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Highly Degenerate

Harmonic Mean Curvature Flow

Maria Cristina Caputo

In this thesis we consider a fully nonlinear parabolic evolution equation

for a hypersurface in the Euclidean space. We study the existence of solu-

tions to the Harmonic Mean Curvature Flow for weakly convex surfaces. We

prove short time existence for weakly convex surfaces with flat sides as well as

optimal regularity. We also show that the boundaries of the flat sides evolve

by the Curve Shortening Flow. Our results follow by using the Inverse Func-

tion Theorem in suitable Banach Spaces scaled according to the degenerate

problem. We establish sharp a-priori estimates for the linearized problem in

these spaces.
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Chapter 1

Introduction

In this thesis we study the evolution of a surface under the Harmonic Mean

Curvature Flow (HMCF). This flow is one example of the numerous geometric

flows which have been studied in recent years [17], [2], [3], [11], [19].

Some of these flows arise from the evolution of a hypersurface in Rn by

specific functions of their principal curvatures. Common choices of these

functions include the Gauss, mean, inverse mean, harmonic mean and in-

verse harmonic mean curvatures. In general, geometric flows evolve certain

geometric quantities by diffusive type equations. Among these flows we find

the porous medium equation, the p-Laplacian and the harmonic map. Other

examples are the Ricci, the Calabi flows of manifolds and the Yamabe flows

which are conformal flows of metrics.

The increased interest in geometric flows may, in part, be explained by

their relevance to the study of problems in both mathematics and the phys-

1



2

ical sciences. These flows have been applied in a variety of settings. For

instance, the mean curvature flow in minimal surface theory; the inverse

mean curvature flow in the theory of relativity [21]; the Ricci flow in resolv-

ing the Poincaré Conjecture [27]; the Gauss curvature flow in the modeling

of the wearing of stones [13]; and several other flows in applications such as

image processing [26].

In this thesis we analyze the evolution of some particular surfaces with

flat sides under the HMCF. For such surfaces the results established in this

thesis distinguish the HMCF from other related flows (such as the Gauss cur-

vature flow with flat sides, the porous medium equation and the p-Laplacian

equation) in the following principal respects:

1. A surface evolving by the HMCF remains of the same class.

2. The motion of the free boundary of a surface with flat side moves by

the Curve Shortening Flow. This has the consequence that the free

boundary is specified for all positive times.

These two features make the HMCF particularly interesting. At the time

of writing, no other flow is known to have a similar behavior. The fact that

the solution Σ(t) remains in the class C1,α, for t > 0, distinguishes this flow

from other, previously studied, degenerate free-boundary problems for which

the regularity of the solution up for t > 0 does not depend on the regularity

of the initial data.
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In the following sections we introduce the HMCF for a strictly convex

surface and then we derive it for a weakly convex surface. We also give some

examples of how the flow behaves for simple initial surfaces. We discuss the

known results due to Andrews [1] and Diëter [12]. The chapter concludes by

stating the main results of this thesis.

1.1 The flow

We study the evolution of a weakly convex surface Σ in the space R3 under

the Harmonic Mean Curvature Flow (HMCF):

∂P

∂t
=
K

H

→
N (1.1)

where each point P moves in the inward normal direction
→
N with velocity

given by the ratio between the Gauss curvature K and the Mean curvature

H.

If we denote by λ1 and λ2 the two principal curvatures of a strictly convex

surface, then we can express
K

H
as:

K

H
=

λ1 λ2

λ1 + λ2

which is the harmonic mean of the principal curvatures λ1, λ2.
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1.2 Examples

With the following examples we aim to provide a first introduction to the

HMCF for particular initial surfaces. In the first example we have a strictly

convex surface, in the second a weakly convex surface which is a surface of

revolution.

Example 1. We observe that
K

H
= H iff λ1 = λ2. Thus the HMCF is the

same as the mean curvature flow for a sphere. In particular, if Σ is a sphere

of radius 1 centered at the origin and we flow it by the HMCF, then its radius

r(t) evolves by:

d r

d t
= − 1

r(t)

Hence, the sphere shrinks by the equation r(t) =
√

1− 2 t and it disappears

at time t = 1/2.

Example 2. We consider a surface of revolution Σt. Suppose that Σt is given

by rotating the graph of a function f(·, t) about the x-axis where f(x, t) =

g(x) + h(t), for instance, f(x, t) = −cosh(x) +
√
a− 2 t, on the interval

[−1, 1] with a = cosh(1). Then, if Σt evolves by the HMCF, we have that the

function f solves the parabolic equation:

ft =
fxx

1 + f 2
x − f fxx

If we assume that g is a solution to a minimal surface of revolution, 1 + g2
x−

g gxx = 0, then f solves ft =
fxx

1 + f 2
x − ffxx

if we choose h′(t) = − 1

h(t)
.
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Remark 1. Note that the free boundary of the surface of revolution given by

the function f in the example 2 which is of class C0,α does not move by the

Curve Shortening Flow.

1.3 Prior Results

The existence of solutions to the HMCF with strictly convex, smooth ini-

tial data was first shown by Andrews in [2]. He proved that under the

HMCF, strictly convex, smooth surfaces converge to round points in finite

time. Later, Diëter established in [12] the short time existence for a class of

flows, including the HMCF, with weakly convex, smooth initial data. More

precisely, she showed that if at time t = 0 a surface Σ satisfies K ≥ 0 and

H > 0, then there exists a unique strictly convex, smooth solution Σt, for

0 < t < τ for some τ > 0. This solution will exist up to the time where its

enclosed volume becomes zero. However, Diëter did not address the highly

degenerate case where the initial data is weakly convex and both K and H

may vanish at a region.

1.4 New Results

The main result of this work concerns the existence and regularity of the

solutions of the HMCF for weakly convex surfaces with a flat side. We study

an initial surface Σ of class C1,γ, 0 < γ ≤ 1, which is given by the union
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of two surfaces Σ = Σ1 ∪ Σ2 where Σ1 is flat and Σ2 is smooth and strictly

convex. We assume that the lower part of the surface Σ can be written as

the graph of a function h. We define g := hp, for some 0 < p < 1. Our main

assumption on the surface Σ is that it satisfies the following non-degeneracy

condition:

|Dg| ≥ λ and G = (gij) =

 (q − 1) g2
ν + g gνν gντ

gντ gττ

 ≥ λ (I)

for some numbers λ > 0, q = 1/p, where ν and τ denote, respectively, the

normal and tangential directions to the level sets of g; gντ , gνν and gττ denote

the second order derivatives in these directions.

Based on the above conditions, our main results show that:

1. The HMCF admits a viscosity solution Σt = (Σ1)t ∪ (Σ2)t of class C1,γ

which is smooth up to the interface Γt = (Σ1)t ∩ (Σ2)t.

2. The flat side (Σ1)t persists for some positive time and, in particular, Γt

evolves by the Curve Shortening Flow.

The fact that the solution Σt remains in the class C1,γ, for t > 0, dis-

tinguishes this flow from other, previously studied, degenerate free-boundary

problems (such as the Gauss curvature flow with flat sides, the porous medium

equation and the p-Laplacian equation) in which the regularity of the solution

up for t > 0 does not depend on the regularity of the initial data.
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1.5 Outline

The rest of the thesis is organized as follows: in Chapter 2, we derive the

partial differential equation that will be used throughout. We also introduce

the notation and we give the definitions that will be used for proving the

main result. In Chapter 3 we state the main theorem of the thesis and derive

the fundamental estimates to prove the main result by doing a local change

of coordinates which gives the key ingredient for the proof of the existence

of a solution to the HMCF. In Chapter 4, we study the regularity question.

We show the main results of the thesis, the existence and smoothness of

the solution. We also prove that the free boundary moves by the Curve

Shortening Flow. To conclude, in Chapter 5, we provide an interpretation

of our solutions showing that they are viscosity solutions. We conclude the

thesis by showing an interesting geometric property of the solutions to the

HMCF.



Chapter 2

Preliminaries

2.1 Notation

Throughout the thesis we will use the following notation. LetA be a compact

subset of the half space { (x, y) : x ≥ 0 } such that (0, 0) ∈ A. Then, we

define:

A◦ := { y ∈ R : (0, y) ∈ A}

Ã := {(z, y) ∈ R2 : z = ln(x), (x, y) ∈ A, x 6= 0}

QT := A× [0, T ], T > 0

Q◦T := A◦ × [0, T ]

Q̃T := Ã × [0, T ]

8
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Let 0 < p < 1. Given a function f defined on A we will denote:

f ◦(y) := f(0, y)

f̃(z, y) := e−p z ( f(x, y)− f ◦(y) )

with z = ln(x), for x > 0

Analogously, given a function f defined on QT we will denote by

f ◦(y, t) := f(0, y, t)

f̃(x, y, t) := e− p z ( f(x, y, t)− f ◦(y, t))

Remark 2. Note that we abuse notation and omit the dependency on p when

denoting f̃ .

2.2 The Banach Space C2+α,p
s

The goal of this section is to define the space C2+α,p
s . We begin by defining

the hyperbolic metric s. We introduce the natural parabolic extension of s,

s̃. We define the Hölder spaces scaled first according to s, and then to s̃.

Definition 1. Given a subspace A as above, we define the hyperbolic distance

s(P1, P2) such that for P1 = (x1, y1), P2 = (x2, y2) with

{P1, P2} ⊆ A ∩ {(x, y) ∈ R2 : x > 0}

we have :

s(P1, P2) :=
√
|ln(x1)− ln(x2)|2 + |y1 − y2|2 if 0 < x1, x2 ≤ 1
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and it is equivalent to the standard euclidean metric otherwise.

Definition 2. Given T > 0, QT = A × [0, T ], we define the hyperbolic

distance on QT , s̃(P̃1, P̃2) such that for P̃1 = (x1, y1, t1), P̃2 = (x2, y2, t2) with

{P̃1, P̃2} ⊆ QT ∩ {(x, y, t) ∈ R2 × [0, T ] : x > 0}

we have

s̃(P̃1, P̃2) := s(P1, P2) +
√
|t1 − t2| if 0 < x1, x2 ≤ 1

where P1 = (x1, y1), P2 = (x2, y2) .

Let 0 < α ≤ 1. We can define Hölder continuity in terms of the hyperbolic

distance. We say that a continuous function f on a compact subset A is

Hölder continuous with respect to the metric s if there exists C > 0 such

that for all points P1 an P2 in A we have:

| f(P1)− f(P2) | ≤ C s[P1, P2]α.

We define the Hölder semi-norm:

‖ f ‖Hα
s (A) := sup

P1 6=P2∈A∩{(x,y)∈R2:x> 0}

| f(P1)− f(P2) |
s[P1, P2]α

We also define the norms:

‖ f ‖Cαs (A) := ‖ f ‖C0(A) + ‖ f ‖Hα
s (A)

|| f ||C0(A) := sup
P∈A
| f(P ) |
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Definition 3. We say that a function f belongs to Cα,p
s (A) if all of the

following hold:

i. f ◦ ∈ Cα(A◦).

ii. f̃ ∈ Cα(Ã).

The norm of f in the space Cα,p
s (A) is defined as:

|| f ||Cα,ps (A) := || f ◦ ||Cα(A◦) + || f̃ ||Cα(Ã)

We also define the norm || f ||C0,p(A) := || f ◦ ||C0(A◦) + || f̃ ||C0(Ã) .

Remark 3. Note that g(z, y) ∈ Cα(Ã) iff g(x, y) ∈ Cα
s (A), where z = ln(x).

The hyperbolic metric is weaker than the Euclidean metric, hence, the space

Cα(A) of the Hölder functions with respect to the Euclidean metric, is a

subspace of Cα
s (A). Also, smooth functions belong to Cα,p

s (A).

