if and only if o is uniformly chosen in V (G) (both sides of (2.1) are
then equal to 1

#V (G)

∑
v

∑
w g[G, v, w]). Thus, [G,o] is a unimodular network.

In other words, unimodularity holds when all vertices of the deterministic graph
are equally likely to be the root.

The above construction can be extended to infinite deterministic graphs
under some conditions, as discussed in detail in Section 3 of [4]. In particular, the
graph should have a large automorphism group. However, there are examples of
unimodular (non-deterministic) networks whose automorphism group is trivial
almost surely.

Another way of building infinite unimodular networks is based on weak limit
of the distributions of [Gn,on], where Gn is a deterministic finite network and
on is a uniformly random vertex in Gn. Such weak limits are always unimodular
and can be used to study the limiting properties of Gn. See [2] and [3] for many
examples of this approach.

Example 2.5 (Regular Tree). The deterministic d-regular rooted tree Td is a
unimodular network. This follows from the fact that for all measurable func-
tions g on G∗, g[Td, v, w] only depends on the graph distance between v and
w. In contrast, the d-regular rooted tree with one distinguished end is only
unimodular in the case d = 2 (note that to ensure this is indeed a network, one
should distinguish the end by adding directions on the edges). To see this, use
Corollary 2.2 for the mass transport sending unit mass from v to the neighbor
of v in the unique infinite simple path that starts at v and passes through the
distinguished end.

Example 2.6 (Canopy Tree). The canopy tree with offspring cardinality d ∈ N,
introduced in [1], is the tree Cd whose vertices can be partitioned in infinitely
many layers L0, L1, L2, . . . and such that for each i ≥ 0, each vertex v ∈ Li

is connected to exactly one vertex F (v) in Li+1, and (for i ≥ 1) to exactly d
vertices in Li−1. It is a one-ended tree. Assuming d ≥ 2, let o be a random
vertex such that P [o ∈ Li] = cd−i, where c = d−1

d
(note that [Cd, v] = [Cd, w]

for v, w ∈ Li). Then, [Cd,o] is a unimodular network. This can be proved
directly from the definition; another proof is given in Example 4.19 below.

Example 2.7 (Independent marking). Let [G,o] be a unimodular network with
mark space Ξ, Ξ′ be another mark space and ν be a probability measure on Ξ′.
This example shows how to add i.i.d. marks to the vertices (and similarly to
the edges) of [G,o] to obtain a new unimodular network [G′,o′] with mark
space Ξ × Ξ′. This construction has the following properties: if π([G′,o′])
denotes the network obtained by forgetting the extra marks (those in Ξ′), then
(i) the distribution of π([G′,o′]) is the same as that of [G,o]; (ii) for all r, the
distribution of [G′,o′] ∩Nr(G

′,o′), conditioned on the event that π([G′,o′]) ∩
Nr(G

′,o′) is isomorphic to a given finite rooted network (G0, o0), is equal to
the distribution obtained by adding i.i.d. marks to (G0, o0).

For a given deterministic network G with mark space Ξ, let µG be the
probability measure on (Ξ×Ξ′)V (G) obtained by adding to the initial Ξ-valued
marks of the vertices of G, new random Ξ′-valued marks which are all i.i.d. and
with distribution ν. For a given vertex o ∈ V (G), this induces a probability
measure µ′

(G,o) on G∗ (note that each element of (Ξ×Ξ′)V (G) is a network with
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mark space Ξ× Ξ′). By construction, µ′
(G,o) only depends on the isomorphism

class of (G, o). Define

µ(A) := E

[
µ′
(G,o)(A)

]
,

which is a probability measure on G∗. Let [G′,o′] be a random network with
distribution µ. For all measurable functions h : G∗ → R

≥0, one has

Eµ

[
h[G′,o′]

]
= E

[∫

G∗

hdµ′
(G,o)

]
.

For all measurable functions g : G∗∗ → R
≥0, let ĝ[G, o, s] :=

∫
g(·, o, s)dµG(·),

which is a measurable function. One gets

Eµ

[
∑

v

g[G′,o′, v]

]
= E

[
∑

v

ĝ[G,o, v]

]
.

By using (2.1) for ĝ and the last equation, one gets that µ is a unimodular
probability measure.

Example 2.8 (Stationary Marks). Consider a stationary marking of Zd, that
is, a sequence of random marks m(x) ∈ Ξ, x ∈ Z

d with a joint distribution
which is invariant under the translations of Zd. By adding the edges of the
lattice structure of Zd (either directed edges or undirected ones) and by choosing
the origin as the root, one obtains a unimodular random network from this
specific instance of marked point process. More generally, one can construct
a unimodular network from any stationary marked point process on R

d (see
Section 5).

Example 2.9 (Percolation Cluster). Let [G,o] be a unimodular graph to which
i.i.d. marks uniform in [0, 1] are added to the edges as in Example 2.7. For a
given p ∈ [0, 1], the percolation cluster C(G,o) is the connected component
containing the root o of the graph and obtained by deleting those edges with
mark smaller than p. It is not hard to show that (2.1) holds, so that that
(C(G,o),o) is a unimodular graph. See [4] for more details and properties of
percolation on unimodular graphs.

3 Vertex-Shifts and Classification of Foils

Roughly, vertex-shifts are dynamics on the vertices of G. Such a dynamics
prescribes to what vertex v of G to move from a given vertex o and assumes
that the decision on v depends on (G, o) only and in a measurable way.

3.1 Vertex-Shifts as Dynamical Systems

Definition 3.1. A covariant vertex-shift is a map f which associates to
each network G a function fG : V (G) → V (G) such that (i) f is covariant under
isomorphisms (that is, for all isomorphisms ρ : G → G′, one has fG′ ◦ρ = ρ◦fG)
and (ii) the function [G, o, s] 7→ 1{fG(o)=s} is measurable on G∗∗.

Below, a vertex-shift will always mean a covariant vertex-shift.

7



Figure 1: The graph in Remark 3.3.

Remark 3.2. Note that the definition of vertex-shifts does not need a probability
measure on G∗. Note also that a vertex-shift should defined for all networks,
and not only for a single network. However, one can define a vertex-shift on a
subclass of networks and let it be the identity function on the networks outside
this subclass. (this approach will be used in several of the forthcoming exam-
ples). More precisely, if A ⊆ G∗ is a measurable set which is invariant under
root change (that is, if [G, o] ∈ A, then (G, v) ∈ A for all v ∈ V (G)), then one
can define the vertex-shift only on {G : (G, v) ∈ A, ∀v}.

Remark 3.3. Since vertex-shifts are covariant under network isomorphisms, if a
networkG has some automorphisms other than the identity, then there are some
restrictions when defining a vertex-shift fG: for instance, if v, w1, w2 ∈ V (G)
are such that [G, v, w1] = [G, v, w2], then for all vertex-shifts f , the vertex fG(v)
can neither be w1 nor w2. Thus, in the regular tree of Example 2.5, there is
no vertex-shift other than the identity. For the network G in Figure 1, for all
vertex-shifts f one has fG(a) = a, fG(b) ∈ {a, b, b′} and fG(c1) ∈ {a, b, b′, c1, c2}.
Moreover, fG(a), fG(b) and fG(c1) uniquely determine fG.

Example 3.4. On the d-regular tree with one distinguished end (Example 2.5),
let fTd

(v) be the neighbor of v in the unique infinite simple path that starts at
v and passes through the distinguished end. Then f is a vertex-shift.

Example 3.5. For every one-ended tree (for instance the canopy tree of Exam-
ple 2.6), let f(v) be the neighbor of v in the unique infinite simple path starting
at v. Then f is a vertex-shift. In the canopy tree, this is just the map F defined
in Example 2.6. Note that one-ended rooted trees form a measurable subset of
G∗ since they can be recognized by looking at the neighborhoods of the root.

Example 3.6. Consider the example of stationary marks (Example 2.8). As-
sume the mark space is a subset of R. Let f(v) be neighbor of v with the
smallest mark (let f(v) = v if there is a tie). Then f is a vertex-shift.

Similarly, let f ′(v) be the neighbor w of v such that the mark of edge vw is
the smallest (and f ′(v) = v if there is a tie). Then f ′ is also a vertex-shift.

Example 3.7. Let G be a network with mark space R and assume the marks
of the vertices are all distinct. Let h : G∗ → N be a given measurable function.
Define fG(v) to be the closest vertex w to v such that h[G,w] > h[G, v], choosing
the one with the smallest mark when there is a tie and let f(v) = v when there
is no such vertex. Then f is a vertex-shift.

8



For a vertex-shift f , fG is a (discrete) dynamical system on V (G) depending
on G and defined for all networks G. It also induces a dynamical system on G∗

through the map
θf [G, o] := [G, fG(o)] (3.1)

from G∗ to itself, which is well defined by the assumption of covariance of f
under isomorphisms. In general, θf is neither assumed to be continuous nor to
preserve any probability measure. If it happens to be continuous, it defines a
topological dynamical system on G∗, with the caveat that this topological space
is not compact. The following proposition identifies a special case of vertex-
shifts which preserve unimodular probability measures.

Proposition 3.8 (Mecke’s Point Stationarity). Let f be a vertex-shift.

(i) If fG is bijective for any network G, then θf preserves any unimodular
probability measure on G∗.

(ii) More generally, the distribution of a unimodular network [G,o] is pre-
served by θf if and only if fG is almost surely bijective.

