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Abstract

Let K be a global field of char p and let F, be the algebraic closure of F,, in K. For
an elliptic curve E/K with non-constant j-invariant, the L-function L(T, E/K) is
a polynomial in 147+ Z[T]. For any N > 1 invertible in K and finite subgroup T C
E(K) of order N, we compute the mod N reduction of L(T, F/K) and determine
an upper-bound for the order of vanishing at 1/q, the so-called analytic rank of
E/K. We construct infinite families of curves of rank zero when ¢ is an odd prime
power such that ¢ = 1 mod £ for some odd prime £. Our construction depends upon
a construction of infinitely many twin-prime pairs (A, A — 1) in F [A] x F,[A]. We
also construct infinitely many quadratic twists with minimal analytic rank, half of
which have rank zero and half have (analytic) rank one. In both cases we bound
the analytic rank by letting T = Z/2 @ Z/2 and studying the mod-4 reduction of
L(T,E/K).

1 Overview

Let K be a global field of char p and £ = F, C K be the ficld of constants.
Given an elliptic curve E/K let L(T, F/K) denote its L-function. The well-
known conjecture of Birch Swinnerton-Dyer asserts that the order of vanishing
of L(T, E/K) at the central value T' = 1/¢, which we denote the analytic rank,
is equal to the Mordell-Weil rank of E(K). From Tate’s work [T2] we know
that the (algebraic) rank is at most the analytic rank, but in general we know
very little about L(T, F/K) without explicitly computing it (e.g., by “point
counting”).

If the j-invariant j(£/K) is non constant in K (a function-field analogue of an
elliptic curve without complex multiplication), then we know that L(T, E/K)
lies in 1 4+ 7" - Z[T] (cf. page 11 of [K]). Therefore, given a positive integer N
one may ask about the mod N reduction of L(T, E/K), viewing the result as
an element of 1+ 7'+ (Z/N)[T]. While it is easy to compute the reduction given
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L(T,E/K), one may also ask whether it is possible to compute the reduction
directly. Of course, for N sufficiently large one can recover L(T, E/K) from
the reduction, hence the question really only makes sense for small N.

The key observation which forms the basis for this paper is that, while L(7T, £/ K)
is difficult to compute in general, there are infinite families for which the
mod N reduction is easily computable for one or more N > 1. More precisely,
we will show that if F(K) has a torsion subgroup of order N, then one can
compute the mod N reduction without computing L(T, E/K). In particular,
when N = [ is a rational prime distinct from p, then the order of vanishing
of the mod ¢ reduction at 7" = 1/q gives an upper bound for the analytic
rank. Aside from the intrinsic interest of such a bound, it can also be useful
for studying the average rank in a family of curves.

Let § = {E,/K} be a family of quadratic twists of £/K. There is a natural
enumeration of the curves in ¥ in the form of an increasing filtration ¥, C
F1 C - C F: we let deg(x) denote the degree of the ramification divisor of
the quadratic extension K, /K corresponding to x and define

Fn ={E /K : deg(x) < n}.

In particular, if we write rk,,(E) ) for the analytic rank of E, /K, then we may
form the sequence of average (analytic) ranks

L Z Kan (Ey)

R, =
43, &

and ask whether lim,,_ ., R,, exists and its value if it does. Goldfeld first posed
the question in [G] (when K is a number field) and he conjectured that the
limit is 1/2.

The computational evidence for the conjecture has raised a bit of controversy.
Over number fields and function fields both, it appears there are far more
rank two curves among all even rank curves than there are rank three curves
among all odd rank curves. More precisely, using a computer to determine the
first several terms of the sequence one finds that most odd rank curves have
rank one while a non-negligible proportion, say 0.15, of even rank curves have
rank two. If the proportion goes to zero as n goes to infinity, then it appears
to do so very slowly compared to the odd rank curves.

By contrast, in this paper we construct families I for which the conjecture is
true. In fact, we can prove something stronger: half the curves in any &, have
analytic rank zero and the other half have analytic rank one, so R,, = 1/2 for
all n. First, we compute the mod ¢ reduction of the corresponding L-functions
for an appropriate ¢ and use it to deduce that the analytic rank is at most one.
Next we determine the sign of the functional equation in order to deduce the



parity of the analytic rank and hence distinguish between analytic rank zero
and analytic rank one. Both calculations follow from the results in section 2
where we show how to compute the mod N reduction of L(T, F/K) when N
is invertible in K and F(K) has a torsion subgroup of order N. We note that
the sign of the functional equation has a simple form when N > 2: it is the
unique square-root of unity congruent to (—1)#*w»g=9d8(4) modulo N, which
simplifies to (—1)#M= for N > 4 (because E must have semistable reduction
in that case).

Let C/k be the curve which corresponds to K. The L-function has an Euler
product expansion indexed by the closed points of C' (places of K), and there is
a well-known recipe for the Euler factors given a minimal Weierstrass model
& — (. In section 3 we focus on constructing these models for successive
generalizations of the Legendre curve over F' = k(\)

Breg/F 1 y* = z(x — 1)(x — \).

The most general object we will encounter is a quadratic twist £;/K of the
pullback Legendre curve Ey/K, where C is a finite cover A : C' — P! and
K = k(C). While any elliptic curve E/K with non-constant j-invariant and
full K-rational 2-torsion is K-isomorphic to some Ey/K, we will restrict our
attention to C' and A such that the 2-part of Jac(C)(k) is trivial and A : C' —
P! is what we call an odd twin-prime cover.