Definition 4. We say that a continuous function f on A belongs to C2+p(A)

if all of the following hold:

i. f ◦ ∈ C2(A◦).

ii. f has continuous derivatives fx, fy, fxx, fxy, and fyy in the interior of

A.

iii. x−p (f − f ◦), x1−p fx, x
−p ( fy − f ◦y ), x2−p fxx, x

1−p fxy and x−p ( fyy −

f ◦yy ) extend continuously up to the boundary.
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The norm of f in the space C2+p(A) is defined as follows:

|| f ||C2+p(A) := ||
2∑

m=0

Dm
y f

◦ ||C0(A◦) +
2∑

m+n=0

||Dm
z D

n
y f̃ ||C0(Ã)

Definition 5. Given f ∈ C2+p(A), we say that f belongs to C2+α,p
s (A) if all

of the following hold:

i. f ◦ ∈ C2+α(A◦).

ii. x fx, fy, x
2 fxx, x fxy and fyy extend continuously up to the boundary.

iii. The extensions are Hölder continuous on A of class Cα,p
s (A).

The norm of f in the space C2+α,p
s (A) is defined as:

|| f ||C2+α,p
s (A) := || f ◦ ||C2+α(A◦) +

2∑
m+n=0

||xmDm
x D

n
y f ||Cα,ps (A)

Remark 4. By definition: f̃z = −p f̃+x1−p fx, f̃zz = −p f̃z+(1−p)x2−p fxx.

Hence:
2∑

m+n=0

||xmDm
x D

n
y f ||Cα,ps (A) ' || f̃ ||C2+α(Ã)

Remark 5. f ∈ C2+α,p
s (A) iff f ◦ ∈ C2+α(A◦) and f̃ ∈ C2+α(Ã). Hence, the

norm

|| f ||C2+α,p
s (A) ' || f

◦ ||C2+α(A◦) + || f̃ ||C2+α(Ã)

Let T > 0. The definitions above can be naturally extended on the space-

time domain QT by using the parabolic distance ds̄2 = ds2 + |dt|.
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Definition 6. We define the space Cα
s (QT ) to be the standard Hölder space

with respect to the metric ds̄2.

Definition 7. We say that a continuous function f on QT belongs to C2+p(QT )

if all of the following hold:

i. f has continuous derivatives ft, fx, fy, fxx, fxy and fyy in the interior

of QT .

ii. f ◦ has continuous derivatives that extend continuously up to the bound-

ary.

iii. x−p (f−f ◦), x−p (ft−f ◦t ), x1−pfx, x
−p fy, x

2−pfxx, x
1−pfxy and x−p (fyy−

f ◦yy) extend continuously up to the boundary.

The norm of f in the space C2+p(QT ) is defined as follows:

|| f ||C2+p := || f ◦ ||C2 +
2∑

l+m+2j=0

||Dl
zD

m
y D

j
t f̃ ||C◦

Definition 8. The function f belongs to C2+α,p
s (QT ) if all of the following

hold:

i. f ∈ C2+p(QT ).

ii. f, ft, xfx, fy, x
2fxx, xfxy and fyy belong to Cα,p

s (QT ).

Let k be a positive integer. We can extend these definitions to spaces of

higher order derivatives.
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Definition 9. We denote by Ck,p(QT ) the space of all functions f whose

k-th order derivatives Di
xD

j
yD

l
t f , i + j + 2l = k in the interior of QT and

xiDi
xD

j
yD

l
t (f − f ◦ ), i + j + 2l = k exist and belong to the space C0(QT ).

We define C∞,p(QT ) = ∩k Ck,p(QT ).

Definition 10. We denote by Ck+α,p
s (QT ) the space of all functions f ∈

Ck,p(QT ) such that xiDi
xD

j
yD

l
t f , i+j+2l = k belong to the space Cα,p

s (QT ).

This space Ck+α,p
s (QT ) is equipped with the norm:

|| f ||Ck+α,ps (QT ) :=
∑

i+j+2l≤k

||xiDi
xD

j
yD

l
t f ||Cα,ps (QT )

Remark 6. A function f ∈ Ck+α,p
s (QT ) iff f ◦ ∈ Ck+α(Q◦T ) and f̃ ∈ Ck+α(Q̃T ).

Moreover,

|| f ||Ck+α,ps (QT ) ' || f
◦ ||Ck+α,[k/2]+α/2(Q◦T ) + || f̃ ||Ck+α,[k/2]+α/2(Q̃T )

Proposition 11. The space Ck+α,p
s (QT ) is a Banach space for every positive

integer k.

Proof. Let {fn} be a Cauchy sequence of functions in Ck+α,p
s (QT ). Then, the

sequences f ◦n and f̃n defined as in Section 2.2, are Cauchy sequences in their

respective spaces Ck+α(Q◦T ) and Ck+α(Q̃T ). These spaces are Banach spaces,

hence, there exist f ◦ ∈ Ck+α,[k/2]+α/2(Q◦T ) and f̃ ∈ Ck+α,[k/2]+α/2(Q̃T ) such

that
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lim
n→∞

f ◦n = f ◦ in Ck+α,[k/2]+α/2(Q◦T )

lim
n→∞

f̃n = f̃ in Ck+α,[k/2]+α/2(Q̃T )

Hence, the function f : QT 7−→ R defined such that for every (x, y, t) ∈ QT :

f(x, y, t) = f ◦(y, t) + xp f̃(ln(x), y, t)

belongs to Ck+α,p
s (QT ) and by remark (6):

lim
n→∞

fn = f in Ck+α,p
s (QT ).

2.3 Deriving the PDE

Let Σ be a compact, smooth, strictly convex surface embedded in R3 which

evolves by the HMCF. Assume that locally it can be seen as the graph of a

function f . Let P be a point of Σ, let TPΣ be the tangent space of Σ at P .

Let
→
V ∈ TPΣ and p = p(t) a path on Σ s.t.

dp

dt

∣∣∣∣
t=0

=
→
V
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We derive the partial differential equation satisfied by the function f by

computing the Gauss curvature K and the mean curvature H in terms of the

function f .

Then,

→
A=

d
→
V

dt
=
d2p

dt2
and

→
A=

→
AT +

→
AN

where
→
AT and

→
AN are, respectively, the tangential and normal components

of the acceleration vector
→
A.

The second fundamental form:

Π : TPΣ× TPΣ→ TPΣ

is a bilinear operator acting on the tangent space of Σ defined on the diagonal:

Π(
→
V ,
→
V ) =

→
AN

for any vector
→
V . Since Π is symmetric, it is enough to define it on the

diagonal.

Remark 7. Π is also independent of the path.

Example 3. On the unit sphere:

Π(
→
V ,
→
V ) = |

→
V |2

→
N

where
→
N is the unit normal vector.
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Assume that Σ is the graph of a function f , i.e. z = f(x, y). We compute

the tangent vectors
→
V and

→
W in terms of f :

→
V=

∂

∂x
+
∂f

∂x

∂

∂z
,

→
W=

∂

∂y
+
∂f

∂y

∂

∂z

Since f(x, y)− z = 0 on the graph, we have

∂

∂x
− ∂f

∂x

∂

∂z
(f(x, y)− z) =

∂f

∂x
− ∂f

∂x
= 0

→
V=


1

0

fx(x, y)

 =


1

0

fx

 ,
→
W=


1

0

fy(x, y)

 =


1

0

fy


Next we compute the acceleration vector

→
A and the normal vector

→
N :

→
A=

d
→
V

dt
=


0

0

fxx

 →
V ×

→
W=


−fx

−fy

1



→
N=

→
V ×

→
W

|
→
V ×

→
W |

=
1√

1 + f 2
x + f 2

y


−fx

−fy

1


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Hence |
→
AN | =

→
A ·

→
N=

fxx√
1 + f 2

x + f 2
y

. By definition of the second funda-

mental form, we obtain:

Π(
→
V ,
→
V ) =

fxx√
1 + f 2

x + f 2
y

→
N

Similarly we can compute that:

Π(
→
W,

→
W ) =

fyy√
1 + f 2

x + f 2
y

→
N Π(

→
V ,

→
W ) =

fxy√
1 + f 2

x + f 2
y

→
N

Thus, the second fundamental form Π is given by the following expression:

Π =
1√

1 + f 2
x + f 2

y

 fxx fxy

fyx fyy

 · →N
In order to compute the Gauss curvature K and mean curvature H in terms

of f we examine the metric gij induced by f :

gxx = g(
→
V ,
→
V ) = 1 + f 2

x , gxy = g(
→
V ,

→
W ) = fx fy, gyy = g(

→
W,

→
W ) = 1 + f 2

y

In order of computing the mean curvature H and the Gauss curvature K

(which are respectively, the trace and the determinant of the second funda-

mental form with respect to the metric {gi,j}): we write the inverse matrix
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of {gij}:

{gij} =
1

1 + f 2
x + f 2

y

 1 + f 2
y −fx fy

−fx fy 1 + f 2
x


Hence, H and K can be evaluated in terms of f ;

H : = tracegΠ = gij · Πij = gxxΠxx + 2 gxyΠxy + gyy Πyy =

=
1

(1 + f 2
x + f 2

y )3/2

(
(1 + f 2

y ) fxx − 2 fx fy fxy + (1 + f 2
x)fyy

)

K : = detg Π =
det Π

det g
=

fxx fyy − f 2
xy

(1 + f 2
x + f 2

y )2

Therefore, if the surface Σ evolves by the HMCF, then, the function f evolves

by the following partial differential equation:

∂f

∂t
=

fxx fyy − f 2
xy

(1 + f 2
y ) fxx − 2 fx fy fxy + (1 + f 2

x) fyy
(2.1)



Chapter 3

Short Time Existence

We define the class of hypersurfaces S to be the class of weakly convex,

compact hypersurfaces Σ in R3 so that Σ = Σ1∪Σ2, where Σ1 is a flat surface

and Σ2 is a strictly convex and smooth surface. Next, we give a definition of

a solution to the HMCF for a given initial weakly convex surface.

Definition 12. Given a surface Σ ∈ S, we say that a family of weakly convex

surfaces Σt, with 0 < t ≤ T , T > 0, is a solution to the HMCF with initial

surface Σ if:

i.
∂P

∂t
=
K

H

→
N

ii. dist(Σt,Σ )→ 0 as t→ 0

for any point P ∈ Σt such that the Mean Curvature H > 0 where
→
N , K and

H are respectively, the outward normal, the Gauss curvature and the Mean

curvature of Σt at the point P .

20
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3.1 Main Theorem

Non-degeneracy Condition I

In this section we introduce the non-degeneracy condition I for the class

S of weakly convex, compact hypersurfaces Σ in R3, Σ = Σ1 ∪ Σ2, where

Σ1 is a flat surface and Σ2 is a strictly convex and smooth surface. We can

assume that the lower part of Σ2 can be written as the graph of a function

h over a domain Ω containing the flat side. We define g := hp. We say that

Σ satisfies the non-degeneracy condition I if:

|Dg| ≥ λ and G = (gij) =

 (q − 1) g2
ν + g gνν gντ

gντ gττ

 ≥ λ (I)

for some numbers λ > 0, q = 1/p, where ν and τ denote, respectively, the

normal and tangential directions to the level sets of g; gντ , gνν and gττ denote

the second order derivatives in these directions.

Theorem 13. (Main Theorem) Assume that at time t = 0, Σ is a surface

of class S as above. Assume that g is smooth up to the interface Γ and

it satisfies the condition I. Then, there exists a time T > 0 such that the

HMCF admits a solution Σt ∈ S on 0 ≤ t ≤ T . Moreover, the function

g(·, t) = hp(·, t) is smooth up to the interface z = 0 and satisfies condition I.

In particular, the interface Γt between the flat side and the convex side is a

smooth curve for all t in 0 < t ≤ T and it moves by the Curve Shortening

Flow.
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Sketch of the proof.

The HMCF can be seen as a free boundary problem arising from the degen-

eracy near the flat side of the fully nonlinear parabolic PDE which describes

the flow. By introducing an appropriate global change of variables one can

transform the free boundary problem in an initial value problem of the form

 Mw = 0 on D × [0, T ]

w = w0 at t = 0

on the cylinder D × [0, T ], where D = {(x, y);x2 + y2 ≤ 1} and

Mw = wt − F (t, u, v, w,Dw,D2w)

is a fully non-linear operator which becomes degenerate at ∂D. To show that

the last problem admits a solution, one applies the Inverse Function Theorem

between appropriately defined Banach spaces.

The linearization of the operator M at a point w̄ close to the initial data

w0 can be modeled, after we straighten the boundary, on the degenerate

equation

ft = x2a11fxx + 2x a12fxy + a22fyy + b1x fx + b2fy (3.1)

on x > 0, and no extra conditions on f along the boundary x = 0.

