HIGHLY DEGENERATE
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ABSTRACT. We study the evolution of a weakly convex surface ¥ in R3 with
flat sides by the Harmonic Mean Curvature flow. We establish the short time
existence as well as the optimal regularity of the surface and we show that the
boundaries of the flat sides evolve by the Curve Shortening flow. It follows
from our results that a weakly convex surface with flat sides of class C*»7, for
some k > 1 and 0 < 7 < 1, remains in the same class under the flow. This
distinguishes this flow from other, previously studied degenerate parabolic
equations, including the porous medium equation and the Gauss Curvature
flow with flat sides, where the regularity of the solution for ¢ > 0 does not

depend on the regularity of the initial data.

1. INTRODUCTION

We consider the motion of a compact, weakly convex two-dimensional surface X
in space R? under the Harmonic Mean Curvature flow HMCF
oP K

HMCF — ==
( ) o H
where each point P moves in the inward direction N with velocity equal to the

Harmonic Mean Curvature of the surface, namely the harmonic mean
K 1
H ™ N T4A°

of the two principal curvatures A1, Ao of the surface.

The existence of solutions to the HMCF with strictly convex smooth initial data
was first shown by Andrews in [2] who also showed that under the HMCF strictly
convex, smooth surfaces converge to round points in finite time. In [9], Diéter
established the short time existence of solutions to the HMCF with weakly convex
smooth initial data. More precisely, Diéter showed that if at time ¢ = 0 the surface

Y satisfies K > 0 and H > 0, then there exists a unique strictly convex smooth

ok



2 M.C. CAPUTO* AND P. DASKALOPOULOS™**

solution ¥ of the HMCF defined on 0 < ¢ < 7, for some 7 > 0. By the results
of Andrews, this solution exists up to the time where its enclosed volume becomes
zero. However, in this work, it is not addressed in [9] the highly degenerate case
where the initial data is weakly convex and both K and H vanish in a region.

We will consider in this work an initial surface ¥ which has flat sides. The
parabolic equation describing the motion of the surface becomes degenerate at
points where both curvatures K and H become zero. Our main objective is to
study the solvability and optimal regularity of the evolving surface ¥, for t > 0,
by viewing the flow as a free-boundary problem. It will be shown that a surface %
of class C*7 with k > 1 and 0 < v <1 at t = 0 will remain in the same class for
t > 0. In addtion, we will show that the strictly convex parts of the surface become
instantly C*° smooth up to the flat sides on ¢ > 0 and the boundaries of the flat
sides evolve by the Curve Shortening flow.

For simplicity we will assume that the initial surface ¥ has only one flat side,
namely 3 = 31 U Yo with X; flat and X5 strictly convex. Since the equation is
invariant under rotation, we may also assume that ¥; lies on the z = 0 plane and
that ¥4 lies above this plane. Then, the lower part of the surface ¥ can be written
as the graph of a function

z = h(z,y)

over a compact domain {2 C R? containing the initial flat side ¥;.
We define g = hP, for some 0 < p < 1. Let I' denote the boundary of the flat side
31. Our main assumption on the initial surface X is that it satisfies the following

non-degeneracy condition, which we call non-degeneracy condition (% ):

(%) |Dg| > A and g, > A, VPeT

for some number A > 0 and with ¢ = 1/p; 7 denotes the tangential direction to the
level sets of g and g, denote the second order derivative in this direction.

Under the above conditions, our main results show that:

a). The HMCF admits a viscosity solution ¥y = (X1); U (X2): of class C*7, for
some k > 1 and 0 < v < 1 depending on p, which is smooth up to the interface
Iy = (1) N (Z2)s;

b). The flat side (31); persists for some positive time and, in particular, its bound-

ary I'y evolves by the Curve Shortening flow.
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The fact that the solution X, remains in the class C*¥7, for t > 0, distinguishes
this flow from other, previously studied, degenerate free-boundary problems (such
as the Gauss curvature flow with flat sides, the porous medium equation and the
evolution p-laplacian equation) in which the regularity of the solution for ¢ > 0
does not depend on the regularity of the initial data.

We define & to be the class of weakly convex compact hypersurfaces ¥ in R? so
that ¥ = X U Xy, where ¥ is a surface contained in the plane z = 0 and X is
a strictly convex and smooth surface contained above the plane z = 0. The main

result states as follows:

2. MAIN THEOREM

Main Theorem. Assume that at time t = 0, X is a weakly conver compact
hypersurface in R3 which belongs to the class & so that the function g = hP defined
above is smooth up to the interface T' and it satisfies the condition (x). Then,
there exists a time T > 0 such that the HMCF admits an unique viscosity solution
¥: € 6 on [0,T). Moreover, the function g = hP, defined as above, is smooth
up to the interface z = 0 and satisfies condition (%). In particular, the interface
T’y between the flat side and the strictly convex side is a smooth curve for all t in
0 <t <T and it moves by the Curve Shortening flow.

Sketch of the proof. The HMCF can be seen as a free boundary problem arising
from the degeneracy near the flat side of the fully nonlinear parabolic PDE which
describes the flow. We can show that this free boundary problem is equivalent to
solve an initial value problem obtained by introducing an appropriate change of

coordinates on D x [0, T], with D = {(u,v);u? +v? < 1}

Mw=0 onDx]I[0,T]

w=wy at t=0

Muw = wy — F(t,u,v,w, Dw, D*w)

is a fully non-linear operator which becomes degenerate at 0D. To show that
this problem admits a solution, one applies the Inverse Function Theorem between

appropriately defined Banach spaces.
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The linearization of the operator M at a point w close to the initial data wqy can

be modeled, after we straighten the boundary, on the degenerate equation
(2.1) fo=2%ai1for + 2za12f.y + agfyy +b12f. + b2 fy

on z > 0, and no extra conditions on f along the boundary z = 0. The diffusion in
the above equation is hence governed by the Riemannian metric ds? = ds? + |dt|
where

d 2
d§2 = ZLQ +dy2

Notice that the distance (with respect to the singular metric 3) of an interior point
(z > 0) from the boundary (z = 0) is infinite. This distinguishes our problem from
other, previously studied, degenerate free-boundary problems such as the degener-

ate Gauss curvature flow and the porous medium equation.