This proposition is an analogue of Mecke’s point stationarity theorem [7].
For an instance of a bijective vertex-shift, see Example 3.10.

Proof. It is enough to prove the second claim. Let h : G∗ → R
≥0 be a measurable

function. By defining g[G, o, s] := 1{fG(o)=s}h[G, s], (2.1) gives

E [h(θf [G,o])] = E


 ∑

v∈V (G)

g[G,o, v]




= E


 ∑

v∈V (G)

g[G, v,o]




= E
[
h[G,o]#f−1

G
(o)

]
.

If fG is a.s. bijective, then it follows that θf [G,o] has the same distribution as
[G,o]. Conversely, assume θf preserves the distribution of [G,o]. By letting
h[G,o] := (1−#f−1

G
(o)) in the above equation, one gets #f−1

G
(o) = 1 a.s. This

in turn implies that fG is bijective a.s. by Proposition 3.9 below.

Proposition 3.9. Let [G,o] be a unimodular network and g be a vertex-shift.

(i) If g is injective a.s., then it is bijective a.s.

(ii) If g is surjective a.s., then it is bijective a.s.

Proof. Define h([G, o, s]) := 1{gG(o)=s}. By (2.1), E
[
#g−1

G
(o)

]
= E [1] = 1.

(i) One has #g−1
G

(o) ≤ 1. So #g−1
G

(o) = 1 a.s. By Proposition 3.19, it follows
that {x : #g−1

G
(x) 6= 1} = ∅ a.s.

(ii) One has #g−1
G

(o) ≥ 1. So #g−1
G

(o) = 1 a.s. The rest of the proof is as
above.
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Example 3.10. In Example 3.5, assume the vertices have marks and that a
total order on F−1(v) is obtained from the marks for every vertex v. The Royal
Line of Succession order (see e.g. [5]) provides a total order on the vertices
(isomorphic to the order on Z) using the DFS (depth-first search) algorithm.
Thus, one obtains a vertex-shift by mapping each vertex to its next vertex in
this order. This vertex-shift is bijective and the orbit of each vertex coincides
with the set of all vertices.

3.2 Foliation Associated with a Vertex-Shift

Let G be a network and f be an arbitrary vertex-shift. When there is no
ambiguity, the symbol f will also be used for the function fG : V (G) → V (G).
The following definitions are adapted from [5]. Let ∼f be the binary relation
on V (G) defined by

x ∼f y ⇔ ∃n ∈ N; fn(x) = fn(y).

It is immediate that ∼f is an equivalence relation.

Definition 3.11. Each equivalence class of ∼f is called a foil. The partition
of V (G) generated by the foils is called the f-foliation of G and is denoted by

Lf
G. For x ∈ V (G), denote by Lf (x) the foil which contains x.
The (not-necessarily simple) graph Gf = (V (G), Ef (G)) with set of vertices

V (G) and set of directed edges Ef (G) = {(x, f(x)), x ∈ V (G)} will be called
the f-graph of G. Directed paths and directed cycles in Gf are called f-paths
and f-cycles, respectively. For x ∈ V (G), denote by Cf (x) the (undirected)
connected component of Gf which contains x; that is, the set of all vertices
y ∈ V (G) which are in the orbit of x, namely for which there exist non-negative
integers m and n such that fm(x) = fn(y). The set of connected components

of Gf will be denoted by Cf
G. If x ∼f y then x and y are in the same connected

component of Cf (x). In other words, the foliation Lf
G is a refinement of Cf

G.
For an acyclic connected component C of Gf , one can put a total order on

the foils in C: each foil L is older than f−n(L) (which is a foil if it is non-empty)
for any n > 0. The justification of this order will be discussed in Section 4. With
this terminology, C does not have an oldest foil, but it may have a youngest
foil; that is, a foil L such that f−1(L) = ∅. The order on the foils of C is hence
similar to that of Z or N.

For x ∈ V (G) and n≥ 0, let

Dn(x) := f−n(x) = {y ∈ V (G) : fn(y) = x},

dn(x) := #Dn(x).

Similarly, define

D(x) :=

∞⋃

n=1

Dn(x) = {y ∈ V (G) : ∃ n ≥ 0 : fn(y) = x},

d(x) := #D(x).

The sequence of sets fn(V (G)) is decreasing in n. Its limit (which may be the
empty set) is denoted by f∞(V (G)). One can define f∞(C) for a connected
component C of Gf similarly; that is,

f∞(C) = {x ∈ C : ∀n ≥ 0 : Dn(x) 6= ∅}.
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3.3 Classification Theorem

Theorem 3.12 (Foil Classification in Unimodular Networks). Let [G,o] be a
unimodular network and f be a vertex-shift. Almost surely, every vertex has
finite degree in the graph G

f . In addition, each component C of G
f has at

most two ends and belongs to one of the following three types:

(i) Class F/F : C and all its foils are finite. If n = n(C) is the number of
foils in C (1 ≤ n < ∞), then

• C has a unique f -cycle and its length is n;

• f∞
G
(C) is the set of vertices of the cycle;

• Each foil of C contains exactly one vertex of the cycle.

(ii) Class I/F : C is infinite but all its foils are finite. In this case,

• The (undirected) f -graph on C is a tree;

• There is a unique bi-infinite f -path in C, each foil in C contain ex-
actly one vertex of the path, and f∞

G
(C) coincides with the set of

vertices of the path;

• The order of the foils of C is of type Z; that is, there is no youngest
foil in C.

(iii) Class I/I: C and all foils of C are infinite. In this case,

• The (undirected) f -graph on C is a tree;

• C has one end, there is no bi-infinite f -path in C, D(v) is finite for
every vertex v ∈ C, and f∞

G
(C) = ∅;

• The order of the foils of C is of type N or Z, that is, there may or
may not be a youngest foil in C.

Before giving the proof, the following definition is in order.

Definition 3.13. Let C be a connected component of Gf . The vertex-shift f
evaporates C if f∞

G (C) = ∅, that is, for all x ∈ C, there exists some n > 0
such that Dn(x) = ∅.

Theorem 3.12 implies the following.

Corollary 3.14. Under the assumptions of Theorem 3.12, almost surely, the
vertex-shift f evaporates C if and only if C is of Class I/I.

Example 3.15. In a unimodular network with finitely many vertices, all com-
ponents are of type F/F . The same holds in Example 3.6 provided the marks
are i.i.d. uniform random numbers in [0, 1]. Section 4.4 provides an example
of type I/F . The unimodular eternal Galton-Watson Tree (introduced in Sec-
tion 4.3), the canopy tree (Example 3.5) and Proposition 4.18 provide instances
of type I/I. There is no youngest foil in the first one, and there is one in the
two other instances.
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Example 3.16. Let [G,o] be a unimodular graph equipped with i.i.d. uniform
random marks in [0, 1] (Example 2.7). Consider the vertex-shift of Example 3.7.
Assume that the function h takes infinitely many values with positive proba-
bility. Then all components of the f -graph are of type I/I a.s. as proved by
the following argument based on Proposition 3.19 and Proposition 3.27 below.
Proposition 3.19 shows that h[G, ·] takes infinitely many values in almost every
realization of G. On this event f does not fix any vertex a.s. and increases the
value of h a.s. Hence the graph G

f is acyclic and by Proposition 3.27, D(v) is
finite for each vertex v. Therefore, by Theorem 3.12, each connected component
is of type I/I almost surely.

3.4 On Subsets and Subnetworks

Definition 3.17. A covariant subset (of the set of vertices) is a map S
which associates to each network G a set SG ⊆ V (G) (1) which is covariant
under network isomorphisms (that is, for all isomorphisms ρ : G → G′, one has
ρ(SG) = SG′), and (2) such that the function [G, o] 7→ 1{o∈SG} is measurable.

Definition 3.18. A covariant (vertex) set-map is a map S which associates
to each rooted network (G, o) a subset S(G,o) ⊆ V (G) (1) which is covariant
under rooted isomorphism (that is, for all rooted isomorphism ρ : (G, o) →
(G′, o′), one has S(G′,o′) = ρ(S(G,o))), and (2) is such that the indicator function
g[G, o, s] := 1{s∈S(G,o)} is a measurable function on G∗∗.

For instance, {x ∈ V (G) : d(x) = 1} is a covariant subset and S(G,o) :=
Nr(G, o) is a covariant set-map.

Proposition 3.19. Let [G,o] be a unimodular network and S be a covariant
subset of the vertices. Then P[SG 6= ∅] > 0 if and only if P[o ∈ SG] > 0.

Proof. Define g[G, o, s] := 1{s∈SG} (which is well-defined and measurable by the
definition of S). Assume P[SG 6= ∅] > 0. By (2.1),

0 < E [#SG] = E


 ∑

s∈V (G)

g[G,o, s]




= E


 ∑

s∈V (G)

g[G, s,o]


 = E

[
1{o∈SG}#V (G)

]
.

Therefore, P [o ∈ SG] > 0 (note that the situation when #V (G) = ∞ poses no
problem).

Proposition 3.20. Let [G,o] be a unimodular network in which V (G) is almost
surely infinite. Then any covariant subset S of the vertices is almost surely either
empty or infinite; that is,

P [#SG ∈ {0,∞}] = 1.

