ON THE EVOLUTION OF CONVEX HYPERSURFACES
BY THE @, FLOW

M. CRISTINA CAPUTO*, PANAGIOTA DASKALOPOULOS**, AND NATASA SESUM***

ABSTRACT. We prove the existence and uniqueness of a C1:1 solution of the
Q. flow in the viscosity sense for compact convex hypersurfaces ¥ embedded
in R*T1 (n > 2) . The solution exists up to the time T' < oo at which the
enclosed volume becomes zero. In particular, for compact convex hypersurfaces
with flat sides we show that, under a certain non-degeneracy initial condition,
the interface separating the flat from the strictly convex side, becomes smooth,

and it moves by the Qx_1 flow at least for a short time.

1. INTRODUCTION

We consider, in this paper, the evolution of a compact convex hypersurface ¥,
embedded in R"*! (n > 2) by the Qiflow for 1 < k < n, namely the equation

oP
ot —Qpv

where each point P of the surface ¥; moves in the direction of its inner normal

vector v by a speed which is equal to the quotient

SN
Qr(N) = &
ko1 (V)
of successive elementary symmetric polynomials of the principal curvatures A =

(M, ..., An) of ;. We recall that

SEN = Y A A
1<) < <ixg<n
Given a compact convex hypersurface ¥y embedded in R"*! (n > 2), we let

Fy: M™ — R"*! be the immersion defining Xy. We look for one parameter family
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of immersions F': M™ x [0,T) — R"*! satisfying

2F(p,t) =—-Qi(p,t)-v(p,t), Ype M t>0,

F(,0) =F

(*k)

where v is the outer unit normal and Qg (\) is a quotient of successive elementary
symmetric polynomials of the principal curvatures of ¥; = F(M™,t).

In [1] Andrews proved that for any strictly convex hypersurface in R"*! the
solution to () exists up to some finite time 7 at which it shrinks to a point
in an asymptotically spherical manner. In [9] Dieter considered smooth, convex
hypersurfaces in R"*! with Si_1(A) > 0. Using that condition she constructed
cylindrically symmetric barriers to prove that instantenously at time ¢t > 0 the
speed has a uniform lower bound from below, and therefore the flow becomes strictly

parabolic.

In this article we will consider convex hypersurfaces, with no assumption on
_1(A). In the first part of the paper we will establish the existence and uniqueness
of a C1! solution of (¥;) in the viscosity sense. We give the following definition of

a viscosity solution suggested by Andrews in [2].

Definition 1.1. A family of convex regions {Q: bo<t<T i called a viscosity solution
of (xr) if the following holds. For any smooth, strictly convex hypersurface Ny
contained in Qy,, for some tg € (0,T), the hypersurfaces Ny given by solving (%)
are contained in Qy,4, for allt € [0,T —tg) in the time interval of existence of Ny.
Furtermore, for any smooth, strictly convex hypersurface No which encloses (4, ,

for some ty € (0,T), the hypersurfaces Ny enclose Qo1+, for allt € [0,T — to).
Our first result states as follows:

Theorem 1.2. Let ¥ be a compact convex hypersurface in Rt which is of class
CY1. Then, there exists a unique viscosity solution of the (xp) flow which is of
class CY1. The solution exists up to the time T < oo at which the enclosed volume

becomes zero.

In the second part of the paper we will consider the special case where the initial
surface g has flat sides. We will assume for simplicity that ¥y has only one flat
side, namely ¥ = X} U X2 with 3§ flat (i.e. it lies on a hyperplane in R"*!) and

Y2 strictly convex. Since the equation is invariant under rotation, we may assume
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that 3§ lies on the 2,41 = 0 plane and that that 33 lies above this plane. Then,

the lower part of the surface X can be written as the graph of a function
Tn+1 = u(xl, e ,llfn)

over a compact domain {2 C R™ containing the initial flat side X{.
We define
g:=u
and we call g the pressure function. Let I'g denote the boundary of the flat side
3. Our main assumption on the initial surface ¥ is that it is of class C™!, the
function g is C? up to the boundary of the flat side and it satisfies the following

non-degeneracy condition, which we call non-degeneracy condition (%):

(%) |Dg| > A and (g;5) > A, on I'y

for some number \ > 0.
For each 1 <4,j <n —1, g;; denote the second order derivatives in the directions
given by the vectors 7; and 7;. For each 1 <¢ < n —1, 7; is defined so that the set

Span [71, -+ ,7,—1] is parallel to the tangent hyperplane to the level sets of g.

Definition 1.3. We define & to be the class of conver compact hypersurfaces 3
in R" so that ¥ = ' U X2, where X' is a surface contained in the hyperplane
Tpy1 = 0 with smooth boundary T, and ¥2 is a strictly convex surface, smooth up

to its boundary I' which lies above the hyperplane x,11 = 0.

Remark 1.4. Any initial surface ¢ in the class & is in particular a C*! surface.
Hence, by Theorem 1.2, there exists a unique C1! solution ¥, of (*;) with initial

data Y.

We will assume that x,41 = u(zy1, -+ ,2,,t) defines the hypersurface ¥; near

the hyperplane x,,+1 = 0, with 0 < ¢ < 7 for some short time 7 > 0. We will set

Our goal is to show the following result:

Theorem 1.5. Assume that at time t = 0, Xg is a weakly convex compact hyper-
surface in R™*1 which belongs to the class & so that the pressure function g = \/u
is smooth up to the interface T and it satisfies the condition (x). Let ¥; be the

unique viscosity solution of (xx) for 2 < k < n with initial data . Then, there
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exists a time T > 0 such that the pressure function g(-,t) = \/u(-,t) is smooth up
to the interface x,+1 = 0 and satisfies condition (%) for allt € [0,7). In particu-
lar, the interface T'y between the flat side and the strictly convex side is a smooth

hypersurface for allt in 0 <t < T and it moves by the (x;_1) flow.

Remark 1.6. In the case of a two-dimensional surface in R? the flow (*;) becomes
the well studied harmonic mean curvature flow. In this case, Theorem 1.5 was
established in [4]. Following the result in [4] one may consider a pressure function
g = uP, for any number p € (0, 1), and prove the short time existence of a solution
to the (xj) flow which is of class C™7 (with m,~ depending on p) so that the
pressure function ¢ is still smooth up to the interface and the interface moves by
the Qr_1 flow. The fact that the solution 3; remains in the class C™7, for ¢t > 0,
distinguishes this flow from other, previously studied, degenerate free-boundary
problems (such as the Gauss curvature flow with flat sides, the porous medium
equation and the evolution p-laplacian equation) in which the regularity of the

solution for ¢t > 0 does not depend on the regularity of the initial data.

The paper is organized as follows: in section 2.2 we will present some apriori
estimates for strictly convex surfaces, most of which have been shown by Andrews
in [1]. In section 2.3 we will prove the existence of a solution to (*j), as stated in
Theorem 1.2. The uniqueness of solutions will be shown in section 2.4. Section 3

will be devoted to the proof of Theorem 1.5.

2. ParT I: THE EXISTENCE AND UNIQUENESS OF A C11 soLuTION

2.1. Notation and evolution equations. Since the right hand side of (%) can be
viewed as a function of the second fundamental form matrix A, a direct computation

shows that its linearization is given by

o )
L(u) = % ViViu=a"V;Viu
l

with

g 0
(2.1) a’ = a%’?.
Notice that if we compute a® in geodesic coordinates around the point (at which
the matrix A is diagonal) we get
qlt — 0Qk
o\
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and other elements being zero.