We say that A : C — P! is a twin-prime cover if 0 and 1 are “inert” and oo
is “totally ramified” and write 0,1,50 for the unique point lying over each.
We say that A is an odd twin-prime cover if, in addition, deg(A) is odd. If A
is an odd twin-prime cover and the 2-part of Jac(C)(k) is trivial, we call the
pullback curve E5/K an odd twin-prime Legendre curve. The interest of this
notion is the following theorem.

Theorem 1 (cf. theorem 12) If Ez/K is an odd twin-prime Legendre curve,
then the “central value” L(1/q, Ex/K) is an odd rational number.

For C' = P!, the twin-prime covers A : C' — P! are in one-to-one correspon-
dance with twin-prime pairs (A, A —1) € k[A] X k[A]: the map A — A gives the
corresponding map of function fields A* : FF — K. We use Kummer theory to
explicitly construct infinitely many twin-prime covers.

Given an odd twin-prime Legendre curve E,/K we also study its quadratic
twists. Let Ox C K be the functions regular away from 6. For f € O — {0}
define

suppyaq(f) == {w € |C] : ord,,(f) = 1 mod 2}.
We say that the associated quadratic twist Ey/K (cf. section 3.4) is an irre-
ducible twist of odd degree d := —ords(f) if supp,qq(f) = {v, o0} for a unique
point v € |C' —33|. A key observation is that, in this case, v is a point of odd



degree on C, simply because ord, (f) - deg(v) + (even terms) + ordss(f) = 0.
Our second main theorem is the following.

Theorem 2 (cf. theorem 16) Let Ex/K be an odd twin-prime Legendre curve.
Fiz f € Oxg — {0} such that f(0), f(1) # 0 and let E;/K be the associated
quadratic twist. If E¢/K is an irreducible twist of odd degree, then it has
minimal analytic rank (as imposed by the sign of the functional equation).

We note that the L-function of the quadratic twist of E; by an element of
k* —k*%is L(-T, E;/K), and that it has the opposite sign for its functional
equation. In particular, exactly one of the curve and its (scalar) twist will
have analytic rank zero and the other will have analytic rank one. It is an
open problem to construct a point of infinite order when the analytic rank is
one.

The first two sections of this paper are abridged version of the author’s PhD
thesis at Princeton University. We have eliminated some of the messy details
involved in the successive applications of Tate’s algorithm and have simply
summarized the relevant results. The last section of this paper revisits the
bounds for the analytic rank and eliminates one defect of the approach via
L-functions. More precisely, we perform a cohomological 2-descent and derive
stronger bounds (in general) for the analytic rank of a twisted Legendre curve.
The new bounds are the same as the old when we consider an odd twin-prime
Legendre curve or an irreducible twist of odd degree, hence this section may
be safely omitted on a first read.

We gratefully acknowledge our advisor Nicholas M. Katz for suggesting that
we study emperical evidence for Goldfeld’s conjecture and for many helpful
discussions during the course of our research. We would like to thank the
referee for many helpful remarks and suggestions.

1.1 Notation

We use the following notation throughout this paper.

q : odd prime power

k=T,

k — k : algebraic closure

C'/k : proper, smooth, geometrically-connected curve
F =k(\) = k(P

Op = k[\] : ring of integers

K =k(C)

Jac(C') : Jacobian of C'

w € |C] : closed point



O, : completed local ring

K,, : quotient field of O,

Tw € Oy : uniformizer

k(w) : residue field of O,

dy = deg(w) = [k(w) : k]

E/K: elliptic curve

€% — (' minimal Weierstrass model

& — (C : Neronmodel

M, - locus of split multiplicative reduction
M, : locus of non-split multiplicative reduction
A : locus of additive reduction

L(T,E/K): L-function

rk., (E/K): analytic rank

2 L-Functions

Throughout this section C'/k denotes a proper smooth geometrically connected
curve with function field K = k(C'), and E/K denotes an elliptic curve with
non-constant j(E/K). Given a minimal Weierstrass model £° — (| there is a
well-known recipe for computing L(T, E/K). We review this recipe and apply
it to £//K with level structure. In particular, if T C F(K) is finite subgroup
and N = |T| is invertible in k, we deduce a formula for the mod N reduction
L(T,E/K) € 1 +T - (Z/N)[T]. As a corollary, we also deduce the sign of the
functional equation from the mod N reduction of the leading coefficient, when
N > 2.

2.1 Reduction Theorem

Let E/K be an elliptic curve with non-constant j-invariant and minimal
Weierstrass model €Y — C'. For each w € |C] there is a polynomial P, (T, E/K)
in Z[T] such that the L-function L(T, E/K) of E/K has the Euler product
expansion

L(T,E/K):= [] 1/P.(T™, E/K), d,:=deg(w).
we|C|

A priori L(T,E/K) is an element of 1 + T - Z[[T], but the assumption on
J(E/K) ensures it is an element of 1 + T - Z[T] (see page 11 of [K]).

Let £°/0,, denote the pullback under Spec(09,,) — C and £°/k(w) the special
fiber of €°/0,,. There is a recipe for P,(T) involving the reduction type of



£%/0,, and the trace of Frobenius

ay =14 q* — #E°(k(w)).

Decompose C' as a disjoint union of

U:={we|C|:&"/O, has good reduction},
Mg, :={w € |C| : €°/0,, has split multiplicative reduction},
My :={w € |C| : €°/0O,, has non-split multiplicative reduction},
A:={w € |C|: &"/O, has additive reduction}.

