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Highly Degenerate

Harmonic Mean Curvature Flow
Maria Cristina Caputo

In this thesis we consider a fully nonlinear parabolic evolution equation
for a hypersurface in the Euclidean space. We study the existence of solu-
tions to the Harmonic Mean Curvature Flow for weakly convex surfaces. We
prove short time existence for weakly convexr surfaces with flat sides as well as
optimal reqularity. We also show that the boundaries of the flat sides evolve
by the Curve Shortening Flow. Our results follow by using the Inverse Func-
tion Theorem in suitable Banach Spaces scaled according to the degenerate
problem. We establish sharp a-priori estimates for the linearized problem in

these spaces.
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Chapter 1

Introduction

In this thesis we study the evolution of a surface under the Harmonic Mean
Curvature Flow (HMCF). This flow is one example of the numerous geometric
flows which have been studied in recent years [17], [2], [3], [11], [19].

Some of these flows arise from the evolution of a hypersurface in R™ by
specific functions of their principal curvatures. Common choices of these
functions include the Gauss, mean, inverse mean, harmonic mean and in-
verse harmonic mean curvatures. In general, geometric flows evolve certain
geometric quantities by diffusive type equations. Among these flows we find
the porous medium equation, the p-Laplacian and the harmonic map. Other
examples are the Ricci, the Calabi flows of manifolds and the Yamabe flows
which are conformal flows of metrics.

The increased interest in geometric flows may, in part, be explained by

their relevance to the study of problems in both mathematics and the phys-



ical sciences. These flows have been applied in a variety of settings. For
instance, the mean curvature flow in minimal surface theory; the inverse
mean curvature flow in the theory of relativity [21]; the Ricci flow in resolv-
ing the Poincaré Conjecture [27]; the Gauss curvature flow in the modeling
of the wearing of stones [13]; and several other flows in applications such as
image processing [26].

In this thesis we analyze the evolution of some particular surfaces with
flat sides under the HMCF. For such surfaces the results established in this
thesis distinguish the HMCF from other related flows (such as the Gauss cur-
vature flow with flat sides, the porous medium equation and the p-Laplacian

equation) in the following principal respects:

1. A surface evolving by the HMCF remains of the same class.

2. The motion of the free boundary of a surface with flat side moves by
the Curve Shortening Flow. This has the consequence that the free

boundary is specified for all positive times.

These two features make the HMCF particularly interesting. At the time
of writing, no other flow is known to have a similar behavior. The fact that
the solution Y(¢) remains in the class C', for ¢ > 0, distinguishes this flow
from other, previously studied, degenerate free-boundary problems for which
the regularity of the solution up for ¢ > 0 does not depend on the regularity

of the initial data.



In the following sections we introduce the HMCF for a strictly convex
surface and then we derive it for a weakly convex surface. We also give some
examples of how the flow behaves for simple initial surfaces. We discuss the
known results due to Andrews [1] and Diéter [12]. The chapter concludes by

stating the main results of this thesis.

1.1 The flow

We study the evolution of a weakly convex surface ¥ in the space R? under

the Harmonic Mean Curvature Flow (HMCF):

oP

t N (1.1)

==

where each point P moves in the inward normal direction ﬁ with velocity
given by the ratio between the Gauss curvature K and the Mean curvature

H.

If we denote by A\; and )y the two principal curvatures of a strictly convex
K

surface, then we can express 77 s

K M

H M+ )\

which is the harmonic mean of the principal curvatures Ai, \o.



1.2 Examples

With the following examples we aim to provide a first introduction to the
HMCYF for particular initial surfaces. In the first example we have a strictly
convex surface, in the second a weakly convex surface which is a surface of

revolution.

K
Example 1. We observe that 7= H iff \1 = Xo. Thus the HMCF 1is the

same as the mean curvature flow for a sphere. In particular, if X is a sphere
of radius 1 centered at the origin and we flow it by the HMCF, then its radius

r(t) evolves by:
dr 1

At r(t)
Hence, the sphere shrinks by the equation r(t) = /1 — 2t and it disappears

at time t = 1/2.

Example 2. We consider a surface of revolution ¥,. Suppose that ¥, is given
by rotating the graph of a function f(-,t) about the x-azxis where f(x,t) =
g(z) + h(t), for instance, f(x,t) = —cosh(z) + va—2t, on the interval
[—1,1] with a = cosh(1). Then, if ¥ evolves by the HMCF, we have that the

function f solves the parabolic equation:

Jaw

=T,

If we assume that g is a solution to a minimal surface of revolution, 1+ g —

faa 1

—Jmm it we choose I(t) = ———.
72— 1 if we choose N (t)

9 9z = 0, then f solves f, = 0



Remark 1. Note that the free boundary of the surface of revolution given by
the function f in the example 2 which is of class C%* does not move by the

Curve Shortening Flow.

1.3 Prior Results

The existence of solutions to the HMCF with strictly convex, smooth ini-
tial data was first shown by Andrews in [2]. He proved that under the
HMCF, strictly convex, smooth surfaces converge to round points in finite
time. Later, Diéter established in [12] the short time existence for a class of
flows, including the HMCF, with weakly convex, smooth initial data. More
precisely, she showed that if at time ¢ = 0 a surface ¥ satisfies K > 0 and
H > 0, then there exists a unique strictly convex, smooth solution ¥, for
0 <t < 7 for some 7 > 0. This solution will exist up to the time where its
enclosed volume becomes zero. However, Diéter did not address the highly
degenerate case where the initial data is weakly convex and both K and H

may vanish at a region.

1.4 New Results

The main result of this work concerns the existence and regularity of the
solutions of the HMCF for weakly convex surfaces with a flat side. We study

an initial surface ¥ of class C'7, 0 < v < 1, which is given by the union



of two surfaces ¥ = ¥; U Xy where ¥ is flat and Y5 is smooth and strictly
convex. We assume that the lower part of the surface ¥ can be written as
the graph of a function h. We define g := h?, for some 0 < p < 1. Our main
assumption on the surface X is that it satisfies the following non-degeneracy

condition:

(q - 1) gz% +ggw Jur

Dgl2A  and G =(gy)= > (D)

gl/’T gTT

for some numbers A > 0, ¢ = 1/p, where v and 7 denote, respectively, the
normal and tangential directions to the level sets of g; g,., ¢, and g, denote
the second order derivatives in these directions.

Based on the above conditions, our main results show that:

1. The HMCF admits a viscosity solution %, = (31); U (X3); of class C1

which is smooth up to the interface I'y = (X1): N (32):.

2. The flat side (3 ); persists for some positive time and, in particular, I';

evolves by the Curve Shortening Flow.

The fact that the solution ¥; remains in the class C*7, for ¢ > 0, dis-
tinguishes this flow from other, previously studied, degenerate free-boundary
problems (such as the Gauss curvature flow with flat sides, the porous medium
equation and the p-Laplacian equation) in which the regularity of the solution

up for ¢ > 0 does not depend on the regularity of the initial data.



1.5 Outline

The rest of the thesis is organized as follows: in Chapter 2, we derive the
partial differential equation that will be used throughout. We also introduce
the notation and we give the definitions that will be used for proving the
main result. In Chapter 3 we state the main theorem of the thesis and derive
the fundamental estimates to prove the main result by doing a local change
of coordinates which gives the key ingredient for the proof of the existence
of a solution to the HMCF. In Chapter 4, we study the regularity question.
We show the main results of the thesis, the existence and smoothness of
the solution. We also prove that the free boundary moves by the Curve
Shortening Flow. To conclude, in Chapter 5, we provide an interpretation
of our solutions showing that they are viscosity solutions. We conclude the

thesis by showing an interesting geometric property of the solutions to the

HMCF.



Chapter 2

Preliminaries

2.1 Notation

Throughout the thesis we will use the following notation. Let A be a compact
subset of the half space { (z,y) : « > 0} such that (0,0) € A. Then, we
define:

A° = {yeR:(0y) € A}

A = {(zy) eR2:z=In(x), (z,y) € A z+# 0}
Qr = Ax|[0,T], T>0

Q5 = A°x|[0,T]

Qr = Ax|[0,T]



Let 0 < p < 1. Given a function f defined on A we will denote:

foly) = f(0,y)
flzyy) = e (flz,y)— fy))

with z = In(x), for z > 0

Analogously, given a function f defined on Q7 we will denote by

fey,t) = f(0,y,1)
flayt) = e P2 (flz,y.t) — f°(y,1))

Remark 2. Note that we abuse notation and omit the dependency on p when

denoting f :

2.2 The Banach Space (2?7

The goal of this section is to define the space C?T*P. We begin by defining

the hyperbolic metric s. We introduce the natural parabolic extension of s,

5. We define the Holder spaces scaled first according to s, and then to s.

Definition 1. Given a subspace A as above, we define the hyperbolic distance

5(Py, P) such that for Py = (x1,y1), P» = (v2,y2) with

{(P,PYC AN {(z,y) eR?>:2 > 0}

we have :

Pl,PQ . \/|ln .1’1 ln x2)|2+|y1 y2|2 ZfO < I1, To Sl
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and it is equivalent to the standard euclidean metric otherwise.

Definition 2. Given T > 0, Qr = A x [0,T], we define the hyperbolic

distance on Qr, 5(151, ]52) such that for P, = (x1,91,11), Py = (22, Yo, o) with

{phpQ} QQTQ {(x7y7t> € R? x [07T] rr > O}
we have
5(?1,?2) = S(Pl,P2)+ |t1—t2| sz < T1,Z2 <1

where P = ($1,y1), Py = (152792)

Let 0 < a < 1. We can define Holder continuity in terms of the hyperbolic
distance. We say that a continuous function f on a compact subset A is
Holder continuous with respect to the metric s if there exists C' > 0 such

that for all points P; an P in A we have:

| f(P1) — f(P2) | < Cs[P, P

We define the Holder semi-norm:

| f(Py) — f(P)]
| f llzaa) = sup
. Pi£PyeAn{(zy)eR2z>0r  S[PL, Pal®

We also define the norms:

1/

| fllcoay = sup|f(P)]
PecA

cey = | flloocay + 1 f lmeca
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Definition 3. We say that a function f belongs to C*P(A) if all of the

following hold:
i. foe C¥(A°).
ii. feCuA).