Also, we have the evolution equations of the induced metric g;;,

09i;
of the mean curvature H,
OH 2Qr ; . 0Qk
and of the speed Qy,
0Qy, 9 il
(2.4) — = LQk + 57 Qrh" hy; Q.
ot ohj

2.2. Apriori estimates for strictly convex hypersurfaces. The main result
in this section relies on the work of Andrews in [1]. Before we state it, lets prove

the following lemma.

Lemma 2.1. Let ¥ be a convex hypersurface (not necessarily strictly convez) such
that it contains a ball B,(0), centered at the origin, of radius p. Then, for every
q € X, we have

(g,v) = p
where v(q) denotes the outer unit normal to 3 at q.
Proof. Let  be the convex domain with ¥ as boundary. Let ¢ € X, and v(g) denote
the outer unit normal to ¥ at ¢. Then (q,v(q)) = max,cq(x,y), where y = v(q).

This is greater than or equal to p since B,(0) C Q.
]

Theorem 2.2. Let 3y be a strictly convex hypersurface in R™"! and let &, be a
family of hypersurfaces evolving by (*x). Let T > 0 be such that a ball B,, of radius
p is contained in Y. Then, there exists a positive constant C' = C(p, ||Zo|lc1.1) so
that

[AB) <C,  VYOo<t<T,

where A(t) is the second fundamental form of ¥;.

Proof. Assume with no loss of generality that the origin is enclosed by ¥y and
B,(0) is contained in X,.

As in [8] we consider the quantity

F = <F,l/> +2tQk.
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Since the speed @y, is a homogeneous function of the principal curvatures of degree

one, a similar computation as in [8] yields to

0 0Qx

o _ _ Ok pity .
(2.5) B (F,v)y = L{F,v) —2Q) + oh h'hij (F,v)
Hence

9 . 0Qk i1,
(2.6) a]-" =LF+ 76h§ h'hi; F.
As in [9] we have
(2.7) PPN L T P

8)\1 ¢ n—k—i—l

i=1

This together with the maximum principle applied to (2.6) imply
fmin(t) / in t,
and therefore by Lemma 2.1,

Fmin(t) > Fiin(0) = (F, ) min(0) > p > 0, for all ¢t > 0.

The speed Qj is concave and from the evolution equation for % one can easily
deduce,
0 H H 2 0Qy . H
—(=)<L(=)+ = -V, FV'(=).
o\ F = HE) T F g VTV (F)
By the maximum principle applied to the previous inequality we get
H
— in .
sgtp 7 N\, in

Since |(F,v)| < |F| < C, uniformly in ¢, there are uniform constants Cy, C3 so that
(2.8) H(-,t) <C1+ Cy Q.

Also, because our surface is convex, the second fundamental form is controlled by
the mean curvature H. In addition, since we assume that the ball B, C ., by

Lemma 2.1
(F,v) > 2p, for all ¢ € [0, 7].

As in [1] we consider the quantity

Qk
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The evolution equation for Qg, (2.5) and (2.7) yield to:

i) - cmas) rmma Y (ms) e

Qk 6Qk il
— | 20, — —h" hy;
TRl S
Qk ) 2 0Qk ( Qk )
< L + - V' Vi(F,v
(@W%ﬂ? Ev—p ot © By —p) VY
Q3 k
2. — (2 —-p— .
(2 M e e T T
If2—p n_LkH Q > 0, this implies that Q, < 2(”;7};“) and because of (2.8) we are

done. If 2 — p n%k“ Qr < 0, the maximum principle applied to (2.9) yields to

d Qk .
% (<F7u>_p>max\ !

which, in particular implies that

Q) <C
for a constant C' that depends on p and that C''! norm of Xy. O

2.3. The existence of a viscosity solution to (k). We will next show the

following proposition which constitutes the existence part of Theorem 1.2.

Proposition 2.3. Under the initial assumptions of Theorem 1.2, there exists a
CYY solution X to the (x;) flow up to some finite time T at which the enclosed

volume shrinks to zero.

Proof. We begin by approximating our initial convex hypersurface X by a family
of smooth strictly convex surfaces ¥ (for example by the mean curvature flow).
We may assume that all ¥§ are contained in €2, approaching ¥y = 0€ in the
Hausdorft distance as € — 0 and that X increase in e. Let X¢, ¢ € [0,T¢), be the
unique strictly solution of () flow with initial data X§. Then, ¥f increases in e.
In addition, T denotes the time at which the surface X shrinks to a point, then
T, increases in €. Moreover, an easy application of the comparison principle shows
that T, < Tgr, where Ty is the extinction times of a sphere Sr which can be placed

outside of ¥y. Hence, the limit

T:=1limT,
e—0
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exists. Let 7 < T. Then there exist p > 0 and € so that B, C X¢(7), for all € < ¢.

Theorem 2.2 implies the uniform bound
IZsllcin < C(7, ||E]|err), for all ¢ € [0, 7].
Since each Y€ is smooth, the previous estimate shows that
1Zlle2 < C(7, [[E]lerr), te[0,7].

Also, since 3 is increasing in €, the Arzela-Ascoli theorem and the previous estimate
imply there is a C1:! limit

PINES 213% DI
and that the convergence is in the C'™! norm.

We claim that ¥ is a viscosity solution to () in the sense of Definition 1.1. To
see that, let X, C 2 where 992 = 3. Then X is enclosed by X, for e sufficiently
small. By the comparison principle ¥} is enclosed by ¢, for ¢ > 0. Since X§
increases in € and converges to Y, we have that 3 is enclosed by %, for ¢t > 0.
The second condition in Definition 1.1 can be checked similarly.

We finally observe that the enclosed volume of ¥, shrinks to zero, as t — T.
Indeed, assume otherwise. Then, there exists a sphere Sy,(P), for some p > 0,
which is enclosed by ¥, for all t < T. Fix a tg < T to be chosen momentarily.
Since Xfo %, , as € — 0, this means that there exists an € = €(y) such that
S,(P) is enclosed inside the surface ¥%. The comparison principle then shows that

the vanishing time 7, of X satisfies
T. >t + 1T,

where T), is the time at which the sphere S,(P) evolving by our (%) flow shrinks

to a point. On the other hand, since
T>T >tg+1T,

we will reach a contradiction provided that ¢y is chosen sufficiently close to T,
depending only on p. This completes the proof of our proposition.

O

2.4. The uniqueness of a viscosity solution to (x;). In Proposition 2.3 we
have constructed a viscosity solution to (x;). The question that arises is whether
that solution is unique in the class of viscosity solutions defined by Definition 1.1.

We will give a positive answer to this question in the following proposition.
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Proposition 2.4. If Fy(-,t), F5(-,t) are two viscosity solutions to (*i), then
Fl = FQ.
Proof. Let ¥y be our initial surface and 3 the strictly convex approximating sur-
faces considered in Proposition 2.3, which are all enclosed by ¥y. We may assume,
without loss of generality, that all £§ contain a ball B,(0) centered at the origin.