Then
1—a,T+q™T* we|U|
1-T e M
P(T,E/K) := WE M
1+7T wEMnS
1 we A

Lemma 3 Let T C E(K) be a finite subgroup such that N = |T| is invert-
ible in k and let w be in |U|. Then T injects into E°(k(w)). In particular,
#E%(k(w)) =0 mod N and

P,(T,E/K)=(1-T)(1—q¢™T)mod N.

PROOF. The first part is a well-known fact about the formal group of £°/0,,,
defined as Ker(€°(0,) — €°%(k(w))): because N is invertible in k, multiplica-
tion by N is an automorphism of the formal group (see part 2, section 4.9,
theorem 3 of [Se]). In particular, T N Ker = {O}, so T maps injectively to
E%Kk(w)). If G is a finite group and H C G is a subgroup of size N, then
#G =0mod N. O

Let g be the genus of C' and Z(T,C/k) be its zeta function. It is a rational
function

L(T,C/k)
(1-=T)(1—qT)

Z(T,C/k) = L(T,C/k) € 1+ T - Z|T),

where L(T,C/k) has degree 2g. It also has an Euler product

Z(T,C/k) = [[ 1/(1—T%)

we|C|

whose Euler factors are remarkably similar to those of the mod N reduction
in the lemma. This is the crucial observation in the proof of the following
theorem.



Theorem 4 Suppose N > 2 is an integer invertible in k and T C E(K) is a
finite subgroup of size N. Decompose C' = U U Mg, U Mys U A as above. Then

L(T,E/K)=Z(T,C/k)Z(qT, C/k)
< [ —qg"T™)
(L= T (1 i)
8 }; (14 )
x  J[Q—T%)(1—q¢™T™) (mod N).

Suppose N =2 and let M = Mg, U M,s. Then this simplifies to

L(T,E/K)=Z(T,C/k)* x [[(1 = T™) x [[(1 = T%)* (mod 2).

PROQOF. This follows from the previous lemma:

L(T,E/K) _
Z(T,C/k)Z(qT,C/k) — 11

we C-U

(1= T%)(1 = 1)
P,(T,E/K)

R I | e

Msp Mhs

x [[(1 —T%)(1 —q¢™T%) (mod N).

REMARK: Let d := deg(L(T, E/K)) and ¢ = |k|. The L-function satisfies a
functional equation: there exists ¢ € {1, —1} such that

L(T,E/K) =¢-(¢)" L(1/(¢°T), E/K).

We call ¢ the sign of the functional equation. It was observed by Shimura
(and related by him to Birch at the 1963 Boulder conference in the context
of relating twists of modular forms and elliptic curves, cf. [BiSt]) that the
analytic rank (the order of vanishing of L(T,E/K) at T = 1/q) is even if
e=1and odd if e = —1.

Given L(T, E/K) one may recover the sign from the leading coefficient:
L(T,E/K) = e¢"T* + O(T*™1).

We observe that the leading coefficient is a unit mod N, hence the degree of
L(T, E/K) does not drop when reducing mod N.



Corollary 5 Let N > 2 be an integer invertible in k and T C E(K) a finite
subgroup of size N. Decompose C' as in the theorem and let M = Mg, U M.
Then
d:=deg(L(T,E/K)) =2(29 — 2) + deg(M) + 2deg(A)
and
e = (—1)#Meegdee) (mod N).

PROOF. Recalling that L(T,C/k) = ¢?T? + O(T?% ') (cf. bottom of page
54 of [R]) we apply the theorem to show that

¢ q* _
L(T,E/K)="=-~—=-T[(=¢™)- I ¢™ - TI¢™ - T+ O(T")
4 9, M A

= (—1)#Mer . gd=desld) . pd L O(TI"1)  (mod N).

The formula for d follows immediately from the congruence and the identity
deg(Z(T,C/k)) = 2g — 2. The asserted congruence for € also follows. 0O

Clearly deg(L(T, E/K)) provides a weak upper bound on the analytic rank of
E/K. One may deduce stronger bounds, though in the following corollary we
restrict to N = 2.

Corollary 6 Suppose E(K) has a non-trivial element of 2-torsion. For any
polynomial F(T) € 1+ T - Z[T] define v(F) to be the (1 — T)-adic valuation
of its image in 1+ T - Fy[T| and extend it linearly to quotients Fy(T)/Fo(T).

(1) o(L(T, B/K)) = 2-(o(L(T, C/K))~2) + Sy v(1 ~T) 425 o(1~T),

(2) v(L(T,C/k)) = 0 if and only if Jac(C) has no non-trivial k-rational 2-
torsion.

(3) If Jac(C) has no k-rational 2-torsion, then

O(L(T,E/K)) = —4 + ) 20m42(0) 4 9 ¥~ gordaldu),
M A

where ordy(n) is the power of 2 dividing n in Z.

PROOF. The first part follows immediately from the theorem. The second
part follows from the fact that #Jac(C)(k) = L(1,C/k) (see theorem 5.9 of
[R]). The last part follows from the identity v(1 — T%) = 2°7d2(dw): if > 0
is an odd integer and d = 2"m, then

1-T4=1-T""=(1-T™?% (mod 2)



and
1-T7Tm

1 =T lp=

= (14 T+- 41" =m

T=1

REMARK: As we will show in section 4, the bound in part 1 of the corollary is
not the best possible in general. In particular, by applying heavier machinery
we can bound the analytic rank of E/K by 2(dy — 2) + #M + 2#A, where
J7 is the dimension of the k-rational 2-torsion of Jac(C'). On the other hand,
the curves we focus on have odd d,, for all w € M U A, in which case the two
bounds are equivalent.