3. LocAL CHANGE OF COORDINATES

We will assume throughout this section that the surface ¥ belongs to the class
S. Let 3; be a solution to the HMCF on [0, T], for some 7" > 0 in the sense that
Y = (81)e U (B2)¢, with (1), flat and (2); strictly convex. Let Py(xo,yo,0)
be a point on the interface I'y,, for tg > 0 sufficiently small. Then, the strictly
convex part of surface (X3);, can be expressed locally around P, as the graph of a
function z = h(z,y,t). Let g be defined by g = hP, for 0 < p < 1. Assume that
g is smooth up to the interface and satisfies condition (x). We can solve locally
around the point Py the equation z = h(z,y,t) with respect to x. This yields to the
map x = f(z,y,t). The hypothesis on g expressed in terms of f give the following
non-degeneracy condition (xx) :

(5%) 2P fo. 217 fzy >3
2P fy —f vy
Since f is the inverse of A and the HMCF is invariant under rotation, the function

f satisfies the same equation as h on z > 0 :

fzzfyy - z2y

L+ D fer =2 fafyfoy — (L4 f2) fyy

By using the Inverse Function Theorem between Banach spaces one can construct

(3.1) fe=

a sufficiently smooth solution to this equation. We will define the Banach space
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C27P in which we solve the Inverse Function Theorem in the next section. Ac-
cording to our notation, the constants « and p indicate “how the surface becomes
flat”, while s refers to the hyperbolic metric which governs the problem.

Observe that when f € C2t%P guch that it satisfies condition (%x) the Equation 3.1

becomes degenerate at z = 0 implying that:

fyy

(3.2) o= T
Y

at the interface z = 0;

This is equivalent to say that the free boundary I'; evolves by the Curve Shortening
flow.

4. THE C?T®P SPACE AND SCHAUDER ESTIMATES

Let A be a compact subset of the half space {(z,y) € R?> : 2z > 0} such that
(0,0) € A. Then, we define:

A° = {yeR:(0,y) € A}

A = {(wy) eR®:w=1Inz (z,y) € A, z# 0}
Qr = Ax[0,T), T >0

Qy = A°x[0,T]

Qr = AxI[0,T]

Let 0 < p < 1. Given a function f on A we define:

) = fOy)

flwy) = e (flzy) - 1))
with w=1Inz, for z > 0.
Analogously, given a function f on Q7 we define:

fo(yvt) = f(ovy’t)

flw,y,t) = e P (f(z,y,t) = f2(y,1)).
Given a subspace A as above, we define the hyperbolic distance 5(Py, Py) of two
points P = (z1,y1) and Py = (22,y2) in A with z; > 0, ¢ = 1,2 in the following
way:

lf,O < 21, 292 <1,

.§(P1,P2) = \/| 11121 — 1H22|2 —+ |y1 — y2|2

otherwise it is equivalent to the standard euclidean metric.
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We define the parabolic hyperbolic distance between two points Py = (z1,y1,11)
and P, = (22,Yya2,t2) with z; > 0,4 =1,2 to be:

S(pl,PQ) = §(P1,P2) —+ \/ ‘tl — t2|

where Py = (z1,y1), P» = (22, y2).

Let 0 < a < 1. We define the Holder space Cg5?(A) in terms of the above
distance. We start defining the Holder semi-norm:

o) = sup | f(P) — f(P) |
: PP AN {(zy)cR2z>0)  S[P1, Po]®

£

and the norm
| f]

noindent where || f ||co(4) := sup | f(P)|.
PeA

caa) = |1 fllcocay + | f | zecay

We say that a function f belongs to C&P(A) if f° € C*(A°) and f € C*(A). The
norm of f in the space C$P(A) is defined as:
| Fllee vy =11 £ lloaaey + 11 F llcaciy-

We introduce the following notation for later purposes: || f ||cor 4y := || f° [|co(ae)+

1 Flleoca -

Remark 1. Note that f(w,y) € C*(A) iff f(z,y) € C2(A), where w =1nz.

We say that a continuous function f on A belongs to C*TP(A) if f© € C?(A°)

and f has continuous derivatives

fZ7 fya fzz7 fzya fyy

in the interior of A, such that
z? (f - fo)> Zlip fzv 2P (fy - f; )7 2271; fzza Zlip fzy> z7 (fyy - fgjy)
extend continuously up to the boundary. The norm of f in the space C?*P(A) is

defined as follows:

2 2
[ fllc2trcay = | Z Dy 2 |lco(acy + Z 1D Dy fllcoay

m=0 m+n=0

Given f € C**P(A), we say that f belongs to C2T*P(A) if

fo € C2+a(¢40) and Zfzvfy, 2 fzzazfzyvfyy
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extend continuously up to the boundary, and the extensions are Holder continuous
on A of class C2P(A). The norm of f in the space C2T*P(A) is defined as:

2

1 f lloztancay = 1 F llozvaqasy + Y (27 DI Dy fllcesa
m+n=0

Remark 2. By definition: fw = —pf—i— =P f, fww = —pfz + (1 —p) 2P f..,

hence:
2

> ||z"Dr Dy £

m+n=0
Remark 3. The function f € CZTP(A) iff f° € C**(A°) and f e C*ro(A),

therefore, the following norms are equivalent:

ceP(A) = ||f||c2+a(j)