Let us consider another strictly convex surface 3§ defined as a dilation of 3§, that

is, if X is defined by an immersion Fjj, then
Fg® = (140) F§
defines the surface 2.

Claim 2.5. For every § > 0 there exists an € = €(9) so that the surface 5385 defined

as above is encloses the surface Y.

Proof. Observe that
~ €0 e e
[Fo | = [Fol = [F5] — | Fol + 6| ]|

and that | F§| — |Fol| < a(e), where a(e) — 0 as e — 0. Since all ¥§ contain the

ball B,(0), we have
IFS| — |Fol > —ale) +0p>0,  ifafe) < dp.

Hence, by choosing € := €(4) sufficiently small so that a(e) < § p, we guarantee that

3¢ encloses Y. g

From now on fix § > 0, set ¢ = ¢(d) and consider the corresponding surfaces ¢

and 2§°. Then, 3§° encloses Xy and ¥y encloses X¢. We write briefly that
Y6 < T < 2.

By Definition 1.1, we will have

(2.10) YE<N <0 Vi< T,

where T, denotes the extinction time of X, since ¥; is a viscosity solution.

Denote by ¢, 29 the smooth solutions of (x;) starting at 3§, 2% respectively
(note that both solutions are unique because their initial data are strictly convex).
It is easy to see that f],f‘s is given by the immersion

t

FO( 1) = (14 6) Fe(-, m).
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By above F(t (1 + 6)?) = (14 6) F(t), and we compute

D1 +07) ~ F0] = QU (1 +0) -~ QLr ()
— 50 )
which implies that
(211) SIS 407) — .0 < Q4(0)

where Q% (t) is the speed of the flow (%) starting at the surface .
Denote, as before by T¢ the extinction time of ¥§ and let T = lim._,o 7. Take

any 7 < T. Then, there exist dp > 0 and p = p(7) so that
B, C Int(%), Yo < do, Vi<T<T<T

for an € = €(d) which is defined as above. By Theorem 2.2 it follows that the speed

Q50 of X0 satisfies
(2.12) QP <O ISlens),  V8<by, Vi<

Estimate (2.11) yields to

(2.13) [FO(t(1+6)%) = F(t)] < |Fg°—F5|+6C(7)
< O(|F5l+C(7))
< C(r)é

Since F°O(t) solves the (1) with and Q5 (t) = %?)_2), it follows from (2.12)
that

C(r) 7 ((1+6)* = 1) + |F§® — Fy|

< (C(n) +IFg))§ < C(r)d

(2.14)  |FC(t(1 +6)%) — F(t)]

IN

Combining (2.13) and (2.14) yields to
(2.15) |F(t) — F<(t)] < C(1) 9, Vt € [0,7], 6 <do

for € = €(9) defined as above. Here, C(7) is a uniform constant that does not depend
on §. In particular, (2.15) implies that the viscosity solutions which are obtained
as the limits of {F€(t)} and {F(t)}, as § — 0 (whose existence is justified by
Proposition 2.3) are the same.

We will now conclude the proof of uniqueness. Let ¥} and X7 be two families
of viscosity solutions to (*) starting at Xo. Let {Z¢} and {2} be two families

of approximations of ¥ by strictly convex surfaces taken as above. It follows by
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the Definition 1.1 of viscosity solutions, that both ¥} and X7 satisfy (2.10). Hence,
from (2.15) we have

|FL(t) — F2(t)] < |[FO(t) — F(t)| < O()6,  Vt<T.

Letting § — 0 we obtain that 3} = %2 for all t € [0, 7]. Since 7 < T was arbitrary,
we conclude that ¥} = X2, for all ¢ € [0,7), which finishes our proof. O

2.5. Discussion on strict convexity. In this section we will give some observa-
tions as to when a convex surface, which is not necessarily strictly convex, actually
becomes strictly convex as soon as it moves away from the initial surface. We first
observe that the speed Qi is bounded from below away from zero at points of ¥

which are away from the initial surface ¥g.

Proposition 2.6. Assume that ¥ is a C*! compact convex hypersurface embedded
in R"*1 and let 3 denote the unique C*' solution of the (i) flow with initial data
Yo which exists on 0 < t < T. Assume that at some point P € ¥, with to < T, we
have dp := dist(P,Xy) > 0. Then, there exist positive constants 6 > 0, 7 > 0 and
¢ > 0, depending only on dp and the diameter of the initial surface g, such that the
speed Qp, > ¢ > 0 at all points Q € Ly with distpm (P, Q) < 6 and t € [tg—T,to+7].

Proof. The idea of the proof is simple. For the given point P we will consider the

quantity
F:=(F—Pv)+2tQy

which we already introduced in the proof of Theorem 2.2 where we also showed
that its minimum is increasing in time. Since By, /2(P) is strictly contained in the
initial surface Xg, Lemma 2.1 implies that at time ¢t = 0 we have Fiin(0) > ¢g > 0

for some constant ¢y > 0 depending only on dp and the diameter of . Hence,

F(p,to) = 2to Qr(p,to) > co >0

implying that the speed @y of the surface is strictly positive near P (here we denote
by p € M™ the point such that F(p,tg) = P).

To make the above argument rigorous, we let X} be a decreasing sequence of
strictly convex surfaces which approximate g, i.e. we have ¥ N\, 3y in the C1!
norm. We denote by 3¢ the solution of the (x) flow with initial data % and by T
its vanishing time. Then, it follows from the proof of Theorem 1.2 that X! \ X,
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in the C™! norm for all 0 < ¢ < T. Pick points P* € X} such that P* — P and
choose ig sufficiently large so that

dp
2

Fixing ¢ > ig for the moment, we consider the quantity

dist(P;, $h) > £ :=d > 0, Vi > .

Fi(t) = (F' = P,v) 426}

with F* and @ denoting the position function and speed of i respectively. Since,

Ba(P;) is contained in the initial surface 3j, Lemma 2.1 implies that

fi (O)ZCO>0

min
for some constant ¢y depending only on d and the diameter of ¥j. The maximum

principle applied to the evolution of F* (as in the proof of Theorem 2.2) implies
that

(2.16) Flwlt)>co>0, Vt<T.

min
Denote by p € M™ the point at which F(p,ty) = P. For the given time ¢y, choose
7 > 0, € > 0 sufficiently small so that

|Fi(q,t) — P| < %0, Vit € [to—T,to + 7], distyn(p,q) <€

with ¢g the constant in (2.16). The a priori estimates in Theorem 2.2 imply that 7

and € can be chosen to be independent of i. It follows from (2.16) that
Qi(q,t) > Z—i >c>0, Vit € [to — T to + 7], distayn(p,q) <e.

The proposition now follows from the observation that 3! have uniformly bounded

CY! norms after we pass to the limit. Passing to the limit yields
(2.17) Qr(g,t) > ¢ >0, Yt € [to — T, to + 7], distam(p,q) < e.

O

Corollary 2.7. Assume that Xg is a CY' compact convex hypersurface embedded
in R"Y and let X3y denote the unique C11 solution of the (xi) flow with initial data

Yo which exists on 0 <t < T. If dist(3:,3g) > 0, then Xy is strictly convex.