The diffusion in the above equation is governed by the hyperbolic metric
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ds̄2 = d s2 + |dt| where:

d s2 =
dx2

x2
+ dy2.

Notice that the distance (with respect to the metric s) of an interior point

(x > 0) from the boundary (x = 0) is infinite. This distinguishes our problem

from other, previously studied, degenerate free-boundary problems such as

the degenerate Gauss curvature flow and the porous medium equation.

Remark 8. We will actually show in next section that Theorem 13 holds under

the weaker condition that g belongs to C2+α
s where the definition of C2+α

s will

be given then.

Remark 9. We would like to remark that the Main Theorem implies that an

initial surface of class C1+γ evolving by the HMCF remains of class C1+γ.

It turns out that the model equation can be obtained by doing a local

change of coordinates as it will be shown in the next sections. The plan is,

therefore, to study the problem at first locally, then globally after we analyze

the model equation in our scaled Banach spaces.

3.2 Local Change of Coordinates

Assume that the surface Σ belongs to the class S such that its flat part Σ1

lies on the z = 0 plane and the strictly convex part Σ2 belongs to the z > 0

half-space. Assume that Σt is a solution to the HMCF on [0, T ], for some
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T > 0. Let P0(x0, y0, 0) be a point on Γt0 for t0 > 0 sufficiently small. Then,

the strictly convex part of surface (Σ2)t0 can be expressed locally around P0

as the graph of a function z = h(x, y, t). Let g be defined by g = hp, for

0 < p < 1, such that it satisfies condition I, i.e.:

|Dg| ≥ λ and G = (gij) =

 (q − 1) g2
ν + g gνν gντ

gντ gττ

 ≥ λ

where λ > 0, q = 1/p. Without any loss of generality we can assume that

x0 > 0 and that the normal vector to Γt0 facing outwards the flat side of

(Σ1)t0 is parallel to the x-axis. In this way at P0 we have:

gx(P0) > 0 and gy(P0) = 0

By the implicit function theorem we can solve the equation z = g(x, y, t)

with respect to x around P0. We obtain the map

x = l(z, y, t)

defined all (z, y, t) ∈ B sufficiently close to (0, y0, t0). We then define f on

Bp such that

f(z, y, t) = l(zp, y, t)
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for every (z, y, t) ∈ Bp, where (z, y, t) ∈ Bp iff (zp, y, t) ∈ B. Hence:

x = l(g(x, y, t), y, t) = l(h(x, y, t)p, y, t) = f(h(x, y, t), y, t)

and h(f(z, y, t), y, t) = (g(f(zp, y, t), y, t))1/p = z

We can repeat the same argument for every point P0 ∈ Γt0 . Hence, there

exist Pl ∈ Γt0 and BPl , l ∈ I, with I finite such that the lower part of the

surface (Σ2)t0 can be written as the graph of h over the domain (Σ2)t0∪
⋃
l∈I

BPl .

Moreover, for every l ∈ I, there exists f l such that

f l(h(x, y, t), y, t) = x and h(f l(z, y, t), y, t) = z

for every (x, y, t) ∈ BPl , (z, y, t) ∈ h(BPl).

In other words, each function f l is the inverse of h on a small box centered

on a point of the interface Γt0 . The Main Theorem 13 will be shown by using

the properties of functions f l rather than those of the function g. For this

purpose, in the next paragraph, we introduce an equivalent way to express

the non-degeneracy condition I in terms of the function f l that locally is the

inverse of h.

Non-degeneracy condition (II). We say that the function f defined on a

domain A of the half space { (z, y, t) : z ≥ 0 } such that (0, 0) ∈ A satisfies
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the non-degeneracy condition II if the p−weighted Hessian matrix F of f :

F = (Fij) =

−z2−p fzz z
1−p fzy

z1−p fzy − fyy


is positive definite.

Given g and fl defined above, we have:

Proposition 14. The function g satisfies condition I iff for every l ∈ I, the

function fl satisfies condition II.

Proof. For simplicity we omit the index l, and use f instead than f l. Assume

that g is smooth up to the interface and it satisfies condition I, then we show

that I and II are equivalent. We will use the following identities:

f(0, y, t) = h(0, y, t), z−p (f(z, y, t)− f(0, y, t)) = z−p(h(zp, y, t)− h(0, y, t)),

fz(z, y, t) = p zp−1 hz(z
p, y, t), fy = hy, fzz = p((p− 1)zp−2hz + z2p−2hzz)

By the condition I we guarantee that f exists. We start by observing that

f is continuous. The function f ◦ = h◦ is smooth by assumption. We

know that z−p (h(zp, y, t)− h(0, y, t)) = z−p (f(z, y, t)− f(0, y, t)) which im-

plies that f̃(z, y, t) = z−p (f(z, y, t) − f(0, y, t)) is smooth on B. Similarly,

z1−p fz(z, y, t) = p hz(z
p, y, t) is smooth as well. Also notice that

z2−p fzz(z, y, t) = p(p− 1)hz(z
p, y, t) + p zp hzz(z

p, y, t)
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Hence f̃zz is smooth as well. In addition, we have the following identities:

h = gq hx = q gq−1 gx hy = q gq−1 gy

hxx = q gq−2((q − 1)g2
x + g gxx)

hyy = q gq−2((q − 1)g2
y + g gyy)

hxy = q gq−2((q − 1)gygx + g gxy)

and:

fz =
1

hx
hy = −hy

hx
ft = − ht

hx
fzz = − 1

h3
x

hxx

fzy = − 1

hx

(
−hy
h2
x

hxx +
1

hx
hxy

)

fyy = − 1

hx

(
h2
y

h2
x

hxx − 2
hy
hx
hxy + hyy

)
which yield to:

z1−p fz =
h1−p

hx
=

gq(1−p)

q gq−1 gx
=

p

gx

and

z2−p fzz =
h2−phxx
h3
x

=
q2((q − 1)g2

x + g gxx)

g3
x
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z1−p fzy = −z1−p 1

hx

(
−hy
h2
x

hxx +
hxy
hx

)
= −pgxy

g2
x

Therefore, if ν and τ denote, respectively, the normal and tangential direc-

tions to the level sets of g, due to the smoothness of g we can conclude that

the following two matrices F and G are equivalent:

F = (Fij) =

−z2−p fzz z
1−p fzy

z1−p fzy − fyy

 ' G = (gij) =

 (1− q) g2
ν + g gνν gντ

gντ gττ



Remark 10. The Main Theorem 13 can be proven under the weaker as-

sumption that g ∈ C2+α
s (Ω), where we say that g ∈ C2+α

s (Ω) if and only

if fl ∈ C2+α,p
s (Bl(Pl)) for every l ∈ I.

Next we show some key facts that we need for the proof of the Main

Theorem.

Since f is the inverse of h and the HMCF is invariant under rotation, the

function f satisfies the fully nonlinear equation on x > 0:

ft =
fxxfyy − f 2

xy

(1 + f 2
y )fxx − 2 fxfyfxy − (1 + f 2

x)fyy
(3.2)

By using the Inverse Function Theorem between Banach spaces one can

construct a sufficiently smooth solution to this equation. If f belongs to

C2+p(QT ) and satisfies (II) then, the equation 3.2 becomes degenerate at
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x = 0 and, as a consequence:

ft =
fyy

1 + f 2
y

at the interface (3.3)

In other words, the boundary Γ moves by the Curve Shortening Flow.

We introduce the set of functions Ck,2+α,p
∗,s to be the set of all the functions

in Ck,2+α,p
s that are strictly concave and satisfy the non-degeneracy condition

I.

Lemma 15. Given the operator F : Ck,2+α,p
∗,s 7−→ Ck,α,p

s , defined as:

F (f) = ft −
(

detD2f

( 1 + f 2
y ) fxx − 2 fx fy fxy + ( 1 + f 2

x ) fyy

)
(3.4)

then, the Frechét derivative of F at the specified function h ∈ Ck,2+α,p
∗,p is

given by

DF(h ) f = ft − (x2 a11 fxx + 2x a12 fxy + a22 fyy + x b1 fx + b2 fy ) (3.5)

In particular, if the function h satisfies the non-degeneracy condition II, then,

the coefficients {aij}, b1, b2 are bounded and the matrix {aij} is strictly pos-

itive. Moreover, they belong to the space Cα
s and, in particular, a22 and b2

belong to Cα,p
s .

Proof. It is easy to see that the coefficients are given by the following iden-
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tities:

a11 =
h2
yy + (hx hyy − hy hxy )2 + h2

xy

x2D2

a22 =
h2
xx + (hx hxy − hy hxx )2 + h2

xy

D2

a12 =
hxy(hxhyhxy − (1 + h2

y)hxx) + hyy(−(1 + h2
x)hxy + hxhyhxx)

xD2

b1 = −
(2hyyhx − 2hyhxy)(h

2
xy − hyyhxx)

xD2

b2 =
x (−2hxhxy + 2hyhxx)(h

2
xy − hxxhyy)

D2

where D := ( 1 +h2
y )hxx− 2hx hy hxy + ( 1 +h2

x )hyy. We observe that in the

above expressions both the numerators and denominators become degenerate

at x = 0, however, their ratios are well defined because the function h is the

right space. It is easy to check the boundedness of the coefficients. We

need to show that the matrix A = {aij} is positive definite, the coefficients

{aij}, bi belong to Cα
s and, in particular, a22 and b2 belong to Cα,p

s .

Close to x = 0, because of the condition II, we have:

a11 ≈
x2−2p h2

yy + (x1−p hx hyy − hy x1−p hxy )2 + (x1−phxy)
2

(x2−p hxx)2
> C > 0
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a22 ≈
(x2−p hxx)

2 + (x2−p hx hxy − hy x2−p hxx )2 + (x2−p hxy)
2

(x2−p hxx)2
> C > 0

For some constant C > 0. Also, it can be shown that the determinant det(A)

of the matrix A, is given by:

det(A) =
(1 + h2

x + h2
y)(h

2
xy − hxx hyy)2

x2D4

and therefore, close to x = 0,

det(A) ≈
x2−2p(1 + h2

x + h2
y) (x2−p (hxy)

2 − hxx hyy))2

(x2−p hxx)4
> C > 0

The matrix A is then definite positive (or equivalently the coefficients {ai,j}

are uniformly elliptic).

Next we prove that a11 ∈ Cα
s . By definition:

a11 ≈
(x2−p hyy)

2 + (x1−p hx hyy − hy x1−p hxy )2 + x2−2p h2
xy

( 1 + h2
y )x2−p hxx − 2xp x1−p hx hy x1−p hxy + ( 1 + h2

x )x2−p hyy
,

We have the following:

{x1−p hx, x
1−p hxy, x

2−p hxx} ⊆ Cα
s and {h◦y, h◦yy} ⊆ Cα ⇒ a11 ∈ Cα

s .

It can be shown similarly that a12 and b1 ∈ Cα
s . Next we prove that a22

and b2 belong to Cα,p
s . To say that a22 ∈ Cα,p

s is equivalent to show that
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a◦22 ∈ Cα and ã22 ∈ Cα. This is an easy task since:

a◦22 ≈
(x4−2p h2

xx)
◦(1 + h◦y)

((x2−p h2
xx)
◦(1 + h◦y))

2
=

1

1 + (h◦y)
2
⇒ a◦22 ∈ Cα

Also,

ã22 = x−p (a22 − a◦22) ≈ F x−p (h◦y − hy ) +G

with F and G defined by:

F :=
hxx(1 + (h◦y)

2)(h2
y + (h◦y)

2)
D2(1 + (h◦y)2)

G :=
−hxx (1 + h2

y)(−2hx hy hxy + hyy(1 + h2
x)) + (−2hx hy hxy + hyy(1 + h2

x))
2

xpD2(1 + (h◦y)2)

It is easy to check that both F and G belong to Cα
s , implying that ã22 ∈ Cα.

A similar computation shows that b2 belongs to Cα,p
s .

In the next straightforward lemmas we show that the linearization of the

operator F extended on Ck,2+α,p
s (QT ) is invertible.