Hf||c§+“»P(A) ~ || f° ||CZ+Q(A°) + ||f:ch+a(A)

Let T > 0. The definitions above can be naturally extended on the space-time
domain Q7 by using the parabolic distance ds? = ds? + |dt|. We define the space
C2(Qr) to be the standard Holder space with respect to the metric ds?. We
say that a continuous function f on Qr belongs to C*TP(Qr) if f has continuous

derivatives

ftvfzvfyafzz»fzyafyy

in the interior of Qr and f° has continuous derivatives that extend continuously

up to the boundary and
(= F0) 2P (fe = D), 2P 2 fy 22T fany 2 P fayy 27 (fyy — foy)

extend continuously up to the boundary. The norm of f in the space C?TP(Q7) is
defined as follows:
2
1 fllczer =11 N2+ Y. 1D Dy D fllce

I+m+25=0
The function f belongs to C*T*P(Qr) if f € C*TP(Qr) and

Fifezfafy  and  Z2fo,2fay, fyy belong to CSP(Qr).

Let k be a positive integer. We can extend these definitions to spaces of higher
order derivatives. We denote by C*P(Qr) the space of all functions f whose k-th
order derivatives D% DJ D} f, i+j+2l = k in the interior of Q7 and 2" D’ D} D} (f—
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f°), i+ j+ 2l = k exist and belong to the space C(Q7). We define C*°?(Qr) =
Nk CHP(Q7).

We denote by CkT*P(Qr) the space of all functions f € C*P(Qr) such that
z' DL DJ D} f, i+ j+2l = k belong to the space C?(Qr). This space C¥*P(Qr)

is equipped with the norm:

CP(Qr):

1 llgreanm == . N2 DiDIDLf]|
itj+2<k

Remark 4. A function f € C¥P(Qr) iff f© € C**(Q%) and f € C**(Qr).

Moreover,

W llgrrer(@ry = NI llomraterzvara gy + 1 larsaimratarz @

In the next paragraph we denote by Sy the half space > 0 in R?, by S the
space S = Sy X [0,00), and by Sy the space S x [0,T], for T > 0. The operator
Ly : CEF2ar(Qr) — CFreP(Qr) is defined as:

(41) L[f] = ft - (22a11fzz +22a12fzy +a22fyy +blzfz +b2fy +Cf)

where the coefficients {a;;} are uniformly elliptic and {a;;, b;, ¢} C C*+2+2(Qr),

{asa, by, c} C CEF2FOP(Qr).

Theorem 1. (Existence and Uniqueness) Let L be as above. Assume that ¢ €
Cktar(8) and f° € CF+2+2r(Sy), and both ¢, fo are compactly supported in S
and Sy respectively. Then, for any T > 0, the initial value problem

Lifl = ¢ inSr

4.2
- f(0) = fo onSo

admits a unique solution f € CF¥+2+P(Sr). Moreover

(43)  Wllossaranisy < C@) (IWollgrrasans, + l6llesran(s))

for some constant C(T'), depending only o, k and T.

Proof. It is easy to observe that the interesting case holds when the Lebesgue
measure of the supports of f§ and ¢° satisfies |(Supp f0)°| > 0, |(Supp $)°| > n,
for some n > 0.

To solve the above Cauchy problem is equivalent to solve the following Cauchy

problems (4.4) and (4.5):
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(4.4) is obtained by evaluating (4.2) at z = 0 and (4.5) is obtained by solving the

corresponding problem for f .

Lo[f]=¢° inRx[0,T]

(4.4)
f2(,0) = (fo)° onR

(4.5) )

where the operators Lo and L are defined respectively as follows:

Lo(f°) = agq fg, + b3 fy + %

(46) Z [f] = ft - (&Mfww + 2&12f~wy + d22fyy + l;l fw + 82 .}Fy + éf+ é)

dij(w7y7t) = aij(xayvt)
Bl(w7y7t) = (2p - 1) all(w7y7t) + bl(‘r7y7t)
bo(w,y,t) = ba(w,y,1)

é(way7t) = e—pz[pQ &11(337y7t) _2p&12(w7y7t) +pb1(xay7t)]

G(wvyvt) = b~2(w7yat) g;(yvt) + d22(way7t)g;}y(yvt>'

By the assumptions on the operator L it is clear that the coefficients of the

two operators Lg and L satisfy classical conditions. Hence, the way we proceed

is the following: we first find the solution f° to (4.4), then we solve (4.5). By

classical theory both problems have a unique solution. The function f defined by

flw,y,t) := fo(y,t) + 2P f(w,y,t) is a solution to (4.2).

Moreover, since the following inequalities hold:

[follorteramexiory < CT) (I1f8lorretamsy + 9% ler+ams))

Ifllerszraisyy < O (Ilollersara sy + 1@llerracs))

where C*T and CF+2+® denote classical parabolic Holder spaces, it follows that

the solution to (4.2) is unique and it satisfies the inequality (4.3).

(]
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Next, we define the boxes in which we prove the Schaiider estimates. Let 0 < r < 1.
We denote by B,(P) the box

z\ 2>0,]z— x| <e"
B,(P)=9q1y|: lyv—wl<r
t to—1r2 <t<tg

N
o
e

around the point P = | y, | and we let B, be the box around the point P =
to

o

Remark 5. The choice of the box B is made so that it has the right rescaling. The

operators Lo and L are well understood on the corresponding bozes By and B,.
Let k> 0.