3 Curves and Twists

In the first two parts of this section we construct minimal Weierstrass models
for the Legendre curve and a subset of its quadratic twists. We then apply the
results of section 2 to bound the analytic rank of the curves and we isolate an
infinite family for which we can compute the analytic rank exactly. In the last
two parts of the section we generalize the results of the first two. We consider
a larger family of curves, a tiny subset of which are the Legendre curve and
its twists, and we isolate an infinite subfamily for which we can compute the
analytic rank exactly.

3.1 Models of Twisted Legendre Curves

In this section we let F' = k(). The so-called Legendre curve has Weierstrass
model

BEreg/F 1 y* = z(x — 1)(x — N), (1)
and to any f € F'* we associate the twisted curve
Ey/F :y* =z — f)(z = fA). (2)

One may easily verify that it is the twist of Ere, by the extension F(v/f)/F.
We may assume without loss of generality that f € Op — {0} is square free
of degree d. For ease of exposition we also assume f is relatively prime to

AN = 1).

REMARK: The twist by A is isomorphic to the pullback of Ey../F along the
F-automorphism A — 1/ (cf. section 3.3). Similarly, the twist by A — 1 is the
pullback along A +— 1/(1 — \).



The (smooth) minimal Weierstrass model €° — P! of E;/F is the identity
component of the Néron model & — PL. For every finite prime 7 in O we
may consider the reduction of (2) modulo 7. In general, the resulting curve
is an elliptic curve over the residue field k(m), but for some 7 there is one
non-smooth point: it is a node if 7 divides A(A—1) and it is a cusp if 7 divides
f. Using our assumptions on f one can easily show that the locus of smooth
points (together with the point at infinity) is the special fiber of €% — P! over
TT.

By an appropriate change of coordinates in (2) one may also construct the
minimal Weierstrass model over A = oco. The corresponding canonical com-
pactification of the special fiber of €° — P! over A = oo has one non-smooth
point: it is a node if d = deg(f) is odd and a cusp otherwise.

3.2 Reduction of Twisted Legendre Curves

The next step in writing L(T, E;/F’) is to analyze the reduction of a (smooth)
minimal Weierstrass model €% — P!'. We assume f(0)f(1) # 0 and define the
loci
Y, {0,1, 00}, {w: f(w) =0} if deg(f) is odd
{0, 1}, {w : f(w) =0} U{oo} otherwise '

As the following lemma shows, these are the loci of points over which the
compactified special fiber of € — P! has a node or cusp respectively. We also
write U for the open complement P! — M — A.

Lemma 7 The restriction E° — U is an elliptic curve and the special fiber of
0 — P! over w € M U A has the following reduction.

(1) If w = 0 € M, then it has split multiplicative reduction if —f(0) is a
square in k(w)* and non-split multiplicative reduction otherwise.

(2) Ifw=1¢€ M, then it has split multiplicative reduction if f(1) is a square
in k(w)* and non-split multiplicative reduction otherwise.

(3) If w = co € M, then it has split multiplicative reduction if minus the
leading coefficient of f is a square in k(w)* and non-split multiplicative
reduction otherwise.

(4) If w € A, then it has additive reduction.

Following Kodaira’s classification, in the first three cases the fiber has type Io
while in the last case it has type 1§ if w is finite and I if w = oo.

This is a straightforward application of Tate’s algorithm.
Applying the lemma and following the construction in Chapter 2 we associate

to Ey/F the L-function L(T, E;/F).

10



Corollary 8 If f € k*, then L(T,E;/F) = 1.

PROOF. Let £ — P! be a minimal Weierstrass model. By the previous
lemma it has multiplicative reduction for w € M = {0, 1}, additive reduction
for w € A = {o0} and good reduction everywhere else. Applying the degree
formula in corollary 5 we obtain

deg(L(T, E;/F)) = —4+2+2-1=0.

Hence L(T,E;/F)=1. O

An immediate consequence of the corollary is that the Legendre curve and
its scalar twist each have rank zero. In fact, it is well known that E;(F) ~
7/2 ® Z/2 in both cases.

Theorem 9 Let f € O be a non-zero square-free polynomial of degree d and
relatively prime to A(A — 1). Let f = «a[l;p; be a factorization into monic
irreducibles p; of degree d; and o € k™. Then

L(T,E;/F) = (1=T)"'TL;(1 = T%)* (mod 2) ifd is odd
- - |ILA = T%)*  (mod 2) if d is even

Let e € {1,—1} be the sign of the functional equation. Then

if d is odd and —af(0)f(1) € k*?
+1 or
£ = if d is even and f(0)f(1) € k*?

—1 otherwise

PROOF. By theorem 4 we have

L(T,E;/F)=1-T)"*T[1-T) ];[a — T2

= (1 . T)—4+deg(M)+2deg(Aﬂoo) H(l . Tdi)Q (mod 2>.

7

By lemma 7, M = {0, 1,00} if d is odd and M = {0, 1} if d is even, hence

=—44+3+0=-1 ifdisodd

m:—4+deg(M)+2deg(Amoo):{:_4+2+2:0 if d is even

11



and the first part of the lemma follows. Our assumptions on f imply that
deg(A) is always odd, hence the second part of the lemma follows once we
analyze the congruence ¢ = q(—1)#*» mod 4 of corollary 5.