The norm of f in the space CSP(A) is defined as:

[ fllcaray = 1 [leaas) + 1| f ety

We also define the norm || f ||coray := || f° ||cocaey + || JEHCO(A) .

Remark 3. Note that g(z,y) € C*(A) iff g(x,y) € CI(A), where z = In(x).
The hyperbolic metric is weaker than the Euclidean metric, hence, the space
C*(A) of the Holder functions with respect to the Euclidean metric, is a

subspace of C¥(A). Also, smooth functions belong to C&P(A).

Definition 4. We say that a continuous function f on A belongs to C*™P(A)
iof all of the following hold:

i. fo e C*A).

it. f has continuous deriatives fy, fy, faz, foy, and fy, in the interior of

A.

iii. x7P(f = f°), 2P fo, P (fy = [ ) 27 fug, 2P foy and 27 ( fy, —

f;y) extend continuously up to the boundary.
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The norm of f in the space C**P(A) is defined as follows:

2 2
| fllcztray == || Z Dy 2 llcoqaey + Z | D Dy flco 4
m=0

m+n=0

Definition 5. Given f € C*'P(A), we say that f belongs to C*T*P(A) if all
of the following hold:

i. foe C*(A°).
. T fuy fyy T foan @ fuy and fy, extend continuously up to the boundary.
ii. The extensions are Hélder continuous on A of class C3P(A).

The norm of f in the space C*T*P(A) is defined as:

2
crroniny = £ llcaveasy + > |2 Dy Dy f |

m+n=0

1]

C5P(A)

Remark 4. By definition: f. = —p f+2"? fo,  foo = —p foA(1=p) 227P foa.

Hence:
2

> 2™ DDy flleenay 2 | fllezvey
m-+n=0

Remark 5. f € C2oP(A) iff fo € C?***(A°) and f € C***(A). Hence, the
norm

L f lezrancay 2 11 llezroqas) + ILf lleoraay

Let T > 0. The definitions above can be naturally extended on the space-

time domain Q7 by using the parabolic distance ds? = ds* + |dt|.
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Definition 6. We define the space C*(Qr) to be the standard Hélder space

with respect to the metric ds>.

Definition 7. We say that a continuous function f on Qr belongs to C***(Qr)

if all of the following hold:

i. f has continuous derivatives fi, fz, fy, foe, fzy and fy, in the interior

of Qr.

1. f° has continuous derivatives that extend continuously up to the bound-

ary.

iii. w77 (f=f°), 7P (fi=12), ' P fu, a7 fyy @7 fog, 7P fuy and 7P (fyy—

f;y) extend continuously up to the boundary.

The norm of f in the space C**P(Qr) is defined as follows:

2
| fllez =11 fllc=+ Y |IDLDy DY f|

I+m+2j=0

CO

Definition 8. The function f belongs to C*T*P(Qr) if all of the following
hold:

i. feC*P(Qr).
it. [, fo, @ for fys ¥ faws T fay and fy, belong to CSP(Qr).

Let k£ be a positive integer. We can extend these definitions to spaces of

higher order derivatives.
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Definition 9. We denote by C*P(Qr) the space of all functions f whose
k-th order derivatives D', Di DLf, i+ j+ 2l =k in the interior of Qr and
' DLDIDL(f — f°), i+ j+ 2l = k exist and belong to the space C°(Qr).
We define C°P(Qr) = N C*P(Qr).

Definition 10. We denote by C*tP(Qr) the space of all functions [ €
C*?(Qr) such that x* D! Dj DL f,i+j+2l = k belong to the space C*P(Qr).

This space C*+P(Qr) is equipped with the norm:

HfHCerO"p(QT) = Z |2 D;DiDifHC?‘p(QT)
i+j+20<k

Remark 6. A function f € C¥er(Qr) iff fo € C*(Q3) and f € C**(Qr).

Moreover,

1 sy = N £ lorsasrrarns) + 1 Fllgrsaaors

Proposition 11. The space C**P(Qr) is a Banach space for every positive

integer k.

Proof. Let {f,} be a Cauchy sequence of functions in C5¥+®?(Qr). Then, the
sequences f,; and f,, defined as in Section 2.2, are Cauchy sequences in their
respective spaces C*t%(Q%) and C”””‘(Q}). These spaces are Banach spaces,
hence, there exist f© € CFtolb/Ate/2(Qo) and f e CHrolk/A+e/2(Qr) such

that
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lim f; _ fo in Ck+a,[k/2}+a/2(Q%)

lim fn _ f in Ok+a’[k/2]+a/2(QT)

n—oo

Hence, the function f : Qr —— R defined such that for every (x,y,t) € Qr:
flw,y,t) = fo(y,t) + a” f(In(x),y,t)
belongs to C**P(Qr) and by remark (6):

lim f,=f in  CIP(Qr).

n—oo

2.3 Deriving the PDE

Let ¥ be a compact, smooth, strictly convex surface embedded in R? which
evolves by the HMCF. Assume that locally it can be seen as the graph of a
function f. Let P be a point of ¥, let Tp> be the tangent space of X at P.
Let ‘76 TpY. and p = p(t) a path on ¥ s.t.

dp

dt|,_, v
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We derive the partial differential equation satisfied by the function f by
computing the Gauss curvature K and the mean curvature H in terms of the
function f.

Then,

~ dV & L
A:%:ﬁ and A=Ar + AN

where Ar and An are, respectively, the tangential and normal components
of the acceleration vector 71

The second fundamental form:
IT: TPE X TPZ — TPE

is a bilinear operator acting on the tangent space of ¥ defined on the diagonal:

—

for any vector \7 Since II is symmetric, it is enough to define it on the
diagonal.

Remark 7. 11 s also independent of the path.

Example 3. On the unit sphere:

IV, vV)=|V|? N

-
where N s the unit normal vector.
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Assume that X is the graph of a function f, i.e. z = f(x,y). We compute

the tangent vectors 17 and I/?/ in terms of f:

‘7 ﬁ 3]‘72 V?/_— af 0
Ox 8$8z’ dy Oy 0z

Since f(z,y) — z = 0 on the graph, we have

of  of
%—%E(f(%y)—z) 9 B

1 1 1 1
V= 0 =|o|, V= 0 = 0
fao(z,9) fa fy(x,y) fy

:%: 0 VXW=1-f,
Joz 1

— — _fx

- VXW 1 f
Vo Vir AR |k

1
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Jaa

Hence | A ] —A - N= By definition of the second funda-

mental form, we obtain:

— — f:vx —
I(V,V)= —————= N
( ) VIt 2+ f2
Similarly we can compute that:
W) = N ) = T N

Thus, the second fundamental form II is given by the following expression:

1 faw f:cy —
\/1+fx2+fy2 Fuw Fou N

In order to compute the Gauss curvature K and mean curvature H in terms

of f we examine the metric g;; induced by f:

Gz = g(V, V) = 1+f;?7 Jry = gV, W) = fa fyr  Gyy = gW, W) = 1—i—fy2

In order of computing the mean curvature H and the Gauss curvature K
(which are respectively, the trace and the determinant of the second funda-

mental form with respect to the metric {g;;}): we write the inverse matrix
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of {gi;}:
1 1+f5 _farfy

{9} =
PRSI —ns 14

Hence, H and K can be evaluated in terms of f;

H: = trace,ll = ¢g¥ -1I;; = ¢"*Il,, + 2 g™I1,, + ¢*¥ 11, =

1

T T2y (L4 £3) foo =2 fo fy oy + (L4 F2) fiy )

det I1 fxxfyy_ 2
K: = det, Il = = 2y
g detg  (1+ f24 f2)?

Therefore, if the surface ¥ evolves by the HMCF, then, the function f evolves
by the following partial differential equation:
af f xx f yy ;3y

E: (1+fyz)fxx_Qfmfyf:vy‘i_(l"f_fg?)fyy (21>




Chapter 3

Short Time Existence

We define the class of hypersurfaces & to be the class of weakly convex,
compact hypersurfaces ¥ in R? so that ¥ = 3; UX,, where X, is a flat surface
and X, is a strictly convex and smooth surface. Next, we give a definition of

a solution to the HMCF for a given initial weakly convex surface.

Definition 12. Given a surface ¥ € &, we say that a family of weakly convex
surfaces ¥y, with 0 <t < T, T > 0, is a solution to the HMCF with initial
surface ¥ if:

orP K -
b —— = —

oo H

ii. dist(Xy, %) — 0ast —0

for any point P € ¥, such that the Mean Curvature H > 0 where ]T/' , K and
H are respectively, the outward normal, the Gauss curvature and the Mean

curvature of ¥, at the point P.

20



21

3.1 Main Theorem

Non-degeneracy Condition I

In this section we introduce the non-degeneracy condition I for the class
S of weakly convex, compact hypersurfaces ¥ in R?, ¥ = ¥; U Xy, where
Y1 is a flat surface and 3, is a strictly convex and smooth surface. We can
assume that the lower part of s can be written as the graph of a function
h over a domain {2 containing the flat side. We define g := h”. We say that

Y] satisfies the non-degeneracy condition I if:

(=1 g2+ 99w gur
|Dg| > X and G =(g;) = > A\ (1)

gI/T gTT

for some numbers A > 0, ¢ = 1/p, where v and 7 denote, respectively, the
normal and tangential directions to the level sets of ¢; g,., ¢, and g, denote

the second order derivatives in these directions.

Theorem 13. (Main Theorem) Assume that at time t = 0, 3 is a surface
of class & as above. Assume that g is smooth up to the interface I' and
it satisfies the condition I. Then, there exists a time T > 0 such that the
HMCF admits a solution ¥y € & on 0 < t < T. Moreover, the function
g(+,t) = hP(-,t) is smooth up to the interface z = 0 and satisfies condition I.
In particular, the interface I'y between the flat side and the convez side is a
smooth curve for all t in 0 < t <T and it moves by the Curve Shortening

Flow.
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Sketch of the proof.

The HMCF can be seen as a free boundary problem arising from the degen-
eracy near the flat side of the fully nonlinear parabolic PDE which describes
the flow. By introducing an appropriate global change of variables one can

transform the free boundary problem in an initial value problem of the form

Mw=0 onDx|[0,T]

w=wy at t=0

on the cylinder D x [0,T], where D = {(z,y); z* + y* < 1} and

Muw = w; — F(t,u,v,w, Dw, D*w)

is a fully non-linear operator which becomes degenerate at 9D. To show that
the last problem admits a solution, one applies the Inverse Function Theorem
between appropriately defined Banach spaces.