Theorem 2. ( Schiuder Estimate) Assume that all the coefficients of the operator

Lf = ft - (22a11fzz +22a12fzy +a22fyy +Zb1f93 +b2fy + Cf)

belong to the space COT*(By) and that the coefficients aga, by and c belong to CF+ep
for some numbers a, pin0<p<1,0<a<1 and satisfy

a;; €€ > N¢, vE e R?\ {0}

1
llaijllcrre@ry Willcrta gy, Nazzllorran gy lIb2llortear gy llellorrar gy < A

Then, there exists a constant C' depending only on o, A and p such that
[fllgz+ers, ) <C (IIfllcorsyy + 1Ll cor(sy))

for all functions f € C2TP(By).

Proof. The proof follows by the same argument as in Theorem 1 and classical

Schauder estimates for strictly parabolic operator. O
5. THE DEGENERATE EQUATION ON THE DISC

We will extend the existence and uniqueness the Theorem 1 to the following class

of linear degenerate equations:

Lw := w; — (aYw;; + b w; + cw)
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on the cylinder D x [0,T), T > 0, where D denotes the unit disk in R?. The
sub-indices i,j € {x,y} denote differentiation with respect to the space variables
x,y and the summation convention is used. The matrix {a%} is assumed to be
symmetric. Certain assumptions on the coefficients will be made so that this class
of equations includes, under appropriate change of coordinates, the operator (4.1).

We define the distance function s in D as follows: in the interior of D, § it is
equivalent to the standard euclidean distance, while around any boundary point

P € 0D, 5 is defined as the pull back of the distance function induced by the metric
dz>
2 2
ds® = 2 + dy

on the half space Sop = {(z,y) : z > 0}, via a map ¢ : Sy N D — D that flattens the
boundary of the disk D near P.
The parabolic distance is defined by

Py Py _
S , :S(P17P2)+\/|t1—t2|.

tq to

We can now define the spaces C¥+®:P(D) and CF+2+*P(D): for a fixed small number

01in 0 < 9§ < 1, we write
D =Di_s» U(|J (Ds(P) N D))
l

for finite many points P, € 0D, | € I, with D;_s/, denoting the disk centered at
the origin of radius 1 — /2 and Ds(P,;) denoting the disk of radius § centered at P,.
We denote by D, the half disk

Dy={(z,y)€D: >0}

We can choose charts T; : Dy — Ds(2;) 0D which flatten the boundary of D and
such that T;(0) = P,. Let v, ¢; be a partition of unity subordinated to the cover

{Dy_5/2, (Ds(P)ND) }

of D.

For any integer k > 0, we define C*T®P(D) to be the space of all functions w on
D such that w € C*T*(D;y_5/5) and wo Y; € CFFP(D, ) for all l € 1.

Also, we define C*¥+2+%P(D) to be the space of all functions w on D such that
w € C*2T(Dy_5,5) and w oty € CEY*Hr(D) for all | € I. Here C*** and

C*+2+e denote the regular Holder Spaces, while CET*P(D, ) and C*+2+or(D,)
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denote the Holder Spaces defined in section 4. One can show that both spaces

CktaP(D) and C*+2+2P(D) are Banach Spaces under the norms
lwllgrtarpy = [V wllcrraip, ;) + > b (wo To)llgrtar(p,)
]
and

Hw”C;‘*?*avP(D) = ||ww|‘c’“+2+a(D1,5/2) + Z le (w © Tl)”ci?*“a’l’(p)'
l

The above definitions can be extended in a straight forward manner to the par-
abolic spaces C2P(Q) and C2T*P(Q) where Q is the cylinder Q = D x [0, T], for

some T > 0. Before we state the main result in this section, we will give the

assumptions on the coefficients of the equation
wy = awi; + b w; + cw

on the cylinder @ =D x [0,T), 4,5 =1,2, .

We first assume that for any § in 0 < § < 1, the coefficients {a*}, b* and ¢ belong
to the Hélder class C*(D;_s/2 x [0, T]), which means that the coefficients are of the
class C® in the interior of D. For a number 6 in 0 < § < 1,let T : Dy — Ds(P,)ND
be the collection of charts which flatten the boundary of D, considered above. We
assume that there exists a number § so that for every [ € I, the coordinate change

introduced by each of the Y; transforms the operator
(5.1) Liw] = wy — (@™ wij + 0" w; + cw)
on Ds(P,) N D, into an operator L; on D, of the form
Ly [@0] = 0y — (22 @11 Wap + 2 @12 Wy + o Wyy + T by Dy + by By + E0)

with the coefficients a;;, b; and ¢ belonging to the class C¥*%(D, ), with ags, by
and ¢ € CH¥rP such that:

a; €8 > NE)?, vEe R\ {0}

for some number \ > 0.

We need the next Lemma to prove the invertibility of the operator L:

Lemma 3. (Holder Interpolation). For every € > 0 there exists a constant C/e)

depending on €, p, k and a such that for any g € CEP2+2P(Qs), the following
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(5-2) 10D gllgrrer (g, < €llgllentrran g,y +Cl@) g llcrrqs-

where 9 behaves like distance to the boundary.

Proof. The above interpolation follows by standard arguments. O

The following existence result readily follows from Theorem 1 and the above

discussion.

Theorem 4. Assume that the operator L satisfies all the above conditions on the
cylinder Q = D x [0,T]. Then, given any function w® € CE+2+P(D) and any
function g € C***P(Q) there exists a unique solution w € C*+2¥%P(Qr) of the

inatial value problem

Lw=g in Q
w(-,0)=w’ onD
satisfying
(5.3) [[wllgresanigy < CT) (Il lgxrsaspy + lgllorrerg) )

The constant C(T) depends only on the numbers «, k, X\ and T.

Proof. We can assume, without loss of generality, that w® = 0 and that g is a
function in C¥+*P(Qr), which vanishes at t = 0.

