MATH 343K FINAL EXAM

Name:
UT EID:

INSTRUCTIONS

Please put your name and UT EID in the space provided.
There are 8 questions each worth 20 points.
You have 180 minutes to complete the test.

Please write your working and solutions on the test paper. You may use the
back of the pages.

All solutions must be in the form of complete sentences.
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Question 1

1. Give the definition of a group.

2. Give the definition of a subgroup.

3. Let (G, %) be a group and H be a non-empty subset of G. Show that if for all
h,k € H we have h x k' € H then H is a subgroup of G.
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Question 2

1. Determine the order of the element 693 € Zyoso5. Hint: 40425 = 3 x 52 x 72 x 11
and 693 = 32 x 7 x 11.

2. Is Zs X Zs ~ 7Zq5 7 Justify your answer.

3. Find all the subgroups of Zss and draw the subgroup diagram. Hint: 36 =
22 x 32
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Question 3

1. Let ¢ : Zoy — Zog. Suppose ¢(3) = 4. Can ¢ be an automorphism of
(Z90, +20) 7 Justify your answer.

2. Determine the number of automorphisms of (Zag, +99). Justify your answer.

3. Let ¢ : Zoy — Zago be an automorphism of (Zag, +20) with ¢(13) = 17. Deter-
mine the value of ¢(19).
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Question 4
1. Express the permutation
(1 234567 8)
36 418257

in the form of disjoint cycles.

2. Express the permutation (145)(78)(257) in the form

(12345678)

3. Define what it means for a permutation o to be an even permutation.

4. Is the permutation
o = (134)(2468)(27)(43251)(783)(1342)(18)

even or odd 7 Justify your answer.

Hint: It is not necessary to compute o.
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Question 5

1. Define what it means for ¢ : G — G’ to be a homomorphism.

2. Show that ¢ : Z — Z given by ¢(m) = 5bm is a homomorphism.

3. Let ¢ : G — G’ be a homomorphism. Show that ¢(z~!) = ¢(z)~'.

4. Let ¢ : G — G’ be a homomorphism. Show that ¢(eq) = eqr.
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Question 6

1. Define the index of a subgroup H in G, (G : H).

2. Find all of the left cosets of H = (6) in (Z30, +30)-

3. Give the coset which corresponds to

B+ H)+ 8+ H).

4. Determine the order of 8 + H in the quotient group G/H.
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Question 7

1. Let ¢ : G — G’ be a homomorphism.
Define ker(¢) and show it is a subgroup.

2. Define what it means for H to be a normal subgroup of G.

3. Show that the kernel of ¢ is a normal subgroup.
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Question 8

1. Describe the 10 element group of isometries of a pentagonal prism.

2. Give Burnside’s Formula

3. Determine the number of colorings of a pentagonal prism using 7 colors if each
color can only be used on one face.

4. Determine the number of colorings of a pentagonal prism using 7 colors if colors
may be used on more than one face.