The linearization of the operator M at a point w close to the initial data
wy can be modeled, after we straighten the boundary, on the degenerate

equation

ft = x2a11f:mc +2 xaleacy + a22fyy + b fx + b2fy (31)

on x > 0, and no extra conditions on f along the boundary = = 0.

The diffusion in the above equation is governed by the hyperbolic metric
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ds? = d s* + |dt| where:

da?
ds* = 7 + dy?*.

Notice that the distance (with respect to the metric s) of an interior point
(x > 0) from the boundary (z = 0) is infinite. This distinguishes our problem
from other, previously studied, degenerate free-boundary problems such as

the degenerate Gauss curvature flow and the porous medium equation.

Remark 8. We will actually show in next section that Theorem 13 holds under
the weaker condition that g belongs to C** where the definition of C** will

be given then.

Remark 9. We would like to remark that the Main Theorem implies that an

initial surface of class C*™ evolving by the HMCF remains of class C11.

It turns out that the model equation can be obtained by doing a local
change of coordinates as it will be shown in the next sections. The plan is,
therefore, to study the problem at first locally, then globally after we analyze

the model equation in our scaled Banach spaces.

3.2 Local Change of Coordinates

Assume that the surface X belongs to the class & such that its flat part >
lies on the z = 0 plane and the strictly convex part >, belongs to the z > 0

half-space. Assume that ¥; is a solution to the HMCF on [0, 7], for some
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T > 0. Let Py(zo,y0,0) be a point on I'y, for ¢y > 0 sufficiently small. Then,
the strictly convex part of surface (33), can be expressed locally around F
as the graph of a function z = h(z,y,t). Let g be defined by g = AP, for

0 < p < 1, such that it satisfies condition I, i.e.:

(q - 1) gz% + 9Gvv Gur
[Dgl=XA and G =(gy5) = > A

gVT gTT

where A > 0, ¢ = 1/p. Without any loss of generality we can assume that
xo > 0 and that the normal vector to I'y, facing outwards the flat side of

1)¢, 18 parallel to the z-axis. In this way at [y we have:
21 )t | llel h is. In thi F h
9:(Py) > 0 and gy(Py) =0

By the implicit function theorem we can solve the equation z = g(z,vy,1t)

with respect to x around F,. We obtain the map
x=1(z,y,t)

defined all (z,y,t) € B sufficiently close to (0,yo,t). We then define f on

B, such that

f(z,y,t) =1(2",y,1)
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for every (z,y,t) € B,, where (z,y,t) € B, iff (2,y,t) € B. Hence:

r = Ug(x,y,t),y.t) =Uh(z,y,t)P,y,t) = f(h(x,y,1),y,t)

and  h(f(z,y.t),y.t) = (9(f(z",y, ), y,1))"/7 = 2

We can repeat the same argument for every point Fy € I';,. Hence, there
exist P, € I'y, and Bp, | € I, with [ finite such that the lower part of the

surface (X3)¢, can be written as the graph of i over the domain (¥2)y, UU Bp,.
lel
Moreover, for every | € I, there exists f! such that

fH(h(z,y,t),y,t) = 2 and h(f'(z,y,1),y,t) = 2

for every (Z’,y,t) S BPl? (Z>y7t) € h‘<BPz)
In other words, each function f!is the inverse of h on a small box centered

on a point of the interface I'y,. The Main Theorem 13 will be shown by using

the properties of functions f' rather than those of the function ¢g. For this
purpose, in the next paragraph, we introduce an equivalent way to express
the non-degeneracy condition I in terms of the function f! that locally is the

inverse of h.

Non-degeneracy condition (IT). We say that the function f defined on a

domain A of the half space { (z,y,t) : 2z > 0} such that (0,0) € A satisfies
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the non-degeneracy condition II if the p—weighted Hessian matrix F' of f:

_ZQ—p fzz Zl_p fzy

1—
2P — T

F=(F;)=

is positive definite.

Given g and f; defined above, we have:

Proposition 14. The function g satisfies condition I iff for everyl € I, the

function f; satisfies condition II.

Proof. For simplicity we omit the index I, and use f instead than f!. Assume
that ¢ is smooth up to the interface and it satisfies condition I, then we show

that I and II are equivalent. We will use the following identities:

fQ0,y,t) = h(0,y,t), 2P (f(2,y,t) = f(0,y,1)) = 2 P(h(2",y,t) — h(0,y,1)),

f(zy,t) =p2P PR (2P y, 1), fy=hy, foo=p((p—1)2Ph, + 2 7°h,,)

By the condition I we guarantee that f exists. We start by observing that
f is continuous. The function f° = h° is smooth by assumption. We
know that 277 (h(z?,y,t) — h(0,y,t)) = 27?7 (f(2,y,t) — f(0,y,t)) which im-
plies that f(z,y,t) = 2P (f(z,y,t) — f(0,y,t)) is smooth on B. Similarly,

217P f(z,y,t) = ph.(2P,y,t) is smooth as well. Also notice that

2P (2,y,t) = p(p — Dha (2P, y,t) + p 2P ha.(2P,y,1)
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Hence fzz is smooth as well. In addition, we have the following identities:
h=g" he=q9" " 9. hy=q9" " gy

how = q9" (¢ — 1) g2 + 9 Gua)
hyy = a9" (g — 1)g; + 9 9yy)

hay = 0972 ((q — 1)gy 92 + 9 Guy)

and:
1 h, he 1
fz:h_w hy:_h_m ft:_h_$ fzz:_h_i h’.’L’{E

h 1

which yield to:

and

h g3
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h h/aj X

Therefore, if v and 7 denote, respectively, the normal and tangential direc-
tions to the level sets of g, due to the smoothness of g we can conclude that

the following two matrices F' and G are equivalent:

_zQ_p fzz Zl_p fzy (1 - CD 93 + 99w Gur
F=(F)= ~ G = (g95) =

Zl_p ny - fyy Gur 9rr
[

Remark 10. The Main Theorem 13 can be proven under the weaker as-
sumption that g € C***(Q), where we say that g € C?*T*(Q) if and only

if fi € C2TP(B)(P)) for everyl € I.

Next we show some key facts that we need for the proof of the Main
Theorem.
Since f is the inverse of h and the HMCF is invariant under rotation, the

function f satisfies the fully nonlinear equation on x > 0:

fa:xfyy - ;Ey

(1 + fy2)fx:c - 2fxfyfxy - (1 + fa%)fyy

Jio= (3-2)

By using the Inverse Function Theorem between Banach spaces one can
construct a sufficiently smooth solution to this equation. If f belongs to

C**?(Qr) and satisfies (IT) then, the equation 3.2 becomes degenerate at
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x = 0 and, as a consequence:

fi = %yyfy? at the interface (3-3)

In other words, the boundary I' moves by the Curve Shortening Flow.
We introduce the set of functions CF2T*P to be the set of all the functions

in CM2+eP that are strictly concave and satisfy the non-degeneracy condition

L.

Lemma 15. Given the operator F : CE2tP —— CEP  defined as:

F(f) =

det D*f ) (3.4)

=

' (1+fy2)fxw_2fxfyfmy+(1+f§>fyy
then, the Frechét derivative of F at the specified function h € C’fﬁJra’p 18
given by

Df(h)f:ft—($2a11fm+2$a12fzy+a22fyy+$blfx+bzfy) (3.5)

In particular, if the function h satisfies the non-degeneracy condition II, then,
the coefficients {a;;}, b1,be are bounded and the matriz {a;;} is strictly pos-
itive. Moreover, they belong to the space C& and, in particular, ass and by

belong to CP.

Proof. 1t is easy to see that the coefficients are given by the following iden-
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tities:
A h2, + (hay hyy — by hay )* + B2,
11 22 D2
h? hy hayy — hy hag )2 + h2
Uoy = xm+< yDzy ) + Ty
hxy(hfchyhxy - (1 + hZ)hzx) + hyy(_(l + hi)hxy + hwhyh'w)
a2 =
x D?
b — (2hyyhrr B thhry)(hiy B hyyhm)
. x D?
) 2 (—2hyhgy + 2hyhey) (2, — haghy,)
2 pr—

D2

where D := (1+h ) hog — 2 hg hy hey + (14 h3) hy,. We observe that in the
above expressions both the numerators and denominators become degenerate
at x = 0, however, their ratios are well defined because the function h is the
right space. It is easy to check the boundedness of the coefficients. We
need to show that the matrix A = {a;;} is positive definite, the coefficients
{ai;}, b; belong to C¢ and, in particular, ase and by belong to C¢P.

Close to x = 0, because of the condition II, we have:

2?7 W2 4 (217 hy hyy — hy 217 by )? 4 (2 Phgy )?

(7T >C >0

ajl ~
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(2%7P hyw)? + (2%7P by By — hy 7P hyy )2 + (2277 hyy)?

(27 I )2 >C >0

Qg2 =~

For some constant C' > 0. Also, it can be shown that the determinant det(A)
of the matrix A, is given by:

(L4 h2 + h2)(h2, — hew hyy)?

det(A) = 2Dt

and therefore, close to x = 0,

x2_2p(1 + hi + hz) (x2—p ( hzy>2 — hyy hyy))2
(x27P hyy )4

det(A) ~ >C >0

The matrix A is then definite positive (or equivalently the coefficients {a; ;}
are uniformly elliptic).
Next we prove that a;; € C¢. By definition:

(2277 hyy)? + (277 hy hyy — hy ' 7P By )? + 2272 B2,
(14 h2)a27P hyy — 2P £37P hy hy 217 hyy + (14 h2) 227P by,

ap ~
We have the following:
{2" P hy, &' P hyy, 2 P hy,} CCF and  {hy, 9} CC* = ay € CL.