If d is odd, then lemma 7 implies # My, is odd if (—a)(—f(0))f(1) € k*? and
even otherwise. We note that —1 € k*? if and only if ¢ = 1 mod 4. Therefore
e = —1if —af(0)f(1) € k*? and ¢ = 1 otherwise. Similarly, if d is even,
then lemma 7 implies # My, is even if (—f(0))f(1) € k*? and odd otherwise.
Therefore ¢ = 1 if f(0)f(1) € k*? and € = —1 otherwise. O

Corollary 10 Let Ef/F be the twisted Legendre curve associated to an irre-
ducible polynomial f € Op of odd degree d with leading coefficient ae. Then

LT E;)/F)=(1-T)1+T+---+T%"* (mod 2),

hence Ey/F has analytic rank at most one. It has analytic rank zero if —af(0)f(1) &
kX% and analytic rank one otherwise. In particular, precisely one of Ey/F and

its constant field twist will have analytic rank zero and the other will have
analytic rank one.

PROOF. The first two statements follow from the theorem. For the last
statement we note that the scalar twist of Ef/F corresponds to multiplying
«a by a non square in k*. O

REMARK: One may apply the theorem to other f prime to A(A — 1), but the
resulting bound on the analytic rank will no longer be sharp in general. Let
d := deg(f) and rk,,(E¢/F) denote the analytic rank. Then by theorem 9

_ ords (d; : :
e (B F) < { 2 2 i isodd

23, 20rda(di) if d is even
We will improve these bounds in section 4 using heavier machinery, but it
is worth noting that the above bound will usually be better than the naive
bound D := deg(L(T, Ey/F)) or Brumer’s sharper bound D/(2log, (D —4g +
4)) +o(D/(2log,(D — 49 + 4))) (e.g., if some d; is divisible by a large odd
number). Cf. (5.2) of [U].

3.8  Pullback Legendre Curves

In this section we consider the pullback of Legendre curve by a finite flat map
A : C — P! Writing A as an element of K, the induced inclusion of function

12



fields F' — K is given by A — A, and the pullback Legendre curve has induced
Weierstrass model

Ey/K g =ax(z —1)(x — A). (3)
It is well known that the construction of the minimal Weierstrass model is not
stable under ramified base change (unless the original curve has semistable
reduction), therefore we must study the effect of ramification on the reduction

of (3).

For w € P! and w € C we write w|w if A(w) = w. We also write D, for the
fibral divisor
Dy, = A (w) = eg[w] € Div(C).
wlw
We fix a uniformizer m € O for each w € |C/|, and to any w|oco we associate
the character Yggnw : K — k(W)™ given by

Xeignw(f) = f/ae® D (mod k(w)).

Lemma 11 Let €° — C be a minimal Weierstrass model of Ex/K. Fiz w €
P! and w|w of ramification index e = eg. If w € P* — {0,1,00}, then the
special fiber EX has good reduction. Otherwise it has the following reduction:

(1) If w = 0, then &Y has Kodaira type Ih.. It has split multiplicative re-
duction if —1 is a square in k(w)* and non-split multiplicative reduction
otherwise.

(2) If w =1, then L has Kodaira type Iy, and split multiplicative reduction.

(3) If w = oo and e is even, then EY has Kodaira type Ir.. It has split
multiplicative reduction if —Xsignw(A) s a square in k(w)* and non-split
multiplicative reduction otherwise.

(4) If w = oo and e is odd, then €Y has Kodaira type I3, .

This is an application of Tate’s algorithm.

We say that A : C — P! is a twin-prime cover if it is totally ramified at oo
and the fibral divisors Dy, D; are inert, and we write 0, 1,30, respectively, for
the unique points lying over 0, 1, 0o, respectively. We say the map A is an odd
twin-prime cover if it is a twin-prime cover and deg(A) is odd. The reason for
isolating the notion of “odd twin-prime cover” is the following theorem about
L(T,E\/K).

Theorem 12 Let A : C — P! be an odd twin-prime cover of degree d and
E\/K the pullback Legendre curve. Let L(T,C/k) denote the numerator of
the zeta function Z(T,C/k). Then

L(T,E\/K) = L(T,C/E)*(A+T +---+T*"? (mod 2).

For F(T) € 1+ T - Z[T) define v(F) to be the (1 — T)-adic valuation of its

13



image in 1 + T - Fo[T)|. Then
tkan(Ep/K) < o(L(T,Ep/K)) =2 -0(L(T,C/k)).

In particular, if the 2-part of Jac(C) (k) is trivial, the central value L(1/q, Er/K)
15 an odd rational number.

PROOF. By lemma 11, M, = {0, 1} is the locus of multiplicative reduction.
The curve has additive reduction over 50, hence applying the last part of
theorem 4 with M = M, and A = {55} we obtain

L(T,C/k)?

L(T,EyJK) = Ty

(1=T%*-(1-T)* (mod 2).

Finally, we recall that L(1,C/k) is an odd integer precisely when the 2-part
of Jac(C)(k) is trivial. O

REMARK: One could relax the conditions to having unique points 0, 1,30 over
0,1,00, ie., allow e > 1, e > 1 or fs > 1. However, we point out that for
C' = P! the twin-prime covers correspond bijectively to pairs of irreducible
polynomials (A, A —1) € O x O, while the relaxed conditions correspond to
a seemingly less natural collection of polynomial pairs.