Lemma 16. The operator L : Ck,2+α,p
s (QT )→ Ck,α

s (QT ) defined as:

L ( f ) := ft − (x2a11fxx + 2x a12fxy + a22fyy + b1x fx + b2fy + c f ) (3.6)

such that its coefficients {ai,j} are uniformly elliptic, {ai,j, bi, c} ⊆ Ck,2+α
s

and {a22, b2, c} ⊆ Ck,2+α,p
s is a continuous linear map.
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Proof. First all all we show that the map above is well defined. Let f

be in Ck,2+α,p
s (QT ) then we show that Lf belongs to Ck,α

s (QT ). Indeed,

by definition of Ck,2+α,p
s (QT ): x2 fxx ∈ Ck,α,p

s and x2−p fxx ∈ C0, hence

(x2 fxx)
◦ ≡ 0. Which implies that ˜a22 x2 fxx = x−p (a22 x

2 fxx) ∈ Ck,α.

Analogously, x a12 fxy, x b1 fx ∈ Ck,α,p
s . We use the fact that a22 ∈ Ck,α,p

s to

show that a22 fyy ∈ Ck,α,p
s . Readily, all the other terms belong to Ck,α,p

s .

Next, we need to prove that L is a continuous linear map or analogously

we show that it is bounded. But this is an easy consequence of its definition:

||Lf ||Ck,α,ps
≤ C || f ||Ck,2+α,ps

where the constant C depends on the norm of the coefficients of the operator

L.

Lemma 17. Let f be a solution to the equation 3.6. Let f ◦ and f̃ be defined

as in Section 2.2. Then,

i. f ◦t = a◦22f
◦
yy + b◦2 f

◦
y + c◦ f ◦

ii. f̃t = a11f̃zz + 2 a12f̃zy + a22f̃yy + (a11(2p− 1) + b1) f̃z + (p a12 + b2 ) f̃y

+ (−p(1− p) a11 + p b1 + c̃ ) f̃ + ã22 f
◦
yy + b̃2 f

◦
y + φ̃

where z = lnx and

âij(z, y, t) := aij(x, y, t)

b̂1(z, y, t) := (2p− 1) a11(z, y, t) + b1(x, y, t)

b̂2(z, y, t) := b2(x, y, t)



34

ĉ(z, y, t) := e−p z[p2 â11(z, y, t)− 2 p â12(z, y, t) + p b1(x, y, t)]

Ĝ(z, y, t) := b̃2(z, y, t) g◦y(y, t) + â22(z, y, t)g◦yy(y, t)

Proof. Part i) is obvious. Part ii). Given f̃(z, y, t) := e−pz (f(x, y, t) −

f ◦(y, t)), then:

f̃t = e−pz (ft(x, y, t)− f ◦t (y, t)) f̃z = −p f̃ + e(1−p)z fx

f̃y = e−pz (fy(x, y, t)− f ◦y (y, t)) f̃yy = e−pz (fyy(x, y, t)− f ◦yy(y, t))

f̃zy = −p f̃y + e(1−p)z fxy

f̃zz = (1− 2p) f̃z + p(1− p)f̃ + e(2−p)z fxx

Thus,

x−p ft = f̃t − f̃ ◦t , x1−p fx = p f̃ + f̃z,

x−p fy = f̃y − f̃ ◦y , x2−p fxx = f̃zz + (2p− 1) f̃z − p(1− p) f̃ ,

x−p fxy = f̃zy + p f̃y, x−p fyy = f̃yy − f̃ ◦yy
By substituting f the last equations (3.6):

f̃t(z, y, t) = x−p (ft(x, y, t)− f ◦t (y, t)) =

a11 x
2−p fxx + a12 x

1−p fxy + a22 x
−p fyy + b1 x

1−p fx + b2 x
−p fy +

c x−p f + x−pφ− (x−p a◦22 f
◦
yy + x−p b◦2 f

◦
y + c f ◦ + φ◦) =

a11(f̃zz + (2p− 1) f̃z − p(1− p)f̃) + 2 a12(f̃zy + p f̃y) + a22(f̃yy − x−p f ◦yy) +
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b1(p f̃ + f̃z ) + b2(f̃y − x−p f ◦y ) + c (f̃ − x−p f ◦)+

+x−pφ− (x−p a◦22 f
◦
yy + x−p b◦2 f

◦
y + x−p c f ◦ + x−p φ◦) =

a11f̃zz + 2 a12f̃zy + a22f̃yy + (a11(2p− 1) + b1) f̃z + (p a12 + b2 ) f̃y+

(−p(1− p) a11 + p b1 + c̃ ) f̃ + ã22 f
◦
yy + b̃2 f

◦
y + φ̃

In the next paragraph we denote by S0 the half space x ≥ 0 in R2, by S the

space S = S0 × [0,∞), and by ST the space S × [0, T ], for T > 0.

Given the operator L defined as above, based on the previous lemma we

define the operators L0 and L̃ as follows:

L0 f
◦ = f ◦t − (a◦22f

◦
yy + b◦2 f

◦
y + c◦ f ◦ ) (3.7)

L̃ f̃ = f̃t − (â11f̃zz + 2 â12f̃zy + â22f̃yy + b̂1 f̃z + b̂2 f̃y + x̂c f̃ + Ĝ) (3.8)

where the coefficients are defined as in Lemma 17.

Remark 11. It can be easily checked that (Lf)◦ = L0 f
◦ and L̃ f = L̃ f̃ . We

also observe that by definition the function g = Lf belongs to Cα,p
s . Hence,

g◦ ∈ Cα and g̃ ∈ Cα which implies that g(x, y, t) = g◦(y, t) + xp g̃(ln x, y, t).

Theorem 18. (Existence and Uniqueness) Let k be a nonnegative integer

and let α be a number in 0 < α < 1. Assume that φ ∈ Ck,α,ps (S) and
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f ◦ ∈ Ck,2+α,p
s (S0), both φ and f0 compactly supported in S and S0 respectively.

Then, for any T > 0, the initial value problem

 Lf = φ in ST

f(·, 0) = f0 on S0

(3.9)

admits a unique solution f ∈ Ck,2+α,p
s (ST ). Moreover

||f ||Ck,2+α,ps (ST ) ≤ C(T )
(
||f0||Ck,2+α,ps (S0) + ||φ||Ck,αs (S)

)
(3.10)

for some constant C(T ), depending only α, k and T .

Proof. It is easy to observe that the interesting case holds when the Lebesgue

measure of the supports of f ◦0 and φ◦: |(Supp f0)◦| ≥ η, |(Supp φ)◦| ≥ η, for

some η > 0. Moreover, to solve the above Cauchy problem is equivalent to

solve the following Cauchy problems (3.11) and (3.12).

The two problems (3.11) and (3.12) are defined as follows: Problem (3.11)

is obtained by evaluating (3.9) at x = 0.

 L0 f
◦ = φ◦ in R× [0, T ]

f ◦(·, 0) = (f0)◦ on R
(3.11)

where L0 is defined as in (3.7).
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The second problem is obtained by solving the corresponding problem for f̃ .

 L̃ f̃ = φ̃ in ST

f̃(·, 0) = f̃0 on S0

(3.12)

where the operator L̃ is defined as in (3.8).

By the assumptions on the operator L it is clear that the coefficients of the

two operators L0 and L̃ satisfy classical conditions as seen in Lemma 17. The

way to proceed is the following: At first we find the solution f ◦ to (3.11), then

we solve (3.12). By classical theory both problems have a unique solution.

Moreover, the following inequalities hold:

||f◦||Ck,2+α(R+×[0,T ]) ≤ C(T )
(
||f◦0 ||Ck,2+α(R+) + ||g◦||Ck,α(R+)

)

||f̃ ||Ck,2+α,(k+2)/2+α/2(S̃T ) ≤ C(T )
(
||f̃0||Ck,2+α,(k+2)/2+α/2(S̃0) + ||φ̃||Ck+α,k/2+α/2(S̃)

)

We define f by f(x, y, t) := f ◦(y, t) + xp f̃(ln x, y, t). We show that f is a

solution to (3.9).

Indeed, at t = 0, f(·, 0) = f ◦(·, 0) + xp f̃(·, 0) = f0. Next, we show that

Lf = φ. This is a simple calculation:

Lf = (Lf)◦ + xp (L̃ f) = L0( f ◦) + xp L̃( f̃) = φ◦ + xp φ̃ = φ

As a consequence, the function f is a solution to (3.9).
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It follows as well that the solution to (3.9) is unique and it satisfies the

inequality (3.10).

Let 0 < r < 1. We denote by Br(P ) the box

Br(P ) =




x

y

t

 :

x ≥ 0, |x− x0| ≤ er

|y − y0| ≤ r

t0 − r2 ≤ t ≤ t0



around the point P =


x0

y0

t0

 and we let Br be the box around the point

P =


0

0

1

.

Remark 12. The choice of the box B is made so that it has the right rescaling.

Moreover, the functionals L0 and L̃ are well understood on the corresponding

boxes B◦r and B̃r.

We have the following fundamental estimate:

Theorem 19. (Schäuder Estimates) Assume that all the coefficients of the

operator

Lf = ft − (x2 a11fxx + 2x a12fxy + a22fyy + x b1fx + b2fy + cf)
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belong to the space Cα
s (B1) and the coefficients a22, b2, c belong to Cα,p

s for

some numbers α, p in 0 < p < 1, α ≤ p and satisfy

aijξ
iξj ≥ λ|ξ|2, ∀ξ ∈ R2 \ {0}

||aij||Cαs (QT ), ||bi||Cαs (QT ), ||a22||Cα,ps (QT ), ||b2||Cα,ps (QT ), ||c||Cα,ps (QT ) ≤
1

λ

Then, there exists a constant C depending only on α, λ and p such that

‖f‖C2+α,p
s (B1/2) ≤ C

(
‖f‖C0,p(B1) + ‖Lf‖Cα,ps (B1)

)
for all functions f ∈ C2+α,p

s (B1).

Proof. As before, we can look at the corresponding linear operators L0 and

L̃ defined as in Lemma 17.

L0 f
◦ = f ◦t − (a◦22f

◦
yy + b◦2f

◦
y + c◦g◦)

L̃ f̃ = f̃t − (x2 ā11f̃xx + 2x ā12f̃xy + ā22f̃yy + x b̄1f̃x + b̄2f̃y + c̄F̃ )

By classical theory

‖f ◦‖C2+α,1+α/2(B◦
1/2

) ≤ C
(
‖f ◦‖C0(B◦1) + ‖L0f

◦‖Cα,α/2(B◦1)

)
(3.13)
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for all functions f ◦ ∈ C2+α,1+α/2(B◦1).

‖f̃‖C2+α,1+α/2(B̃1/2) ≤ C
(
‖f̃‖C0(B̃1) + ‖L̃f̃‖Cα,α/2(B̃1)

)
(3.14)

for all functions f̃ ∈ C2+α,1+α/2(B̃1). As a result, the combination of (3.13)

and (3.14) gives the desired estimate.

Remark 13. The previous theorem can be obtained for any box Br, 0 < r < 1.

This is because we can substitute f(x, y, t) by f(
xr

r
,
y

r
,
t

r2
).

The Schäuder estimate can be extended easily to any integer k letting to the

following statement:

Theorem 20. (Schäuder Estimates) Assume that all the coefficients of the

operator

Lf = ft − (x2 a11fxx + 2x a12fxy + a22fyy + x b1fx + b2fy + cf)

belong to the space Ck,α
s (B1) and the coefficients a22, b2, c belong to Ck,α,p

s for

some numbers α, p in 0 < p < 1, α ≤ p and satisfy

aijξ
iξj ≥ λ|ξ|2, ∀ξ ∈ R2 \ {0}

||aij||Ck,αs (QT ), ||bi||Ck,αs (QT ), ||a22||Ck,α,ps (QT ), ||b2||Ck,α,ps (QT ), ||c||Ck,α,ps (QT ) ≤
1

λ
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Then, there exists a constant C depending only on α, λ, k and p such that

‖f‖C2+kα,p
s (B1/2) ≤ C

(
‖f‖Ck,p(B1) + ‖Lf‖Ck,α,ps (B1)

)

for all functions f ∈ C2+k+α,p
s (B1).

3.3 The Degenerate Equation

In this section we will extend the existence and uniqueness the Theorem 18

to a certain class of linear degenerate equations of the form

wt = aijwij + biwi + cw

on the cylinder D × [0, T ), T > 0, where D denotes the unit disk in R2.