Proof. Suppose SG is finite and non-empty with positive probability. In this
case, let

g[G, o, s] :=
1

#SG

1{s∈SG,0<#SG<∞},
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with the convention that the product is 0 if #SG = 0. With the notation
of (2.2), one has 0 ≤ g+ ≤ 1, and by the same argument as in the proof of
Proposition 3.19, one gets that E

[
g−
G
(o)

]
= ∞ from the fact that P[o ∈ SG] > 0.

This is a contradiction by Corollary 2.2.

Definition 3.21. A covariant (vertex) partition is a map P which associates
to all networks G a partition PG of V (G) which (1) is covariant under networks
isomorphisms (that is Pρ(G) = ρ ◦ PG for all isomorphisms ρ), and (2) is such
that the map (G, o) 7→ PG(o) (where PG(o) is the element of PG that contains
o) is a covariant set-map.

Remark 3.22. A covariant partition is not necessarily a collection of disjoint
covariant subsets. An example where this is the case is provided by the layers
of the canopy tree in Example 2.6. Here is an example where it is not the case:
let the graph G be a bi-infinite path and consider the partition PG consisting of
the single vertices. There is no covariant subset S such that SG is an element
of PG. The same holds when one replaces each vertex by a random graph taken
from an i.i.d. sequence of random finite graphs, as described in Section 4.4.
This example has the additional property that almost surely, it does not have
any automorphism other than the identity.

The following lemma, which extends results in [5], will be used many times
in Section 3.5 below.

Lemma 3.23 (No Infinite/Finite Inclusion). Let [G,o] be a unimodular net-
work, P a covariant partition, and S a covariant subset. Almost surely, there
is no infinite element E of PG such that E ∩ SG is finite and non-empty.

Proof. The proof is similar to that of Proposition 3.20: let

g[G, o, s] :=
1

#(PG(o) ∩ SG)
1{s∈PG(o)∩SG,0<#(PG(o)∩SG)<∞}.

Suppose the claim is not true. Thus, by Proposition 3.19, with a positive prob-
ability 0 < #(PG(o) ∩ SG) < ∞, #PG(o) = ∞ and o ∈ SG. Therefore,
E
[
g−
G
(o)

]
= ∞ by the definition of g. But 0 ≤ g+ ≤ 1, which is a contradiction

by Corollary 2.2.

The notion of subnetwork is a natural extension of that of subset.

Definition 3.24. A covariant subnetwork H is a map G 7→ HG defined for
all networks G, where HG is the restriction of G to a covariant subset. For a
unimodular network [G,o], the intensity of H relative to the G is defined by
λG

H := P[o ∈ V (HG)] (see Proposition 3.19).

Remark 3.25. It is easy to see that [HG,o], conditioned on o ∈ V (HG), is a
unimodular network. The conditioning of P on the event o ∈ V (HG) will be
denoted by PH .

The following proposition is an analogue of Neveu’s exchange formula [11]
for two jointly stationary point processes.
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Proposition 3.26 (Exchange Formula). Let [G,o] be a unimodular network
and H and H ′ be two covariant subnetworks. For all measurable functions
g : G∗∗ → R

≥0,

λG

HEH


 ∑

v′∈V (H′

G
)

g[G,o, v′]


 = λG

H′EH′


 ∑

v∈V (HG)

g[G, v,o]


 .

Proof. Let ĝ(G, v, w) := 1{v∈V (HG)}1{w∈V (H′

G
)}g[G, v, w]. The claim is a direct

implication of (2.1) for ĝ.

3.5 Proof of the Classification Theorem

The proof of Theorem 3.12 requires a few preliminary results.

Proposition 3.27. Under the assumptions of Theorem 3.12, almost surely,
dn(x) is finite for all n ≥ 0 and all x ∈ V (G). Moreover,

∀n ≥ 0, E [dn(o)] = 1.

If in addition G
f is acyclic a.s., then

E [d(o)] = ∞.

Proof. Define gG(x, y) := 1{y=fn(x)}. It is easy to see that g is an invariant
weighted transport. Therefore, the mass transport principle (2.1) holds for
g and the first claim follows. For the second claim, note that when G

f is
acyclic, D(o) is the disjoint union of Dn(o) for n ≥ 0, and hence E [d(o)] =∑∞

n=0 E [dn(o)] = ∞.

Corollary 3.28. Under the assumptions of Theorem 3.12, almost surely, if
L(x) is infinite, then each L(f i(x)), i ≥ 0, is infinite too.

Proof. Note that f i(L(x)) ⊆ L(f i(x)) for all i ≥ 0. Now, the claim follows from
the fact that the degrees of all vertices in G

f are finite a.s. (Proposition 3.27).

Proposition 3.29. Under the assumptions of Theorem 3.12, almost surely, all
infinite (undirected) components of Gf are acyclic (and hence are trees).

Proof. It is a classical (deterministic) fact that each component of Gf is either
acyclic (and hence a tree) or it has a unique f -cycle.

Let S be the union of the f -cycles, which is a covariant subset. The intersec-
tion of each component with S is either empty or a unique f -cycle. Therefore,
the claim follows by using Lemma 3.23 for the partition Cf

G
consisting of the

components of Gf and the covariant subset S.

Proposition 3.30. Under the assumptions of Theorem 3.12, almost surely,
each component of Gf contains at most one bi-infinite f -path.

Proof. Let S be the union of bi-infinite f -paths, which is a covariant subset.
Define

gG(x) :=

{
fG(x), x ∈ S,
x, x 6∈ S,
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which is a vertex-shift. By the definition of S, g is surjective. Therefore, by
Proposition 3.9 g is injective too a.s. It means that no two bi-infinite f -paths
collide. Therefore, the bi-infinite paths are in different components a.s. and the
claim is proved.

Proof of Theorem 3.12. It is again a classical deterministic fact that finite
connected components satisfy the properties of class F/F , as shown by Lemma 5
in [5]. So it is enough to prove that each infinite component is of class I/F or
I/I a.s.

By Proposition 3.29, almost surely, each infinite component is acyclic and its
f -graph is a tree. Since the degree of each vertex is finite a.s., König’s infinity
lemma implies that v ∈ f∞

G
(V (G)) if and only if v is in a bi-infinite f -path. So,

f∞
G
(V (G)) is the union of the bi-infinite f -paths a.s.

Assume that, with positive probability, there exists a component of Gf that
has both finite and infinite foils. Let P be the partition consisting of such
components (and one more element which is the set of remaining vertices). By
Corollary 3.28, each component in P has an oldest finite foil. Define

S := {v ∈ V (G) : #L(v) < ∞,#L(f(v)) = ∞},

which is a covariant subset. The intersection of S with each component in P is
the oldest finite foil in the component. Now, one gets a contradiction by using
Lemma 3.23 for the covariant partition P and the covariant subset S.

In other words, almost surely, each connected component has either only
finite foils or only infinite foils.

Let C be an infinite component containing some finite foils. As already said,
almost surely, all foils in C are finite. By Lemma 3.23, almost surely, C does
not have a youngest foil (use Lemma 3.23 for the partition Cf

G
and the union

of the youngest foils {L ∈ Lf
G

: f−1(L) = ∅}). So the order of foils in C is of
type Z a.s. Let L ⊆ C be an arbitrary foil and consider ∪∞

n=0f
−n(L), which is

the union of the foils younger than L. Since the degree of each vertex is finite
a.s., König’s infinity lemma implies that there is a bi-infinite path in C a.s. By
Proposition 3.30, C contains exactly one bi-infinite f -path a.s. Now, C satisfies
all properties of class I/F .

Finally, Let C be a component containing some infinite foils. As mentioned
above, all foils in C are infinite a.s. It remains to prove that C has no bi-infinite
f -path a.s.

Let S be the union of the bi-infinite f -paths. It can be seen that S is a
covariant subset. By Proposition 3.30, each foil includes at most one vertex in
S almost surely. Therefore, Lemma 3.23 implies that almost surely no infinite
foil intersects S,

which is the desired property. Thus, C is of class I/I a.s.

4 Eternal Family Trees

Consider a random network [G,o] and the directed graphG
f of a vertex-shift f .

When regarding f(x) as the father of x and f−1(x) as its children for x ∈ V (G),
one may regard an acyclic connected component of Gf as an extension of a
branching process.
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In this extension, the foils of Gf represent vertices of the same generation.
An important difference with such a process is that, in a connected component
of Gf , there is no vertex which is an ancestor of all other vertices. This is
formalized by defining eternal family trees in this section.

It will be shown that if [G,o] is a unimodular network, then the connected
component of Gf that contains o, conditioned on being infinite, is a unimod-
ular eternal family tree. Several constructions of unimodular eternal family
trees will be discussed below, with a main focus on constructions related to the
classification theorem.

4.1 Family Trees

Definition 4.1. A Family Tree (abbreviated as FT) is a directed tree T in
which the out-degree of each vertex is at most 1. For a vertex v ∈ V (T ) which
has an outgoing edge vw, let F (v) := w, and call F (v) the father of v. Note
that there may be vertices without father. When the out-degrees of all vertices
are exactly 1, it is called an Eternal Family Tree (EFT).

A rooted family tree is a pair (T, o) in which T is a FT and o is a distin-
guished vertex. The root may or may not have a father, even if the graph has
some vertices without father.

A family tree T can be considered as a network, with the marks of each pair
(v, e) determined by the directions of e. Also note that in the eternal case, F is a
covariant vertex-shift on this network, which is called the father vertex-shift,
and T coincides with the F -graph TF .

