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2 Answers

Answers

1.1.1 See [9, page 41], or [5, page 293 �.]: Consider a physical system, for
instance an ear of corn, member of a (vast) corn �eld. Anobservable is a
quantity about the ear that can be measured by a well{de�ned procedure.
For example, the girth G, the number N of kernels, the length L , the weight
W of our ear of corn are observables, measurable by applying a tape measure,
by counting, or by weighing on a scale, respectively. The observables form
an algebra and vector lattice E in the obvious way; for instance, G + 3 W ,
LN , and G ^ W are the observables having the procedures \measure girth
and weight and add three times the latter to the former," \mul tiply the
length by the number of kernels," and \take the smaller of girth and weight,"
respectively. In fact, for a technical reason that will become transparent
later let us consider complex observables (G + iW etc). They clearly form
a commutative algebra A over the compex �eld C. (Note the implicit
requirement that di�erent observables can be measured simultaneously { no
quantum e�ects here.) For every observable Z = X + iY let Z � denote
the observable whose value is the complex conjugatex � iy whenever a
measurement ofZ producesx + iy . Clearly (Z1Z2) � = Z �

2 Z �
1 , Z �� = Z , and

(zZ) � = zZ � for z 2 C and Z; Z 1; Z2 2 A . Let kZ k be the supremum of the
possible values ofjZ j = jX + iY j def=

p
X 2 + Y 2 , taken over the ensemble to

be represented (the corn �eld). Then restrict attention to t he commutative
normedC-algebra A of those observablesZ that have kZ k < 1 . The evident
submultiplicativity kZ1Z2k � k Z1k � kZ2k makes A a normed algebra . Its
completion A is easily seen to be a Banach algebra with a multiplicative
unit I (the observable that produces the value 1 upon all measurements),
where involution Z 7! Z � and norm k k satisfy kZ1Z2k � k Z1k � kZ2k
and kZ � Z k = kZ k2 . A Banach algebra with unit and involution as above is
known as aunital C � -algebra .

Another common example of a commutative unital C � -algebra is the
spaceCC(
) of continuous functions on a compact Hausdor� space 
 , wi th
pointwise addition, multiplication, involution = complex conjugation, and
equipped with the supremum norm. This example is typical. Namely, every
commutative unital C � -algebra A is of the form CC(
 ) for some
compact Hausdor� space 
 . Let us take this fact for granted right now
{ its proof, which will also clarify the precise meaning of \i s of the form," can
be found further down. Given this fact, the algebra and vector lattice closed
under chopping E of real bounded observables is then identi�ed with a dense
subset bE of the real part CR(
) of CC(
) , for some compact Hausdor� 
 .

The probabilistic aspect in this story comes from the interest in the aver-
age of the various observables: what is the average weight of an ear of corn,
and how can one estimate it without harvesting the whole �eld and toting it
to the scales? A little re
ection shows that the average is a linear positive
functional on the observablesE, with the average of the unit observable I
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being 1. Corresponding to it is a positive linear functional E : bE ! R with
E[1] = 1. There is an immediate extension by continuity to all of CR(
) . On
CR(
) , then, the average is (represented as) a positive Radon measureE of
total mass one. Such is automatically � -additive. The extension theory of
page 394 �. applies and produces a� -additive extension, called theexpecta-
tion and again denoted byE. Its restriction to the integrable subsets F of 

(see notation A.1.4) is the probability P. The laws of large numbers allow
the identi�cation of P[F ] with a limiting frequency (and of E as a limiting
average). Most often (
 ; F ; P) is taken as the basic mathematical model for
the probabilistic analysis, possibly because people might�nd the frequency
of events intuitively more appealing than the average of measurements, and
despite the di�culty of justifying the ad hocrequirement of � -additivity of P.

The latter is gone from the model (E; E).

The structure theorem for a unital commutative C � -algebra A is left to be
established. There will be several steps.
(i) If Z 2 A is invertible, then Z + H is invertible with inverse

(Z + H ) � 1 = Z � 1
1X

k=0

(� HZ � 1)k ; (� )

provided kH k < kZ � 1k; simply multiply the evidently convergent sum on the
right or left with Z + H , obtaining I in both cases. The invertible elements
of A therefore form an open setG. Since a proper idealI is disjoint from G
so is its closureI , which therefore is proper as well.
(ii) An element X 2 A is self{adjoint if X � = X . An ideal I is self{adjoint
if it equals I � def= f X � : X 2 Ig . By Zorn's lemma, a proper self{adjoint ideal
is contained in a maximal proper self{adjoint ideal M , which by (i) is closed.
The quotient _A def= A=M is in the obvious way a C � -algebra and clearly
contains no proper self{adjoint ideal. In fact, every non{zero element _Z 2 _A
is invertible: if not, then the self{adjoint ideal _A � _Z � _Z , which would not
contain the unit _I , equals f _0g, whence _Z � _Z = _0 and _Z = _0. In other words,
_A is a �eld. We shall see soon that \the C � -�eld" _A equals C.