For § > 0, set Q5 = D x [0, 4] and denote by C’i‘g“a’p(Q(g) and Cf’g“’p(Q(;) the
subspaces of C*+27(Q5) and C*+(Qs) respectively, consisting out of all functions
which vanish identically at ¢t = 0. Also, we denote by I the identity operator on
Cs—(s)-a,p (Qs). We will show that, if J is sufficiently small, there exists an operator
M : C’f:ga’p(Q(;) — C’i‘gﬂa’p(@g) such that

LM —T]| <

N | =

This implies that the operator L M : Of:(")_a,p(Qé) — C’f};a’p(Qa) is invertible and
therefore L : Cf’gﬂa’p(ng) — Cf’ga’p(th) is onto, as desired.

We begin by expressing the compact domain D as the finite union

D =D, UUDZ
1>1
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of compact domains in such a way that

dist (Do, 82?) >=>0

(VIS

and for all I > 1
D, = Bp(xl) ND

with B,(z;) denoting the ball centered at z; € 9D of radius p > 0. The number
p > 0 will be determined later.

The operator L is non-degenerate when restricted on the interior domain Dy.
Therefore, the classical Schauder theory for linear parabolic equations implies that
L is invertible when restricted on functions which vanish outside Dy.

We denote by M : C’f;{a’p(Do x [0,4]) — C’f:gQ'm’p(Do % [0,6]) the inverse of
the operator L restricted on Dy. Next, we consider the domains Dy, [ > 1, close to
the boundary of D, which can be chosen in such a way that the sets B, /4(x;) N D
are disjoint. Denoting by B the half unit ball

B ={(z,y) € B1(0); >0}

and by Qg the cylinder

Qs =B x 0,0
we select smooth charts Y; : B — D;, which flatten the boundary of D, i.e., they
map BN{z = 0} onto D;NID and have Y;(0) = z;. This is possible if the number p
is chosen sufficiently small. Under the change of coordinates induced by the charts
T, the operator L, restricted on each D; x [0, 6], is transformed to an operator L;

of the form

_ _ 211 - 12, 22 1o T2
Li[w] = @y — (2 @; w11 + 22 @, “W1 + @ “Was + xb] Wy + b] We + ¢ W)

defined on B x [0,d]. Moreover, the charts Y; can be chosen appropriately so that
the coefficients of L; satisfy

a’eie; > NP >0 ve e R?\ {0}

and
16 |ty Willorrangy  Nallgrran g, < 1/A
for some positive constant \.

Each of the operators L; has the form of the model operators previously studied.

Denote by Sy the half space z > 0 in R? and by Ss the space Sy x [0,6]. Also,
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. —k+a, _ . .
consider the subspace C’si;a P (Ss) of ng‘“p (Ss), consisting out of functions which

are compactly supported on Ss. Then, Theorem 1 implies that for every [ = 1,2, ...

—  —k
there is an operator M : Csza’p(Sg) — Cig%a’p(&s) such that

I_/lﬂl =1

with I denoting the identity operator on é’jjo"p(&;). Let M; be the pull back of
the operator M, via the chart Y;. Next, choose a nonnegative partition of unity
¢1; 1 =0,1,... subordinated to the cover D;; I = 0,1,... of D and also choose, for
each [ > 0, nonnegative, smooth bump functions ¢;, 0 < v, < 1, supported in D,
with ¥; = 1 on the support of ¢;. Then leo ¢ =1 and ¢; ¢; = ¢ for all [.

We aim to show that the operator M : Cf’ga’p(Q(;) — Cf’g%a’p(Qg) defined as
Mg =Y M ¢ig
satisfies

|LMg — g|

1 k,a
s < g lollorranigy V9 € Cap (@)

if the cover {D;} and § are chosen appropriately. Indeed, we can write
LMg—g=> LiMigig—» dig=> (LM —I) g+ » [ L, 1] Mi g
l l l l

with [ L, ;| denoting the commutator of L and v;. The commutator [ L, v ] is only

of first order and it can be estimated as

L, b ] Migngl| o,y < C (||19D(Ml¢lg)”c§+avp(Q6) + ||Ml¢l9||c.§+a,p(Q5)) :

Let € > 0. It follows via the Holder spaces interpolation from Lemma 3 that

||79D(Ml¢l9)||c§+“4’(@6) Se ||Ml¢l9”c§+2+m’(@5) + C(€) [|Migngllcrr (@s)-

However, for each k we have

Mg gll grsaran g,y < Cllgllgrar g,

and therefore, since M;¢p;g =0 at t = 0,

|‘Ml¢lg||c§vP(Q5) <Co H9||C§+(X~P(QJ)-
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It follows that if we choose § sufficiently small:
1
Z || [val}Mlﬁﬁlg Ho?‘*"“vP(Qé) < 1 ||g‘|c’§+avP(Q5)-
1

On the other hand we have ( LMy — I )pog = 0, while for [ > 1, we can make the
norm of each of the operators LM; — I arbitrarily close to zero by choosing the

diameters of the domains D; sufficiently small:

1
I sz (LM, — 1) ¢l9||c§+avP(Q5) < 1 Hg||c§+avp(Q5)
l

for all g € CkTP(Qs), if p and § are both sufficiently small. The above inequalities
give:
1
|ILMg—g HCEJFO“”(QE) < ) ||9Hc§+avp(Q5)
for all g € C’f:ga’p(Q(;). We conclude that for every g € Cfﬁ“”’(@a) there exists a
function w € C’f’gﬂo‘(@;) such that Lw = g. In addition

(5.4) wllgrraran g,y < Cllgllorran g,

with C' depending only on D and the constants «, k, A and T
The last inequality implies we can extend the solution on a bigger interval.

Hence, one can show that

||w||c§+2+a,p(Q) <C(T) (Honcff“Jravp(p) + ||9||c§+“vP(Q)>

where the constant C'(T') depends only on the numbers «, k, X\ and 7.