In line with the definitions used for networks, the neighbors of x, other than
F (x), are called its children. An ordered family tree is a family tree with an
underlying total order on the children of each vertex (note that this order can
be obtained by putting marks as in the definition of networks). The vertices
(Fn(x))

∞
n=0 are called the ancestors of x. The set of descendants of order

n of x is Dn(x) := Dn(T, x) := {y : F (n)(y) = x}, with dn(x) := dn(T, x) :=
#Dn(x). The descendants D(x) of x is the subtree with vertices ∪∞

n=0Dn(x).
Let l(·) = l(T,o)(·) be the function which assigns to each vertex v its generation
number w.r.t. the root, which is defined by

l(o) = 0,

l(F (v)) = l(v)− 1, ∀v ∈ V (T ).

Note that this function is invariant under rooted isomorphisms. In the eternal
case, the level sets of l are just the foils of T for the father vertex-shift F .

The results listed below and in Section 4.2 are valid in both the ordered and
the non-ordered cases. The following lemma is immediate from teh definition of
family trees and its proof is skipped.

Lemma 4.2. Let T be a FT.

(i) There is at most one vertex without father.

(ii) Any two vertices have a common ancestor.

Example 4.3. The regular tree with one distinguished end (Example 2.5) and
the canopy tree (Example 2.6) can be regarded as EFTs by directing the edges
as in Examples 3.4 and 3.5.
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Definition 4.4. Let T denote the set of isomorphism classes of family trees,
and define T∗ and T∗∗ similarly (they form closed subspaces of G∗ and G∗∗,
respectively for a suitable mark space). The same notation will be used for
ordered family trees, as there will be no possible confusion from the context. A
random family tree is a random network with values in T∗ almost surely. A
unimodular FT is defined similarly. A proper random FT is a random FT in
which

0 < E [dn(o)] < ∞,

for all n ≥ 0.

Proposition 4.5. Let [T ,o] be a unimodular FT.

(i) If T has infinitely many vertices a.s., then it is eternal a.s. Moreover,
[T ,o] is a proper random EFT and

E [dn(o)] = 1, ∀n ≥ 0,

E [d(o)] = ∞.

(ii) If T is finite with positive probability, then

E [dn(o)] < 1.

Proof. (i). For a family tree T , let ST be the set of vertices without father. By
Lemma 4.2, ST has at most one element. Now, ST is a finite covariant subset
of the infinite unimodular network [T ,o]. Proposition 3.19 gives that ST = ∅
a.s.; that is, T is an Eternal Family Tree a.s. Now, the second part is a direct
consequence of Proposition 3.27.

(ii). Using the definition of the previous part, the finiteness of T implies
ST 6= ∅ with positive probability. Therefore, P [o ∈ ST ] > 0 by Proposition 3.19.
Send unit mass from each vertex to its father, provided the father exists; that
is, g[G, o, s] := 1{s=F (o)}. By (2.1),

E [d1(o)] = E
[
g−(o)

]
= E

[
g+(o)

]
= E

[
1{o6∈ST }

]
< 1.

The subtree of descendants of the root of an EFT can be seen as some gener-
alized branching processes, where the generalization lies in the fact that there
are no independence assumptions. A unimodular EFT is always critical in the
sense that the mean number of descendants of the root is 1 (Proposition 4.5)
and more generally, the number of descendants of a typical descendant of any
generation is 1 (Theorem 4.10 below).

Proposition 4.6 (Classification of Unimodular EFTs). For the father vertex-
shift, a unimodular FT with infinitely many vertices almost surely belongs to one
of the following types:

(i) Class I/I: each generation is infinite, each vertex has finitely many de-
scendants and there is no bi-infinite F -path.

(ii) Class I/F : each generation is finite and the vertices with infinitely many
descendants form a unique bi-infinite F -path.
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Proof. The claim is a direct corollary of Proposition 4.5 and Theorem 3.12.

More information about the types I/I and I/F can be found in Corol-
lary 4.12 and part (ii) of Theorem 4.38. Example 3.15 provides instances of
unimodular EFTs with types I/I and I/F .

Example 4.7. Let [G,o] be a unimodular network and f a vertex-shift. Let
C(G,o) be the connected component of the f -graph G

f that contains o. Then
[C(G,o),o], conditioned on being infinite, is a unimodular EFT. This can be
proved by verifying (2.1) directly and using the fact that [G, o] 7→ [C(G,o), o] is
a measurable map.

4.2 Moving the Root to a Typical Far Descendant

This section introduces a method for constructing unimodular EFTs. Indeed,
this method gives a class of networks larger than the unimodular class, namely
the class of σ-invariant random EFTs, defined in this section. A necessary and
sufficient condition for a σ-invariant random EFT to be unimodular is also pro-
vided.

The idea is to start with a (not necessarily unimodular) random FT and to
move the root to a typical n-descendant, for large n. The motivation of this
construction is Theorem 4.10 below, which states that any unimodular EFT is
invariant under this operation. In addition, if the initial random FT has a vertex
without father, this vertex disappears in the limit and the limit is a random EFT.

4.2.1 Definition and Properties of the Limit

Definition 4.8. Let [G,o] be a random network, not necessarily unimodular,
and let S be a covariant set-map such that m := E

[
#S(G,o)

]
∈ (0,∞). By

moving the root to a typical vertex in S, one means considering the
following measure on G∗:

ν(A) :=
1

m
E




∑

v∈S(G,o)

1A[G, v]


 . (4.1)

An equivalent definition for (4.1) is: Bias P by #S(G,o) and then move the root
to a random uniform vertex in S(G,o).

It can be shown that ν is a probability measure and defines a new random
network.

In particular, for a proper random (ordered or non-ordered) family tree [T ,o]
with distribution P and S(T,o) := Dn(o), the probability measure obtained by
moving the root to a typical n-descendant is denoted by Pn; that is,

Pn(A) :=
1

E [dn(o)]
E




∑

v∈Dn(o)

1A[T , v]


 . (4.2)

Whenever the sequence Pn converges weakly to some probability distribution,
define

P∞ := lim
n→∞

Pn.

Below, expectation w.r.t. P and Pn are denoted by E and En respectively. The
probability Pn is just the image of P by the operator σn defined below.
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Definition 4.9. Let σn be the map which associates to any probability measure
P on T∗ the probability measure

σnQ[A] =
1∫

T∗

dn(T, o)dQ([T, o])

∫

T∗

∑

v∈Dn(T,o)

1A[T, v]dQ([T, o])

on T∗, given that the denominator is positive and finite. Let σ := σ1 and σ∞Q
be the weak limit of σnQ as n → ∞, assuming the limit exists.

For a random family tree [T ,o] with distribution P , denote by σn[T ,o] a
random FT with distribution σnP .

Theorem 4.10. A random family tree [T ,o] is a unimodular EFT a.s. if and
only if its distribution is invariant under σ and

E [d1(o)] = 1.

In this case, the classification of Proposition 4.6 holds.

Theorem 4.11. Let [T ,o] be a random FT. If P∞ exists, then

(i) P∞ is proper;

(ii) One has

E∞[d1(o)] = lim
n→∞

E [dn+1(o)]

E [dn(o)]
;

(iii) P∞ is invariant under σ;

(iv) P∞ is unimodular if and only if

lim
n→∞

E [dn+1(o)]

E [dn(o)]
= 1.

Two examples of P∞ are described in Sections 4.3 and 4.4. See Proposi-
tions 4.28 and 4.41.

Corollary 4.12.

(i) Any σ-invariant random FT can be constructed by applying σ∞ to some
random FT. More precisely, for any σ-invariant random family tree (T,o),
σ∞[D(o),o] exists and has the same distribution as [T ,o].

(ii) Any unimodular EFT of type I/I can be written as σ∞[T ′,o′], where [T ′,o′]
is a random finite FT.

Remark 4.13. An operator similar to σ is defined in [2]. In the following defini-
tions, this operator is rephrased in the language of the present work. A sin-tree
is a rooted EFT with only one end (equivalently, the number of descendants of
each vertex is finite). For a rooted sin-tree (T, o) and an event A, the kernel
Q∞ is

Q∞((T, o), A) =
∑

v∈D1(o)

1A[T, v].

This kernel acts on the space of probability measures on the set of (isomorphism
classes of) rooted sin-trees. For those probability measures with average number
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of children equal to one, this action is identical to the operator σ. An invariant
sin-tree is a random rooted sin-tree whose distribution is invariant under the
action of Q∞. This is equivalent to a special case of σ-invariant probability
measure in which D(v) is finite for all vertices v and the expectation of d1(o) is
equal to one. The definition of P∞ appears to be new.

Proof of Theorem 4.10. Let P be the distribution of [T ,o].
First, assume [T ,o] is a unimodular EFT. Proposition 4.5 gives E [d1(o)] =

1. By applying the mass transport principle (2.1) to the function [G, o, x] 7→
1{x∈D1(o)}1A([G, x]), one gets P1[A] = P [A], which proves that σP = P .

Conversely, assume σP = P and E [d1(o)] = 1. To prove unimodularity, by
Proposition 2.2 in [4], it is enough to prove that P is involution invariant ; that
is, (2.1) holds for all functions supported on doubly-rooted networks in which
the two roots are neighbors.

