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Hodge theory

X smooth projective complex algebraic variety

Hk
B(X ;C) singular, or Betti cohomology

Hk
Dol(X ;C) =

⊕
p+q=k

Hp(X ; Ωq
X ) Dolbeault cohomology

Hodge theory implies Hk
B(X ;C) � Hk

Dol(X ;C)

H1
B(X ;C) � Hom(H1(X ;Z)→ C) � Hom(π1(X)→ C)

H1
Dol(X ;C) � H1(X ;OX ) ⊕ H0(X ; Ω1

X )

Hodge theory also implies Hard Lefschetz theorem

L l : HdX−l(X ;C)
�
→ HdX+l(X ;C)

x 7→ x ∪ αl

for α ∈ H2(X ;C) an ample class
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Diffeomorphic spaces in non-Abelian Hodge theory

C genus g curve; fix n ∈ Z>0 and d ∈ Z

Mn
B := H1

B(C; GLn)d = [Hom(π1(C)→ GLn)]d =

= {A1,B1, ..,Ag,Bg ∈ GLn |

g∏
i=1

A−1
i B−1

i AiBi = e
2πid

n Id}//PGLn

Mn
Dol := H1

Dol(C; GLn)d =


moduli space of semistable rank n

degree d Higgs bundles (E, φ)
φ ∈ H0(C ,End(E) ⊗ Ω1

C) Higgs field


when (d, n) = 1 these are smooth non-compact varieties

Non-Abelian Hodge Theorem: Mn
Dol

diff
� Mn

B
(Hitchin, Donaldson, Corlette, Simpson)

Problem: understand H∗(Mn
B;C) � H∗(Mn

Dol;C)
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Weight filtration

(Deligne 1971) proved the existence of
W0 ⊂ · · · ⊂ Wi ⊂ · · · ⊂ W2k = Hk (X ;Q) for any complex
algebraic variety X

WH(X ; q, t) =
∑

dim(Wi/Wi−1(Hk (X)))tk q
i
2 weight

polynomial

P(X ; t) = WH(X ; 1, t) Poincaré polynomial

E(X ; q) = qdX WH(1/q,−1) E-polynomial of X (for smooth X )

Theorem (Katz 2008)

If M is a smooth quasi-projective variety defined over Z and

#{M(Fq)} = E(q)

is a polynomial in q, then E(M; q) = E(q).
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Weight polynomials ofMn
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Conjecture (Hausel-Villegas, 2008)

∑
λ
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2g
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n,k
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when r = 2 Conjecture { Theorem (Hausel–Villegas, 2008)
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(qt2 − 1)(q − 1)
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1
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q2g−2t4g−4(qt − 1)2g

(q + 1)(qt2 + 1)

Conjecture is consistent with formula for
P(M3

Dol; t) of (Gothen 1994)
P(M4

Dol; t) of (Garcia-Prada–Heinloth–Schmitt 2011)
P(Mn

Dol; t) by (Schiffmann, 2016) and (Mellit, 2017)
conjectured P(Mn

Dol; t) by (Chuang–Diaconescu–Pan 2010)
via (Mozgovoy 2011) and (Mellit 2016)
WH(Mn

Dol; q, t) by (Chuang–Diaconescu–Pan 2012) as refined
Gopakumar–Vafa conj for local curve CY 3-fold via ”P=W”
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|GLn(Fq)|
2g−2

χ(1)2g−2
χ(ξd

n )
χ(1)
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B; q) = qdn E(Mn

B; 1/q) palindromic
by Alvis-Curtis duality

q
n(n−1)

2 χ(1)(1/q) = χ′(1)(q) for dual pair χ, χ′ ∈ Irr(GLn(Fq))

{ Curious Hard Lefschetz Conjecture (theorem when n = 2):

L l : GrW
dn−2lH

i−l(Mn
B)

�
→ GrW

dn+2lH
i+l(Mn

B)

x 7→ x ∪ αl

where α ∈ W4H2(Mn
B)

The implied functional equation on the conjectured
WH(Mn

B; q, t) = (qt)dn WH(Mn
B; 1

qt2 , t) holds

What is the meaning of W on H∗(Mn
Dol) � H∗(Mn
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Perverse filtration

f : X → Y a proper map between complex algebraic varieties
of relative dimension d
(de Cataldo-Migliorini 2005) introduce perverse filtration
P0 ⊂ · · · ⊂ Pi ⊂ . . .Pk (X) � Hk (X) from the study of the
Beilinson-Bernstein-Deligne-Gabber decomposition theorem
for Rf∗(QX ) into perverse sheaves
recipe (de Cataldo-Migliorini, 2008) for perverse filtration
when X smooth and Y affine:
Y0 ⊂ · · · ⊂ Yi ⊂ . . .Yn = Y s.t. Yi generic with dim(Yi) = i