Given an odd twin-prime cover A : C' — P! we call the corresponding pullback
Legendre curve E)/K an odd twin-prime Legendre curve. For the remainder
of the section we show that there are infinitely many such curves in general.
If ¢ = |k| = 1 mod ¢ for some odd prime ¢, then as a corollary to the following
lemma we see that there are infinitely many twin-prime pairs.

Lemma 13 If ¢ = 1 mod ¢ for an odd prime { and € Fy — qug, then
" — g € F,[x] is irreducible for all m > 0.

PROOF. cf. Theorem 9.1 of [La]. O

Corollary 14 If ¢ = |k| = 1 mod ¢ for an odd prime ¢, then for every m >
0 there are twin-prime pairs (A, A — 1) of polynomials such that deg(A) =
deg(A — 1) = ¢m.

PROOF. There is at least one pair (o, +1) € k* x k* such that o, a+1 €
k> — k** because k*¢ has index ¢ > 2 in k*. O
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REMARK: If ¢ = 14+ 2" for N > 2, then one may apply similar methods to
show that there are twin-prime pairs (A, A — 1) for every degree 2™, m > 2.
It is an open problem for such ¢ to construct infinitely many with deg(A)
odd. Paul Pollack has pointed out (personal communication) that one may
use similar ideas to construct infinitely many twin-prime pairs for ¢ = 3. The
key idea is to find one twin-prime pair (A, A — 1) and one rational prime ¢
dividing ¢%&™) — 1 such that (A o 2°, A o 2 — 1) is also a twin-prime pair.
A slight variant of the proof of the above lemma allows one to show that
(Aoz® Aot —1) is a twin-prime pair for n > 1.

REMARK: For ¢ > 0, / > 0 one may even use the lemma to construct infinitely
many prime m + 1-tuples (A,A — a1,...,A — a,,) where ay,...,a, € FX
are distinct elements. While not directly relevant to our applications, this
technique is useful when considering pullbacks of curves with more points of
bad reduction.

REMARK: In the previous discussion we considered C' = P!. For other C' we do
not know much about twin-prime covers. One sort of example is the following.
Let (f, f—1) € klz]| x k[z] be a twin prime pair such that deg(f) = deg(f —1)
is odd. Then the y-coordinate of the hyperelliptic curve

Clk:y* = f(z)

gives a twin-prime cover A =y : C' — P!. One may also show that the 2-part
of Jac(C)(k) is trivial.

3.4 Twisted Odd Twin-Prime Legendre Curves

We combine the ideas of the previous sections and consider quadratic twists
of an odd twin-prime Legendre curve E, /K. We associate to f € Ox — {0}
the twisted curve

Ey/K iy = (e — )z — fA). (4)
Unfortunately, when the genus g = p,(C') is positive there is no longer a good
notion of “square free” in general: there exist f € Ok of positive degree such
that div(f) = mD € Div’(C) for some m > 1, yet nD is not principal for
1 < n < m. In particular, for every g € K* representing the coset fK*?2, there
exists w € |C| such that |ord,(¢)| > 2. Nonetheless, the parity of ord,,(f) for
w € |C| is what really matters, so we define, for f € Ox — {0},

sSuppoqq(f) :={w € |C| : ord,(f) = 1 mod 2}.

We call E¢/K an irreducible twist of odd degree d := —ordss(f) if suppogq(f) =
{v,35} for a unique v € |C' — 5|, necessarily itself of odd degree.
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It is worth noting that if the 2-part of Jac(C)(k) is trivial, then there are
infinitely many irreducible twists of prime degree. First, there is an explicitly
computable constant + such that for all prime [

[C(Fq) — C(F,)| > (1/2)g' — .

Hence for prime I > 0 there is at least one v € C(F,) such that deg(v) = I.
Further, because the 2-part of Jac(C)(k) is trivial, there is a smallest odd
integer m > 0 such that m([v] —[z5]) = div(g,) for some g, € O —{0}. Such
a g, gives an irreducible twist of odd degree Im.

REMARK: An alternate approach, as explained on page 15 of [K], is to fix an
effective divisor D on C' and to consider only f € K* whose divisor of poles is
exactly D and which have deg(D) distinct zeros (over k), none of which lie in
a prespecified finite set S C |C|. In order to force twisting at a point w € |C|
one chooses a D such that ord,, (D) is odd. The advantage of such an approach
is that it allows one to work with a set of functions which naturally form the
set of k-points of a smooth, geometrically connected k-scheme, which in turn
imposes a “uniformity” on the corresponding set of L-functions: they have a
common degree.

Let f € O — {0} subject only to the condition that supp(f) is disjoint from
{0,1}, i.e., f(0), f(I) # 0. We define the finite loci

MoA— {0, 1,50}, suppyqa(f) — {50} if 50 € suppyqalf)
{0, T}, supp,uq(f) U {<} otherwise '

As the following lemma shows, these are the loci of multiplicative and additive
reduction respectively and the open complement U = C'— M — A is the locus
of good reduction.

Lemma 15 Let €% — C be a minimal Weierstrass model of E;y/K. The re-
striction E° — U is an elliptic curve, and otherwise the special fiber of €Y — C
over w € |C| has the following reduction.

(1) If w =0, then € has split multiplicative reduction if — f(0) € k(0)*? and
non-split multiplicative reduction otherwise.

(2) If w =1, then &Y has split multiplicative reduction if f(1) € k(1)** and
non-split multiplicative reduction otherwise.