Proof. We combine Proposition 2.6 and a recent constant rank theorem by Bian
and Guan in [3]. By the previous proposition Q; > C(t) > 0 on X;. This in
particular implies that the equation (k) is strictly parabolic and that the surface

¥ is smooth. It then follows from the constant rank theorem in [3] that at any
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given time ¢t > 0 the rank of the second fundamental form of the surface ¥; is
constant. Since Y is a smooth compact surface, there exists at least a point P at
which ¥; is strictly convex, which forces the whole surface to be strictly convex,
finishing the proof.

O

We next observe that combining the previous corollary and the main result of

Dieter in [9] we obtain the following:

Corollary 2.8. Assume that Xg is a CY' compact convex hypersurface embedded
in R"Y and let X3y denote the unique C11 solution of the (xi) flow with initial data
Yo which exists on 0 <t <T. If S}'_; > 0 uniformly on Xg, then the solution 3,

is strictly convex for all t > 0.

Proof. The main result by Dieter in [9] shows that if S} ; > 0 uniformly on X,
then the speed Q) satisfies the bound Qr > C(¢) > 0 on X;. Hence, as in the
previous corollary ¥; is strictly convex.

O

One may ask: does it follow from Proposition 2.6 that the surface 3 is strictly
convex locally near points P which are away from the initial surface 7 The same
proposition shows that the k largest principal curvatures Aq{,---, A\ are positive
at points of ¥; which are away from ¥y. However, some of the other principal
curvatures may vanish. On the other hand, since the constant rank theorem in [3]
is local, Proposition 2.6 implies that the rank of the second fundamental form of
the surface ¥; is constant on each connected component of ¥; \ ¥y. Hence, those
connected components that contain at least one point at which the surface is strictly
convex are indeed strictly convex. The question as to whether X; \ 3¢ is always
strictly convex remains open for investigation. However, our discussion above leads

to the following observation.

Corollary 2.9. Assume that Xg is a CY' compact convex hypersurface embedded
in R"! and let 33y denote the unique C*1 solution of the (*,) flow with initial data
Yo which exists on 0 < t <T. Assume that at some point P € ¥, with to <1, we
have dp := dist(P,Xg) > 0. Then, there exist positive constant 6 > 0, depending
only on dp and the initial surface g, such that 3, is strictly convex at all points

Q € % such that dist(P, Q) < 6.
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Proof. Denote by A;, 7 = 1,--- ,n the principal curvatures of the surface ¥; and
assume that A\; > Ay > --- > \,,. Hence,
QA At A
A A1
in the sense that the ratio of @, /A, is bounded from above and below by positive

constants depending only on the dimension n. It follows from (2.17) that
An(g,t) > ¢ >0, Vt € [to — T, to+ 7], distam(p,q) <e

where ¢ > 0 depends only on d,, ¥y and the dimension n. Since, A, is the smallest

of the principal curvatures of X, our result readily follows.
O

We conclude our discussion with the open questions: (i) Does the surface ¥,
become strictly convex before it becomes extinct ? Or in the case that (i) is not

valid: (ii) Does the surface ¥; always shrink to a point ?

3. PART II: THE EVOLUTION OF A SURFACE WITH FLAT SIDES

In this section we will study the evolution of a convex surface with flat sides
under the (xg) flow for 2 < k < n. Our goal is to give the proof of Theorem
1.5. Let us briefly outline the steps of its proof. The (k) flow can be seen as a
free boundary problem arising from the degeneracy near the flat side of the fully
nonlinear parabolic PDE which describes the flow. Via a coordinate change we
will show that solving this free boundary problem is equivalent to solving an initial

value problem of the form
(IVP)

on the unit ball in R™

D={x:=(x1, - ,x,) €ER"; |z] <1},

The operator M, defined as
Mw =w; — F(t, 1, , &y, w, Dw, D*w)

is a fully non-linear operator which becomes degenerate at 9D, the boundary of D.
We will apply the inverse function theorem between appropriately defined Banach

spaces to show that this problem admits a solution on 0 <t < 7, for some 7 > 0..
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The linearization of the operator M at a point w close to the initial data wqy can
be modeled (after straightening the boundary near z := x; = 0) on the degenerate

equation
(3.1) fo =22 anfi1 + 22 a0 fri + @i fij + 2b1 fL + i fi + E £, i,j # 1

on the half space z > 0 with no extra conditions on f along the boundary z = 0.

The diffusion in the above equation is governed by the singular Riemannian metric
ds* = ds* + |dt|

where

_ dz?

(3.2) ds* = —

+da3 + -+ dal.

We notice that the distance (with respect to the singular metric §) of an interior
point (z > 0) from the boundary (z = 0) is infinite. This distinguishes our prob-
lem from other, previously studied, degenerate free-boundary problems such as the
degenerate Gauss curvature flow [6], [7] and the porous medium equation [5].

The results in this part are generalizations, in dimensions n > 3, of the results
in [4] for the harmonic mean curvature flow in dimension n = 2. Their proofs
are similar to the corresponding proofs in [4]. We will only give the main steps,

referring the reader to [4] for the details.

3.1. Local Change of Coordinates. In Section 3.4 we will give the global change
of coordinate which transforms our free-boundary problem (*;) to a degenerate
problem of the form (IVP) on a domain with fixed boundary. Since the compu-
tations there are quite involved, to motivate our discussion we will present here a
local change of coordinates near the interface which fixes the free boundary and we
will give the definitions of the appropriate Banach spaces where the existence of
solutions will be shown.

We will assume throughout this section that the surface 3y belongs to the class
G, as defined in the introduction. Let ; be a solution to the (x;) flow on [0, 7),
for some 7 > 0 such that ¥; = ¥} UX?, with ¥} flat and 7 strictly convex. Let
Py(z1, -+ ,2n,0) be a point on the interface Ty, for ¢y > 0 sufficiently small. Then,
the strictly convex part of surface ¥2, t < to can be expressed locally around Py as
the graph of a function z = u(xy, - x,,t). Let g = /u be the pressure function.
Assuming that g is of class C? up to the interface and satisfies condition (%),

then we solve locally around the point Py the equation z = wu(xy,---x,,t) with
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respect to z1. This yields to the map x; = f(z,x2, - p,t). The condition (x) on
g expressed in terms of f gives the following non-degeneracy condition (x%) in a

small neighborhood of z = 0:
% Ji1 Z%fm Z%fm

3
2% f12

(A4
>
~

(%)
—F
Zi Jin
in the sense that the eigenvalues of the above matrix are bounded from below by a
number A > 0. {F};} is the Hessian matrix for the function f with respect to the
tangential directions.
When ¥; evolves by the (xx) flow, then the function f evolves by a fully-nonlinear
evolution equation of the from
_ Sidlbi))
r—1([bij])

where b;; can be expressed in terms of f and its first and second derivatives. The

(3-3) fe=

details are given in Section 3.5. Equation (3.3) becomes degenerate near the in-
terface z = 0. Its linearization near the interface z = 0 is of the form (3.1). Our
goal is to construct a smooth solution to this equation by using the inverse function
theorem between appropriately defined Banach spaces which are scaled according
to the singular metric (3.2). The main step is to show existence in an appropriately
weighted Cﬁ,? space, with respect to the metric 5. The definition of these spaces
will be given in the next section. Once a CEU:E“ solution is established, one can prove

the existence of a C*° solution by repeated differentiation. Since this is similar to

the results in [4] we will omit its proof.