It can be shown similarly that a;o and by € C¢. Next we prove that ag

and by belong to C'®P. To say that ag € C2P is equivalent to show that
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as, € C*and age € C“. This is an easy task since:

(z* 2 R2,)°(L+hy) 1
(2 Ph2,)°(1+hg))? 1+ (hg)

a5y R 5 = Gy € C

Also,

G99 = l‘_p(@m_a;z) ~~ Fx_p(hz—hy)—i—G

with F' and G defined by:

hea (14 (hg)?)(he + (hg)?)
D2(1+ (hg)?)

o o —haa (L + 1) (=2 g hy hay + hyy(1+ h3)) + (=2 hg by hay + hyy (1 + h3))?

xP D2(1 + (hg)?)
It is easy to check that both F' and G belong to C'¢, implying that ass € C'.

S

A similar computation shows that by belongs to C'¢P.

]

In the next straightforward lemmas we show that the linearization of the

operator F extended on C*?*%P(Qr) is invertible.

Lemma 16. The operator L : C*?tP(Qr) — C*(Qr) defined as:

L(f) = ft - (xzallf:c:r: +2xa12fxy+a22fyy+blex +b2fy+cf) (36)

such that its coefficients {a;;} are uniformly elliptic, {a;;, b;, ¢} C Ck?te

and {agy, by, c} C CF2FP s q continuous linear map.
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Proof. First all all we show that the map above is well defined. Let f
be in C**t*P(Qr) then we show that L f belongs to C**(Qr). Indeed,
by definition of C*2**?(Qr): 2? f,, € CF*? and *77 f,, € C° hence
(22 fo)® = 0. Which implies that aQ;EQ/fm = 7P (age 2% fre) € CFo,
Analogously, = a1z fuy, by fo € CH*P. We use the fact that as € CH*? to
show that ag f,, € C®*P. Readily, all the other terms belong to C¥P.

Next, we need to prove that L is a continuous linear map or analogously

we show that it is bounded. But this is an easy consequence of its definition:

HLfHCQW’P < CHchg,ua,p

where the constant C' depends on the norm of the coefficients of the operator

L. [l

Lemma 17. Let f be a solution to the equation 3.6. Let f° and f be defined
as in Section 2.2. Then,

Lo fp = agfy, F0fy 0 f°

ii. fi = anfe+2a2fy +anfy, + (@20 — 1) +b) f.+ (paz+b2) fy

+ (=p(1 —p)an +Pbl+5)f+a22f;y+52f;+q~5
where z = lnxz and

&z’j<z7y7t> = aij<m’y7t>
Bl(zayat) = (2p—1)a11(z,y,t)+b1(x,y,t)

EQ(Zayat) = b2($7y7t)
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6(2, y7t) = efpz[p2 d11(27y7t) - 21?&12(2’7.%15) +pb1(xa yat)]

G(’Z?yat) = b2(Zayvt)ggj(y7t)+d22(27y7t)92y(y7t)

Proof. Part i) is obvious. Part ii). Given f(z,y,t) := e ?*(f(z,y,t) —

f°(y,t)), then:

fo = e (filwyt) = ffy,t) f. = —pf+et DS,

fy = ey, t) = [, 1) fo = e (fr(zy.0) = f5,(u,1))
fog = —pfy+et P51y

foor = (=2p) o4+ p(1—p)f + P2 fy

Thus,

vPfo= f= 0 e = pft L

e f = fy— o 2P f = fu+@-1f-pl-p)f
TP foy = foutpfe TP fy = fu— 15,

By substituting f the last equations (3.6):

ft(zayat) =z’ (ft(xayvt) - fto(y7t)) =

a1 227 fop 4+ @128V fo + a2 x7P fyy + bzt P fu 4 boa TP f +

cr P f+aP— (v7Pag, fo, + 7PV fo +cfC+¢°) =

Cln(fzz +(2p—-1) f. - p(1 —P)f) + 2a12(fzy +Pfy) + @22(fyy —x P fo,)+
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bi(pf+ F) +balfy —a P f) He(f—aP )+
+27Pg — (7P asy fo, + POy fy FaTPefo+aTP¢%) =

ai fo. + 2a12fzy + aga fyy + (a11(2p — 1) + by) fot (para+by) fot
(=p(1 =p)an +pb +6)f+d22f;y+62f;+(5

O

In the next paragraph we denote by Sy the half space z > 0 in R?, by S the
space S = &y x [0,00), and by Sy the space S x [0, T, for T' > 0.
Given the operator L defined as above, based on the previous lemma we

define the operators Ly and L as follows:
Lo f° = f; — (agafyy + 03 fy + & f°) (3.7)

Lf=fi—(anfe +2a1afey + a2fyy + b1 fo+ b fy +icf+G)  (3.8)
where the coefficients are defined as in Lemma 17.

Remark 11. It can be easily checked that (L f)° = Lo f° and [jvf =Lf. We
also observe that by definition the function g = L f belongs to C'P. Hence,

g° € C% and g € C“ which implies that g(x,y,t) = ¢°(y,t) + 2P g(Inx,y,t).

Theorem 18. (Ezistence and Uniqueness) Let k be a nonnegative integer

and let « be a number in 0 < o < 1. Assume that ¢ € CF*P(S) and
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fe e ch?rar(8y), both ¢ and fy compactly supported in S and Sy respectively.

Then, for any T > 0, the initial value problem

f(0) = fo on S

(3.9)

admits a unique solution f € C*?**P(Sr). Moreover

I losasesisy < CT) (Ilfolleszsergy + 18lleegy)  (3:10)

for some constant C(T'), depending only o, k and T.

Proof. 1t is easy to observe that the interesting case holds when the Lebesgue
measure of the supports of f§ and ¢°: |(Supp fo)°| > n, |(Supp ¢)°| > n, for
some 11 > 0. Moreover, to solve the above Cauchy problem is equivalent to
solve the following Cauchy problems (3.11) and (3.12).

The two problems (3.11) and (3.12) are defined as follows: Problem (3.11)

is obtained by evaluating (3.9) at z = 0.

Lo f° = ¢° in R x [0, 7]
fo,0)=(fo)>  onR

where Ly is defined as in (3.7).

(3.11)
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The second problem is obtained by solving the corresponding problem for f.

Lf=¢  inSy

(0 =fo  on S

(3.12)

where the operator L is defined as in (3.8).

By the assumptions on the operator L it is clear that the coefficients of the
two operators Lo and L satisfy classical conditions as seen in Lemma 17. The
way to proceed is the following: At first we find the solution f° to (3.11), then
we solve (3.12). By classical theory both problems have a unique solution.

Moreover, the following inequalities hold:

IN

12k 2ta @t x[o,)) C(T) (| | follor2tamey + ‘|90H0k7ﬂ(R+))

IN

|’f||Ck,2+a,(k+2)/2+a/2($T) C(T) (|’f0||Ck,2+a,(k+2)/2+a/2(go) + ||¢’|Ck+a,k/2+a/2($))

We define f by f(z,y,t) = f°(y,t) + a2 f(lnx,y,t). We show that f is a
solution to (3.9).
Indeed, at t = 0, f(-,0) = f°(-,0) + a® f(-,0) = fo. Next, we show that

L f = ¢. This is a simple calculation:

Lf=(Lf)+a?(Lf)=Lo(f)+aPL(f)=¢"+atd=0¢

As a consequence, the function f is a solution to (3.9).
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It follows as well that the solution to (3.9) is unique and it satisfies the

inequality (3.10).

m
Let 0 < r < 1. We denote by B,(P) the box
| x>0,|x—x0| <e"
B(Py=q vl ly—wl<r
t to—1r2 <t <ty
Lo
around the point P = | 4, | and we let B, be the box around the point
lo
0
P=1o
1

Remark 12. The choice of the box B is made so that it has the right rescaling.

Moreover, the functionals Ly and L are well understood on the corresponding

bozes BS and B,.
We have the following fundamental estimate:

Theorem 19. (Schiuder Estimates) Assume that all the coefficients of the

operator

Lf = ft - (1,2 allfx:c + 2$a12fxy +a'22fyy _l'xblfx + b2.fy + Cf)
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belong to the space CS(By) and the coefficients asq, by, ¢ belong to CP for

some numbers o, p in 0 < p <1, a < p and satisfy

a;;§'¢ = NP, v¢ € R*\ {0}

> =

lasjllcs@r)s 1billea@r)s [lazelleer @y, [1b2lloer @ lelloar@r) <

Then, there exists a constant C depending only on o, A and p such that

£ llczrargs, ) < C (Iflcons) + ILfllce @)
for all functions f € C*T*P(B,).

Proof. As before, we can look at the corresponding linear operators Ly and

L defined as in Lemma 17.
Lo f° = f7 = (aaf, + B35 + €4°)

Ef: ft - (anllfm:+2xa12fxy+a22fyy+x61fx +62f~y+ Eﬁ)

By classical theory

1o evoriaras; < C (1 leosy + 1o llemoresy) — (3.13)
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for all functions f° € C?rel+a/2(B9),

||f||c2+a,1+a/2(z§1/2) <C <||f~||00(1§1) + ||[:f||0a,a/2(él)) (3.14)

for all functions f € C*t®1*+e/2(B,). As a result, the combination of (3.13)
and (3.14) gives the desired estimate. O

Remark 13. The previous theorem can be obtained for any box B,, 0 < r < 1.
oy t

This is because we can substitute f(x,y,t) by f(—,=, =
rir’r

The Schauder estimate can be extended easily to any integer k letting to the

following statement:

Theorem 20. (Schiuder Estimates) Assume that all the coefficients of the

operator

Lf - ft - (ZL‘2 allfa:ac + 2xa12f;ty + a22fyy + xblfx + b2fy + Cf)

belong to the space C**(By) and the coefficients ags, by, ¢ belong to CH*P for

some numbers o, p in 0 < p <1, a <p and satisfy
a;; €€ > NEP, ve e R?\ {0}

1
laisllore(gry Willere s Nlazellgrar gy [1b2llctan g, llellcran gy < b
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Then, there exists a constant C' depending only on o, \, k and p such that

1.f]

ety < C (M llomewy + 1L loros,)

for all functions f € C*TFtar(B)).

3.3 The Degenerate Equation

In this section we will extend the existence and uniqueness the Theorem 18

to a certain class of linear degenerate equations of the form
w; = awy; + b w; + cw

on the cylinder D x [0,7), T > 0, where D denotes the unit disk in R
The sub-indices i, j € {z,y} denote differentiation with respect to the space
variables z,y and the summation convention is used. The matrix {a*} is
assumed to be symmetric. Certain assumptions on the coefficients will be
made so that this class of equations includes, under appropriate change of
coordinates, the equations (3.6).