(iii) From the submultiplicativity of the norm, kZ n k1=n � k Z k, so that
� (Z ) def= inf fk Z n k1=n : n 2 Ng exists. It is not hard to see that � (Z ) =
limn !1 kZ n k1=n . Indeed, given an � > 0, �nd an N 2 N with kZ N k1=N <
� (Z ) + � . For n > N there are q; r with n = qN + r and 0 � r < N . Then
kZ n k1=n � k Z N kq=n kZ kr=n � (� (Z )+ � )qN=n kZ kr=n ���!n !1 � (Z )+ � ; hence
lim supn !1 kZ n k1=n � � (Z ) + � 8 � > 0 and lim supn !1 kZ n k1=n = � (Z ).
Note that, for a self{adjoint element X 2 A , kX 2k = kX � X k = kX k2 , hence
kX k = kX 2k

k2� k ���!k !1 � (X ) , whence �nally � (X ) = kX k.
(iv) The resolvent of Z 2 A is the function C 3 z 7! (zI � Z ) � 1 , de�ned on
the open (by (i)) set � Z of z 2 C for which the inverse exists. The compact
complement � Z of � Z is called thespectrum of Z . From the straightforward
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resolvent identity

(zI � Z ) � 1 � (z0I � Z ) � 1 = � (z � z0)(zI � Z ) � 1(z0I � Z ) � 1

it is clear that z 7! (zI � Z ) � 1 is not only continuous, but even complex
di�erentiable (analytic) on � Z . The observation that (zI � Z ) � 1 ���!z!1 0
proves that the spectrum � Z is not empty: if it were, any continuous linear
functional on A applied to (zI � Z ) � 1 would produce an entire function that
vanishes at in�nity; such must vanish identically, and by th e Hahn{Banach
theorem we would arrive at the impossible consequence (zI � Z ) � 1 = 0 8z.
We apply this in the C � -�eld _A = A=M of (ii): Let 0 6= _Z 2 _A and z 2 � _Z .
Then z _I � _Z , not being invertible, must be zero: _Z = zI .
(v) By ( � ) , (zI � Z ) � 1 = (1 =z) �

P 1
k=0 z� k Z k . The time{honored root test,

suitably adapted to series in A , shows that the convergence radius of the
series (in 1=z) on the right hand side is

�
� (Z )

� � 1
. That is to say, the circle

�
j1=zj =

�
� (Z )

� � 1�
=

�
jzj = � (Z )] must contain a singularity of ( zI � Z ) � 1 .

From this we conclude that � (Z ) equals the spectral radius � (Z ) of Z ,
which is de�ned as � (Z ) = max fj zj : z 2 � Z g. For a self{adjoint element
X = X � 2 A , therefore,

kX k = � (X ) = � (X ) : (�� )

(vi) Let 
 denote the collection of all linear multiplicativ e
�

! (Z1Z2) =
! (Z1)! (Z2)

�
functionals ! : A ! C that take I to 1 and respect the

involution
�
! (Z � ) = ! (Z )

�
, the � -characters . Such ! has norm 1.

Indeed, let kZ k < 1. Then kZ � Z k < 1. De�ne an by
p

1 � x =
P

an xn

for jxj < 1, and set Y def=
P

an (Z � Z )n . Then I � Z � Z = Y � Y and so
! (I ) � ! (Z � Z ) = ! (Y � Y) > 0 and j! (Z )j < 1. Given the topology of
pointwise convergence, 
 is a compact Hausdor� space (see exercise A.2.13).
For Z 2 A set

bZ (! ) def= ! (Z ) :