3.2. The Holder spaces with respect to the singular metric. We will define
in this section the Banach spaces on which solutions of degenerate equations of the
form (3.1) are naturally defined.

We will denote for the next of this section by Z points Z := (za,--+ ,2,) € R*7!
and we will consider points (z,Z) € R™. Let A be a compact subset of the half
space { (z,Z) € R": z > 0} such that 0 € A. We define:

A° = {z e R :(0,7) € A}
Qr = Ax|[0,7], 7>0
Q2 = A°x|0,7], T>0.
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We define the hyperbolic distance (P, Py) between two points P; = (z1,Z1) and
Py, = (22712'2) in A with 21 > 0, zo > 0 to be:

§(P1,P2) = \/| Inz — ln22|2 + |£i‘1 - .T2|27 if 0<2z1,290<1
otherwise it is defined to be equivalent to the standard euclidean metric.

We define the parabolic hyperbolic distance between two points P = (21,%1,t1) and

Pz = (22, Ta,ts) with 23 > 0, 29 > 0 to be:

S(Pl,PQ) = §(P1,P2) + ‘t1 — t2|

where P; = (2’1,.731), P, = (22,.1?2).

We will next define Holder function spaces with respect to the metric s.

Given a function f on A we define:

fP@):=100,2),  f(z1):=
Analogously, given a function f on @, we define:

fo(jvt) = f(O,.f,t), f(Z,i‘,t) == (f(zvjvt) - fo(j’t))

Let 0 < a < 1. We will define the weighted Hélder space Cf ((A) in terms of

the above distance. We start defining the Holder semi-norm:

| f(P1) — f(P)]
1 fllecay == sup ———L—-—
Hg(A) Pl;éPQGA S[PhPQ]a

and the norm

I

where || f |lcoa) == Isgéalf(P) |-

Moreover, we define:

caa) = |1 fllcocay + | f lzecay

I llcocay = Il £ llcoasy + I f llcocay-

Definition 3.1 (The space Cg (A)). A function f belongs to Cf ((A) iff f© €

C*(A°) and f € C(A). The norm of f in the space Cy s(A) is defined as:

£ lleg oy =1 £ lloaaey + 1| Fllce -

Remark 3.2. We observe that f(z,7) € CY(A) iff the function f(&,7) = f(e5,7)

belongs to the space C*(A) (this is the Hoélder space with respect to the standard
metric) where A= {(£,7) : (e%,7) € A}.
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We will next define weighted Hélder spaces of second order derivatives with

respect to our metric 5.

Definition 3.3 (The space C2(A)). We say that a continuous function f on A
belongs to C2(A) if f° € C?(A°) and f has continuous derivatives

fzv fia fzza fzia fija Za]:2a ,

in the interior of A such that
1 o 1 1
ﬁ (f - f )7 \/Efza ﬁ ﬁ

extend continuously (with respect to the standard euclidean metric) up to the bound-

(f, = 1), 22 fors V2 foir —= (i = 15))

ary z =0, for all i,j = 2,--- ,n. The norm of f in the space C2(A) is defined as

follows:

2 2
I fllezay = 11> DEfollcoasy + > 12" D Dy flicoa)-
m=0 m+n=0
Definition 3.4 (The space C2*(A)). Given f € C2(A), we say that f belongs to
Cul(A) if

fo € Cz+a(~’40) and Zfzvfi7 Zz fzzazfziafija Za] = 2; ,

extend continuously up to the boundary and the extensions are Holder continuous
on A of class Cj; ;(A). The norm of f in the space C’igo‘(A) is defined as:

2

1 f llezreay = 12 llo2saqasy + D 112" DI D fllog, (-
' m+n=0

Let 7 > 0. Similarly as in [4], the definitions above can be naturally extended on a
space-time domain @, = A x [0, 7] by using the parabolic distance ds? = ds? + |dt|.
We call the resulting spaces Cg (Q-),Cp ((Q-) and C22(Q,) respectively.

3.3. The Degenerate Equation on the disc. We will show in Section 3.4 that
the initial value problem (x) can be transformed, via a global coordinate change,
to an initial value problem of the form (IVP). Its linearization at a point @ close

to the initial date wy is a degenerate equation of the form
(3.4) Lw = w; — (aYwi; +b'w; +cw) =0

on the cylinder D x [0,7), 7 > 0, where D denotes the unit ball in R™. The

matrix {a*} is symmetric and under appropriate an change of coordinates near 9D
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which straightens the boundary, equation (3.4) is transformed into the degenerate
equation of the form (3.1).

We define the distance function s in D as follows: in the interior of D, s it is
equivalent to the standard euclidean distance, while around any boundary point
P € 0D, s is defined as the pull back of the distance function induced by the metric
ds? defined in (3.2) on the half space So = {(2, 22, -+ ,x,) : 2 > 0}, via a map
¢ : Sy N'D — D that flattens the boundary of the ball D near P. We denote by ds?
the associated parabolic distance.

We can now define the spaces Cy (D) and C2H(D): for a fixed and small

number § in 0 < § < 1, we write
D =Dy_55 U({J (Ds(P)ND))
l

for finite many points P, € 9D, | € I, with D;_s/5 denoting the ball centered at
the origin of radius 1 — §/2 and Ds(F;) denoting the ball of radius § centered at P,.

We denote by Dy the half disk Dy = {(2,2) € D: z > 0}. We can choose
charts Y; : Dy — Ds(x;) N D which flatten the boundary of D and such that
T;(0) = B, 1 € I. Let {4, ¥} be a partition of unity subordinated to the cover
{D1_s/2, (Ds(P)ND)} of D, with [ € I.

Definition 3.5 (The spaces C&

w,8

(D) and C51(D)). We define Cy 5(D) to be the
space of all functions w on D such that w € C*(Di_s/2) and wo Ty € CF ((Dy)
foralll € I. Also, we define Cﬁ,?‘(D) to be the space of all functions w on D such
that w € C*T*(Dy_5/5) and w o 1y € Oﬁ,jga(m) foralll € 1.

In the above definition C® and C?** denote the regular Holder Spaces, while
Cyp.5(Dy) and C?j'go‘(DQ denote the Holder Spaces defined in Section 3.2. One can

show that both spaces C; (D) and CZJJ)%“ (D) are Banach spaces under the norms
lwlleg .0y = W wllea,_s/0) + Z [ (wo Yi)lleg (D)
1
and
lwllgzta(py = 1@ wllezrarp, ) + Y I (wo To)llgzie ).
1

The above definitions can be extended in a straight forward manner to the par-
abolic spaces C (Q-) and C31*(Q;), where Q; is the cylinder Q = D x [0, 7], for

some 7 > 0.
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Before we state the main result in this section, we will give the assumptions on
the coefficients of the equation (3.4) on the cylinder @ = D x [0,T'): We first assume
that for any ¢ in 0 < 6 < 1, the coefficients {a*’}, {b'} and ¢ belong to the Holder
class C%(Di_s5/2 x [0,T]), which means that the coefficients are of the class C in
the interior of D. In addition we assume that the metric {a;;} is strictly elliptic in
Dy _5/2. For anumber § in 0 < < 1,let T, : Dy — Ds(F)ND be the collection of
charts which flatten the boundary of D, considered above. We assume that there
exists a number 0 so that for every [ € I, the coordinate change introduced by
each of the Y transforms the operator L{w] defined in (3.4) on Ds(P;) N D, into an
operator L, on Dy of the form (3.1) with the coefficients a;;, b;, & belonging to the
class and with {a;;} strictly elliptic.