Pk−i−1Hk (X) = ker(Hk(X)→ Hk(f−1(Yi)))

the Relative Hard Lefschetz Theorem holds:

L l : GrP
d−lH

∗(X)
�
→ GrP

d+lH
∗+2l(X)

x 7→ x ∪ αl

where α ∈ H2(X) is a relative ample class
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P=W conjecture

recall Hitchin map
χ : Mn

Dol → A :=
⊕n

i=1 H0(C; K i)
(E, φ) 7→ charpol(φ)

(Hitchin 1987)→ completely integrable Hamiltonian system
and proper

Conjecture (”P=W”, de Cataldo-Hausel-Migliorini 2008)

Pk (Mn
Dol) � W2k (Mn

B) under the isomorphism
H∗(Mn

Dol) � H∗(Mn
B) from non-Abelian Hodge theory

Theorem (de Cataldo-Hausel-Migliorini 2010)

P = W for n = 2

(de Cataldo-Hausel-Migliorini 2011) { P = W whenMDol
andMB are isomorphic to T∗E[n] and (C× × C×)[n]

(Shen, Zhang 2018) P = W holds in more parabolic cases of
(Gröchenig 2014) whenMDol andMB are Hilbert schemes
(Szabó, 2018) wild P = W holds in the Painlevé cases
(de Cataldo, Maulik 2018) P is topological {P = W
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(Szabó, 2018) wild P = W holds in the Painlevé cases
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(de Cataldo, Maulik 2018) P is topological {P = W



P=W conjecture

recall Hitchin map
χ : Mn

Dol → A :=
⊕n

i=1 H0(C; K i)
(E, φ) 7→ charpol(φ)

(Hitchin 1987)→ completely integrable Hamiltonian system
and proper

Conjecture (”P=W”, de Cataldo-Hausel-Migliorini 2008)

Pk (Mn
Dol) � W2k (Mn

B)

under the isomorphism
H∗(Mn

Dol) � H∗(Mn
B) from non-Abelian Hodge theory

Theorem (de Cataldo-Hausel-Migliorini 2010)

P = W for n = 2

(de Cataldo-Hausel-Migliorini 2011) { P = W whenMDol
andMB are isomorphic to T∗E[n] and (C× × C×)[n]

(Shen, Zhang 2018) P = W holds in more parabolic cases of
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(Gröchenig 2014) whenMDol andMB are Hilbert schemes
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(Szabó, 2018) wild P = W holds in the Painlevé cases
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Mirror symmetry and P = W

Y and Ỹ mirror symmetric CY 3-folds { Hi,j(Y) � HdY−i,j(Ỹ)
topological mirror test

(Hausel-Thaddeus 2002) conjectures topological mirror
symmetry Hk (MDol(SLn)) � Hk

st (MDol(PGLn))

(Hausel 2010) conjectures Hi,j(GrP
p Hi+j(MDol(SLn))) �

Hi+d/2−p,j+d/2−p(GrP
d−pHi+j+d−2p

st (MDol(PGLn)))

(Gröchenig, Wyss, Ziegler 2017) proves topological mirror
symmetry using p-adic integration along the Hitchin map

(Gröchenig, Wyss, Ziegler 2018) { Ngô’s geometric
stabilization, implying the Fundamental Lemma

P = W and topological mirror symmetry {
E(MB(SLn)); q) � Est (MB(PGLn))) (Hausel, Mereb, Villegas
2019) from character table of SLn(Fq)

(Katzarkov, Kontsevich, Pantev 2017) conjecture a version of
P = W topological mirror symmetry for Landau-Ginzburg
models
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stabilization, implying the Fundamental Lemma

P = W and topological mirror symmetry {
E(MB(SLn)); q) � Est (MB(PGLn))) (Hausel, Mereb, Villegas
2019) from character table of SLn(Fq)

(Katzarkov, Kontsevich, Pantev 2017) conjecture a version of
P = W topological mirror symmetry for Landau-Ginzburg
models



Mirror symmetry and P = W
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(Gröchenig, Wyss, Ziegler 2017) proves topological mirror
symmetry using p-adic integration along the Hitchin map
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