This de�nes a continuous function bZ : 
 ! C. The map Z 7! bZ is clearly
linear, multiplicative, turns involution on A into complex conjugation on
CC(
) , and has bI = 1 and k bZk1 � k Z k. It is left to be shown that it is
in fact an isometry. To this end let Z 2 A and z = kZ k. Then by (�� ) we
have jzj2 2 � Z � Z , and the proper self{adjoint ideal I def= A � (jzj2I � Z � Z )
is contained in a maximal proper self{adjoint ideal M , which is closed and
gives rise to a bijective � -character _! : _A def= A=M ! C. Let ! be the com-
position of _! with the quotient map A ! _A . At this point ! 2 
 clearly
j bZ (! )j2 = ! (Z � Z ) = jzj2 , so that k bZ k1 = j bZ (! )j = kZ k.
Z 7! bZ furnishes the desired linear isometric multiplicative involution{
preserving identi�cation of A with CC(
) .
1.2.4 (ii): For u 2 N let W u be a countable uniformly dense subset of
f w 2 C[0; u] : w0 = 0 g : Identify every path w in W u with that path in C



Answers 5

which agrees with w on [0; u] and is constant thereafter. The collectionS
u W u is plainly dense in C in the topology of uniform convergence on

compacta.
1.2.10 E[Wt � Ws jF 0

s [W.]]= E[Wt � Ws]=0. As E[� 2Wt Ws jF 0
s [W.]]= � 2W 2

s ,

E
�
W 2

t � W 2
s jF 0

s [W.]
�

= E
h
(Wt � Ws)2 jF 0

s [W.]
i

= E
h
(Wt � Ws)2

i
= t� s :

1.2.11 (i) = ) (ii): The independence of the increments gives

E
�
M z

t � M z
s jF 0

s [X .]
�

= E
h�

ez(X t � X s ) � z2 ( t � s)=2 � 1
�
ezX s � z2 s=2

�
�F 0

s [X .]
i

= E
h�

ez(X t � X s ) � z2 ( t � s)=2 � 1
� i

E
h
ezX s � z2 s=2

i
:

Now E
h
ezX s � z2 s=2

i
=

1
p

2� s

Z
ezx � z2 s=2e� x 2 =2s dx

=
1

p
2� s

Z
e� (x � zs)2 =2s dx = 1 ;

so E
�
M z

t � M z
s jF 0

s [X .]
�

= 0 :

(ii) = ) (iii) is obvious; and a computation as above shows that if (iii) is
satis�ed, then

E
h

ei� (X t � X s )+ � 2 ( t � s)=2
�
�F 0

s [X .]
i

= 1 :

This clearly implies that the increment X t � X s is independent of all previous
increments and that its characteristic function is e� � 2 ( t � s)=2 . This identi�es
X t � X s as a normal random variable with mean zero and variancet � s.
1.2.12 The Borel functions � for which this equation holds form a vector
space that contains the constants and is closed under pointwise limits of
bounded sequences. Thanks to exercise A.3.5 it su�ces to establish the claim
for functions � of the form � (y) = exp( i�y ) . These form a multiplicative
class that generates the Borel� -algebra on R. For such � the right-hand
side can be evaluated; by exercise A.3.45 on page 419 it equals

exp
�
� � 2(t � s)=2

�
� exp(i�W s) : (� )

For any F 0
s [W.]-measurable bounded random variableF

E
�
ei�W t F

�
= E

�
ei� (W t � W s ) F ei�W s

�
= E

�
ei� (W t � W s )

�
E

�
F ei�W s

�

= e� � 2 ( t � s)=2 � E
�
F ei�W s

�
:

Integrating ( � ) against F yields the same. Thus the twoF 0
s [W.]-measurable

random variables of the statement are a.s. the same.
1.2.14 (ii): To study the joint law of the increments

t1 � W1=t 1 � t0 � W1=t 0 ; : : : ; tn � W1=t n � tn � 1 � W1=t n � 1
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use the characteristic function:

E
h
ei

P n
k =1

� k � t k W 1=t k
� t k � 1 W 1=t k � 1

i

= E
h
ei� 1 � t 1 W 1=t 1 � t 0 W 1=t 0

i
� E

h
ei

P n
k =2

� k � t k W 1=t k
� t k � 1 W 1=t k � 1

i

= E
h
ei� 1 � t 0 W 1=t 1 � t 0 W 1=t 0 � ei� 1 ( t 1 � t 0 )W 1=t 1

i
� E

h
: : :

i

= E
h
ei� 1 � t 0 W 1=t 1 � t 0 W 1=t 0

i
� E

h
ei� 1 ( t 1 � t 0 )W 1=t 1

i
� E

h
: : :

i

= e� � 2
1 � t 2

0 � ( 1
t 0

� 1
t 1

) � E
h
e� � 2

1 � ( t 1 � t 0 ) 2

t 1

i
� E

h
: : :

i

= e� � 2
1 � ( t 1 � t 0 ) � E

h
: : :

i

leads by induction to

E
h
ei

P n
k =1

� k � t k W 1=t k
� t k � 1 W 1=t k � 1

i
= e�

P n
k =1

� 2
k � ( t k � t k � 1 ) ;

which is the characteristic function of the joint distribut ion of the increments
Wt 1 � Wt 0 ;: : : ;Wt n � Wt n � 1 of a standard Wiener process. We conclude that
W 0

t
def= tW1=t has independent stationary increments with law N (0; t � s) .