Theorem 3.6. Assume that the operator L satisfies all the above conditions on
the cylinder Q, = D x [0,7]. Then, given any function wy € Ci}a(D) and any
function g € C (Q) there exists a unique solution w € CHT*(Q-) of the initial
value problem

Lw=g mn Q

w(,0)=wy onD

satisfying

(3-5) [[]

ctoi@) < O (lwollze ) + glleg @)

w,s

The constant C(7) depends only on the numbers «, 7, the ellipticity constant of

{a;;} and the Hélder norms of the coefficients.
Proof. The proof follows the arguments of the proof of Theorem 4 in [4]. O

Finally, the following existence result follows from Theorem 3.6 and the Inverse

Function Theorem between Banach spaces.

Theorem 3.7. Let wgy be a function in Ci‘ga(D). Assume that the linearization

DM (w) of the fully-nonlinear operator
(3.6) Muw = wy — F(t,u,v,w, Dw, D*w)

defined on the cylinder Q = D x [0,T], satisfies the hypotheses of Theorem 3.6 at
all points w € CH(Q), with ||w — wollpzte(qy < 1, for some p > 0. Then, there

exists o number 1o in 0 < 79 < T depending on «, p and the ellipticity of {a,;}, for
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which the initial value problem

(3.7) Mw=0 in D x [0, 7o)
w(-,0) = wy on D

admits a solution w in the space Ct*(D x [0,10]). Moreover,

lwllezte Dxjo,mp < Cllwolleztap)

for some positive constant C' which depends only o,  and the ellipticity of {a;;}.
Proof. The proof follows the arguments of the proof of Theorem 5 in [4]. O

3.4. Global change of coordinates and existence in C}'*. In this section
we introduce a global change of coordinates which transforms the (xj) flow for a
surface Yo with flat sides into a fully-nonlinear degenerate parabolic PDE on the
unit ball D. We will only give a brief outline, as all the results are a straightforward
generalization of the 2-dimensional case treated in [4].

We recall that our initial surface g is of the form Yo = 3§ U £2 with X} flat
and Y3 strictly convex. Let Sy be a smooth surface with boundary close to %2 and
such that 0S8y C {x,11 = 0}. Let Sy : D — R"*! indicate a parameterization of

Sp on the unit disk D, namely if U = (uy,--- ,u,) and X = (z1,- -+, z,) we have
So(U) = (X,2) € R™™ which maps 9D onto 9Sp.

Let > 0 be sufficiently small. Let T'= (T}, T%,- -+ ,T,,+1) be a smooth vector field
transverse to Sg which is parallel to the x,,+1 = 0 plane in a small neighborhood

near 0Sy. Following [4], we define the global change of coordinates @ : D x [—n, 7] —
Rn+1 by

(3.8) —o (Y = sw)+wr).

Theorem 3.8. Assume that the initial surface o satisfies the assumptions of
Theorem 1.5. Then, there exists a time T > 0 for which the solution ¥; of the (%)
flow is converted, via the coordinate change (3.8), to a solution w(-,t) of the IVP
(3.7) on Q- = D x [0, 7] with wy € CZ*(D) and the operator M satisfying all the
hypotheses of Theorem 3.7.
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Proof. The proof of this result follows along the lines of the proof of Theorem 6 in
[4]. Tt is clear that the coordinate change (3.8) transforms the free-boundary prob-
lem (%) into a problem of the form (3.7) where the fully-nonlinear operator M is
strictly elliptic away from the lateral boundary 0D x [0, 7]. The main difficulty here
is to show that the linearization of M at a point w close to the initial data wy is a
degenerate operator of the the form (3.4) which near the boundary lateral bound-
ary 0D x [0, 7] satisfies the assumptions of Theorem 3.6. In the two-dimensional
case, this is done in detail in [4] (Theorem 6). In Section 3.6 we will show that the
linearization of equation (3.3), which is obtained from (%) via a local change of
coordinates that fixes the free-boundary, is of the desired from. The computations
for the global change of coordinates are more involved by similar.

O

As an immediate consequence of Theorems 3.6 and 3.7 we obtain the following

existence result for ().

Theorem 3.9. Assume that the initial surface o satisfies the assumptions of
Theorem 1.5. Then, there exists a time T > 0 for which there exists a solution 3

of (xx) on [0,7] which is of the class O3t

Once a C12 solution of () is established, one can argue similarly as in [4] that
the pressure g(-,t) = y/u(-,t) of the solution ¥; (as defined in the introduction) is
C® smooth up to the interface. This concludes the regularity part of Theorem 1.5,

which we state next.

Theorem 3.10. Assume that the initial surface Yo satisfies the assumptions of
Theorem 1.5. Let ¥; be the unique viscosity solution of () with initial data Yo
(its existence follows from Theorem 1.2). Then, there exists a time T > 0 such that
the pressure function g(-,t) = m is smooth up to the interface x,+1 = 0 and

satisfies condition (%).

3.5. Proof of Theorem 1.5. The proof of Theorem 1.5 readily follows from The-
orem 3.10 and the following proposition that refers to the evolution of the boundary

of the flat side.

Proposition 3.11. Under the assumption that X, belongs to the class & (as defined
in Definition 1.3) and that the non-degeneracy condition (%) holds on 0 <t < T,
then the boundary of the flat side T'y is an (n—1)-dimensional surface which evolves

by the (xk—1) flow.
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Proof. Let Py € T'; be a point on the boundary of the flat side. The strictly
convex part of the surface ¥? can be expressed locally around P, as the graph
of z = u(xy,...,2n,t), where we may assume that the coordinates are chosen so
that zs,...,x, are the tangential directions to the flat side at FPy. We consider, as
before, the pressure function g = \/u and we solve the equation z = u(z1,..., Ty, 1)
with respect to x1. Then 1 = f(z,za,...,zp,t).

We observe that because of the non-degeneracy condition (x), we have
(3.9) fz;(Po) =0, vV oi>2.

Indeed, along the tangential directions z; (¢ > 2) to I'; at Py, we have
A -~ at P,
Uy 99z, Gzq
because gy, (Po) = 0, for ¢ > 2 while g4, (FPo) > 0 due to (%).
The assumptions that ¥, € & and that the non-degeneracy condition holds,
imply in particular that f € 2+ pear P,. Hence, by Definition 3.3 the functions
% f, extend continuously up to the boundary z = 0, when ¢ > 2, which means

that

(3.10) |fe.] < C V2, as z— Py, Y i>2.

Our surface is locally expressed as a graph z = u(x1,...,x,,t) and its principal

curvatures are the eigenvalues of the symmetric matrix [a;;], where

(3.11) ay; = 1 <D”u _ DyuDyuDju _ DjuDjuDyu DiuDjuDkuDluDklu>
v

v(l+v) v(l 4+ v) v2(1+v)?
and v = y/1 + |Du|?. The equation (x;) can be expressed as

S ([eij
Up = M, with  ¢;; = a;5v.
i1 (leis])
Moreover, since f; = —uz/f., the equation (x;) can be written in terms of f as
Sk (bij]) .
3.12 fr = — =R with b = ¢ f
o C Sl R

where b;; can be expressed in terms of f and its first and second derivatives.