Note that invariance under σ implies that o has a father a.s. Now, by the
definition of E1 and E [d1(o)] = 1 one gets

E




∑

v∈N1(o)

g(T ,o, v)


 = E




∑

v∈D1(o)

g(T ,o, v)


+ E [g(T ,o, F (o))]

= E1 [g(T , F (o),o)] + E [g(T ,o, F (o))] ,

for all g : G∗∗ → R
≥0. Similarly,

E




∑

v∈N1(o)

g(T , v,o)


 = E1 [g(T ,o, F (o))] + E [g(T , F (o),o)] .

Now, P1 = P implies that the right-hand-sides of the above two equations are
equal. Therefore, so are the left hand sides and thus P is involution invari-
ant. This proves that [T ,o] is unimodular. Finally, since o has a father a.s.,
Proposition 3.19 gives that T is eternal a.s.

The following lemma shows a general property on random trees: under Pn,
if one moves the root to a typical descendant of order m, one gets Pm+n.

Lemma 4.14. For all proper distributions P on T∗, the operators (σn)n satisfy

(i)
σm ◦ σn(P) = σm+n(P).

(ii)

En[dm(o)] =
E [dm+n(o)]

E [dn(o)]
. (4.3)

Here, o denotes the root of a random FT under the probability distribution which
is either Pn or P.

Proof. Using the fact that the (m + n)-descendants of the root are just the
disjoint union of the m-descendants of the n-descendants of the root, one gets
that

En[dm(o)] =
1

E [dn(o)]
E


 ∑

v∈Dn(o)

dm(v)


 =

E [dm+n(o)]

E [dn(o)]
.
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Denoting the expectation w.r.t. σm ◦ σnP by E ′, for all measurable functions
h : T∗ → R≥0, one gets

E ′[h] =
1

En(dm(o))
En




∑

y∈Dm(o)

h(T , y)




=
1

En(dm(o))E [dn(o)]
E


 ∑

x∈Dn(o)

∑

y∈Dm(x)

h(T , y)




=
1

E [dm+n(o)]
E


 ∑

y∈Dm+n(o)

h(T , y)




= Em+n[h].

The first two equations use (4.2) and the third one uses (4.3). This proves the
claim.

Proof of Theorem 4.11. Let b(v) := bT (v) := d1(F (v)) be the number of
brothers of v including v itself, which is defined whenever v has a father. The
key point for proving (i) is that the distribution of b(o) under Pn+1 is the size-
biased version of the distribution of d1(o) under Pn. Therefore, convergence of
the former implies properness of the limit of the latter. This is discussed in the
following in detail.

(i) and (ii). Fix k ∈ Z
≥0. By the results and the notation of Lemma 4.14,

one has

Pn+1[b(o) = k] =
1

En[d1(o)]
En




∑

v∈D1(o)

1{b(v)=k}




=
E [dn(o)]

E [dn+1(o)]
· kPn [d1(o) = k] . (4.4)

The characteristic functions [T, o] 7→ 1{b(o)=k} and [T, o] 7→ 1{d1(o)=k} are
bounded continuous functions on T∗. Therefore, one has

{
limn→∞ Pn+1[b(o) = k] = P∞[b(o) = k],
limn→∞ Pn[d1(o) = k] = P∞[d1(o) = k].

(4.5)

Choose k > 0 such that P∞[d1(o) = k] > 0. By combining (4.4) and (4.5), one
gets that the following limit

c := lim
n→∞

E [dn(o)]

E [dn+1(o)]

exists and for each k ≥ 0, one has

P∞[b(o) = k] = ckP∞ [d1(o) = k] .

By summing over k, one gets c > 0 and

E∞[d1(o)] =
1

c
= lim

n→∞

E [dn+1(o)]

E [dn(o)]
,
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which proves (i) and (ii).
(iii). Let g : T∗ → R

≥0 be a measurable function. By Lemma 4.14, for all
k ≥ 0, one has

En+1

[
1{b(o)≤k}g[T ,o]

]
=

E [dn(o)]

E [dn+1(o)]
En


1{d1(o)≤k}

∑

v∈D1(o)

g[T , v]


 .

The functions under expectation in both sides are bounded and continuous.
Therefore,

E∞
[
1{b(o)≤k}g[T ,o]

]
=

1

E∞[d1(o)]
E∞


1{d1(o)≤k}

∑

v∈D1(o)

g[T , v]


 .

Since g ≥ 0, monotone convergence implies

E∞ [g[T ,o]] =
1

E∞[d1(o)]
E∞


 ∑

v∈D1(o)

g[T , v]


 ,

which proves that σP∞ = P∞.
(iv). The claim is a direct consequence of (ii), (iii) and Theorem 4.10.

Remark 4.15. Notice that if one assumes a uniform (a.s.) bound on the degrees
of vertices in T , the arguments to prove Theorem 4.11 become much simpler,
because the functions d1(o) and

∑
v∈D1(o)g[T ,v] will be continuous bounded

functions on T∗. There will be no need to make use of b(o).

Proof of Corollary 4.12. The second claim is a corollary of the first one.
For proving the first claim, let [T n,on] be a random FT with the same distri-
bution as σn[T ,o]. Using (4.2) directly, one obtains that σn[D(o),o] has the
same distribution as [D(Fn(o′)),o′]. The invariance of [T ,o] under σ implies
that σn[D(o),o] has the same distribution as [D(Fn(o)),o]. Since the trees
D(Fn(o)) cover any neighborhood of o, the distribution of [D(Fn(o)),o] tends
to that of [T ,o]. Therefore, the distribution of σn[D(o),o] also tends to that of
[T ,o] and the claim is proved.

4.2.2 More on σ-Invariant Random EFTs

The following lemma is a generalization of Proposition 10 of [2].

Lemma 4.16. Let [T ,o] be a σ-invariant random FT. Then its distribution is
uniquely determined by that of [D(o),o].

Proof. In (4.6) in the proof of Proposition 4.30, note that the left-hand-side
doesn’t depend on j. Therefore,

P [[T , F (o)] ∈ A] =
k

m
P [A] .

By a completely similar argument, one can show that for each n, l ∈ N such that
n ≥ l and each finite family tree (T0, o0), by letting ki := d1(T0, F

i(o0)) one has

P
[
[D′

n(F
l(o)),o] ∈ [T0, o0]

]
=

k1
m

P
[
[D′

n(F
l−1(o)),o] ∈ [T0, F (o0)]

]
.
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Using induction on l, one gets

P
[
[D′

n(F
l(o)),o] = [T0, o0]

]
=

∏l
i=1 ki
ml

P
[
[D′

n(o),o] = [T0, F
l(o0)]

]
.

Therefore, the distribution of [D′
n(F

l(o)),o] is uniquely determined by that of
D(o). Now, the claim follows by the fact that the subtrees D′

n(F
2n(o)) cover

any neighborhood of the root.

Definition 4.17. Let (T, o) be a rooted FT. The pruning of (T, o) from gen-
eration z ≥ 0 is the rooted family tree K(T, o, z) rooted at o and which is the
restriction of T to the set

{v ∈ V (T ) : l(v) ≤ z}.

It is easily seen that this pruning induces a measurable map C : T∗×Z
≥0 →

T∗.

Proposition 4.18. Let [T ,o] be a proper random EFT the distribution of which
is invariant under σ. Assume m := E [d1(o)] > 1. Let Z be a geometric random
variable with parameter 1

m
, independent of [T ,o]. Then, by pruning [T ,o] from

level Z, one gets a unimodular EFT of type I/I.

Proof. Denote K(T ,o, Z) by [T ′,o], which is a random EFT. First, note that

E
[
d1(T

′,o)
]
= E

[
d1(T ,o)1{Z>0}

]
= E [d1(T ,o)]P [Z > 0] = 1.

The next step is to show that the distribution P ′ of [T ′,o] is invariant under
σ. For a vertex v in K(T, o, z), let (K(T, o, z), v) be the tree obtained from
K(T, o, z) by considering v as the root. One has

σP ′[A] = E




∑

v∈D1(T ′,o)

1A([T
′, v])




= E


1{Z>0}

∑

v∈D1(T ,o)

1A(K(T , o, Z), v)




= E


1{Z>0}

∑

v∈D1(T ,o)

1A(K(T , v, Z − 1))




=
1

m
E


 ∑

v∈D1(T ,o)

1A(K(T , v, Z))




= P [K(T ,o, Z) ∈ A] .

The last two equations used the fact that Z − 1 conditioned on Z > 0 has the
same distribution as Z and invariance of the distribution of [T ,o] under σ. This
shows that σP ′ = P ′. Now, unimodularity of [T ′,o] follows by Theorem 4.10.
Since there is a youngest foil in T

′, Theorem 3.12 implies that [T ′,o] is of type
I/I.
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Example 4.19 (Canopy Tree). The distribution of the k-regular tree with one
distinguished end (Example 3.4) is invariant under σ. For k > 2, one can prune
it according to Proposition 4.18. The resulting random EFT is just the canopy
tree with offspring cardinality k − 1.

Example 4.20 (Biased Canopy Tree). Consider the canopy tree in Example 2.6
and choose the root such that P[o ∈ Li] is proportional to d−i

1 for an arbitrary
d1 > 1. This is a random EFT whose distribution is invariant under σ. Here,
E [d1(o)] =

d
d1
. Therefore, it is unimodular if and only if d1 = d > 1 (by Propo-

sition 4.5). For d1 > d, by pruning the biased canopy tree as in Proposition 4.18,
one obtains the usual canopy tree.

Lemma 4.21. Let [T ,o] be a proper random EFT whose distribution is invariant
under σ. Let m := E [d1(o)]. Then for all n ≥ 0,

E [dn(o)] = mn.