We define the distance function s in D as follows: In the interior of D, s it
is equivalent to the standard Euclidean distance, while around any boundary

point P € 0D, s is defined as the pull back of the distance function induced
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by the metric

d2
ds2:xi+dy

on the half space Sy = {(z,y) : * > 0}, via a map ¢ : Sy N D — D that
flattens the boundary of the disk D near P.

The parabolic distance is defined, as usual, by

Py P
S s IS(Pl,P2)+\/ ‘tl—t2|

t to

We can define now the spaces C*?(D) and C?**P(D): For a fixed small

number ¢ in 0 < § < 1, we write
D =Di_sp U(|J (Ds(P)ND))
1

for finite many points P, € 0D, | € I, with D;_;/, denoting the disk centered
at the origin of radius 1 — §/2 and Ds(F,) denoting the disk of radius §
centered at B.

Denote by D, the half disk
D, ={(z,y) €eD: z>0}.

We can choose charts T, : D, — Ds(x;) N D which flatten the boundary of

D and such that T,(0) = P,. Lets ¢, be a partition of unity subordinated to
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the cover

{Di-s2, (Ds(P)ND) }

of D. We define C®?(D) to be the space of all functions w on D such that
w € C*(D1_s2) and wo Y, € C*P(D, ) for all | € I. We also define C2t*F(D)
to be the space of all functions w on D such that w € C***(D;_5/5) and
wo Y € C*T*P(D,) for all | € I. Here C* and C*** denote the regular
Holder Spaces, while CP(D, ) and C***P(D,) denote the Holder Spaces
defined in section 2.2. Both C%?(D) and C?"*P(D) are Banach Spaces under

the norms

||l

cxrm) = W wlleam, ) + D I (wo T)lloer o,
l

and

||w||c§+aﬂ’(p) =[¢ w||c2+m1+a/2(2>1_5/2) + Z ||t (wo Tl)||c§+avp(p)'
l

In the next lemma we show that this definition is well-posed.

Lemma 21. The spaces C*? and C*T*P defined above are independent of
the particular choice of the number § > 0, the points P, € D and charts Y.
Moreover, for any two different choices of 6 > 0, P, and Y; the corresponding

norms are equivalent.

Proof. 1t is just an easy consequence of the definitions. O
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The above definitions can be extended in a straight forward manner to the
parabolic spaces C@P(Q), C?T*P(Q), where Q is the cylinder Q = D x [0, T],

for some T' > 0. Before we state the main result in this section, we will give

the assumptions on the coefficients of the equation
wy = aijwij + b w; + cw

on the cylinder @ =D x [0,T).

We will first assume that for any ¢ in 0 < § < 1, the coefficients {a%},
b" and ¢ belong to the Hélder class C%(Dy_s2 x [0,77]), which means that
the coefficients are of the class C'* in the interior of D. For a number ¢ in
0<d<1,let T,: Dy — Ds(P)ND be the collection of charts which flatten
the boundary of D, considered above. We will assume that there exists a
number J so that for every [ € I, the coordinate change introduced by each

of the T; transforms the operator

Lw = w; — ((a” wy; + b w; + cw) (3.15)
on Ds(P,) N D, into an operator L, on D, of the form
Ly = 0y — (22 @1y Wag + 22 @12 Wy + dag Wyy + 2 by Wy + by 0, + E)

with the coefficients d;;, b; and & belonging to the class C**(D,), with
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a9, by € Cf’a’p and

a &' > A€, vEe R\ {0}

for some number A > 0.
We next show the Holder interpolation inequalities for these weighted

spaces. In order of doing so, we define the weighted L* -norm:

lg Hckm(@@ =l g° ||Ckv0(Q§) +11g HckVO(QJ)‘

Also let ¥(P) be a function which is smooth on D, strictly positive in its
interior, with

9(P) = dist(P,dD)

Lemma 22. (Holder Interpolation). For every € > 0 there exists a constant
C(e) depending on €, p, k and o such that for any g € CH**P(Qjs), the

following inequality holds:

19D gl

Cchar(Qg) <ellg ||c§vQ+avP(Q5) +C(e) [l gllerrqy)- (3.16)

Proof. We prove that lemma at first for £ = 0. By definition,

19D gllcargs) = 19277 D gllcaay) < I D Gsllcaiay) + Hxlprngca(Q(;)
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By standard interpolation, for any n positive integer, given:
Quo = ([=n—1,-n] x R x [0,T]) N Qs
by the standard Holder inequality we have that:

19 llcrtanrr @, 5 < €llgllcarartar(q, 5 + Cnl€) [| G0, )

where the constants Cj,(¢) depend only on the size of the cylinder Q,_s, thus,

there exists C' depending on the size of ()15 such that

19 llr+anrags) < €llllozrartar gy + CO G 1leogy: (3.17)

and

H 2P g° H01+a,a/2(Qg) <e€ H g° ||02+°‘*1+°‘/2(Q§) + C(G) H g’ HCO(QE). <3.18>

By taking the sum of (3.17) and (3.18), we obtain the equation (3.16) with
k = 0. We can easily generalize the previous proof to any positive integer

k> 0. O

Lemma 23. Assume that g € C*?(St) and f € C*T*P(S), for some number

am0<a<l,p>a, T > 0. Then, there exists a function h € C***P(Sy)
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such that

oh

h(x,y,()):f($,y) and E(ma?ﬁo) :g($ay>0)

and

1]

crrangy < C (|| Fllgzrar(s + llg] c:wsT))

for some constant C' depending only on «.

Proof. Given g € C%P(Sy) and f € C2T*P(S), there exist g° € C**/™m~¢(S3.),
f° e C*(S°) and § € C**%(Sy), f € C*™(S). Moreover, there exists
h° € C*rel+a/2(8°) such that:

oh°

h°(y,0) = f°(y)  and E(y,o)zg()(y,())

and

17| c2tansar(ss) < O (1 f°llcarantarzsey + 19°[lcass))

for some constant C' depending only on «.

Moreover, there exists h € C2t1+e/2(§) such that

. . oh

h(z,y,0) = f(x,y)  and E(ﬂf,y,o):é(ﬂf,y,())

and

[l ggrassersyy < € (1llcasnns, + lallosrs, )

for some constant C' depending only on «.
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We use h° and A to define:
h(x,y,t) = h° + 2Ph(z,y, 1) z = In(x).

The function h, hence, belongs to C?T*?(Sr) and satisfies the properties of
Lemma 23.

]

Theorem 24. Assume that the operator L satisfies all the above condi-
tions on the cylinder @ = D x [0,T]. Then, given any function w°’ €
Ck2ter(D) and any function g € CH*P(Q) there exists a unique solution

w € CH2Tore(Qr) of the initial value problem

Lw=g m Q
w(-,0)=uw’ onD

satisfying
wllogaeesiq) < CT) (I1u%]grases ) +lgllsmrg)) (3.19)

The constant C(T') depends only on the numbers o, k, X\ and T

Proof. We can assume, without loss of generality, that w® = 0 and that g is
a function in C**?(Q7), which vanishes at ¢t = 0 due to Lemma 23.

For § > 0, set Qs = D x [0, 0] and denote by Ci’g+a’p(Q5) and Cigl’p(Qg)
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the subspaces of CH*7((Q;) and C*(Qs) respectively, consisting out of all
functions which vanish identically at t = 0. Also, denote by I the identity
operator on Cf; 57(Qs). We will show that, if § is sufficiently small, there

exists an operator M : C'f”(f"p(Q(g) — C§g+a’p(Q5) such that

LM~ <

DN | —

This will immediately imply that the operator L M : C’i’g"p(Q(;) — C’i’oo“p(Q(;)
is invertible and therefore L : C’i TTOP(Qs) — C’f”{f"p (Qs) will be onto, as
desired.

We begin by expressing the compact domain D as the finite union

D:DOUUD,

>1

of compact domains in such a way that

dist (Do, D) > £ > 0

N

and for all [ > 1

Dl = Bp(xl) NnD

with B,(x;) denoting the ball centered at z; € 0D of radius p > 0. The
number p > 0 will be determined later.
The operator L is non-degenerate when restricted on the interior domain

Dy. Therefore, the classical Schauder theory for linear parabolic equations
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implies that L is invertible when restricted on functions which vanish outside
Dy. Notice that our Holder spaces with respect to the cycloidal metric s on
the interior domain Dy coincide with the standard Holder spaces, where the
classical Schauder theory holds true.

We denote by My : Crg?(Dy x [0,0]) — CEZT*P(Dy x [0,6]) the inverse
of the operator L restricted on Dy. Next, we consider the domains Dy, [ > 1,
close to the boundary of D, which can be chosen in such a way that the sets

B,/4(z;) N D are disjoint. Denoting by B the half unit ball

B={(z,y) € Bi(0); = >0}
and by Qs the cylinder
@6 = E X [Oa 6]

we select smooth charts Y; : B — Dy, which flatten the boundary of D, i.e.,
they map BN {z = 0} onto D; N ID and have T;(0) = ;. This is possible if
the number p is chosen sufficiently small. Under the change of coordinates
induced by the charts T;, the operator L, restricted on each D; x [0,], is

transformed to an operator L; of the form
Liw = wy — (2% @ 1y + 22 8 W1 + @) Was + xb) Wy + b Wy + G )

defined on B x [0,6]. Moreover, the charts Y; can be chosen appropriately
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so that the coefficients of L; satisfy
a6 > NEP >0 vEeRP\ {0}

and

i —

@ llexor@y  eillorargy Nallerang, < 1/2

for some positive constant .

Each of the operators L; has the form of the model operators studied
previously. Denote by S, the half space z > 0 in R? and by Ss the space
So % [0,0]. Also, consider the subspace 6’;5“ ?(S;5) of C’i 577 (Ss), consisting out
of functions which are compactly supported on Ss. Then, Theorem 18 implies
that for every [ = 1,2, ... there is an operator M; : 6’;’3’1’(55) — 2’02+a’p(55)
such that

LM, =1

with I denoting the identity operator on 6?’3 ?(S5). Denote by M; the pull
back of the operator M; via the chart Y;. Next, choose a nonnegative par-
tition of unity ¢;; [ = 0,1, ... subordinated to the cover D;; | = 0,1, ... of
D and also choose, for each [ > 0, nonnegative, smooth bump functions
Y, 0 < 9y < 1, supported in D; with ¢, = 1 on the support of ¢;. Then

Ym0 ¢ =1 and ¥y ¢ = ¢y for all L.