The sub-indices i, j ∈ {x, y} denote differentiation with respect to the space

variables x, y and the summation convention is used. The matrix {aij} is

assumed to be symmetric. Certain assumptions on the coefficients will be

made so that this class of equations includes, under appropriate change of

coordinates, the equations (3.6).

We define the distance function s in D as follows: In the interior of D, s it

is equivalent to the standard Euclidean distance, while around any boundary

point P ∈ ∂D, s is defined as the pull back of the distance function induced
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by the metric

ds2 =
dx2

x2
+ dy2

on the half space S0 = {(x, y) : x ≥ 0}, via a map ϕ : S0 ∩ D → D that

flattens the boundary of the disk D near P .

The parabolic distance is defined, as usual, by

s


P1

t1

 ,

P2

t2


 = s(P1, P2) +

√
|t1 − t2|.

We can define now the spaces Cα,p
s (D) and C2+α,p

s (D): For a fixed small

number δ in 0 < δ < 1, we write

D = D1−δ/2 ∪ (
⋃
l

(Dδ(Pl) ∩ D))

for finite many points Pl ∈ ∂D, l ∈ I, with D1−δ/2 denoting the disk centered

at the origin of radius 1 − δ/2 and Dδ(Pl) denoting the disk of radius δ

centered at Pl.

Denote by D+ the half disk

D+ = { (x, y) ∈ D : x ≥ 0 }.

We can choose charts Υl : D+ → Dδ(xl) ∩ D which flatten the boundary of

D and such that Υl(0) = Pl. Lets ψl be a partition of unity subordinated to
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the cover

{D1−δ/2, (Dδ(Pl) ∩ D) }

of D. We define Cα,p
s (D) to be the space of all functions w on D such that

w ∈ Cα(D1−δ/2) and w◦Υl ∈ Cα,p
s (D+) for all l ∈ I. We also define C2+α,p

s (D)

to be the space of all functions w on D such that w ∈ C2+α(D1−δ/2) and

w ◦ ψl ∈ C2+α,p
s (D+) for all l ∈ I. Here Cα and C2+α denote the regular

Hölder Spaces, while Cα,p
s (D+) and C2+α,p

s (D+) denote the Hölder Spaces

defined in section 2.2. Both Cα,p
s (D) and C2+α,p

s (D) are Banach Spaces under

the norms

||w||Cα,ps (D) = ||ψ w||Cα(D1−δ/2) +
∑
l

||ψl (w ◦Υl)||Cα,ps (D+)

and

||w||C2+α,p
s (D) = ||ψ w||C2+α,1+α/2(D1−δ/2) +

∑
l

||ψl (w ◦Υl)||C2+α,p
s (D).

In the next lemma we show that this definition is well-posed.

Lemma 21. The spaces Cα,p
s and C2+α,p

s defined above are independent of

the particular choice of the number δ > 0, the points Pl ∈ ∂D and charts Υl.

Moreover, for any two different choices of δ > 0, Pl and Υl the corresponding

norms are equivalent.

Proof. It is just an easy consequence of the definitions.
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The above definitions can be extended in a straight forward manner to the

parabolic spaces Cα,p
s (Q), C2+α,p

s (Q), where Q is the cylinder Q = D× [0, T ],

for some T > 0. Before we state the main result in this section, we will give

the assumptions on the coefficients of the equation

wt = aijwij + biwi + cw

on the cylinder Q = D × [0, T ).

We will first assume that for any δ in 0 < δ < 1, the coefficients {aij},

bi and c belong to the Hölder class Cα(D1−δ/2 × [0, T ]), which means that

the coefficients are of the class Cα in the interior of D. For a number δ in

0 < δ < 1, let Υl : D+ → Dδ(Pl)∩D be the collection of charts which flatten

the boundary of D, considered above. We will assume that there exists a

number δ so that for every l ∈ I, the coordinate change introduced by each

of the Υl transforms the operator

Lw = wt − ( aij wij + biwi + cw ) (3.15)

on Dδ(Pl) ∩ D, into an operator L̃l on D+ of the form

L̃l w̃ = w̃t − (x2 ã11 w̃xx + 2x ã12 w̃xy + ã22 w̃yy + x b̃1 w̃x + b̃2 w̃y + c̃ w̃)

with the coefficients ãij, b̃i and c̃ belonging to the class Ck,α
s (D+), with
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a22, b2 c ∈ Ck,α,p
s and

ãijξ
iξj ≥ λ |ξ|2, ∀ξ ∈ R2 \ {0}

for some number λ > 0.

We next show the Hölder interpolation inequalities for these weighted

spaces. In order of doing so, we define the weighted L∞ -norm:

|| g ||Ck,p(Qδ) := || g◦ ||Ck,0(Q◦δ) + || g̃ ||Ck,0(Q̃δ)
.

Also let ϑ(P ) be a function which is smooth on D, strictly positive in its

interior, with

ϑ(P ) = dist(P, ∂D)

Lemma 22. (Hölder Interpolation). For every ε > 0 there exists a constant

C(ε) depending on ε, p, k and α such that for any g ∈ Ck,2+α,p
s (Qδ), the

following inequality holds:

||ϑD g ||Ck,α,ps (Qδ)
≤ ε || g ||Ck,2+α,ps (Qδ)

+ C(ε) || g ||Ck,p(Qδ). (3.16)

Proof. We prove that lemma at first for k = 0. By definition,

||ϑD g||Cα,ps (Qδ) = ||ϑx−pD g̃||Cαs (Q̃δ)
≤ ||D g̃s||Cα(Q̃δ)

+ ||x1−pD g̃y||Cα(Q̃δ)
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By standard interpolation, for any n positive integer, given:

Q̄n,δ = ([−n− 1,−n]× R× [0, T ]) ∩ Q̄δ

by the standard Hölder inequality we have that:

|| g̃ ||C1+α,α/2(Q̄n,δ)
≤ ε || g̃ ||C2+α,1+α/2(Q̄n,δ)

+ Cn(ε) || g̃ ||C0(Q̄n,δ)

where the constants Cn(ε) depend only on the size of the cylinder Q̄n,δ, thus,

there exists C depending on the size of Q1,δ such that

|| g̃ ||C1+α,α/2(Q̃δ)
≤ ε || g̃ ||C2+α,1+α/2(Q̃δ)

+ C(ε) || g̃ ||C0(Q̃δ)
. (3.17)

and

||x1−p g◦ ||C1+α,α/2(Q◦δ) ≤ ε || g◦ ||C2+α,1+α/2(Q◦δ) + C(ε) || g◦ ||C0(Q◦δ). (3.18)

By taking the sum of (3.17) and (3.18), we obtain the equation (3.16) with

k = 0. We can easily generalize the previous proof to any positive integer

k > 0.

Lemma 23. Assume that g ∈ Cα,p
s (ST ) and f ∈ C2+α,p

s (S), for some number

α in 0 < α < 1, p ≥ α, T > 0. Then, there exists a function h ∈ C2+α,p
s (ST )
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such that

h(x, y, 0) = f(x, y) and
∂h

∂t
(x, y, 0) = g(x, y, 0)

and

||h||C2+α,p
s (ST ) ≤ C

(
||f ||C2+α,p

s (S) + ||g||Cα,ps (ST )

)
for some constant C depending only on α.

Proof. Given g ∈ Cα,p
s (ST ) and f ∈ C2+α,p

s (S), there exist g◦ ∈ Cα,αfrm−e(S◦T ),

f ◦ ∈ C2+α(S◦) and g̃ ∈ Cα,α/2(S̃T ), f̃ ∈ C2+α(S̃). Moreover, there exists

h◦ ∈ C2+α,1+α/2(S◦) such that:

h◦(y, 0) = f ◦(y) and
∂h◦

∂t
(y, 0) = g◦(y, 0)

and

||h◦||C2+α,1+α/2(S◦T ) ≤ C
(
||f ◦||C2+α,1+α/2(S◦) + ||g◦||Cα(S◦T )

)
for some constant C depending only on α.

Moreover, there exists h̃ ∈ C2+α,1+α/2(S̃T ) such that

h̃(x, y, 0) = f̃(x, y) and
∂h̃

∂t
(x, y, 0) = g̃(x, y, 0)

and

||h̃||
C

2+α,1+α/2
s (S̃T )

≤ C
(
||f̃ ||C2+α,p

s (S̃) + ||g̃||Cα,ps (S̃T )

)
for some constant C depending only on α.
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We use h◦ and h̃ to define:

h(x, y, t) = h◦ + xph̃(z, y, t) z = ln(x).

The function h, hence, belongs to C2+α,p
s (ST ) and satisfies the properties of

Lemma 23.

Theorem 24. Assume that the operator L satisfies all the above condi-

tions on the cylinder Q = D × [0, T ]. Then, given any function w0 ∈

Ck,2+α,p
s (D) and any function g ∈ Ck,α,p

s (Q) there exists a unique solution

w ∈ Ck,2+α,px
s (QT ) of the initial value problem

 Lw = g in Q

w(·, 0) = w0 on D

satisfying

||w||Ck,2+α,ps (Q) ≤ C(T )
(
||w0||Ck,2+α,ps (D) + ||g||Ck,α,ps (Q)

)
(3.19)

The constant C(T ) depends only on the numbers α, k, λ and T .

Proof. We can assume, without loss of generality, that w0 ≡ 0 and that g is

a function in Ck,α,p
s (QT ), which vanishes at t = 0 due to Lemma 23.

For δ > 0, set Qδ = D × [0, δ] and denote by Ck,2+α,p
s,0 (Qδ) and Ck,α,p

s,0 (Qδ)
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the subspaces of Ck,2+α
s (Qδ) and Ck,α

s (Qδ) respectively, consisting out of all

functions which vanish identically at t = 0. Also, denote by I the identity

operator on Ck,α,p
s,0 (Qδ). We will show that, if δ is sufficiently small, there

exists an operator M : Ck,α,p
s,0 (Qδ)→ Ck,2+α,p

s,0 (Qδ) such that

||LM − I || ≤ 1

2
.

This will immediately imply that the operator LM : Ck,α,p
s,0 (Qδ)→ Ck,α,p

s,0 (Qδ)

is invertible and therefore L : Ck,2+α,p
s,0 (Qδ) → Ck,α,p

s,0 (Qδ) will be onto, as

desired.

We begin by expressing the compact domain D as the finite union

D = D0 ∪
⋃
l≥1

Dl

of compact domains in such a way that

dist (D0, ∂D) ≥ ρ

2
> 0

and for all l ≥ 1

Dl = Bρ(xl) ∩ D

with Bρ(xl) denoting the ball centered at xl ∈ ∂D of radius ρ > 0. The

number ρ > 0 will be determined later.

The operator L is non-degenerate when restricted on the interior domain

D0. Therefore, the classical Schäuder theory for linear parabolic equations
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implies that L is invertible when restricted on functions which vanish outside

D0. Notice that our Hölder spaces with respect to the cycloidal metric s on

the interior domain D0 coincide with the standard Hölder spaces, where the

classical Schäuder theory holds true.

We denote by M0 : Ck,α,p
s,0 (D0 × [0, δ])→ Ck,2+α,p

s,0 (D0 × [0, δ]) the inverse

of the operator L restricted on D0. Next, we consider the domains Dl, l ≥ 1,

close to the boundary of D, which can be chosen in such a way that the sets

Bρ/4(xl) ∩ D are disjoint. Denoting by B the half unit ball

B = {(x, y) ∈ B1(0) ; x ≥ 0 }

and by Qδ the cylinder

Qδ = B × [0, δ]

we select smooth charts Υl : B → Dl, which flatten the boundary of D, i.e.,

they map B ∩ {x = 0} onto Dl ∩ ∂D and have Υl(0) = xl. This is possible if

the number ρ is chosen sufficiently small. Under the change of coordinates

induced by the charts Υl, the operator L, restricted on each Dl × [0, δ], is

transformed to an operator L̄l of the form

L̄lw̄ = w̄t − (x2 ā11
l w̄11 + 2x ā12

l w̄12 + ā22
l w̄22 + xb̄1

l w̄1 + b̄2
l w̄2 + c̄l w̄)

defined on B × [0, δ]. Moreover, the charts Υl can be chosen appropriately
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so that the coefficients of L̄l satisfy

āijl ξiξj ≥ λ|ξ|2 > 0 ∀ξ ∈ R2 \ {0}

and

||āijl ||Ck,α,ps (Q̄δ)
||b̄il||Ck,α,ps (Q̄δ)

||c̄l||Ck,α,ps (Q̄δ)
≤ 1/ λ̄

for some positive constant λ̄.