To express the evolution equation in terms of f we use the identities

R _
£ ’ e

u11 = Uy =

T; — )
e

and

fez 1 fu 1
Uy 2y = — 3 Uz, = 7fz 7Téfzz + ﬁfzac,
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and

S
I

Ja,
=

1 <ff

Yo =T\ 2

fzz - fZIi, - fz% + fmlr7>

where 7,5 > 1.
Keeping in mind Definition 3.3 and that we are interested in a behaviour of [b;;]

around z = 0, using (3.11) and the above formulas we can compute that, as z — 0,

we have
fZZ fZI’ fx’fZZ
b = ——5 +o(1), bii = by = ——— + —5— +o(1
7z o .o oW
and
Joifoay | Jajfoai Jwifa, foe
bzsz:mz‘i’ . J+ J - — L +01
A C i A 5 Z
for i,5 > 2.
To simplify the notation we set from now on Z = (s, ..., 2, ). By Definition 3.3

we can see that the behaviour of [b;;], as z — 0, is

cl(zajat)

\/E )

bll: bli:bil :Ci(2’7ﬂ_j7t), bl] :7f1]+01](z,j,t)7 27]22
with
lei(z,7,t)| < C and lir% ¢ij(2,Z,t) =0
z—
and in addition, by the non-degeneracy condition (%),

0<d<ci(z,z,t)<C.

We may assume that the coordinates T := (x2,...,x,) are chosen so that the
matrix [f;;(Po)]i,j>2 is diagonal at our chosen boundary Py. Then, it follows from

the above discussion that

(3.13) bii = —fii +o(1), (bij)iz; = o(1), 1,7 > 2.

The non-degeneracy condition (xx) and our regularity assumption on f imply that
(3.14) 0<A<b; <C <o, (bij)iz; = o(1), i, > 2.

It follows that the eigenvalues of [b;;] are computed as the roots of a polynomial in

A which is of the form
c n
(3.15) det([by]—A1) = <\/1§ 7y (bjj — A) = Y ¢ Tz joa(byj — >\)> (1+o(1)).

=2

Denote the eigenvalues of the matrix [b;;] by

Mz, Z,t) > - > A(2, T, 1).



ON THE EVOLUTION OF CONVEX HYPERSURFACES BY THE Qr FLOW 25

Claim 3.12. There are uniform constants p > 0 and v < 0o so that
A1 (27 z, t)
< T»

Proof. We will first show there is a uniform constant p > 0 so that

(3.16) Ai(z,7,t) <v, 1> 2.

(3.17) Ai >, for all 7 > 1.

Assume, by contradiction, that there is a Ag so that Ag(z,Z,t) — 0, as z — 0.
Since, det([b;;] — A I) = 0, by applying (3.15) with A = A, and using (3.14) we
obtain

7t n
(3.18) ill}l’(l) <CI(Z7\/§7) 2[)“ z, l‘ t ch Z, .13 t ]751'7]'22 bjj(Z,J?,f)) =0
1=2

which is impossible by (3.14) and the fact that all b;;, ¢; are bounded and ¢; > § > 0.
Also, note that

n €1
Iy A = det([big]) = (\/2 Hjs1bj5 — Zc iz, J>2bJJ> (L+o0(1))
i>1
and
Z >\7, + b22 + - bnn + 0(1)

i=

1
_1
2

are both of the order 272 as z — 0. Hence by (3.17) and (3.14) we conclude the

bounds (3.16) finishing the proof of our claim. O

Claim 3.13. After a possible index re-arragement we have

HI% (fii(zj,t) - )\AZ,.’TSJ)) =0, Vi > 2.

Proof. Let Ak, k > 2 be any eigenvalue. Then, using (3.15) we have

. €1 2
lim | —=1L;52(b;; — A\p) — c; Wy j>2(bj; — Ak) | =0
el - (bj; ) ; iig>2(bj; )

and since the second term is bounded, we conclude using also (3.14) and (3.13) that

(3.19) lim (fi;i(2,Z,t) — Ai(2,Z,t)) =0

z—0
for some ¢ > 2.

It remains to show that, vise versa, for every ¢ > 2, there exists an eigenvalue

Ak, k > 2, so that (3.19) holds. We will argue by contradiction. Assume that
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there exists an ¢ > 2 so that (3.19) fails to hold for all Ag, k& > 2. Without loos of

generality, lets assume that ¢ = n, so that
lirr(l)(fn,L(z,:E,t) — M(z,7,t)) #£0, Yk >2.

We will look at an eigenvector V' := (vq,---,v,) corresponding to any A €
{A2,..., An}. Using our previous computations on the behavior of the matrix [b;;],
it follows that the coordinates of V satisfy the following system of equations

c
—1U1+02U2+---+cnvn+o(1)=/\v1

NE

cjvl+fjjvj+o(l):)\vj7 Vj>2.

Since A and all the coefficients ¢;(z,Z,t) are bounded as z — 0, the first equation

implies the lim,_,gv1(z,Z,t) = 0. The last equation gives that
env1 = (A — fun) vn +0(1), as z — 0

and since the lim,_o(fnn — A) # 0 it implies that the lim,_o v,(z,Z,t) = 0. We

conclude that all the eigenvectors corresponding to A, ..., A, are of the form
Vi:(0(1)71);7"'7”;,—130(1))7 as z — 0.

We will argue that this is impossible because the Vs at the limit z — 0 must span
the tangent plane to the surface z = f(0,Z, ), which is (n — 1)-dimensional.

To this end, we consider the slices 1 = f(z,Z,t), when z is fixed, but close
to zero. Since zo,...,T, are the tangential directions to the flat side at P, and
since the slices 1 = f(z,Z,t) converge nicely to the flat side z1 = f(0,%,t) (from
our regularity assumptions on f), it follows that zo,...,z, are almost tangential
directions to the slice 1 = f(z,z2,...,z,,t), when z is close to zero. Therefore the
eigenvectors V2,..., V" span an (n — 1)-dimensional plane that is almost tangent
to the graph z1 = f(z,x29,...,z,,t). Because of the nice convergence of the slices
to the flat side, those almost tangent planes converge to the tangent plane to the
interface 1 = f(0,Z,t) at P.

On the other hand, we observe that each V* converges, as z — 0, to a vector of
the form

Vi=(0,75,...,9% ,,0).
The span of (V2,..., V™) converges to a span of (V2 ..., V"), which is at most
(n — 2)-dimensional and therefore it is impossible to define the tangent plane to

x1 = f(0,22,...,2,,t). This finishes the proof of our claim. ([l
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Claim 3.14. The principal curvatures of the interface x1 = f(0,x2,...,x,,t) are

given by

j\i:fii(oaan"'axn7t); 222

Proof. Since the interface is the graph of the function 1 = f(0,xa,...,z,,t), its
principal curvatures can be computed by using formula (3.11). Since Vf(FPy) = 0,
the principal curvatures of the interface are the eigenvalues of the matrix [f;;]. By

our choice of coordinates at Py this matrix is diagonal, which proves the claim. [

We will now conclude the proof of Proposition 3.11. Denote by \;(Z,t) the

principal curvatures of the interface z = 0. By Claims 3.13 and 3.14, we have

)\i(i’,t) = lim )\i(Z,i',t), Vi > 2.

z—0

Since lim, o A1 (2, Z, t) = 0o, by L’Hospital’s rule, we obtain

n(h.. isn by
f:(0,z,t) = —lim M — _ lim ng—M
2—0 Sk 1 [bw]) #=0 Bihsgfl([bw])

S I ) ST A
Z k—2 25000 n) k_g( 2500 n)

(
(A2yees An) SE gy An)
(

which shows that the interface I'; shrinks by the (xj;_1) flow. O

We finally remark that we have actually shown the following stronger result,

where we relax the regularity assumptions on the initial surface.