Our goal is to show that the operator M : Csba’p(Q(;) — C’ig“‘”’(@@
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defined as
Mg = Z¢1Mz Py

satisfies

|LMg — g| ce@y V9 € CLTP(Qs)

1
ce@s) < 5 9]
if the cover {D,;} and § are chosen appropriately. Indeed, we can write
LMg—g =Y LiiMigig—Y dig= Y i (LM=I)dig+> [L,h] Mg
! ! l ]

with [ L, v, ] denoting the commutator of L and ¢;. The commutator [ L, |

is only of first order and it can be estimated as

IHLJM Ml(ﬁlgl‘cj“vp(@é) <cC (HﬁD(Ml(blg)chavP(Qé) + ||Ml¢lg|’c§v“’P(Q6)> :

Let € > 0. It follows via the interpolation between these Holder spaces that

H19 D(Ml(ﬁlg)HCf,a,p(Qé) <e ||Ml¢lg||cf’2+aﬂ’(@5) + C(E) |‘Ml¢l9‘|c”“’p(Q5)'

However, for each k we have

Mgy gllprarang,y < Cllglloran g,
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and therefore, since M;¢;9g =0 at t =0,

|Miuglloraqs) < C0llgllgrarg,):

Therefore if we choose ¢ sufficiently small we can make

1
Z [ [ L] Mihg HC’f’“’p(Qa) < 1 HQHQ’:’%P(Q&)-
l

On the other hand we have (LMy — I )pog = 0, while for I > 1, we can
make the norm of each of the operators LM; — I arbitrarily close to zero by

choosing the diameters of the domains D; sufficiently small. Wherein

1
) <1 191lcer (o)

HZ%LM

for all g € C**?(Q;), if p and § are both sufficiently small. Combining the

above estimates we obtain that

1
1L Mg = gllgperg, < 5 lalloper g,

for all g € CY§"(Qs), as desired. We conclude that for every g € Crg™(Qs)

there exists a function w € C’k FT(Qs) such that Lw = g. In addition

||w||0§72+‘17p(@5) < C||g||cf,a,p(Q5) (320)



54

with C' depending only on D and the constants a, k, A and T". This shows
the short time existence. The last inequality implies the long time existence
since we can always extend the solution on a bigger interval. Hence, one can

show that

[[w]]24ep gy < C(T) (||w°||05,2+a,p(p) + ||9||c§»avp(Q)>

where the constant C'(T") depends only on the numbers a, k, A and T.

The uniqueness follows readily from this last inequality. m

Remark 14. The solution constructed is defined only up to the interface. In
Chapter V, we show that this is a viscosity solution of the HMCF on the

whole space.

3.4 Global Change of Coordinates

In this section we introduce an appropriate global change of variables so that
we transform the free boundary problem in an initial value problem of the

form

Mw=0 onDx|[0,T]

w=wy at t=0

on the cylinder D x [0,T], where D = {(z,y); 2? + y* < 1} and
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Muw = w; — F(t,u,v,w, Dw, D*w)
is a fully non-linear operator which becomes degenerate at 0D.

We choose a surface S close to ¥ such that the following properties

hold: There exists S : D — R? a parameterization of S on the unit disk

D, S(u,v) = (z,y,2) € R? such that y and 2 are smooth on D, and

Ty ~ TP 2| S COVP, 2y ~ 9P

where ¢ behaves like distance to the boundary as in Section 3.3.
Let T' = (11, T», T3) be smooth vector field transverse to S. Define the change

of coordinates ® : D x [—n,n] — R? by

xr u
y| =% | v |="5wv)+wl(uv) (3.21)
z w

or more explicitly

r = 51(u,v) +wli(u,v)
y = Sa(u,v) + wly(u,v)

z = S3(u,v) +wls(u,v)
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Denote .y, Ty, Tw, Yu, Yo, Yuws 2us 20s 20 as partial derivatives of functions
r = z(u,v,w),y = y(u,v,w) with respect to u,v,w. Use similar notation
for second derivatives of these functions. We begin by selecting a sufficiently

small number ¢ > 0, such that

Ti(u,v) =0 on D\ Dy

denoting, as above, the transverse vector field to the surface S. Notice that
by choosing the surface S sufficiently close to the surface z = f(x,y), we can
make ¢ to depend only on the constant A where A defines the non-degeneracy

condition I.

Proposition 25. The function w evolves by

Mw=0 onDx|[0,T]

w=wyg at t=0

on the cylinder D x [0,T), where D = {(z,y);z* + y* < 1} and

Muw = w; — F(t,u,v,w, Dw, D*w)

where F = F(t,u,v,w, Dw, D*w) is a fully nonlinear operator. Moreover,

its linearization D M (w)w = w, — DF (w) w is of the form of the operator L
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studied in Section 3.3:

Lw = w; — (a7 wi; + b w; + cw) (3.22)

Proof. To show that w satisfies an equation of the desired form in the interior
cylinder Dy _5x [0, T is straight forward. Hence, we will restrict our attention
to D\ D;_s. We start by expressing the first and second derivatives of z with
respect to x,y, t in terms of the first and second derivatives of w with respect
to u,v and t.

We remark that this computation holds in the interior of the unit disk D.
Since z = f(x,y) is a function of z,y we compute the first and second partial
derivatives of z with respect to z and y in terms of w = g(u,v) seen as a
function of wu, v.

Let A be the Jacobian matrix relative to the transformation of coordi-

nates:
ou v
A or oz | | © b
“lawa |7,
dy Oy ‘
Let Vz be the gradient of z:
0z
. z
ves |G-
dy &

We denote by A; and A; the derivatives of the matrix A with respect to x

and y:
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A, = 82x2 3235 _ ar b
o°u 0w o d
0xdy 0xdy b
0Pu 0%
Oxdy 0xdy a by
Ay = 2 2 -
gu v ¢ d
Py 0y 2 da

Notice ¢; = as, di = by. Let Vu, Vv be, respectively, the gradient of u and

(%

@

ve—{ i ]=1{"
ay) \
@

vo= [ ="
ay) \»

We denote as usual the basis vectors e;

us in performing the computation.

(1,0) ey = (0,1) which will help

Finally we introduce the matrices By and By which denote, respectively, the

derivative of the matrix A~

1 Ty, Ty T T2
A_ pu— p—
Yu Yo Y1 Y2
0A~! 0A~1
with respect to x and y: B; = 0 By, = 3 which can be computed
T Y

as:
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axriy +bxie ay + by
Bl —

axis+bxre ay2+ by

cxryy +dxie cyin +dye
By =

cxig+dxe cyi2 +dy

We use the following convention to make the reading lighter:

T11 = Tyus L12 = Tyw, 22 = Tovs Y11 = Yuur Y12 = Yuv, Y22 = Yoo

Hence, we can evaluate the coefficients of the matrices A; and A, as follows:

a b
o - 2(Vu):—A-Bl-Vu o= 3(Vv):—A-Bl-Vv
ox ox
C1 dl
a b
| = aﬁ(Vu):—A-Bg-Vu | = ag(Vv):—A-Bg-Vv
Co Yy Co Yy
ow
2 o
Moreover, since Vz=A- + 2y | we obtain that:

w
Zv

dy
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ow
8 Zy a Zyy + bzuv + Ruw A
—Vz = A, + A- Jos
or w
Zy a Zyp + bZU’U + Zow
ox

Ow w

+ Zzuw ({(;9221% + (a Zuw + 0 va) g@% )

0xdy dy
ow
a Zu C 2y, + dzuv + Zuwa_
—Vz = A, + A Y
oy ow
Zv C Zuw + dzvv + Zow A
Ay

0w ow

+ oz | B+ (crwtda) | G2

8Ty oy

The gradient of the function w, as well as its partial derivatives, can be

expressed by using the matrix A:

ow

O aw, + bw,

gw B +d

By cwy, Wy
0w
Py a1 Wy + @ (@ Wy + bWyy) + by wy + b(awy, + bwy,)
Pw | ~

920y C1 Wy + (A Wy + bWyy) + dy Wy + d(a Wy, + bwy,)
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0w
D20y A2 Wy + @ (CWyy + dWyy) + by Wy + b(CWyy + dwy,)
2 pu—
gTw Co Wy + C(CWyy + dWyy) + do wy + d(cwyy + dwy,)
Yy

Therefore, after performing all the substitutions above we get:

0%z

o Af wi1+Aly wig+Ajy wag+ B w1+ Bs wa+ Biy wy wa+ Bl wit By wi+Cy

&z 2 2 2 2 2 2 2,2, p2 2

% = A11 ’U}11—|-A12 ’U)12—|-A22 ’LU22—|-B1 w1+BQ ?1}2—|-312 w1 w2+Bll wy +BQQ woy +Cs
822 o o o o o o o 2 o 2

W@y = A7 w11+A12 w12+A22 UJ22+Bl w1+BQ w2+312 w1 w2+Bn w1+B22 7~U2+Co

k

i B’, C' are obtained as follows:

where the coefficients A

Al = —a® (=20 T byu(zu + w1 20) + dYu (2, + wezy))
ALy r = =0 (—2p + bYu (20 + w1 20) + dYu (2, + w22y))
Aly: = =2ab( =24 + bYu(2u + w1 20) + dYu (2, + Wazy))
Bl,: = —2ab(ayuw + WYow)

Bl,: = —2bd(ayuw + bYow)

Biy: = =2(0* + ad)(ayuw + byow)

We look at the evolution of w;. Suppose that z = f(z,y,t), then differ-

entiating with respect to t:



62

E = Zy——z = 71 U)%l + 2’}/12 w%g + Y22 w%z + P11 W11 + P12 W12
y Yw w

—+ p22w22+’ylw12—|—72w22—i—plwl—i—pgwg—l—@.