This last inequality implies uniqueness. (I

Finally, the following existence result follows from Theorem 4 and the Inverse
Function Theorem between Banach spaces along the line of the proof of Theorem

7.3 in [8]:
Theorem 5. Let w® be a function in CF+2+P (D). Assume that the linearization
DM(w) of the fully-nonlinear operator

Muw = wy — F(t,u,v,w, Dw, D*w)

defined on the cylinder Q = D x [0,T), satisfies the hypotheses of Theorem 4 at all
points w € CHH2Har(Q), with ||w — w0||cff+2+a‘p(Q) < u, for some p > 0. Then,

there exists a number 1g in 0 < 19 < T depending on the constants «, p, k, A and
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w, for which the initial value problem
wy = F(t,u,v,w, Dw, D*w) in D x [0, 0]
w(-,0) = w° on D
admits a solution w in the space CE¥+2+P(D x [0,70]). Moreover,
||w||c§+2+a4’(p><[o7ro]) <C ||w0||c§+2+avp(p)

for some positive constant C which depends only on «, p, k, A\ and p.

6. GLOBAL CHANGE OF COORDINATES AND EXISTENCE IN CFt2+ap

In this section we introduce a global change of coordinates which transforms the
HMCEF into a fully-nonlinear degenerate parabolic PDE on D.

Let S be a smooth surface close to ¥o. Let S : D — R?, be a parameterization
of S on the unit disk D, S(u,v) = (z,y,2) € R® which maps 9D onto SN {z = 0}.
The coordinates y and z are smooth on D. We denote ., T4, Tyus Tuw, Toy t0 be the
partial derivatives of x with respect to u and v. The same notation is used for the
partial derivatives of y with respect to u and v. Moreover, we have the following

properties of the derivatives of the variable z:
Ty ~ TP Ty S COVP and ayy ~ 93P

where ¥ behaves like distance to the boundary as in Section 5.
Let T = (11, 1>, T5) be smooth vector field transverse to S. Let 7 > 0 be sufficiently
small. We define the change of coordinates ® : D x [—n,n] — R? by

x u

(6.1) y|l =2 | v | =5unv)+wl(u,v)
z w

or more explicitly

(6.2) x = S1(u,v) + wl (u,v)

(6.3) y = Sa2(u,v) + wlsz(u,v)

(6.4) z = Ss(u,v) + wls(u,v)
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Let § > 0 be small number, such that
Ty (u,v) =0 on D\Di_;

denoting, as above, the transverse vector field to the surface S. Notice that by
choosing the smooth surface sufficiently close to the surface z = h(zx,y), we can
make 0 to depend only on the constant A where A\ depends on the initial non-
degeneracy conditions on the surface 3.

We write the first and second derivatives of z with respect to z,y and ¢ in terms
of the first and second derivatives of w with respect to u,v and t.
If z = ho(x,y) then we compute the first and second partial derivatives of z with
respect to x and y in terms of w = I(u, v) seen as functions of v and v.

Let A be the Jacobian matrix relative to the transformation of coordinates:

ou o
Oox Oz ab
ou dv cd
dy 0Oy

Let Vz, Vu, Vu be, respectively the gradients of z, u and v:

Jz ou ov

= z1 I Ul iy V1
Vz = ‘;x = Vu = g’” = Vv = gm =

gz z9 ou u ov V2

Oy dy 9y

We denote by D?u and D?v the following matrices:

o o
D2y — Ox* Oxdy | _ ar €1
6211, @ c1 Co
0xdy 0y?
Pu o
D? 0z? Oxdy by dy
v = =
0% @ dy do
0z0y 0Oy?

Based on the above, we define as := ¢1 , by := d; and denote e; = (1,0) es = (0,1)

to be the basis vectors. Let A™! be the inverse matrix of A:

Ly, Ty Tl T2
A7l .= =
Yu Yov Y1 Y2
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Next, we introduce the matrices B; and By which denote, respectively, the deriv-

ative of the inverse matrix of A and A~! with respect to = and y; B; = %;1,
By = %71 which can be computed as:
Y
azi1 +bxia ayin +byi2
B; =
axi2 +bxas ayiz + by
cri1 +dris cyir +dyie
By =
cri2 +dxae cyi2 +dy2
Note that we are using the following notation:
T11 = Tyuy 12 = Tyvs 22 = Tov, Y11 = Yuu, Y12 = Yuv, Y22 = Yoo-
The coefficients of the matrices D?u and D?v are evaluated as follows:
al bl
=—A-B;-Vu; =—A-By-Vv
C1 dq
as ba
=—A-By-Vu; =—A-By Vv
Co C2
ow
. 2y Oz .
Since: Vz=A- + Zw o | e obtain that:
2y TL;
2
0 z @ Zyu + b Zuw + Zuw 22 Jw 9w
sz _ Ax u +A uu uv uwg;)m +(a Zuw+b va) (;’9:1: +2u g;z
z 2y a Zyy %_Z)ZUU +_ZUHIE£§ fi? axg;
2
0 z C Zoe - d Zoey 4 20y O8 dw 22w
—Vz=A, | +A T we e 867; +(¢ zuw+d Zyw) gz +2y ?;gay
oy Ze ¢ 2uw +d 2oy + Zow gy rm e

The gradient of the function w, as well as its partial derivatives, can be expressed

by using the matrix A:

%—7;’ _ a Wy, + bw,

%—’;’ Ccwy, + dw,
‘322’;’ B a1 Wy + @ (@ Wyy + b Wyy ) + b1 Wy + b(a@ Wayy, + bwyy)
0w €1 Wy + (@ Wyy + bWyy) + di wy + d(a Wy + bwyy)