(3) Ifw =150 € M, then EX has split multiplicative reduction if —Xsignss(fA)
is a square in k(w)* and non-split multiplicative reduction otherwise,
where Xsignzs : K — k(50)* is the character given in the previous sec-
tion.

(4) If w € A, then &Y has additive reduction.

The first two cases have Kodaira type Iy and the third has type Isqegay. The
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last has type I§ if w is finite and 13 4,0y tf w =30,
Once again this is an application of Tate’s algorithm.

REMARK: Because ordss(fA) is even, whether or not — fgens(fA) is a square
in k£(30)* is independent of the choice of the uniformizer 7.

Theorem 16 Let E¢/K be an irreducible twist of odd degree of an odd twin-
prime Legendre curve Ey /K. Suppose f(0), f(1) # 0 and let {v} := suppyaq(f)—
0. Let L(T,C/k) denote the numerator of the zeta function Z(T,C/k), dp =
deg(A) and d, := deg(v). Then

L(T,E;/K)=(1-T)L(T.C/k)* [ A+T+---+T"")* (mod 2).

d=dj,dvy

In particular, if the 2-part of Jac(C)(k) is trivial, then E¢/K has the minimal
analytic rank imposed by the sign of the functional equation of L(T, Ey/K).

PROOF. By the previous lemma M = {0,1,50} and A = {v} are the loci
of multiplicative and additive reduction respectively. Applying theorem 4 we
obtain

L(T,E;/K) = (1-T)*L(T,C/k)?- (1 =T*)*(1—T)-(1-T%)* (mod 2),

Finally, v(L(T,C/k)) = 0 precisely when the 2-part of Jac(C)(k) is trivial
(cf. the proof of theorem 12). O

If we assume that the Birch and Swinnerton-Dyer conjecture is true, then any
elliptic curve which has analytic rank one has algebraic rank one as well. It is
an open problem to construct a point of infinite order when Ef/K is known
to have analytic rank one. As discussed in [U] an appropriate Gross-Zagier
formula would allow us to use the Heegner point. Ulmer has announced a proof
of such a formula, though his paper has not yet appeared in the literature.
The only published results are those of [RT], which are insufficient for our
purpose: they work only for E/k(P') with semistable reduction (and some
other properties), hence do not apply to Ey/K.

4 FEtale Descent

Throughout this section we fix a global field K" = k(C) of char p and an elliptic
curve E/K with non-constant j-invariant. We write €% — C' for the (smooth)
minimal Weierstrass model of £/K and € — C for the Néron model, and we
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regard them as both group schemes and etale sheaves over C'. As we plan to
perform ¢"-descent for some rational prime ¢ # p, this will be justified. Rather
than peforming the descent using Galois cohomology we have used the more
modern theory of Neron models and etale cohomology because we feel that it
more accurately reflects the ‘geometrical’ nature of the arguments in section 2
and is more amenable to generalization.

There is a short exact sequence of etale sheaves

0—& —&—d&—0,

where ® is the component sheaf of €. For any subgroup ¥ C ® we write £¥
for the corresponding subgroup of &€, so that

0—& —e¥ v -—0

is exact. If we write M, A C C, respectively, for the locus of multiplicative
and additive reduction of € — C, respectively, then ¥ is a skyscraper sheaf
supported on Z = M U A.

Fix a rational prime ¢ # p. Multiplication by ¢" is an etale map on E/K. It
extends to a homomorphism of € — C' and we write £» — C for the kernel.
Similarly, for any subgroup ¥ C ®, we write €}, U, respectively, for the
kernel of multiplication by ¢" on €Y, ¥, respectively. For every positive m, n,
there is an exact sequence

0— &l — &l 25 80 — 0. (5)

We will only be interested in this sequence when ¥ = 0. However, we point

out that 8;’” = &, for all 7 < j, so the sequences for ¥ = ®ymin and ¥ = &
are isomorphic.

The following ‘Kummer square’ replaces the usual Kummer sequence of Galois
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cohomology:

0 —— &9 g X, 0

l

0—>8gn

|

0 —— Dpn & X o

l

0 0 0

It is relatively easy to show that the rows and last two columns are exact.
With a little work, one can also show that the first column is exact.

Lemma 17 The sequence 0 — 82n — Em — Py — 0 s exact.

PROOF. It is easy to show that the sequence is left exact. To show right
exactness we consider every w € Z and show that Em(0]) — Pm(0),) — 0
is exact, where K, is the w-adic completion of K, L, /K, is a ‘sufficiently
large” unramified extension of local fields, and O, is the valuation ring of L,,.
Replacing L,, be a quadratic extension if necessary, we may assume & has
split multiplicative or addition reduction over O . Therefore there is a section
Opn (k' (w)) — Em (K (w)), where k'(w) is the residue field of O/, and the ‘Te-
ichmuller lift” Epm (k' (w)) — Em(0O),) gives a section Py (0O!)) = P (k' (w)) —
Em(Q),). O

One may extract the following short exact sequence of Z/¢"-modules from the
cohomology sequence of the first row of (6):

0 — E%(C)/0"ENC) — H'(Ep) — HY(EY)pn — 0, (7)

where H'(+) is the etale cohomology group H'(C,-). In Shioda’s work (e.g.,
page 475 of [Sh]) one finds that €°(C) is a free Z-module of finite rank r —
the Mordell-Weil rank of E(K) — hence the first term of (7) is a free Z/("-
module of rank 7. On the other hand, H'(€Y,) is finitely generated because
&Y. — C'is a quasi-finite group scheme, hence the last two terms are finite as
well.