By introducing this global change of variables one can transform the free

boundary problem in an initial value problem of the form

Mw=0 onDx|[0,T]

w=wg at t=0

on the cylinder D x [0,T], where D = {(z,y);z*> + y*> < 1} and

Muw = w; — F(t,u,v,w, Dw, D*w)

where the fully nonlinear operator F'is defined as

F(t,u,v,w, Dw, DQU}) = 71 wfl + 272 w%g + Y22 w§2 + p11 W11 + P12 Wiz

+ pogWag + v w1? + Yo w22 + prwl 4 pywy + O

where the coefficients 7, ;, pij, Vi, pi, © are very complicated functions de-
pendlng on wi, Wz, 2y, Zyw and Ly Zowr Lovs Twy Lowy Lyw-

However, these coefficients can be estimated under the assumptions:

Wy ~ 07 Zy ™~ 07 Ryw ™ 0 and Loy Zow ™ 07 Tyy ™ 07 Twy Low; Tuw ™~ 0.
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We omit here all the details but it can be shown that the linearization of the
above equation at a point w close to wy. By doing the substitutions above
we can compute the linearization L@ = DF(w)w can be expressed by the

equation:

L(W) = a1 Wiy + 2 a2 Wia + a9 Wag + by W1 + by Wy + cw +d

with the coefficients of the operator £ behave as described below:

~ W . Wi wy
aip = 5 g1 a2 ~= 5 Y12
w&l Wiy
w11 W11 W
a1l = —5 g2 by = 5 hy
wy w1y
w wig W
11 11 W1
by ~ —hy c ~ 5s—h
Wiy Wi

The functions g; j, h; belong to the space C¢ and particularly go2, b2, ¢, d

belong to CP. Therefore, this shows that the linearization

DM(w)w =w; — DF(w)w =w; — Lw

is of the form of the operator L defined and studied in Section 3.4. This

concludes the proof. O
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3.5 Proof of Main Theorem

The local coordinate change, presented in Section 3.1 can’t be used directly
for the proof of the following theorem, since the result is global. Instead, we
will use the previous global change of coordinates in the proof of the Main
Theorem.

We assume that the surface ¥ is the union

EzElLJEQ

where > is the flat side and ¥, is the strictly convex part of the surface and

denote, as before, by I' the junction curve

F:EIHEQ-

We can also assume, by rotating the coordinates, that the flat side lies on
the x = 0 plane and that x > 0 on X and that the non-degeneracy condition
I holds.

We pick a surface S, sufficiently close to the surface ¥y as we did in

Section 3.4. such that its boundary dS lies on the z = 0 plane.

Definition 26. We say that the initial surface 3 is of the class C*?TeP if the
function w® belongs to the class C*?T*P(D). We say that ¥, 0 <t < T is of
the class C*2TP if the function w(t) belongs to the class Ck2TP(D x [0, T)).

Finally, we say that ¥ is smooth up to the interface, for 0 < t < T, if the
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function w(t) is smooth on D x (0,T].

Theorem 27. Assume that for some nonnegative integer k and some number
pin0<p<l1, a<p, the strictly conver part o of the initial surface
Y belongs to the class C*2t2P and satisfies condition I. Then, under the

coordinate change studied in Section 3.4 the Harmonic Mean Curvature Flow

oP

. N te0,7]

==

with initial data the surface X converts into the initial value problem

Mw =0 (u,v,t) € D x[0,T]

w(u,v,0) = w (u,v) € D

with w® € C*2+P(D) and

Muw = w; — F(t,u,v,w, Dw, D*w)

satisfies the hypotheses of Theorem 3.3 proved in Chapter I11.

Proof. Due to the computation of Section 3.4 we transform the free bound-
ary problem for the Harmonic Mean Curvature Flow, into the initial value
problem for the fully-nonlinear operator M. The condition I implies that if
the time 7' is sufficiently small, the linearization of the operator M at a point
w € Ck2ter(D x [0,T]) sufficiently close to w® satisfies all the hypotheses

of Theorem 3.3: In the interior of D the operator M is strictly parabolic,
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since the surface ¥o(t) is strictly convex away from the interface x = 0 and
the coordinate change is smooth. On the other hand, we showed in Chapter
IIT that locally at any point at the boundary of D, the linearization of the
operator M can be transformed, under an appropriate change of variables,

into an operator of the form

ft = J]2a11f$$ +2x (lufmy + CLQnyy + blx fz -+ bgfy (323)

defined on the half disk D, = D N {z > 0} and satisfying the hypotheses of
Theorem 3.3. This has been shown in details in Chapter III, for the local
change of coordinates. The substitution g = h” is included in the coordinate
change 3.4, since the initial surface, close to the interface I' is the graph of a
function which vanishes as distance to the boundary to the power ¢ = 1/p > 1
at z = 0 and the vector field T' = (T3, T»,T3) is taken to be parallel to the
z = 0 plane when 0 < z < 9. Hence, the Inverse Function Theorem between

Banach spaces applies here and we conclude the proof of the theorem.

3.6 Motion of the Free Boundary

Theorem 28. Let Y, be a family of surfaces of class & which is a solution to
the Harmonic Mean Curvature Flow. Let Ty = (31), U (33); be the interface

between the flat side (X1); and the strictly conver side (X9);, then I'y evolves
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by the Curve Shortening Flow.

2Q

—kn .24
o k n (3.24)

where Q) is a point of the curve I'y, k is its the curvature at the point ) and

n is the normal to the curve Ty at the point Q.

Proof. Let P be a point on the boundary I';. We can assume without loss
of generality that I'; lies on the x = 0 plane. Then, we can write the surface
>, around the point P as the graph a function f. The function f belongs to

the space C?T*P and it evolves by the degenerate equation 3.2, reproduced

below.
g2
fi = . Jorlvy — Jay . (3.25)
(1 + fy)f:ca: - 2fxfyfxy - (1 + fgg)fyy
Moreover it satisfies the non-degeneracy condition II. ]

As x approaches 0, f,, goes to infinity with rate P2, with 0 < p < 1, while,

fus | fey| are bounded by 2P~! and f,, f,, are uniformly bounded. Hence,

. Y fmfyy_ ny _
il_r)% ft(x7y’t) o glclirll) (1 +fy2)fxx - Qfmfyfacy - (1 "‘fg)fyy N

2

X

fyy - f z

= lim e

z—=0 2y Jalytay . (1+fx2)

fyy
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with
2 2
ili)r[l) fmm B 0’ alclz’% fx:v =0 and 31815)% fzx fyy =0

implying that

_ fyy(07yat>
fi(0,y,t) = W

In other words, the evolution of the point P is governed by the Curve Short-

ening Flow.

Corollary 29. The interface curve I'y between the flat side and the strictly

conver side becomes strictly convex and smooth at t > 0.

Proof. 1t is a consequence of the fact the initial curve I" evolves by Curve
Shortening Flow. Gage and Hamilton proved in [14] that a convex curve in
R? evolving by Curve Shortening Flow becomes smooth and strictly convex

at time ¢ > 0. OJ



Chapter 4

Regularity

4.1 Higher Regularity

In this chapter we study the regularity of solution of the HMCF and finally

we prove the main result of the thesis.

Theorem 30. Assume that the initial surface Y satisfies the assumptions
of Theorem 13. Then, the solution ¥, of the HMCF is converted, via the
coordinate change studied in Section 3.4, to a function w(t) which belongs,
for any positive integer k, to the Hélder class C*?+P(Q), on Q = D x [0, T].

Moreover, for any 7 in 0 < 7 < T we have

Hw|’C§’2+°"p(D><[T,T]) < Ci(r, HWOHCEWP(D)) (4.1)
Proof. 1t follows from the classical theory of non-degenerate parabolic equa-

69
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tions that the strictly convex part (X); of the surface ¥, is a smooth surface
at the points where x > 0. Hence we will restrict our attention at points on
the interface I';. To obtain the desired regularity we will use the local change
of coordinates introduced in Section 3.2. Let Py = (zo, %o, to) be a point on
the junction curve I'; at time t = ¢y in 0 < ¢y < T and assume, by rotating
the coordinates, that at the point F, the normal vector to I';, pointing out-
wards the flat side (X;)¢, is parallel to the z-axis, We assume therefore that
the surface can be seen as the graph of the function f = f(z,y,t), defined in

a small box

B,={0<z2<¢" ly—yo| <n, —n* <t—1t;, <0}

We have computed in Section 2.3 that f satisfies the evolution equation

fcca: fyy - a%y

T O Ve 2 2o T+ (4 BV

(4.2)

By definition the surface ¥; belongs to the class C2T*P_ and as a consequence
the function f belongs to the class C2F*P(B,), as defined in Section 2.3. Our
goal is to show that f € CH*T*P We will prove first that f € CH?*(B,),
which means that f;, f, and z f, belong to the class C2t%(13,). This will be
shown by computing the equations satisfied by each of the functions z f,, f,
and f;. We will first show that f, belongs to the class C*"*(B,).

Differentiating equation (4.2) with respect to y we obtain the following
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equation for f = fy

2 _ 2 ~
]Et _ ( ;vy"'(fy.};:c)yz fyyfx) )fxx+
2 (_fxyfyy(f3+1)_fxyfxz(1+fy2)+fyfx( 3y+fyyfxw)) f;y_i_

D2

_ 2, g2 2\
(fay fo fywasz T oy T Jae Syt

fy(2fwfyyfwx_f$y) 3 fyfyy ix ¢
(et (151,

where D = (14 f2) fox — 2 fofy foy + (14 f2) fuy-

Since function f € C2t*P(BB,), the above equation is of the form

f~t = :UQ allfxaz + 2z alZfocy + a22fyy + xblfx + b2fy

where all the coeflicients belong to the Hélder class C', the matrix (a;;) is
strictly positive and age and by belong to C2P.