As a result,

E [d(o)] =

{
1

1−m
, m < 1

∞, m ≥ 1
.

Proof. For n = 0 one has d0(o) = 1 and for n ≥ 1,

E [dn(o)] = E




∑

v∈D1(o)

dn−1(v)


 = mE [dn−1(o)] .

The last equation holds by (4.2) and the assumption of invariance under σ. This
implies the claim by induction on n.

Proposition 4.22 (Cardinality Classification of σ-Invariant EFTs). Let [T ,o]
be a proper random EFT whose distribution is invariant under σ. Let m :=
E [d1(o)]. Then almost surely, either all generations of T are finite or all are
infinite. Moreover,

(i) If m > 1, all generations of T are infinite.

(ii) If m = 1, all generations of T are finite (resp. infinite) if and only if D(o)
is infinite with positive probability (resp. with zero probability), if and only
if there exists (resp. doesn’t exist) a bi-infinite F -path in T .

(iii) If m < 1, then D(o) is finite.

Proof. The finiteness of the degrees of the vertices implies that if the k-th gen-
eration is infinite, then so are the k′-th generations for all k′ < k. Now, let
K ∈ Z ∪ {±∞} be the maximum of k ∈ Z such that the k-th generation is
infinite. For i > 0, by (4.2) and the assumption of invariance under σ one
obtains

P [K ≥ i] = P
[
#L(F i(o)) = ∞

]

=
1

E [di(o)]
E




∑

v∈Di(o)

1{#L(F i(v))=∞}




= P [#L(o) = ∞]

= P [K ≥ 0] .
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By the inclusion of events, one gets that almost surely, K ≥ i if and only if
K ≥ 0. The same holds for i < 0 similarly. Therefore, K ∈ {±∞} a.s. and the
first claim follows.

(i) Proposition 4.18 shows that by pruning [T ,o], one obtains a unimodular
EFT of type I/I a.s. Therefore, L(o) is infinite almost surely. Now, Proposi-
tion 3.19 implies that all foils (generations) are infinite a.s.

(ii) Theorem 4.10 implies that [T ,o] is unimodular. Now, the claim follows
by Theorem 3.12.

(iii) The claim is a direct consequence of Lemma 4.21.

Remark 4.23. In part (i) of the above proposition, D(o) may be finite or infinite.
The biased canopy tree for d1 > d (Example 4.20) is an example of the finite
case. Super-critical eternal Galton-Watson trees introduced in Section 4.3 are
examples of the infinite case. Moreover, in part (iii), the generations of T can
be finite or infinite. The biased canopy tree for d1 < d (Example 4.20) is an
example of the infinite case. Subcritical eternal Galton-Watson trees introduced
in Section 4.3 are examples of the finite case.

4.3 Eternal Galton-Watson Tree

As explained above, the graph G
f of a vertex-shift shares similarities with a

branching process. This motivated the study of Eternal Family Trees. This
section introduces eternal Galton-Watson trees, a special class of random EFTs
where the number of children of the vertices are independent and identically
distributed as in ordinary Galton-Watson trees.

The ordinary Galton-Watson tree (abbreviated as GW) is a rooted tree
defined by a branching process: starting from a single vertex, each vertex v
gives birth to a random number d1(v) of new vertices, where d1(v) has distri-
bution π and the random variables d1(v) are independent across vertices. One
obtains a family tree by connecting the children of any vertex to the latter. The
distribution π is called the offspring distribution. Denote by PGW the law of
GW.

Let π be a probability distribution on Z
≥0 and π̂ be its size-biased version;

that is, π̂(k) := kπ(k)
m

, wherem is the expected value of π, assuming 0 < m < ∞.

Definition 4.24. The (ordered) Eternal Galton-Watson tree with off-
spring distribution π (abbreviated as EGW or EGW(π)) is a random EFT constructed
as follows. Start from a path (oi)

∞
i=0. For each i > 0, regard oi as the father

of oi−1. Then, choose an independent random number zi with the size-biased
distribution π̂ and add zi − 1 new vertices as children of oi (so that oi has a
total of zi children). Choose a uniform random order between the children of
oi. For o0 and each new vertex, generate their descendants as in an ordinary
Galton-Watson tree with offspring distribution π. Finally, add a directed edge
from each vertex to its father and let o := o0 be its root. Denote by PEGW

the law of EGW. The non-ordered eternal Galton-Watson tree is obtained by
forgetting the order of the vertices in the ordered EGW. The same symbols will
be used for the ordered and non-ordered cases.

Remark 4.25. The arguments in this section are valid for both ordered and
non-ordered cases except when explicitly mentioned.
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Remark 4.26. The special case of eternal Galton-Watson trees with m = 1
(which is the unimodular case) was introduced in [2] as an example of one-ended
trees. Nevertheless, the results of this section appear to be new, especially
Propositions 4.30 and 4.31. Moreover, the present work also covers the case
m 6= 1.

Remark 4.27. The eternal Galton-Watson tree is related to the size-biased
Galton-Watson tree. The latter is an undirected tree and the only other
difference is the degree distribution of the root: the probability that the root has
k neighbors is πk−1 in the former and kπk

m
in the latter. The size-biased Galton-

Watson tree has been studied and used in many references. Its distribution is a
weak limit of the distribution of the ordinary Galton-Watson tree biased by the
population of the n-th generation of the root when letting n → ∞. This fact is
used in [10] to study the limit properties of the n-th generation population in a
Galton-Watson branching process.

Proposition 4.28. The distribution of the eternal Galton-Watson tree EGW(π)
is the weak limit of σnPGW as n → ∞.

lim
n→∞

σnPGW = PEGW.

In other words, for P := PGW(π), one has P∞ = PEGW(π).

Proposition 4.29. The eternal Galton-Watson tree EGW(π),

(i) is invariant under σ.

(ii) is a unimodular EFT if and only if it is critical, that is, m = 1.

The next proposition provides a characterization of eternal Galton-Watson
trees.

Proposition 4.30. A random family tree [T ,o] is an eternal Galton-Watson
tree if and only if (i) its distribution is σ-invariant, and (ii) the number of
children d1(o) of the root is independent of the non-descendants Dc(o) of the
root, that is, the subtree induced by {o} ∪ (V (T ) \D(o)) rooted at o.

The following proposition classifies eternal Galton-Watson trees beyond the
classification of Theorem 3.12.

Proposition 4.31 (Classification of EGW Trees). The eternal Galton-Watson
tree almost surely satisfies the following properties:

(i) When m = 1, in the non-degenerate case (that is, when π(1) 6= 1), the
EGW tree is a unimodular EFT of type I/I and there is no youngest gener-
ation. In the degenerate case (when π(1) = 1), it is of type I/F and each
generation has only one vertex.

(ii) When m > 1, all generations are infinite. Moreover, P [#D(o) = ∞] > 0
and there are infinitely many bi-infinite F -paths.

(iii) When m < 1, D(o) is finite. If in addition π has finite variance, then all
generations are finite and there exists a youngest generation.

It follows from part (i) of Proposition 4.31 that
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Corollary 4.32. In a non-degenerate critical EGW, a.s. the number of vertices
in each generation is infinite.

Remark 4.33. The condition of finite variance is probably not necessary in
part (iii) of Proposition 4.31. However, the current simple proof needs this
assumption.

Remark 4.34. The existence of a youngest foil can be interpreted as the extinc-
tion of T regarded as a branching process. Therefore, if m ≥ 1, the branching
process almost surely does not become extinct, although the descendants of the
root may become extinct.

Example 4.35. The k-regular tree with one distinguished end (Example 3.4)
is an example of EGW trees. For this, let π be concentrated on k − 1.

Proof of Proposition 4.28. It is enough to prove the claim in the ordered
case. The non-ordered case is obtained by forgetting the order. It is enough
to show that (σn)PGW(A) → PEGW(A) for events A of the following type: Let
N ∈ Z

≥0, let (ai)i≥0 and (bi)i≥0 be Z
≥0-valued sequences and let (Aij)i,j≥0 be

a sequence of events in T∗. Consider the set of rooted family trees (T, o) such
that

• d1(F
i(o)) = ai for 0 ≤ i ≤ N ,

• rank(F i(o)) = bi for 0 ≤ i < N , where rank(v) is the rank of v in the
order on D1(F (v)),

• By letting xij be the j-th child of F i(o), one has D(xij) ∈ Aij for each
0 ≤ i ≤ N and j 6= rank(F i−1(o)),

It is easy to see that for n ≥ N ,

PEGW(A) = (σnPGW)(A) = πa0

N∏

i=1

aiπai

m

N∏

i=1

1

ai

∏

i,j

PGW(Aij).

To see this, note that in the definition of (σnPGW)(A), the summand is non-zero
for at most one v. So the claim is proved.

Proof of Proposition 4.29. The claims are direct corollaries of Proposition
4.28 and Theorem 4.11.

Proof of Proposition 4.30. If [T ,o] is an EGW tree, the claim follows by
Proposition 4.29 and the construction of EGW trees. Conversely, suppose the
distribution of [T ,o] is σ-invariant and it has the mentioned independence prop-
erty. If [T ,o] is non-ordered, add a uniformly random order on the children of
each vertex independently. It is clear that the resulting ordered EFT is also σ-
invariant. Therefore, one may assume [T ,o] is an ordered EFT without loss of
generality.