Each of the operators Ll has the form of the model operators studied

previously. Denote by S0 the half space x ≥ 0 in R2 and by Sδ the space

S0× [0, δ]. Also, consider the subspace C
k,α,p

s,0 (Sδ) of Ck,α,p
s,0 (Sδ), consisting out

of functions which are compactly supported on Sδ. Then, Theorem 18 implies

that for every l = 1, 2, ... there is an operator M̄l : C
k,α,p

s,0 (Sδ)→ Ck,2+α,p
s,0 (Sδ)

such that

Ll M̄l = I

with I denoting the identity operator on C
k,α,p

s,0 (Sδ). Denote by Ml the pull

back of the operator M̄l via the chart Υl. Next, choose a nonnegative par-

tition of unity φl; l = 0, 1, ... subordinated to the cover Dl; l = 0, 1, ... of

D and also choose, for each l ≥ 0, nonnegative, smooth bump functions

ψl, 0 ≤ ψl ≤ 1, supported in Dl with ψl ≡ 1 on the support of φl. Then∑
l≥0 φl = 1 and ψl φl = φl for all l.

Our goal is to show that the operator M : Ck,α,p
s,0 (Qδ) → Ck,2+α,p

s,0 (Qδ)
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defined as

Mg =
∑

ψlMl φlg

satisfies

||LM g − g ||Cαs (Qδ) <
1

2
||g||Cαs (Qδ) ∀g ∈ Ck,α,p

s,0 (Qδ)

if the cover {Dl} and δ are chosen appropriately. Indeed, we can write

LMg−g =
∑
l

LψlMl φlg−
∑
l

φlg =
∑
l

ψl (LMl−I)φlg+
∑
l

[L, ψl ]Ml φlg

with [L, ψl ] denoting the commutator of L and ψl. The commutator [L, ψl ]

is only of first order and it can be estimated as

||[L, ψl ]Mlφlg||Ck,α,ps (Qδ)
≤ C

(
||ϑD(Mlφlg)||Ck,α,ps (Qδ)

+ ||Mlφlg||Ck,α,ps (Qδ)

)
.

Let ε > 0. It follows via the interpolation between these Hölder spaces that

||ϑD(Mlφlg)||Ck,α,ps (Qδ)
≤ ε ||Mlφlg||Ck,2+α,ps (Qδ)

+ C(ε) ||Mlφlg||Ck,p(Qδ).

However, for each k we have

||Mlφl g||Ck,2+α,ps (Qδ)
≤ C ||g||Ck,α,ps (Qδ)
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and therefore, since Mlφlg ≡ 0 at t = 0,

||Mlφlg||Ck,p(Qδ) ≤ C δ ||g||Ck,α,ps (Qδ)
.

Therefore if we choose δ sufficiently small we can make

∑
l

|| [L, ψl ]Mlφlg ||Ck,α,ps (Qδ)
≤ 1

4
||g||Ck,α,ps (Qδ)

.

On the other hand we have (LM0 − I )ϕ0g = 0, while for l ≥ 1, we can

make the norm of each of the operators LMl − I arbitrarily close to zero by

choosing the diameters of the domains Dl sufficiently small. Wherein

||
∑
l

ψl (LMl − I)φlg ||Ck,α,ps (Qδ)
<

1

4
||g||Ck,α,ps (Qδ)

for all g ∈ Ck,α,p
s (Qδ), if ρ and δ are both sufficiently small. Combining the

above estimates we obtain that

||LMg − g ||Ck,α,ps (Qδ)
≤ 1

2
||g||Ck,α,ps (Qδ)

for all g ∈ Ck,α,p
s,0 (Qδ), as desired. We conclude that for every g ∈ Ck,α,p

s,0 (Qδ)

there exists a function w ∈ Ck,2+α
s,0 (Qδ) such that Lw = g. In addition

||w||Ck,2+α,ps (Qδ)
≤ C ||g||Ck,α,ps (Qδ)

(3.20)
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with C depending only on D and the constants α, k, λ and T . This shows

the short time existence. The last inequality implies the long time existence

since we can always extend the solution on a bigger interval. Hence, one can

show that

||w||Ck,2+α,ps (Q) ≤ C(T )
(
||w0||Ck,2+α,ps (D) + ||g||Ck,α,ps (Q)

)

where the constant C(T ) depends only on the numbers α, k, λ and T .

The uniqueness follows readily from this last inequality.

Remark 14. The solution constructed is defined only up to the interface. In

Chapter V, we show that this is a viscosity solution of the HMCF on the

whole space.

3.4 Global Change of Coordinates

In this section we introduce an appropriate global change of variables so that

we transform the free boundary problem in an initial value problem of the

form  Mw = 0 on D × [0, T ]

w = w0 at t = 0

on the cylinder D × [0, T ], where D = {(x, y);x2 + y2 ≤ 1} and
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Mw = wt − F (t, u, v, w,Dw,D2w)

is a fully non-linear operator which becomes degenerate at ∂D.

We choose a surface S close to Σ such that the following properties

hold: There exists S : D → R3 a parameterization of S on the unit disk

D, S(u, v) = (x, y, z) ∈ R3 such that y and z are smooth on D, and

xu ∼ ϑ1−p, |xuv| ≤ C ϑ1−p, xuu ∼ ϑ2−p

where ϑ behaves like distance to the boundary as in Section 3.3.

Let T = (T1, T2, T3) be smooth vector field transverse to S. Define the change

of coordinates Φ : D × [−η, η]→ R3 by


x

y

z

 = Φ


u

v

w

 = S(u, v) + wT (u, v) (3.21)

or more explicitly


x = S1(u, v) + wT1(u, v)

y = S2(u, v) + wT2(u, v)

z = S3(u, v) + wT3(u, v)
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Denote xu, xv, xw, yu, yv, yw, zu, zv, zw as partial derivatives of functions

x = x(u, v, w), y = y(u, v, w) with respect to u, v, w. Use similar notation

for second derivatives of these functions. We begin by selecting a sufficiently

small number δ > 0, such that

T1(u, v) = 0 on D \ D1−δ

denoting, as above, the transverse vector field to the surface S. Notice that

by choosing the surface S sufficiently close to the surface z = f(x, y), we can

make δ to depend only on the constant λ where λ defines the non-degeneracy

condition I.

Proposition 25. The function w evolves by

 Mw = 0 on D × [0, T ]

w = w0 at t = 0

on the cylinder D × [0, T ], where D = {(x, y);x2 + y2 ≤ 1} and

Mw = wt − F (t, u, v, w,Dw,D2w)

where F = F (t, u, v, w,Dw,D2w) is a fully nonlinear operator. Moreover,

its linearization DM(w̄)w = wt−DF(w̄)w is of the form of the operator L
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studied in Section 3.3:

Lw = wt − ( aij wij + biwi + cw ) (3.22)

Proof. To show that w satisfies an equation of the desired form in the interior

cylinder D1−δ×[0, T ] is straight forward. Hence, we will restrict our attention

to D\D1−δ. We start by expressing the first and second derivatives of z with

respect to x, y, t in terms of the first and second derivatives of w with respect

to u, v and t.

We remark that this computation holds in the interior of the unit disk D.

Since z = f(x, y) is a function of x, y we compute the first and second partial

derivatives of z with respect to x and y in terms of w = g(u, v) seen as a

function of u, v.

Let A be the Jacobian matrix relative to the transformation of coordi-

nates:

A =


∂u

∂x

∂v

∂x
∂u

∂y

∂v

∂y

 =

 a b

c d


Let ∇z be the gradient of z:

∇z =

∂z

∂x
∂z

∂y

 =

z1

z2


We denote by A1 and A1 the derivatives of the matrix A with respect to x

and y:
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A1 =


∂2u

∂x2

∂2v

∂2x
∂2u

∂x∂y

∂2v

∂x∂y

 =

 a1 b1

c1 d1



A2 =


∂2u

∂x∂y

∂2v

∂x∂y

∂2u

∂2y

∂2v

∂2y

 =

 a2 b2

c2 d2


Notice c1 = a2 , d1 = b2. Let ∇u, ∇v be, respectively, the gradient of u and

v:

∇u =

∂u∂x∂u
∂y

 =

u1

u2



∇v =

∂v

∂x
∂v

∂y

 =

v1

v2


We denote as usual the basis vectors e1 = (1, 0) e2 = (0, 1) which will help

us in performing the computation.

Finally we introduce the matrices B1 and B2 which denote, respectively, the

derivative of the matrix A−1:

A−1 =

xu, xv

yu yv

 =

x1 x2

y1 y2



with respect to x and y: B1 =
∂A−1

∂x
, B2 =

∂A−1

∂y
which can be computed

as:
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B1 =

 a x11 + b x12 a y11 + b y12

a x12 + b x22 a y12 + b y22



B2 =

 c x11 + d x12 c y11 + d y12

c x12 + d x22 c y12 + d y22


We use the following convention to make the reading lighter:

x11 = xuu, x12 = xuv, x22 = xvv, y11 = yuu, y12 = yuv, y22 = yvv

Hence, we can evaluate the coefficients of the matrices A1 and A2 as follows:a1

c1

 =
∂

∂x
(∇u) = −A ·B1 · ∇u

b1

d1

 =
∂

∂x
(∇v) = −A ·B1 · ∇v

a2

c2

 =
∂

∂y
(∇u) = −A ·B2 · ∇u

b2

c2

 =
∂

∂y
(∇v) = −A ·B2 · ∇v

Moreover, since ∇z = A ·

zu
zv

+ zw

 ∂w

∂x
∂w

∂y

, we obtain that:
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∂

∂x
∇z = Ax ·

zu
zv

 + A ·

a zuu + b zuv + zuw
∂w

∂x

a zuv + b zvv + zvw
∂w

∂x



+ zw

 ∂2w

∂2x
∂2w

∂x∂y

 + (a zuw + b zvw)

 ∂w

∂x
∂w

∂y



∂

∂y
∇z = Ay ·

zu
zv

 + A ·

c zuu + d zuv + zuw
∂w

∂y

c zuv + d zvv + zvw
∂w

∂y



+ zw


∂2w

∂x∂y
∂2w

∂2y

 + (c zuw + d zvw)

 ∂w

∂x
∂w

∂y



The gradient of the function w, as well as its partial derivatives, can be

expressed by using the matrix A:

 ∂w

∂x
∂w

∂y

 =

 awu + bwv

cwu + dwv


 ∂2w

∂2x
∂2w

∂x∂y

 =

 a1wu + a (awuu + bwuv) + b1wv + b(awuv + bwvv)

c1wu + c(awuu + bwuv) + d1wv + d(awuv + bwvv)


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
∂2w

∂x∂y
∂2w

∂2y

 =

 a2wu + a (cwuu + dwuv) + b2wv + b(cwuv + dwvv)

c2wu + c(cwuu + dwuv) + d2wv + d(cwuv + dwvv)


Therefore, after performing all the substitutions above we get:

∂2z

∂2x
= A1

11w11+A1
12w12+A1

22w22+B1
1 w1+B1

2 w2+B1
12w1w2+B1

11w
2
1+B

1
22w

2
2+C1

∂2z

∂2y
= A2

11w11+A2
12w12+A2

22w22+B2
1 w1+B2

2 w2+B2
12w1w2+B2

11w
2
1+B

2
22w

2
2+C2

∂2z

∂x∂y
= A◦11w11+A◦12w12+A◦22w22+B◦1 w1+B◦2 w2+B◦12w1w2+B◦11w

2
1+B

◦
22w

2
2+C◦

where the coefficients Aki,j, B
j
i , C

i are obtained as follows:

A1
11 : = −a2 (−zw + b yw(zu + w1 zw) + d yw(zv + w2zw))

A1
22 : = −b2 (−zw + b yw(zu + w1 zw) + d yw(zv + w2zw))

A1
12 : = −2 a b (−zw + b yw(zu + w1 zw) + d yw(zv + w2zw))

B1
11 : = −2ab(ayuw + byvw)

B1
22 : = −2bd(ayuw + byvw)

B1
12 : = −2(b2 + ad)(ayuw + byvw)

We look at the evolution of wt. Suppose that z = f(x, y, t), then differ-

entiating with respect to t:
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∂w

∂t
=

∂z

∂t
zy yw − zw

= γ11w
2
11 + 2 γ12w

2
12 + γ22w

2
22 + ρ11w11 + ρ12w12

+ ρ22w22 + γ1w12 + γ2w22 + ρ1w1 + ρ2w2 + Θ.