It then follows from theorem 19, appropriately rescaled, that f, = f
belongs to the class C27*(B,). Similarly, it can be shown that f; € C2T*(B,).
We will finally show that z f, € C2¥*(B,). We compute the evolution of f =
x f, by differentiating the equation (4.2) with respect to x and multiplying

it by z. We find that f satisfies the equation:
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2 _ 2 2 B
]th:( yy+(fyyf:c fyfl‘y) + xy) fmm

D2
4o (fa: fy (fay + fou fyy) — (1 +DJ;5) foo foy = (L+ f2) fay fyy) o
2 _ 2 2 _ f2
+ <fy+(fxfmy Djyfrx) + xx) fyy+2(fzfyy(+f32fyy a:y))fx
fa:ffcy(fmfyy_ :?y) 7 (fy+fyy)(fxwfyy_ a?)
— 2( 2 )fy—|— ( E Y )

Since the function f belongs to the Holder class C2t*?(B3,) we can easily

show that the above equation is of the form

ft = x2 allfxw + 2z alfoy + a22fyy + xblfx + b2fy +g

where all the coefficients and g belong to the Holder class C¢P(B,)), the matrix
(a;;) is strictly positive and all the necessary conditions are fulfilled. Once
again Theorem 19, appropriately rescaled, implies that x f, = f belongs to
the class C2T*?(13,), as desired.

Generalization for any k > 1. By the same technique we obtain that f &€
Cr2rer(B,), for any positive integer k. Since this is true at any point Py €
'y, 0 <t < T, by changing coordinates, we can conclude that the function w
belongs to the class CH***P(Q), on Q = D x [0,T]. Moreover, via a standard

reqularizing argument it can be proven that for any 7 in 0 < 7 < T we have
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the estimate:

||w||C§’2+a’p('DX[T,T]) S Ok(T, ||w0||03+a,p(p)) (43)

We are now ready to prove the main theorem of the thesis.

Theorem 31. Given a surface ¥ of class C*T*P that satisfies condition I,

then, there exists a time T > 0 for which the HMCF

oP

t

N

So{Re

admits a solution ¥y on 0 <t < T which is smooth up to the interface z =0
for all0 <t < T, satisfies condition I. Moreover, the interface I' between the
flat side and the strictly convex side will be a strictly convex smooth curve

evolving by the Curve Shortening Flow.

Proof. The proof follows readily combining the Main Theorem 13, the Reg-

ularity Theorem 30 and the next theorem. O

Theorem 32. Let k be a nonnegative integer, o, p numbers in 0 < p < 1,
a<pandT > 0 a positive number. Also, let w® be a function in C*2+P(D).

Assume that the linearization DM (w) of the fully-nonlinear operator

Muw = w; — F(t,z,y,w, Dw, D*w)
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defined on the cylinder QQ = D x[0,T], satisfies the hypotheses of Theorem 3.3
at all points w € CH***P(Q), with ||w — w0||C§,2+a,p(Q) < w, for some p > 0.
Then, there exists a number 1o in 0 < 179 < T depending on the constants

a, p, k, N\, and u, for which the initial value problem

wy = F(t,u,v,w, Dw, D*w) in D x [0, 7]

w(-,0) = w® on D

admits a solution w in the space CH*T*P(£) x [0,7]). Moreover,
Hchg’“a’P(Dx[o,m]) <C HWOHC;C’QW’P(D)

for some positive constant C which depends only on «, p, k, X\ and p.

Proof. The proof is a consequence of the Inverse Function Theorem between

Banach Spaces. []

Theorem 33. Under the same assumptions as in Theorem 27, there exists

a number 1, > 0 for which the HMCF

opP

. N, te0,7]

So{Re

with initial data the surface ¥ admits a solution 3y on 0 < t < 1. Moreover,
under the coordinate change the strictly convex part (X3); of ¥y is converted
to a function w(t) which belongs to the Hoélder class C*?+P(Qy), on Qp =

D x [O,Tk].
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Because of Theorem 30 we have that the function w is smooth up to the

boundary of D for all ¢t € (0,77, for some T' > 0.

4.2 Smoothness

In this section we will give the proof of the Main Theorem stated in Chapter
IIT. We will actually prove the following stronger result, where we relax the

regularity assumptions on the initial surface.

Theorem 34. Assume that the strictly convex part Yo of the initial surface

Y belongs to the class C?T*P for some numbers p in 0 <p <1, a < p and

satisfies condition I. Then, the HMCF

oP

. N te0,7]

==

with initial data the surface ¥ admits a solution X; which is smooth up to
the interface, for 0 <t < T. In particular the interface I'y is a smooth curve

for every 0 <t < T and it moves by the Curve Shortening Flow.

Proof. 1t can be easily checked that if the initial surface satisfies the con-
ditions of the Main Theorem, then it will satisfy the weaker conditions of
Theorem 34. Assume that the strictly convex part X5 of the initial surface
¥ belongs to the class C?T*P for some numbers p in 0 < p < 1, a < p
and satisfies condition I, then we have proven existence for the HMCF in

Theorem 27. From Theorem 30 we have that w € C¥2T?(D x (0,T7), for all
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nonnegative integers k. In particular this implies that for all integers k& we
have w € C*?(D x (0,T]), for all 7in 0 < 7 < T. Tt follows that w is C°P
smooth up to the boundary of D. Going back to the original coordinates,
we conclude that the strictly convex part of the surface ¥(t), 0 < ¢ < T is

smooth up to z = 0 and that the interface I'(¢) is smooth.



Chapter 5

Viscosity Solutions

5.1 Definition of Viscosity Solution

In this chapter we show that our solutions can be interpreted as viscosity
solutions. We give at first the definition of a viscosity solution and then
we show the comparison principle which is fundamental for the purpose of

this chapter. Finally, we show a geometric property of the solutions to the

HMCF.

Definition 35. Given two surfaces 1 and Yo we say that X is contained in

Yo if the region enclosed by Y1 is contained in the region enclosed by Ys.

Definition 36. A family of convex regions {¥;}o<i<r is called a wviscosity
solution of Equation 1.1 if the following conditions hold: For any smooth,

strictly convexr surface X, contained in ¥, for some time t € (0,T), the

77
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surfaces X, given by solving Equation 1.1 are contained in ¥y, for all t €
[0, T —to) in the domain of existence of Xy . Second, for any smooth, strictly
convex surface of which encloses ¥y, for some time t € (0,T), the surfaces

5 given by solving Equation 1.1 contain in Sy, for allt € [0,T — ty).

5.2 Comparison principle

Proposition 37. (Comparison principle) : Let ¥ be a surface of class
C?teP guch that is satisfies condition I, and let X be a smooth, strictly
convex surface containing g at time t = 0, then the surface ¥; obtained by
evolving g by the Equation 1.1, is contained in the surface ¥ obtained by
evolving ¢ by the Equation 1.1 up to the time of existence of ;. Analo-
gously, if Xg contains a smooth, strictly convex surface ¥~ at time t = 0,
then the surface Xy contains the surface ¥; obtained by evolving X5 by the

Equation 1.1 up to the time of existence of 3.

Proof. At first we observe that by the Maximum Principle the surfaces ¥; and
¥ cannot touch were they are both strictly convex. Suppose there exists a
time ¢ where they first touch at a point P, then this obviously cannot happen
in the interior of the flat side, thus P has to belong to the boundary of the flat
side. Suppose Y; has the flat side on the x = 0 plane, then the tangent to the
surface at the point P would be parallel to z = 0 plane. This is because of
the particular shape of the surface. Now if the two regions touched, because

they are of class C! we would have that the tangent to th at P would be
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parallel to the x = 0 plane. But th is strictly convex, hence this would imply
that a part of Etf is inside ;. This leads to a contradiction, and, therefore,
the two regions never touch. The second part of the proof is straightforward
since if ¥y contains a smooth, strictly convex surface ¥~ at time ¢t = 0, then
the two surfaces cannot touch at the flat side of X, because the flat side does
not move in its normal direction. Once again, by the Maximum Principle
for parabolic equations the two surfaces cannot touch where they are strictly

convex either. This observation concludes the proof of the proposition. [

As a corollary we have a nice characterization of our solution of the Harmonic

Mean Curvature Flow.

5.3 Viscosity solutions

Corollary 38. (Viscosity solutions) Given an initial convex X surface of
class CY* with a flat side as in Theorem 13, then the solution of the HMCF
Y found in Theorem 13 is a viscosity solution which converges uniformly to

the wnitial surface 3 ast — 0. Moreover, this solution is unique.

Proof. 1t is a consequence of the comparison principle. We show that our
solution is a viscosity solution. We check that the first condition of viscosity
solution, as defined at the beginning of this chapter, is satisfied: If X7 is
contained within 3, then by the comparison principle Y, is enclosed by ¥,

for ¢ > 0. The second condition also follows easily: Any surface ¥ which
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encloses Yy, and so by comparison principle ;" encloses 3; for ¢ > 0.

Uniqueneness. Suppose we have two solutions {3!} and {X?} of the Main
Theorem 13. Then, we show that these solutions coincide. We remind that
the surfaces {3} } and {32} are both given by the union of a strictly convex
surface and a flat surface. Because they satisfy the parabolic Equation (2.1)
and the non-degeneracy condition I, both flat sides evolve by the Curve
Shortening Flow as shown in Chapter III. By the Maximum Principle, it
follows that since the two surfaces {¥!} and {X2} are equal at the initial

time ¢ = 0 and they share the same flat side, they are the same surface.

5.4 Constant rate of decrease for the area

Finally we observe the following property of surfaces evolving by the Har-

monic Mean Curvature Flow.

Proposition 39. (Constant rate of decrease for the Area) Let A be
the surface area of a smooth, closed, strictly convex surface X evolving by

HMCF, then:

dA
4 1
7 m (5.1)

Proof. For a strictly convex surface evolving with a certain speed v in the

— P —
direction of the inward normal vector N by the equation a7 = N the
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area decreases by the First Variation Formula. This means that:

dA
— == H 2
o /Ev dp (5.2)

H indicates the mean curvature as in 1.1. For more details about how to
derive this general formula see [7]. Thus, for the HMCF, v = K/H, which

implies by the Gauss-Bonnet formula that the area shrinks at a constant

dA
___/UHdp_—/de——47T

rate:

]

Proposition 40. Let 3 be a surface of class CHP satisfying the non-

degeneracy condition I, then its surface area A decreases at constant rate

4

Proof. For the above mentioned First Variation Formula, we have that the

surface area A, of s, the strictly convex part of > evolves by the formula:

dA,
dt

:—/ vHdp= | Kdp=—2rm (5.3)
o o

Moreover, 3, the flat side of X, evolves by the Curve Shrinking Flow, as
a consequence, its surface area A; shrinks with rate 2. Hence, the surface

area A of the solution of the HMCF shrinks with speed —4 7.
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