1
Theorem 3.15. Assume that the initial surface g belongs to the class C§+a,2

and satisfies the non-degeneracy conditions (%x). Then, there exists a T > 0 for
which the (xi) flow with initial data the surface o admits a solution ¥y which is
smooth up to the interface, for 0 <t < 7. In particular, the interface I'y is a smooth

hypersurface for every 0 <t < 1 which moves by the (xp_1) flow.

3.6. Appendix. In this appendix we will justify why the linearization of the equa-
tion (3.12) satisfied by z1 = f(2,22, -+ ,xy) is of the form (3.1).

Proposition 3.16. The linearization of (3.12) around a point f € Cote which

satisfies the non-degeneracy condition (xx) is of the form
ft =22 C~L11f11 + QZdlifu‘ + éijﬁj + Zl~)1f~1 + Bi fz + &f, 1,7 75 1,

where [G;;] is a positive definite matriz.
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Proof. The proof of the proposition relies on a computation done with mathematica
and we will just briefly outline its steps. Let the linearization of (3.12) around a

point f € Cﬁ)""so‘ which satisfies the non-degeneracy condition (%), be
fi = anfir +2a0; fri + ai fij + bifi +bi fi + e f, i, # 1.

Notice that the linearized coefficients are given by

L 0Qk DNy e 0Qk 0N, = 0Qk 0N,
(3.20) aw—;a)\p of bi=> c=Y .

It has been computed in [9] that

an _ 1 mn mn mn

e = m(Sk_l,iu)Q — 81 (NSE_s. (V)
> n (szl,iw ) ?
T k(n—k+1) \USE (N

where S} ; () denotes the sum of all terms of S’ (A) not containing the factor A;. It
follows by the Claim 3.12 and the above inequality that there are uniform constants
6’1,6’2 > 0 so that

él an C~'2 ~ an ~
L TR o2 < =<k < > 2
XS S and C: < M <Cq, Vp
Hence, by Claim 3.12, we have
an 8@1@
21 <2< d <2< Vp > 2
(3.21) Clz*@)\l <Cyz an lea/\pr% D>

for uniform C4,Cy > 0. Since f € C’ifg“ and satisfies the non-degeneracy condition

(xx), it follows by Definition 3.3 that

(3.22) Vil =a(z), 2% f..=—v(2)
and
(323) = fo = hi(2)s VE far = i(2), o = —Cilz),  2<i<n

VZz

where v(2), a(2), C;i(2), hi(2),u;(2) are continuous functions at z = 0 and
(3.24) v(2),a(z),Ci(z) > 6 > 0.

Claim 3.17. The coefficient a1y satisfies a;; = 2% a1y (1+0(1)), where ay1(2) is a

strictly positive and continuous function in a neighborhood of z = 0.
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Proof. By (3.21) we have

2y )
= +Y G2 | (1+o(1
=\ Fan T O, | )

where C;(z) > C; > 0 in a neighborhood of z = 0. To compute g}\; we will use the

fact that A\, are the eigenvalues of [b;;], namely
(325) det(bij - >‘;D Iz]) =0

where the matrix [b;;] is defined in section 3.5. If we differentiate (3.25) with respect
to fir we get

ij Obij

6)‘17 _ Zi,jM Ofik
O fuk > M

where M% denotes the ij-th minor of the matrix [b;; — A\,I;;]. A direct calculation

(3.26)

yields to
b1y 1 3 by fa, 3 ‘
=—— 4+ 0(z%), =2+ 0(z°), >2
ot~ BT e T p O
and
bj 2 . Obi; fui fa, o,
— = + O ’ Z 27 =—— + @ ’ 2 2.
afll fzz (Z ) J afll fzg (Z ) ? #.7
Moreover, by (3.26) and (3.22)-(3.23) we have
8)\1 o z
(3.27) T (1+0(1)).

We claim that for j > 2,
bi; —Aj =e;(2)Vz, ej(2) >0 in a neighborhood of z = 0.

To this end, we notice that as in (3.15) we have

()
(3.28) 7 o(bj; — Ap) = ¢ i jza(bj; — Ap) (14 0(1))
i>2
where ¢;(z) > 0 in a neighborhood of z = 0 and p > 2. We may assume b;;(z) #

bpp(2), i # p, since otherwise we can divide (3.28) by (b, — Ap)¥, if there are k + 1

indices i, . .., dg4+1 so that b;,;, = b,, for 1 < s < k+ 1. We can rewrite (3.28) as
alz) Z c? _ c
\/Z 2 Sitp bii — )\p bpp — /\p

Since all the terms in the sum on the left hand side are bounded and since the

coefficient ¢1(z) > § > 0, the left hand side is strictly positive in a neighborhood of
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z = 0. This implies the bound by, — A, > 0 in a neighborhood of z = 0. By direct
calculation we have

or, 22
afun  a(2)?v(2)
We claim a(z)u;(z)h;(2) > 0 in a neighborhood of z = 0. To this end, we recall
that by (3.24), we have a(z) > ¢ and that by (3.23) we have

(3.29) (a(2)?* e(2) + 2a(2)ui(2)hi(2) + 3h2(2)v(2)) (1 + o(1)).

RVZ 2
Since f% (0,z2,...,2,,t) =0, ff > 0 and since u;, h; are continuous functions at

z = 0, we conclude that w;(2)h;(z) > 0 in a neighborhood of z = 0.
Combining (3.20), (3.21), (3.27) and (3.29), we conclude that
22 [0(2) + Xi20(2a(2)ei(2) + 2a(2)ui(2)hi(2) + 3v(2)hi (2))]

ay = o(2)2 0(2) (1+0(1))
that iS, a1l = dll 227 where
o (s) = () + ZingCaleP i) + 2w + 2
a?(z)v(z)
and hence
an(2) 2 2a21(z)
[l

Claim 3.18. The coefficients a;;, © > 2, are continuous and satisfy the lower bound

aii(z) > 6 > 0 in a neighborhood of z = 0.

Proof. To simplify the notation, let us assume that ¢ = 2. Similarly as before, we

have
0Qr O
(330) ago — P .
]; 0\, Ofa

A direct calculation shows that

ﬁbjj . ab1 1 .

—2 = —(140(1)), forj=>2, — = (1) in all other cases.

s (1+0(1)) j s (1)
Similar analysis as before yields to

oM\ oA

3.31 = 0(2), P — _(1+0(1)), > 2.
(331) o =00 g = (o). p

By (3.21), (3.30) and (3.31) we get

an(z) = 20(2) + > _mp(2)(1 +0(1))

p>2

where 7,(z) > C1 > 0. This immediately implies the claim. O
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The behaviour of all other linearized coeflicients is obtained similarly. This

finishes the proof of Proposition 3.16. (]
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