By introducing this global change of variables one can transform the free

boundary problem in an initial value problem of the form

 Mw = 0 on D × [0, T ]

w = w0 at t = 0

on the cylinder D × [0, T ], where D = {(x, y);x2 + y2 ≤ 1} and

Mw = wt − F (t, u, v, w,Dw,D2w)

where the fully nonlinear operator F is defined as

F (t, u, v, w,Dw,D2w) = γ11w
2
11 + 2 γ12w

2
12 + γ22w

2
22 + ρ11w11 + ρ12w12

+ ρ22w22 + γ1w12 + γ2w22 + ρ1w1 + ρ2w2 + Θ

where the coefficients γi,j, ρi,j, γi, ρi, Θ are very complicated functions de-

pending on w1, w2, zv, zvw and xw, zvw, xvv, xw, xvw, xuw.

However, these coefficients can be estimated under the assumptions:

w2 ∼ 0, zv ∼ 0, zvw ∼ 0 and xw, zvw ∼ 0, xvv ∼ 0, xw, xvw, xuw ∼ 0.
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We omit here all the details but it can be shown that the linearization of the

above equation at a point w̄ close to w0. By doing the substitutions above

we can compute the linearization L w̃ = DF(w̄) w̃ can be expressed by the

equation:

L(w̃) = a11 w̃11 + 2 a12 w̃12 + a22 w̃22 + b1 w̃1 + b2 w̃2 + c w̃ + d

with the coefficients of the operator L behave as described below:

a11 ≈
w2

1

w2
11

g11 a12 ≈
w11w1

w2
11

g12

a11 ≈
w2

11

w2
11

g22 b1 ≈ w11w1

w2
11

h1

b2 ≈ w2
11

w2
11

h2 c ≈ w11w1

w2
11

h

The functions gi,j, hi belong to the space Cα
s and particularly g22, b2, c, d

belong to Cα,p
s . Therefore, this shows that the linearization

DM(w̄)w = wt −DF(w̄)w = wt − Lw

is of the form of the operator L defined and studied in Section 3.4. This

concludes the proof.
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3.5 Proof of Main Theorem

The local coordinate change, presented in Section 3.1 can’t be used directly

for the proof of the following theorem, since the result is global. Instead, we

will use the previous global change of coordinates in the proof of the Main

Theorem.

We assume that the surface Σ is the union

Σ = Σ1 ∪ Σ2

where Σ1 is the flat side and Σ2 is the strictly convex part of the surface and

denote, as before, by Γ the junction curve

Γ = Σ1 ∩ Σ2.

We can also assume, by rotating the coordinates, that the flat side lies on

the x = 0 plane and that x > 0 on Σ2 and that the non-degeneracy condition

I holds.

We pick a surface S, sufficiently close to the surface Σ2 as we did in

Section 3.4. such that its boundary ∂S lies on the x = 0 plane.

Definition 26. We say that the initial surface Σ is of the class Ck,2+α,p
s if the

function w0 belongs to the class Ck,2+α,p
s (D). We say that Σt, 0 ≤ t ≤ T is of

the class Ck,2+α,p
s if the function w(t) belongs to the class Ck,2+α,p

s (D× [0, T ]).

Finally, we say that Σt is smooth up to the interface, for 0 < t ≤ T , if the
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function w(t) is smooth on D × (0, T ].

Theorem 27. Assume that for some nonnegative integer k and some number

p in 0 < p < 1, α ≤ p, the strictly convex part Σ2 of the initial surface

Σ belongs to the class Ck,2+α,p
s and satisfies condition I. Then, under the

coordinate change studied in Section 3.4 the Harmonic Mean Curvature Flow

∂P

∂t
=
K

H

→
N t ∈ [0, T ]

with initial data the surface Σ converts into the initial value problem

 Mw = 0 (u, v, t) ∈ D × [0, T ]

w(u, v, 0) = w0 (u, v) ∈ D

with w0 ∈ Ck,2+α,p
s (D) and

Mw = wt − F (t, u, v, w,Dw,D2w)

satisfies the hypotheses of Theorem 3.3 proved in Chapter III.

Proof. Due to the computation of Section 3.4 we transform the free bound-

ary problem for the Harmonic Mean Curvature Flow, into the initial value

problem for the fully-nonlinear operator M . The condition I implies that if

the time T is sufficiently small, the linearization of the operator M at a point

w̄ ∈ Ck,2+α,p
s (D × [0, T ]) sufficiently close to w0 satisfies all the hypotheses

of Theorem 3.3: In the interior of D the operator M is strictly parabolic,
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since the surface Σ2(t) is strictly convex away from the interface x = 0 and

the coordinate change is smooth. On the other hand, we showed in Chapter

III that locally at any point at the boundary of D, the linearization of the

operator M can be transformed, under an appropriate change of variables,

into an operator of the form

ft = x2a11fxx + 2x a12fxy + a22fyy + b1x fx + b2fy (3.23)

defined on the half disk D+ = D ∩ {x ≥ 0} and satisfying the hypotheses of

Theorem 3.3. This has been shown in details in Chapter III, for the local

change of coordinates. The substitution g = hp is included in the coordinate

change 3.4, since the initial surface, close to the interface Γ is the graph of a

function which vanishes as distance to the boundary to the power q = 1/p ≥ 1

at z = 0 and the vector field T = (T1, T2, T3) is taken to be parallel to the

z = 0 plane when 0 ≤ z ≤ δ. Hence, the Inverse Function Theorem between

Banach spaces applies here and we conclude the proof of the theorem.

3.6 Motion of the Free Boundary

Theorem 28. Let Σt be a family of surfaces of class S which is a solution to

the Harmonic Mean Curvature Flow. Let Γt = (Σ1)t ∪ (Σ2)t be the interface

between the flat side (Σ1)t and the strictly convex side (Σ2)t, then Γt evolves
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by the Curve Shortening Flow.

∂Q

∂t
= k

→
n (3.24)

where Q is a point of the curve Γt, k is its the curvature at the point Q and

→
n is the normal to the curve Γt at the point Q.

Proof. Let P be a point on the boundary Γt. We can assume without loss

of generality that Γt lies on the x = 0 plane. Then, we can write the surface

Σt around the point P as the graph a function f . The function f belongs to

the space C2+α,p
s and it evolves by the degenerate equation 3.2, reproduced

below.

ft =
fxxfyy − f 2

xy

(1 + f 2
y )fxx − 2 fxfyfxy − (1 + f 2

x)fyy
(3.25)

Moreover it satisfies the non-degeneracy condition II.

As x approaches 0, fxx goes to infinity with rate xp−2, with 0 < p < 1, while,

fx, |fxy| are bounded by xp−1 and fy, fyy are uniformly bounded. Hence,

lim
x→0

ft(x, y, t) = lim
x→0

fxxfyy − f 2
xy

(1 + f 2
y )fxx − 2 fxfyfxy − (1 + f 2

x)fyy
=

= lim
x→0

fyy −
f 2
xy

fxx

(1 + f 2
y )− 2

fxfyfxy
fxx

− (1 + f 2
x)

fxx
fyy
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with

lim
x→0

f 2
xy

fxx
= 0, lim

x→0

fxfyfxy
fxx

= 0 and lim
x→0

(1 + f 2
x)

fxx
fyy = 0

implying that

ft(0, y, t) =
fyy(0, y, t)

1 + f 2
y (0, y, t)

.

In other words, the evolution of the point P is governed by the Curve Short-

ening Flow.

Corollary 29. The interface curve Γt between the flat side and the strictly

convex side becomes strictly convex and smooth at t > 0.

Proof. It is a consequence of the fact the initial curve Γ evolves by Curve

Shortening Flow. Gage and Hamilton proved in [14] that a convex curve in

R2 evolving by Curve Shortening Flow becomes smooth and strictly convex

at time t > 0.



Chapter 4

Regularity

4.1 Higher Regularity

In this chapter we study the regularity of solution of the HMCF and finally

we prove the main result of the thesis.

Theorem 30. Assume that the initial surface Σ satisfies the assumptions

of Theorem 13. Then, the solution Σt of the HMCF is converted, via the

coordinate change studied in Section 3.4, to a function w(t) which belongs,

for any positive integer k, to the Hölder class Ck,2+α,p
s (Q), on Q = D× [0, T ].

Moreover, for any τ in 0 < τ < T we have

||w||Ck,2+α,ps (D×[τ,T ]) ≤ Ck(τ, ||w0||C2+α,p
s (D)) (4.1)

Proof. It follows from the classical theory of non-degenerate parabolic equa-

69
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tions that the strictly convex part (Σ2)t of the surface Σt is a smooth surface

at the points where x > 0. Hence we will restrict our attention at points on

the interface Γt. To obtain the desired regularity we will use the local change

of coordinates introduced in Section 3.2. Let P0 = (z0, x0, t0) be a point on

the junction curve Γt at time t = t0 in 0 < t0 < T and assume, by rotating

the coordinates, that at the point P0 the normal vector to Γt0 pointing out-

wards the flat side (Σ1)t0 is parallel to the z-axis, We assume therefore that

the surface can be seen as the graph of the function f = f(z, y, t), defined in

a small box

Bη = { 0 ≤ z ≤ eη, |y − y0| ≤ η, −η2 ≤ t− t0 ≤ 0}.

We have computed in Section 2.3 that f satisfies the evolution equation

ft =
fxx fyy − f 2

xy

( 1 + f 2
y )fxx − 2 fxfy fxy + ( 1 + f 2

x )fyy
. (4.2)

By definition the surface Σt belongs to the class C2+α,p
s , and as a consequence

the function f belongs to the class C2+α,p
s (Bη), as defined in Section 2.3. Our

goal is to show that f ∈ Ck,2+α,p
s . We will prove first that f ∈ C1,2+α

s (Bη),

which means that ft, fy and x fx belong to the class C2+α
s (Bη). This will be

shown by computing the equations satisfied by each of the functions x fx, fy

and ft. We will first show that fy belongs to the class C2+α
s (Bη).

Differentiating equation (4.2) with respect to y we obtain the following
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equation for f̃ = fy:

f̃t =

(
f 2
xy + (fy fxy − fyy fx )2

D2

)
f̃xx+

2

(− fxy fyy (f 2
x + 1)− fxy fxx(1 + f 2

y ) + fy fx (f 2
xy + fyy fxx)

D2

)
f̃xy+

(
(fxy fx − fy fxx)2 + f 2

xy + f 2
xx

D2

)
f̃yy+

2

(
fy ( 2 fx fyy fxx − f 3

xy)

D2

)
f̃x − 2

(
fy fyy f

2
xx

D2

)
f̃y.

where D = ( 1 + f 2
y )fxx − 2 fxfy fxy + ( 1 + f 2

x )fyy.

Since function f ∈ C2+α,p
s (Bη), the above equation is of the form

f̃t = x2 a11f̃xx + 2x a12f̃xy + a22f̃yy + x b1f̃x + b2f̃y

where all the coefficients belong to the Hölder class Cα
s , the matrix (aij) is

strictly positive and a22 and b2 belong to Cα,p
s .

It then follows from theorem 19, appropriately rescaled, that fy = f̃

belongs to the class C2+α
s (Bη). Similarly, it can be shown that ft ∈ C2+α

s (Bη).