Let m := E [d1(o)]. For a vertex v, let ci(v) be the i-th child of v for
1 ≤ i ≤ d1(v) using the assumed order on the children. Let A′, A1, A2, . . . Ak

be a sequence of events in T∗ and let A = A(A′;A1, . . . , Ak) be the event that
d1(o) = k, Dc(o) ∈ A′ and D(ci(o)) ∈ Ai for all i. One can write

P [A] = E


 ∑

v∈D1(o)

hj(vi)


 ,
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where 1 ≤ j ≤ k is arbitrary and

hj [T, o] := 1A[T, F (o)]1{o=cj(F (o))}.

Now, one can use invariance under σn and (4.2) to obtain

P [A] = mP [o = cj(F (o)), [T , F (o)] ∈ A] . (4.6)

Equation(4.6), the independence assumption and the definition of the event A
imply

P [A] = mP [D(o) ∈ A1] · P [o = c1(F (o)), [T , F (o)] ∈ A(A′; T∗, A2, . . . , Ak)]

= P [D(o) ∈ A1] · P [A(A′; T∗, A2, . . . , Ak)] . (4.7)

In the last equation, (4.6) is used again for the event A(A′; T∗, A2, . . . , Ak). By
applying a similar equation to (4.7) to the second term in (4.7), one gets

P [A] = P [D(o) ∈ A1] · P [D(o) ∈ A2] · P [A(A′; T∗, T∗, A3, . . . , Ak)] .

Continuing inductively, one obtains

P [A] =




k∏

j=1

P [D(o) ∈ Aj ]


P [A(A′; T∗, . . . , T∗)]

=




k∏

j=1

P [D(o) ∈ Aj ]


P [d1(o) = k,Dc(o) ∈ A′]

= P [d1(o) = k]




k∏

j=1

P [D(o) ∈ Aj ]


P [Dc(o) ∈ A′] . (4.8)

In the last equation, the independence assumption is used. This equation means
that conditional on d1(o) = k, the subtrees D(c1(o)), . . .D(ck(o)) and Dc(o)
are mutually independent and D(cj(o)) has the same distribution as D(o).

Now, let D′
n(v) be the family tree induced on ∪n

i=0Di(v). It is easy to use
induction by (4.8) to show that

P [[D′
n(o),o] ∈ [T0,o0]] = PGW[[D′

n(o),o] ∈ [T0, o0]].

This means that D(o) is an ordered Galton-Watson tree. Now, the claim follows
by Lemma 4.16.

Proof of Proposition 4.31. Let [T ,o] be the EGW tree. The event #D(o) = ∞
is the event of non-extinction in a Galton-Watson process. Therefore, it happens
with positive probability if and only if m > 1 or π(1) = 1.

(i) As mentioned above, D(o) is finite a.s. Therefore, Proposition 4.22
implies that [T ,o] is of type I/I. For the second claim, consider K(T ,o, 0)
which is obtained by pruning [T ,o] from generation 0. Since T has type I/I,
the generation L(o) is infinite a.s. Conditioned on K(T ,o, 0), the descendants
D(v) for v ∈ L(o) are i.i.d. GW trees. Now the claim follows by the Borel-Cantelli
lemma.

(ii) Propositions 4.22 and 4.29 show that the generations are infinite a.s.
Like the previous case, conditioned on K(T ,o, 0), the descendants D(v) for
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v ∈ L(o) are i.i.d. supercritical GW trees, each of them is infinite with positive
probability. Now the claim follows by the Borel-Cantelli lemma.

(iii) By Propositions 4.22 and 4.29, it is enough to prove L(o) is finite a.s.
One has L(o) =

⋃∞
n=1 Ln(o), where Ln(o) := F−n(Fn(o)). By invariance under

σn,

E [#Ln(o)] =
1

mn
E


 ∑

v∈Dn(o)

#Ln(v)


 =

1

mn
E
[
dn(o)

2
]
.

On the other hand, for any k ≥ 0,

E
[
dn(o)

2 |d1(o) = k
]

= E







∑

v∈D1(o)

dn−1(v)




2

|d1(o) = k




= kE
[
dn−1(o)

2
]
+ k(k − 1)E [dn−1(o)]

2 .

Therefore, by letting c :=
∑

k k(k − 1)πk, which is finite by the assumption on
variance, one has

E
[
dn(o)

2
]
= mE

[
d2n−1

]
+ cm2(n−1).

An induction on n gives

E
[
dn(o)

2
]
= mn + c

(
mn−1 +mn + · · ·+m2(n−1)

)
.

Therefore,

E [#L(o)] = lim
n→∞

E [#Ln(o)]

= lim
n→∞

1

mn
E
[
dn(o)

2
]

= 1 +
c

m
(1 +m+m2 + ·)

= 1 +
c

m(m− 1)
< ∞.

This shows that L(o) is finite a.s.

4.4 Joining a Stationary Sequence of Trees

Consider the disjoint union of a stationary sequence of random rooted graphs
([Gi,oi])

∞
i=−∞ defined on a common probability space. Add a directed edge

oioi+1 for each i ∈ Z. The resulting graph, denoted by G, will be referred to as
the joining of the sequence in question. Let o := o0. Then [G,o] is a random
rooted network.

Proposition 4.36. If E [#V (G0)] < ∞, then by moving the root of G to a
typical vertex of G0, one obtains a unimodular network. More precisely, the
probability measure

P ′[A] :=
1

E [#V (G0)]
E


 ∑

v∈V (G0)

1A([G, v])


 (4.9)
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is unimodular.

Remark 4.37. Equation (4.9) is a special case of the exchange formula of Propo-
sition 3.26. See the proof of Theorem 4.38 for details.

Consider now the special case where the Gi’s are finite trees. One may
direct their edges towards the corresponding roots and regard G as an EFT. In
the following, Gi and G are replaced by T i and T respectively.

Theorem 4.38. Let [T ′,o′] be a random EFT with distribution P ′ defined
by (4.9).

(i) [T ′,o′] is a unimodular EFT of type I/F a.s. As a result, all generations
of T are finite a.s.

(ii) Any unimodular non-ordered EFT of type I/F can be constructed by joining
a stationary sequence of trees as in the previous part.

Remark 4.39. Every ordered EFT of type I/F can also be constructed in a
way similar to that of Part (ii) of Theorem 4.38. For this, one should start
with a stationary sequence of ordered EFTs together with a stationary sequence
describing the order (in T ) of oi among the children of oi+1. Here, only the
non-ordered case was discussed for simplicity of notation.

Lemma 4.40. Let T be the joining of a stationary sequence of trees ([T i,oi])
∞
i=−∞

rooted at o0. Then T satisfies the following properties:

(i) For all measurable functions h : T∗ → R
≥0,

E




∑

v∈L(o0)

h[T , v]


 = E




∑

v∈V (T 0)

h[T , v]


 .

(ii) Moving the root of T to a typical vertex in L(o) is the same as moving
the root of T to a typical vertex in T 0.

Proposition 4.41. By letting P be the distribution of [T ,o0], P∞ (defined in
Section 4.2) exists and

P∞ = P ′.

In other words, the distribution constructed by joining a stationary sequence of
trees is a special case of moving the root to a typical far descendant.

Proof of Proposition 4.36. Let m := E [#V (G0)] and g : G∗∗ → R
≥0

be a measurable function. If one denotes by [G′,o′] a random network with
distribution P ′, then

E ′


 ∑

w∈V (G′)

g[G′,o′, w]


 =

1

m
E


 ∑

v∈V (G0)

∑

w∈V (G)

g[G, v, w]




=
1

m
E




∞∑

j=−∞

∑

v∈V (G0)

∑

w∈V (Gj)

g[G, v, w]




=
1

m

∞∑

j=−∞

ĝ(0, j),
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where ĝ(i, j) := E

[∑
v∈V (Gi)

∑
w∈V (Gj)

g[G, v, w]
]
. Similarly, one obtains

E ′




∑

w∈V (G′)

g[G′, w,o′]


 =

1

m

∞∑

j=−∞

ĝ(j, 0).

The stationarity of the sequence Gi implies that ĝ(0, j) = ĝ(−j, 0). Therefore,
the right-hand-sides of the above equations are equal. This implies that P ′ is
unimodular and the claim is proved.

Proof of Theorem 4.38.
(i) Proposition 4.36 shows that [T ′,o′] is unimodular. Since there is a bi-

infinite path in T , the same holds for T
′ almost surely. Now, Proposition 4.6

implies that [T ′,o′] is of type I/F and thus, all generations of T ′ are finite a.s.
This implies that all generations of T are finite a.s. too.

(ii) Let [T̃ , õ] be a non-ordered unimodular EFT of type I/F . For an eternal
family tree T with a unique bi-infinite F -path, let PT be the bi-infinite F -path.
So P

T̃
is almost surely defined. It is easy to see that P is a covariant subset

of the vertices. For simplicity, denote by [T ,o] the random EFT obtained by
conditioning on o ∈ P

T̃
. Denote the bi-infinite F -path in T by (oi)

∞
i=−∞, where

o0 = o and F (oi) = oi+1. Let T i be the family tree induced by D(oi)\D(oi−1).
We claim that the sequence T i is the desired random FT sequence.

The first step consists in proving that (T i)i is a stationary sequence, that is,
its distribution invariant under the shift i 7→ i+1. For this, it is enough to show
that the distribution of [T ,o] (which is not unimodular) is invariant under the
map θF [T, o] := [T, F (o)] (note that [T ,o] 7→ ([T i,oi])i is a measurable bijective
map). Define

fT (v) :=

{
F (v), v ∈ PT

v, v 6∈ PT
.