The fact that €9,(C) = 0 for all n implies that the cohomology sequence of
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(5) for ¥ = 0 simplifies to
0 — H'(Efn) — H'(Efnen) —— HI(ER) — -+

We write HY(€%) for the inductive limit of H!(€Y,) with respect to n, noting
that H'(€),) = H' (&)« ). Taking the inductive limit of (7) with respect to n
we obtain the exact sequence of torsion Z,-modules

0— &%(C) @ Qu/Zy — H'(E)x) — H'(E%)pe — 0. (8)
If we tensor this sequence with Z/¢", then we obtain (7).

We call the middle term of (8) the etale ¢*-Selmer group because the first
term is isomorphic to (Q¢/Z,)" and the last term differs from III(E/K ) by
a finite group. More precisely, the image of H'(€%) — H!(&) in the cohomology
sequence of the middle column of (6) is III(E/K) (by proposition I11.9.2 of
[Mi]) and we have the exact sequence

d(C) — HY(EY) — II(E/K) — 0. (9)

Putting these facts together and recalling that the corank of the (Galois) £>°-
Selmer group is equal to the analytic rank of E/K (cf. [T2]), we obtain the
following lemma.

Lemma 18 The corank of H'(€)x) is equal to the analytic rank of E/K.

An obvious corollary is that the analytic rank of F'/K is at most the dimension
of H'(€Y), though one can often do a little better. Under favorable conditions
one may start by explicitly computing H'(&?) using the cohomology sequence
of the first column of (6), so for the remainder of this section we assume that
& is isomorphic to the constant sheaf Z/¢ & Z /(.

If we fix an isomorphism g, ~ Z /¢, then there is a short exact sequence
0 — &(C) — HY(&)) — Jac(C)(k)F? — 0;

it arises from the Leray spectral sequence H!(Gal(k/k),H(C x k,&)) =
H™7(&,). Applying Shapiro’s lemma to ®,/k(w) one can show that the com-
posite map

L &o(C) — HY&y) — HY(®)) ~ @, ®y(w)
sends P to @, ([deg(w)P]), where [deg(w)P] denotes the image in ®,(w).

Lemma 19 IfA: C — P! is an odd twin-prime cover and E/K is a quadratic
twist of the pullback Legendre curve Ey/K, then Ker(ig) = 0.

PROOF. If {0,1} C M, then one easily verifies that €5(C) = $o(0) & Po(1).
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Similarly, if w € {0,1} N A, then &(C) = ®y(w). In both cases deg(0) =
deg(1) is odd, so the lemma follows. O

If we assume Ker(zy) is trivial, then as a corollary we obtain the exact sequence
of Z/¢-modules

0 — ©,(C)/€,(C) — H(E}) — Jac(C)(k);™
and a near-optimal bound
tkan(E/K) < BO(®p) 4+ 2(6, — 1),
where h°(®,) is the dimension of ®,(C') and d is the dimension of Jac(C)(k),.

Theorem 20 IfKer(i) = 0 and ({®), = 0, then tkon(E/K) < hO(®y)+2(5,—
2).

PROOF. For any torsion Z,-module M we write My;, for the divisible sub-
group and M~ for the quotient M/Mgy,. We let M = H'(EY%)s~ and show
that (M"), has dimension at least 2, hence so does H!(E?),, implying the the-
orem. Let N = H'(&)y~. There is a perfect pairing (M"), x N* — Qu/Zy
(theorem II1.9.4 of [Mi]), so it suffices to prove that ("), has dimension
at least 2. By assumption Ker(i) is trivial. The kernel of the composition
of 1, with H'(®,) — H(®) is also trivial: the image of the boundary map
(£®)(C) — H'(®,) has order prime to ¢ because (¢®), = 0. Finally, the com-
posite map Hom(Z, &,(C)) — N — N has trivial kernel because N — H'(®)
factors through N — N°, hence dim(N"), > 2. O

REMARK: ({®), = 0 if and only if & = P,.

Corollary 21 If A : C — P! is an odd twin-prime cover and E;/K is a
quadratic twist of the pullback Legendre curve Ey /K, then

koo (E;/K) < 2(8p — 2) + #M + 24 A.

PROOF. Using lemma 15 one can easily show that ®o(w) = ®4(w) is iso-
morphic to Z/2 if w € M and Z/2® Z/2 if w € A. O

REMARK: It is clear that the bound in the corollary is better in general than
the one in corollary 6; however, it is worth noting that the latter is the limit
formula if we extend scalars to F» and let n tend to oo: every place of
degree 2d in M U A will be replaced by two places of degree d after the
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extension I, — F,2. An important part of this relationship is the fact that a
quadratic scalar extension has no effect on the mod 2 reduction of L(T, Ef/K).
In fact, the sequence of L-functions tends to a limit in Zy[T] as n — oo: it
is the ‘Teichmuller lift” of the mod 2 reduction of L(T, E¢/K). Is there any
interpretation of the zeros of the limit function?

REMARK: Suppose that E,/K is an odd twin-prime Legendre curve. If one
traces through the proof of theorem 20 and recalls (9), then one finds that
HI(EA/K), is trivial. Similarly, if E¢/K is an irreducible twist of E,/K of
odd degree and M = HI(Ey/K )2, then one can also show that M" is trivial.
More precisely, one can show that it has at most one non-zero element of
2-torsion, hence must be trivial by well-known properties of the Cassels-Tate
pairing M"x M"— Qo /Zs.
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