We will finally show that x fx ∈ C2+α
s (Bη). We compute the evolution of f̃ =

x fx by differentiating the equation (4.2) with respect to x and multiplying

it by x. We find that f̃ satisfies the equation:
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f̃t =

(
f 2
yy + ( fyy fx − fy fxy )2 + f 2

xy

D2

)
f̃xx

+ 2

(
fx fy ( f 2

xy + fxx fyy )− (1 + f 2
y ) fxx fxy − (1 + f 2

x) fxy fyy

D2

)
f̃xy

+

(
f 2
y + ( fx fxy − fy fxx)2 + f 2

xx

D2

)
f̃yy + 2

(
fx fyy ( +fxx fyy − f 2

xy)

D2

)
f̃x

− 2

(
fx fxy( fxx fyy − f 2

xy)

D2

)
f̃y +

(
(fy + fyy)( fxx fyy − f 2

xy )

D2

)

Since the function f belongs to the Hölder class C2+α,p
s (Bη) we can easily

show that the above equation is of the form

f̃t = x2 a11f̃xx + 2x a12f̃xy + a22f̃yy + x b1f̃x + b2f̃y + g

where all the coefficients and g belong to the Hölder class Cα,p
s (Bη), the matrix

(aij) is strictly positive and all the necessary conditions are fulfilled. Once

again Theorem 19, appropriately rescaled, implies that x fx = f̃ belongs to

the class C2+α,p
s (Bη), as desired.

Generalization for any k > 1. By the same technique we obtain that f ∈

Ck,2+α,p
s (Bη), for any positive integer k. Since this is true at any point P0 ∈

Γt, 0 < t < T , by changing coordinates, we can conclude that the function w

belongs to the class Ck,2+α,p
s (Q), on Q = D× [0, T ]. Moreover, via a standard

regularizing argument it can be proven that for any τ in 0 < τ < T we have
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the estimate:

||w||Ck,2+α,ps (D×[τ,T ]) ≤ Ck(τ, ||w0||C2+α,p
s (D)). (4.3)

We are now ready to prove the main theorem of the thesis.

Theorem 31. Given a surface Σ of class C2+α,p
s that satisfies condition I,

then, there exists a time T > 0 for which the HMCF

∂P

∂t
=
K

H

→
N

admits a solution Σt on 0 ≤ t ≤ T which is smooth up to the interface z = 0

for all 0 < t < T , satisfies condition I. Moreover, the interface Γ between the

flat side and the strictly convex side will be a strictly convex smooth curve

evolving by the Curve Shortening Flow.

Proof. The proof follows readily combining the Main Theorem 13, the Reg-

ularity Theorem 30 and the next theorem.

Theorem 32. Let k be a nonnegative integer, α, p numbers in 0 < p < 1,

α ≤ p and T > 0 a positive number. Also, let w0 be a function in Ck,2+α,p
s (D).

Assume that the linearization DM(w̄) of the fully-nonlinear operator

Mw = wt − F (t, x, y, w,Dw,D2w)
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defined on the cylinder Q = D×[0, T ], satisfies the hypotheses of Theorem 3.3

at all points w̄ ∈ Ck,2+α,p
s (Q), with ||w̄ − w0||Ck,2+α,ps (Q) ≤ µ, for some µ > 0.

Then, there exists a number τ0 in 0 < τ0 ≤ T depending on the constants

α, p, k, λ, and µ, for which the initial value problem

 wt = F (t, u, v, w,Dw,D2w) in D × [0, τ0]

w(·, 0) = w0 on D

admits a solution w in the space Ck,2+α,p
s (Ω × [0, τ0]). Moreover,

||w||Ck,2+α,ps (D×[0,τ0]) ≤ C ||w0||Ck,2+α,ps (D)

for some positive constant C which depends only on α, p, k, λ and µ.

Proof. The proof is a consequence of the Inverse Function Theorem between

Banach Spaces.

Theorem 33. Under the same assumptions as in Theorem 27, there exists

a number τk > 0 for which the HMCF

∂P

∂t
=
K

H

→
N, t ∈ [0, T ]

with initial data the surface Σ admits a solution Σt on 0 ≤ t ≤ τk. Moreover,

under the coordinate change the strictly convex part (Σ2)t of Σt is converted

to a function w(t) which belongs to the Hölder class Ck,2+α,p
s (Qk), on Qk =

D × [0, τk].
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Because of Theorem 30 we have that the function w is smooth up to the

boundary of D for all t ∈ (0, T ], for some T > 0.

4.2 Smoothness

In this section we will give the proof of the Main Theorem stated in Chapter

III. We will actually prove the following stronger result, where we relax the

regularity assumptions on the initial surface.

Theorem 34. Assume that the strictly convex part Σ2 of the initial surface

Σ belongs to the class C2+α,p
s , for some numbers p in 0 < p < 1, α ≤ p and

satisfies condition I. Then, the HMCF

∂P

∂t
=
K

H

→
N t ∈ [0, T ]

with initial data the surface Σ admits a solution Σt which is smooth up to

the interface, for 0 < t ≤ T . In particular the interface Γt is a smooth curve

for every 0 < t ≤ T and it moves by the Curve Shortening Flow.

Proof. It can be easily checked that if the initial surface satisfies the con-

ditions of the Main Theorem, then it will satisfy the weaker conditions of

Theorem 34. Assume that the strictly convex part Σ2 of the initial surface

Σ belongs to the class C2+α,p
s , for some numbers p in 0 < p < 1, α ≤ p

and satisfies condition I, then we have proven existence for the HMCF in

Theorem 27. From Theorem 30 we have that w ∈ Ck,2+α,p
s (D× (0, T ]), for all
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nonnegative integers k. In particular this implies that for all integers k we

have w ∈ Ck,p(D × (0, T ]), for all τ in 0 < τ < T . It follows that w is C∞,p

smooth up to the boundary of D. Going back to the original coordinates,

we conclude that the strictly convex part of the surface Σ(t), 0 < t ≤ T is

smooth up to z = 0 and that the interface Γ(t) is smooth.



Chapter 5

Viscosity Solutions

5.1 Definition of Viscosity Solution

In this chapter we show that our solutions can be interpreted as viscosity

solutions. We give at first the definition of a viscosity solution and then

we show the comparison principle which is fundamental for the purpose of

this chapter. Finally, we show a geometric property of the solutions to the

HMCF.

Definition 35. Given two surfaces Σ1 and Σ2 we say that Σ1 is contained in

Σ2 if the region enclosed by Σ1 is contained in the region enclosed by Σ2.

Definition 36. A family of convex regions {Σt}0<t<T is called a viscosity

solution of Equation 1.1 if the following conditions hold: For any smooth,

strictly convex surface Σ−0 contained in Σt0 for some time t ∈ (0, T ), the

77
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surfaces Σ−t given by solving Equation 1.1 are contained in Σt0+t for all t ∈

[0, T − t0) in the domain of existence of Σ−t . Second, for any smooth, strictly

convex surface Σ+
0 which encloses Σt0 for some time t ∈ (0, T ), the surfaces

Σ+
t given by solving Equation 1.1 contain in Σt0+t for all t ∈ [0, T − t0).

5.2 Comparison principle

Proposition 37. (Comparison principle) : Let Σ0 be a surface of class

C2+α,p
s such that is satisfies condition I, and let Σ+ be a smooth, strictly

convex surface containing Σ0 at time t = 0, then the surface Σt obtained by

evolving Σ0 by the Equation 1.1, is contained in the surface Σ+
t obtained by

evolving Σ+
0 by the Equation 1.1 up to the time of existence of Σt. Analo-

gously, if Σ0 contains a smooth, strictly convex surface Σ− at time t = 0,

then the surface Σt contains the surface Σ−t obtained by evolving Σ−0 by the

Equation 1.1 up to the time of existence of Σt.

Proof. At first we observe that by the Maximum Principle the surfaces Σt and

Σ+
t cannot touch were they are both strictly convex. Suppose there exists a

time t̄ where they first touch at a point P̄ , then this obviously cannot happen

in the interior of the flat side, thus P̄ has to belong to the boundary of the flat

side. Suppose Σt has the flat side on the x = 0 plane, then the tangent to the

surface at the point P̄ would be parallel to x = 0 plane. This is because of

the particular shape of the surface. Now if the two regions touched, because

they are of class C1 we would have that the tangent to Σ+
t̄ at P̄ would be
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parallel to the x = 0 plane. But Σ+
t̄ is strictly convex, hence this would imply

that a part of Σ+
t̄ is inside Σt̄. This leads to a contradiction, and, therefore,

the two regions never touch. The second part of the proof is straightforward

since if Σ0 contains a smooth, strictly convex surface Σ− at time t = 0, then

the two surfaces cannot touch at the flat side of Σt because the flat side does

not move in its normal direction. Once again, by the Maximum Principle

for parabolic equations the two surfaces cannot touch where they are strictly

convex either. This observation concludes the proof of the proposition.

As a corollary we have a nice characterization of our solution of the Harmonic

Mean Curvature Flow.

5.3 Viscosity solutions

Corollary 38. (Viscosity solutions) Given an initial convex Σ surface of

class C1,α with a flat side as in Theorem 13, then the solution of the HMCF

Σt found in Theorem 13 is a viscosity solution which converges uniformly to

the initial surface Σ as t→ 0. Moreover, this solution is unique.

Proof. It is a consequence of the comparison principle. We show that our

solution is a viscosity solution. We check that the first condition of viscosity

solution, as defined at the beginning of this chapter, is satisfied: If Σ−0 is

contained within Σ0, then by the comparison principle Σ−t is enclosed by Σt

for t > 0. The second condition also follows easily: Any surface Σ+
0 which
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encloses Σ0, and so by comparison principle Σ+
t encloses Σt for t > 0.

Uniqueneness. Suppose we have two solutions {Σ1
t} and {Σ2

t} of the Main

Theorem 13. Then, we show that these solutions coincide. We remind that

the surfaces {Σ1
t} and {Σ2

t} are both given by the union of a strictly convex

surface and a flat surface. Because they satisfy the parabolic Equation (2.1)

and the non-degeneracy condition I, both flat sides evolve by the Curve

Shortening Flow as shown in Chapter III. By the Maximum Principle, it

follows that since the two surfaces {Σ1
t} and {Σ2

t} are equal at the initial

time t = 0 and they share the same flat side, they are the same surface.

5.4 Constant rate of decrease for the area

Finally we observe the following property of surfaces evolving by the Har-

monic Mean Curvature Flow.

Proposition 39. (Constant rate of decrease for the Area) Let A be

the surface area of a smooth, closed, strictly convex surface Σ evolving by

HMCF, then:

dA

dt
= −4π (5.1)

Proof. For a strictly convex surface evolving with a certain speed v in the

direction of the inward normal vector
→
N by the equation

dP

d t
= v

→
N the
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area decreases by the First Variation Formula. This means that:

dA

dt
= −

∫
Σ

v Hdp (5.2)

H indicates the mean curvature as in 1.1. For more details about how to

derive this general formula see [7]. Thus, for the HMCF, v = K/H, which

implies by the Gauss-Bonnet formula that the area shrinks at a constant

rate:

dA

dt
= −

∫
Σ

v Hdp = −
∫

Σ

Kdp = −4π

Proposition 40. Let Σ be a surface of class C1+α,p
s satisfying the non-

degeneracy condition I, then its surface area A decreases at constant rate

4 π:

Proof. For the above mentioned First Variation Formula, we have that the

surface area Ac of Σ2, the strictly convex part of Σ evolves by the formula:

dAc
dt

= −
∫

Σ2

v Hdp =

∫
Σ2

Kdp = −2π (5.3)

Moreover, Σ1, the flat side of Σ, evolves by the Curve Shrinking Flow, as

a consequence, its surface area At shrinks with rate 2π. Hence, the surface

area A of the solution of the HMCF shrinks with speed −4 π.



Bibliography

[1] B. Andrews. Contraction of convex hypersurfaces in Riemannian

spaces J. Diff. Geometry. 39, no. 2, 407-431, 1994

[2] B. Andrews. Motion of hypersurfaces by Gauss curvature Pacific

J. Math. 195, no. 1, 1-34, 2000

[3] B. Andrews. Pinching estimates and motion of hypersurfaces by

curvature functions ArXiv: Math. DG /0402311

[4] S. Altschuler. A geometric heat flow for one-forms on three dimen-

sional manifolds Illinois J. Math 39, 98-118, 1995

[5] S.M. Allen, J.W. Cahn. Microscopic theory for antiphase boundary

motion and its application to antiphase domain coarsening Acta

Metallurgica 27, 199-257, 1979

[6] J.M. Bony. Principe du maximum, inégalité de Harnack ed Unicité
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