Note that fT is always bijective. So, by Proposition 3.8, θf preserves the dis-

tribution of [T̃ , õ]. Since on [T ,o], almost surely f and F agree on o, it follows
that θF preserves the distribution of [T ,o], and the first claim is proved.

Next, one proves that for the stationary sequence T i, the construction (4.9)
gives the distribution of [T̃ , õ]. First, note that by joining the roots of [T i,oi],
one obtains the same [T ,o] here. Let τT (v) be the first ancestor of v in PT . For
all events A, define

g[T, v, w] := 1A([T, v])1{w=τT (v)}.

By the exchange formula (Proposition 3.26) for the subnetworks PT and T itself,
by letting PP be the distribution of [T ,o], one gets

P [õ ∈ P
T̃
] · EP




∑

v∈V (T 0)

1A[T , v]


 = P

[
[T̃ , õ] ∈ A

]
.

By letting A := T∗, one obtains P [õ ∈ P
T̃
] · EP [#V (T 0)] = 1. By substituting

this in the above equation, it follows that the distribution constructed in (4.9)
coincides with the distribution of [T̃ , õ] and the claim is proved.
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Proof of Lemma 4.40. (i) The key point is that L(o0) is the disjoint union
of Di(T i,oi) for i ≥ 0. Therefore,

LHS =

∞∑

i=0

E




∑

v∈Di(T i,oi)

h[T , v]




=
∞∑

i=0

E




∑

v∈Di(T 0,o0)

h[T , v]




= RHS.

The second equality is implied by stationarity of the sequence T i.
(ii) By the previous part, one gets

E [#L(o0)] = E [#V (T 0)] .

This, together with the previous part, readily imply the claim (see Defini-
tion 4.8).

Proof of Proposition 4.41. Note that Dn(T ,o0) is the disjoint union of
Dn−i(T−i,o−i) for 0 ≤ i ≤ n. Therefore,

E [dn(o0)] =

n∑

i=0

E [dn−i(T−i,o−i)] =

n∑

i=0

E [dn−i(T 0,o0)] = E [#Nn(T 0,o0)] .

Similarly, for any bounded continuous function h : T∗ → R
≥0,

En[h] =
1

E [dn(o0)]
E




∑

v∈Dn(T ,o0)

h([T , v])




=
1

E [dn(o0)]

n∑

i=0

E


 ∑

v∈Dn−i(T−i,o−i)

h([T , v])




=
1

E [dn(o0)]

n∑

i=0

E


 ∑

v∈Dn−i(T 0,o0)

h([T , v])




=
1

E [#Nn(T 0,o0)]
E


 ∑

v∈Nn(T 0,o0)

h([T , v])


 .

By monotone convergence, both the numerator and the denominator con-
verge and

lim
n→∞

En[h] =
1

E [#V (T 0)]
E


 ∑

v∈V (T 0)

h([T , v])


 = E ′[h].

This proves the claim.
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5 Palm Distributions and Unimodular Networks

This section is focused on the connections between graphs and point processes.
For example, the notion of vertex-shift is a generalization of that of point shift
in [8] and that Theorem 3.12 is a generalization of the classification theorem
in [5].

Let Φ be a stationary point process on R
d. It can be regarded as a random

element in N , whose distribution is invariant under translations of Rd, where

N (Rd) = N := the set of discrete subsets of Rd,

N0(R
d) = N0 := {ϕ ∈ N : 0 ∈ ϕ}.

The Palm distribution P0 of Φ is a probability measure on N0, which is, roughly
speaking, the distribution of Φ conditioned on having a point at the origin [6].
It is defined for all stationary point processes with a positive and finite intensity.

Let β be a map which associates to all ϕ ∈ N a network β(ϕ) with vertex set
ϕ and satisfying the following conditions: (i) β is covariant with the translations
of Rd (namely, β(θtϕ) = θtβ(ϕ), where θtϕ is the translation of ϕ by vector −t,
and θtβ(ϕ) is the translation of the network β(ϕ) by vector −t; i.e., the network
with vertex set θtϕ, with an edge between x − t and y − t if and only if there
is an edge between x and y in β(ϕ), and the weight of a vertex (resp. edge) is
equal to the weight of its corresponding vertex (resp. edge) in β(ϕ)); (ii) the
map from N0 to G∗ that sends ϕ ∈ N0 to [β(ϕ), 0], is measurable.

The following result is proved in [4]:

Theorem 5.1. For all β satisfying the assumptions described above, under the
Palm distribution of Φ, [β(Φ), 0] is a unimodular network.

This theorem can also be proved using the well known mass transport prop-
erty known to hold for all Palm distributions [9]: for all measurable functions
h : N0 × R

d → R
≥0, one has

E0

[
∑

x∈Φ

h(Φ, x)

]
= E0

[
∑

x∈Φ

h(θxΦ,−x)

]
, (5.1)

where θxΦ denotes the translation of Φ by the vector −x. The reader can verify
that this equation implies (2.1).

A point process is said to be point-stationary if it takes its values in N0

and satisfies the mass transport property (5.1). Using the proof idea alluded to
above, one gets:

Theorem 5.2. For any point-stationary point process Ψ and any functions β
satisfying (i) and (ii), [β(Ψ), 0] is a unimodular network.

The set of Palm distributions is a strict subset of the set of distributions of
point-stationary point processes. Here are examples of point-stationary point
processes that are not Palm distributions: the zeros of a simple symmetric
random walk in Z; the synchronous version of a renewal point process with
heavy tailed inter-arrival having an infinite first moment. In both cases, the
Palm expectation of the first positive point (first zero or first renewal) has an
infinite mean so that the stationary version of the point-stationary point process
does not exist [6].

The end of this section is devoted to a converse to the above theorems.
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Definition 5.3. Let [G,o] be a unimodular network. A Euclidean embed-
ding of [G,o] is a map γ : G∗ → N0(R

d) with the following properties:

(i) γ is measurable;

(ii) there is a measurable function t : G∗∗ → R
d such that for every rooted

network (G, o) and every vertex v ∈ V (G),

γ[G, v] = θt[G,o,v]γ[G, o],

t[G, v, o] = −t[G, o, v];

(iii) almost surely, the map defined on V (G) by v 7→ t[G,o, v] is a bijection
between V (G) and γ[G,o].

Note that if v, w ∈ V (G) are such that (G, o, v) is isomorphic to (G, o, w),
then t[G, o, v] = t[G, o, w]. Therefore, for the bijection in the last condition, it is
necessary that [G,o] almost surely does not have any rooted isomorphism other
than the identity.

Theorem 5.4. Let Ψ be a point process in R
d.

(i) If Ψ is a Euclidean embedding of some unimodular network, then it is
point-stationary.

(ii) If the distribution of Ψ is a Palm distribution, then it is a Euclidean em-
bedding of some unimodular network.

It seems that point-stationarity is equivalent to being a factor of some uni-
modular network. As shown in the proof of Theorem 5.4, the main question is to
construct a suitable connected locally finite graph from a given point-stationary
point process.

Proof of Theorem 5.4. (i). Assume Ψ is a Euclidean embedding of some uni-
modular network [G,o] (Definition 5.3). The proof of (5.1) is as follows: let
h : N0 × R

d → R
≥0 be a measurable function. Define g : G∗∗ → R

≥0 by

g[G, o, s] := h(γ([G, o]), t[G, o, s]).

The measurability of γ implies that g is also measurable. Let x ∈ Φ. By the
bijectivity assumption, there is a unique v ∈ V (G) such that x = t[G,o, v]. For
this value of v, one has

h(Φ, x) = g[G,o, v],

h(θxΦ,−x) = g[G, v,o].

Now, (2.1) readily implies (5.1). Therefore, Ψ is point-stationary.
(ii). The idea is to construct a random network [β(Ψ), 0] as in Theorem 5.2

and such that Ψ is a Euclidean embedding of [β(Ψ), 0]. Consider the Delaunay
graph with vertex set Ψ, which is a connected graph. Since Ψ is the Palm version
of a stationary point process, the convex hull of Ψ is the whole space a.s. This
implies that the Delaunay graph of Ψ is locally finite almost surely. Let the
mark of (x, e), where e is an edge between x and y, be the vector y − x (let
the mark space be Ξ := R

d here). Let β(Ψ) be the resulting network. Choose
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the origin as the root and let [G,o] := [β(Ψ), 0]. Note that by the choices of
the marks, (G,o) has no rooted automorphism other than the identity. The
map β is covariant with translations and satisfies the measurability property
described in the beginning of this section. Therefore, by Theorem 5.2, [G,o] is
a unimodular network. Finally, we prove that Ψ is a Euclidean embedding of
[G,o] in the following.

Note that Ψ can be reconstructed as a function of [G,o]. For this, let

t[G, o, v] be
∑k−1

i=0 m(vi, ei), where v0v1 . . . vk is a path between o and v and
ei is the edge vivi+1, assuming the sum is independent of the path (if not, let
t[G, o, v] = 0). According to the bijection in Definition 5.3, Ψ is constructed as
a function of [G,o], which we name γ. It is easy to see that γ is measurable and
satisfies the conditions of Definition 5.3. Therefore, Ψ is a Euclidean embedding
of [G,o] and the claim is proved.
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