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INSTRUCTIONS

Please put your name and UT EID in the space provided.
There are 4 questions each worth 20 points.
You have 75 minutes to complete the test.

Please write your working and solutions on the test paper. You may use the
back of the pages.

All solutions must be in the form of complete sentences.
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Question 1

1. Define what it means for < GG, * > to be a group.

2. Define what it means for a map ¢ : S — T to be an isomorphism of groups

< S)x>and < T, >.

3. Complete the following table to make it a group

© | po P1 P2 M1 M2 U3
Po | Po

P11 P1 P2 Po

P2 | P2 3
M| 1 2 Po P1
M2 | 2 Po  P1
M3 | 3 P1 Po

4. Is < R, x >, the real numbers with the usual multiplication, a group ? Justify

your answer.
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Question 2

1. Define what it means for x € S to be an identity element for the binary
structure < 9, % >.

2. Prove that an identity element of a binary structure, if it exists, is unique.

3. Suppose e € S is an identity element for < S,* >. Suppose ¢ : S — T is an
isomorphism of binary structures < S,*% > and < T, % >. Show that < T, % >
has an identity element.
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Question 3

1. Let ¢ : Z19g — Zyo. Suppose ¢(2) = 5. Can ¢ be an automorphism of
< Z10, +10 > 7 Justify your answer.

2. Determine the number of automorphisms of < Zjg, +10 >.

3. Let ¢ : Z19 — Zip be an automorphism of < Zjg, +19 > with ¢(7) = 1. Find
©(1). Justify your answer.

4. Determine the number of automorphisms of < Z, + >.
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Question 4

1. Define the order of an element x € G of a group < G, * >.

2. Determine the order of the element 525 € Zasg5. Hint: 3465 =32 x 5 x 7 x 11
and 525 =3 x 5% x 7.

3. Find all the subgroups of Zg4 and draw the subgroup diagram. Hint: 84 =
22x3x7