Jxdy
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g;gy _ a2wu+a(cwuu+dwuv)+b2wu+b(0wu1,+dwvv)
5 =
%21;; C2 Wy + C(C Wy + dwuv) + d2 Wy + d(C Wyw + dwm})

After perfoming all the substitutions above we get:

% = A} w11+ Ay wia+Ady wag+ By w1+ B3 wa+Biy wy wa+Biy wi+Bay wi+Cy
0%z 2 2 2 2 2 2 2 2, P2 2
2y Aty win+ ATy wiz+ Ay war+ BY wi+ B3 wa+ By wi we+ By wi+ B wi+Cs
0%z
Dl = A3 w11+ Ay i+ ASy wag+ B w1+ B wa+ By wy wat By w3+ By wi+Cs
where the coefficients Af], Bg7 C' with k=0,1,2, 4,5 = 1,2 are defined as follows:
Al 0 = —a? (2w + bYu(zu + w1 20) + dYw (2o + wazy))
Ay = = (=24 + by (20 + w1 20) + d Y (2o + Wazy))
Ayt = —2ab( =2y +byuw(zu + w1 20) + dyu(2 + wa2y))
A2 = (2w — dYw(ze + w2 2y))
Ay = d* (2 — dyw(ze +we 2y))
Ay = —2cd(—2y + dYu (2o + wazy))
AV = —ac(—zw + WYw (20 + W120) + Ay (20 + Wazy))
Ay i = —bd(—2zy + by (20 + W124) + dyw (2 + wazy))
Ay = —b(2acyuw + bCYuw + adYu) 20
BY 1 = —b(2acyuw + bCYow + adyuw) 2w
BYy: = —d(bcyuw + adyuw + 20dYuu) 2w
BYy: = —((b%c+ a(b+ 2¢)d)yuw + d(b(2b + ¢) + ad)Yuw) 2w
BY: = —a%(cruy + dTun) 2w — b(bCYpwzu + cdYpwze — CZow + bCYupZw+
bdyy2w) — a(—2C2uw + 2¢dYuwzy + A*Ywze — dZpw + b(2CYuw 2y + Y20+
ATy + Yuu) 2w + ATy + Yuv) 2w))
BY: = =V (Yuw + 2dYvw) 20 — b(—C2uw + d(aYuw2u + CYuw 2o + 2dYpwze — 220w )+
(cle+ d)Tyy + cdyuy + d*Yon)2w) — a(Pruuziw + d(—2uw + (Tuw + Yuu) 2w + A Yuw2o + Yuvzw)))
C': = —a®(ctuu + dTup) 2y — a(b(c(Tuy + Yutt) + d(Tuw + Yuv)) 2 — CZun + CTuuzo+

Cd(muv + yuu)zv + d(_zu'u + dyuuzv)) - b(b(cyuv + dy'uv)zu — CZyw + cquvzv + &
d(xuv + yuv)zv + d(dyvvzv - Zvv))
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Bl = —2ab(ayuw + bYow)
Bl : = —2bd(ayuw + bYuw)
Bly: = —2(b®+ ad)(ayuw + Wow) Zuw
B?: = 0
Bl = —2d%(cyuw + dYow) 2w
B = —2cd(cYuw + dYow) 2w
Bi: = —2a(a(bYuw 2u — Zuw + AYuwzv) + b0 Yo 20 + dYow 20 — Zow) ) —
(03 Tuu + a%0(2 Ty + Yuu) + a0 (Tuw + 2Yuw) + b3 Yow) 2w
BY: = —d*(cxuu + d Yuu) 2w — 26b(WYuwzu — Zuw + Wuw 2o + CTuvzw + AYun 20) —
b2 (2bYw 20 + 2dYpwze — 220w + CTuv 2w + AYuy 2
Cr: = —a®Tuuzu — a®(b(2Tup + Yuu)2u — Zuw + CTuuze + AYuu2o)—
ab(b(Zuy + 2Yuv) 2u — 22up + 2(CTuy + WYuv)20) = U (Wov2u + CTuvzo + AYoo 2y — Zow)
B?: = 2c((c(zuw — AYuwzv) + Ad(—dYpw 2o + 20w)) — ad* Ty 2
B2: = —2d(—czyw + cdyuwzy + A2 Ypwzy — dzpw) — (Bxyy + 2
d(2Tuy + Yuu) + €d*(Tuw + 2Yuv) + d*Yor) 20
Co: = —ad’Typzy — Cryuzy + 2 (Zun — A(2Tup + Yuu)20)+

cd(2zyy — d(Tuy + 2Yuv) 20) + A2 (—dYpy 20 + Zow)
FEvolution of wy. The evolution equation of w is obtained by looking at the evolution

equation of z = f(z,y,t). Namely,

0z
ow_ ot

ot Zy Yw — Zw

where the function z satisfies the non linear PDE:

RowZyy — Ziy
(14 22) 200 — 2222y 20y — (1 + 22) 2y

Hence, by replacing the partial derivatives of z in terms of the derivatives of w, we
find the linearization L to the above equation.
Linearization. Let w be a point close to the initial data wg. Then, the linearization

L is given by

L(’lZ)) = ail 1I)11 +2a12@12 +a22ﬁ)22 +b1 1D1 +b2’(f)2 +C’(I)+d
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where the coefficients of the operator L behave as follows:

2
~ W . ~ Wil W
a11 X 3o 9113 a2 R T gie

2
~ W . ~ Wi W
a1 A L gazi b & ST I

2
w
ba %1 ha

IS
Wiy

2

where the functions g;; and h;, 7,5 = 1,2 belong to the space C'¢ with particularly
in goo and by in C'$P such that the coefficients of the operator L satisfy the same
conditions of the operator of Theorem 4.

