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MATH 325K QUIZ.

This quiz consists of 5 questions. Generous partial credit will be
awarded. Good luck!

(1) (10 points.) Use mathematical induction to prove that
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for all natural numbers n.

First we chede that +he shefement s true when n= | *
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2 MATH 325K QUIZ.

(2) (10 points.) Let m and n be odd integers. Prove that 8 divides
m? — n?

Siﬂce m C&Y\Cl N are O(LJ) we MAj wr(‘('(_

(2) )
M= 2\ +) and = 2k for Some inteqers j, K.
) So e have mt . (2j+))z"(2k+\52
= Y%y gy +1 = Uk® —dqk — 1.
= Y] kP -k,
(1) = GG = klki)), >

(3) (15 points.) Let m and n be positive integers greater than 1.
Show that there are distinct primes ps, ..., px and non-negative
(ie. > 0) integers ay,...,ak,b1,. .., bk such that
m=pi'py®...ppF and n = % phe.
Also prove that ged(m,n) = p§* . .. pi* where ¢; =minimum(a;, b;), 1 <
1 < k.

Since o W a Pos}’r}ve, w\fe@er canot be divisible b3
C\) anj ?n‘tef)ers ﬁmhr +hen Hselﬁl euln oﬁ Mm ond N <

dWIS'llQ(Q 103 Onlg ‘P)nﬁ‘zlﬁ }Ma.nj Pﬁms, SO let

(,?,X {Pl/"‘/ PK} lDQ ‘Huz Set Df Primes 'H\a" d‘n\l'lc\c a)"
Then the prist 'g.c‘ror}yhor\

least one of m and n.
of each of m end n Containg 0nl3
(D S‘mce_. we Cen incluclﬂ the O“\ FoWer 0{ a me‘vﬂ

P‘g m = | ina Qdoriza‘hm\ Without Ch&nﬁm\{’} 1ts

primes in this set.
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MATH 325K QUIZ. 3

(4) (15 points.) Let p(z,y) denote a polynomial in two variables
with integer coefficients. For instance, p(z,y) = 2% — 492 — 2.
Prove that if the equation p(z,y) = 0 has an integer solution,
then the congruences p(z,y) = 0 (mod n) have integer solutions

for all n.
Use this to show that the equation z? — 4y> = 2 has no integer

solutions.

Suppose  thet dhe equation plx,4) =0 has an integer
Solutton,  that s, there exist integers X,, U, such that
piXe, yo) = 0. Then  sime for each natural pumber n,
e hee |0, ond Hus n](plo,y.) -0), So
p(x,,,v;o) = 0 (mod n) and tha (xs,Yo) is an
im’vﬁer Solufion o the conqruence p(x,y) 20 (nwd n)
for every  nNe IN.

To show that +he €quahon )(z — ‘1[7?’ -2=0 bas  ro
fn{*eﬁef solutions, we will find a velue of n for which

the canj/uence Xz'qu -2 = O (mod n) hes ro

fnfejzr golukions.

')(2—2 (mad ‘-/)

"

Let's 'trg n= 4. Notice #phal Y72 .,qg?- -2

) 7Cor all  integers X, Y, Since 4/92 Is a multiple of

1

o
mod L/) has no infeqer Solutons. We will do #his by Check:
; y checkin

So it suffices fo sho thaf the  congruence x*—2

the values jn the complete residue  set {‘9/ 2, 3}«
—>
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(5) (10 points.) Calculate the remainder when 6 is divided by 13.
The 5ivm task

-

-—

i$ equ}va/en}' to Firc//rj an /m‘ejc’f r in
the camplete residue s€t {'0, 1,
48
b
(1)

(1
D

- (mod 13).

-- /25 54«:’-\ '}Aa{'

\
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83 Fermat's L itHe Theorem, since 13 15 prime, we hawe
2
b

(mod 13).
So we gee that
')

and (b, 13) = |
Y8 12\ ¢
6" = (")
= 10 (el 13) (by 4.4)
CD ) (mod 13).
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SO éqg

M

| (mod ’3>; thet s, there exists
)

Some in’regjer o sudh that (Dqg = 139 + 1.
So the remainder s .