We introduce the following definition to simplify the notation in the next theo-
rem. We say that ¥ is of Holder class C*T2+P if the function w(t) belongs the

space C¥2+2P_ We can then state:

Theorem 6. Assume that for some nonnegative integer k and some number « in
0 < a < 1, the initial surface Yo belongs to the class C*+2TP and satisfies the
non-degeneracy condition (%) . Then, under the coordinate change ®, the (HMCF')

with initial data the surface g converts into the initial value problem
Mw=0 onDx]I[0,T]
w=wy at t=0
with w® € Ck+2+2r(D) and
Muw = wy — F(t,u,v,w, Dw, D*w)
satisfying the hypotheses of Theorem 5.

As an immediate Corollary of Theorem 6 and Theorem 5 we obtain the following

existence result.

Theorem 6.1. Under the same assumptions as in Theorem 6, there exists a number
T > 0 for which the (HMCF) with initial data the surface ¥ admits a solution
Y on 0 <t < 71, Moreover, under the coordinate change ® the strictly convex
part Xo(t) of Xy is converted to a function w(t) which belongs to the Holder class
CEP2Har(Qy), on Q =D x [0,74].

7. THE PROOF OF THE MAIN THEOREM

In this section we will give the proof of the Main Theorem stated in Section 2.
We will actually prove the following stronger result, where we relax the regularity

assumptions on the initial surface.
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Theorem 7. Assume that the strictly convex part Yo of the initial surface o belongs
to the class C2t*P  for some numbers p in 0 < p < 1, a < p and satisfies the non-

degeneracy condition (x). Then, the HMCF

oP K -
— == tel0,T
or —m Y 0.7]
with initial data the surface X admits a solution ¥y which is smooth up to the
interface, for 0 <t < T. In particular the interface T'y is a smooth curve for every

0 <t <T and it moves by the Curve Shortening Flow.

Remark. It can be easily checked that if the initial surface satisfies the conditions

of the Main Theorem, then it will satisfy the weaker conditions of Theorem 7.

Proof. Assume that the strictly convex part Yo of the initial surface ¥ belongs
to the class C2T*P_ for some numbers p in 0 < p < 1, 0 < a < 1 and satisfies
condition (%), then we have proven existence for the HMCF in Theorem 6.

From Theorem 6 we have that w € CkT2+2P(Dx (0, T)), for all nonnegative integers
k. In particular this implies that for all integers k we have w € C*?(D x (0,T)),
for all 7in 0 < 7 < T'. Tt follows that w is C°°P smooth up to the boundary of D.
Going back to the original coordinates, we conclude that the strictly convex part
of the surface Xy, 0 < t < T is smooth up to z = 0 and that the interface T'(¢) is
smooth.

O

8. COMPARISON PRINCIPLE

In this final section we will give the proof of the comparison principle for the

(HMCF) and an observation regarding viscocity solutions.

Proposition 8. (Comparison principle) Let 3¢ be a surface of class C2t*P that
satisfies condition (%), and let ¥ be a smooth, strictly convex surface containing
Yo at time t = 0, then the surface ¥y obtained by evolving ¥ by the (HMCF), is
contained in the surface ¥} obtained by evolving Eo+ by the (HMCF) up to the time
of existence of ¥y. Analogously, if Yo contains a smooth, strictly convex surface
37 at time t = 0, then the surface ¥y contains the surface ¥, obtained by evolving

Yo by the (HMCF) up to the time of existence of ¥;.

Proof. We begin by observing that by the the classical maximum principle the

surfaces ¥; and ¥} cannot touch were they are both strictly convex. Suppose that
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there exists a time £ where they first touch at a point P, then this obviously cannot
happen in the interior of the flat side, thus P has to belong to the boundary of
the flat side. Suppose ¥; has the flat side on the x = 0 plane, then the tangent
to the surface at the point P would be parallel to z = 0 plane. This is because
of the particular shape of the surface. Now if the two regions are touched, then
because they are of class C'!' we would have that the tangent to Etf at P would
be parallel to the z = 0 plane. But th is strictly convex, hence this would imply
that a part of E;—" is inside ¥7. This leads to a contradiction, and, therefore, the
two regions never touch. The second part of the proof is straightforward since
if ¥y contains a smooth, strictly convex surface ¥~ at time ¢ = 0, then the two
surfaces cannot touch at the flat side of ¥; because the flat side does not move in
its normal direction. Once again, by the classical maximum principle for parabolic
equations the two surfaces cannot touch where they are strictly convex either. This

observation concludes the proof of the proposition. O

Corollary 9. (Viscosity solutions) Given an initial convex ¥ surface of class
CY with a flat side as in Main Theorem, then the solution of the HMCF, %,
found in the Main Theorem is a viscosity solution which converges uniformly to the

initial surface 3 ast — 0. Moreover, this solution is unique.
Proof. Tt is a consequence of the comparison principle. ([l

9. CONSTANT RATE OF DECREASE FOR THE AREA

Finally we observe the following property of surfaces evolving by the Harmonic

Mean Curvature flow.

Proposition 10. (Constant rate of decrease for the Area) Let A be the
surface area of a smooth, closed, strictly convex surface 3 evolving by HMCF'. Then,

we have

dA

1 =y

Proof. For a strictly convex surface evolving with a certain speed v in the direction
of the inward normal vector ]T[ by the equation ‘é—f =0 ]T/' the area decreases by
the First Variation Formula. This means that:

dA
2 — = — Hd
9.2) s / D
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where H indicates the mean curvature. For more details about how to derive this
general formula see [5]. Thus, for the HMCF, v = K/H, which implies by the

Gauss-Bonnet formula that the area shrinks at a constant rate:

[1]

2]
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[4

(5

[6]
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dA
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