Import W 0
t ��!t ! 0 0 from exercise 2.5.21 (ii). Setting W 0

0
def= 0 we obtain a

processW 0 with almost surely continuous paths, a standard Wiener process
(de�nition 1.2.3).
1.2.15 (i): Take the product of d independent copies of a standard one-
dimensional Wiener process. (ii): Every componentW � is a standard one-
dimensional Wiener process. (v): Exercise 1.2.10:E[W �

t jF 0
s [W.]] = W �

s and

E
�
W �

t W �
t � W �

s W �
s jF 0

s [W.]
�

= ( t � s) � � �� :

Exercise 1.2.11: takez 2 Cd and replace zX by hzjX t i =
P

� z� X �
t .

Exercise 1.2.12:f is now a Borel function on Rd . The formula reads

E
�
� (W t )jF 0

s [W.]
�

=
�
2� (t � s)

� n= 2
Z + 1

�1
� (y ) � e( �j y � W s j 2 =2( t � s)) dy1 : : : dyd ;

where j j is the euclidean norm onRd . The proof of exercise 1.2.12 given in
this appendix applies literally, if the function � (y) is read to mean � (y ) =
exp(ih� jy i ) , etc.
1.2.16 In the proof of theorem 1.2.2 replacef � n g by a basis of the Hilbert
space of Lebesgue square integrable functions on�H . The estimate (1.2.2)
that was used in the application on page 14 of Kolmogorov's lemma A.2.37
can be replaced by

E
h�

�Wz2 � Wz1

�
�6

i
� const � n3kz2 � z1 k3

1 if kzi k1 � n :
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1.3.2 Apply theorem A.5.10.
1.3.6 Let A =

�
W ?

1 < c
�
. Then A lies in the intersection of the sets

An =
�
jWn � Wn � 1j < 2c

�
, each of which has the same probabilityq < 1.

Since the An form an independent collection, P[A] � qN for all N 2 N.
Consequently

P
�
W ?

1 < 1 ] �
X

c2 N

P
�
W ?

1 < c
�

= 0 :

1.3.10 ZT _ t � ZT = ( Z � Z T ) t .
1.3.15 (ii): [inf n � N Tn � t ] =

S
n � N [Tn � t ] . [supn 2 N Tn >t ]=

S
n 2 N[Tn >t ] 2 F t .

1.3.16 (i): A 2 F S implies A \ [T � t] =
�
A \ [S � t]

�
\ [T � t] 2 F t .

(ii): [ S < T ] \ [T � t] =
S

q2 Q[S � q] \ [q < T � t] 2 F t for all t and thus
[S < T ] 2 F T . Therefore [T � S] = [ S < T ]c 2 F T as well. [S < T ] \ [S � t]
=

�
([S < T ] \ [T � t]) \ [S � t]

�
[

�
[T > t ] \ [S � t]

�
2 F t for all t and thus

[S < T ] 2 F S and [T � S] 2 F S . Finally, [ S < T ] = [ S^ T < T ] 2 F S^ T etc.
1.3.17 [[0; T)) t = [ T > t ] = [ T � t]c belongs to F t for all t precisely if T is
a stopping time. In that case

[[0; T]]t = [ T � t] = [ T < t ]c =
� [

Q3 q<t

[T � q]
� c

2 F t :

All other stochastic intervals are di�erences of the two above.
1.3.18 [TA � t ] = A \ [T � t] 2 F t 8 t .
1.3.20 8t � 0 9k 2 N with k=n� t< (k + 1) =n. Then [T (n ) � t ]
= [ T � k=n] 2 F t .
1.3.21 (i) and (ii): Adapt the proof of theorem 2.4.4 on page 69, but note
that

P
n � X Tn � [[Tn ]] will generally not converge. (iii): De�ne inductively

T j +1 = inf f s > T j : jh(� X s)j � � g and set J � def=
P

j h(� X T j )[[T j ; 1 )).
Clearly J �. is adapted, and so isJ. = lim � ! 0 J �. .
1.3.27 (i): Suppose the stopping times S; T agree almost surely. The set
[S < T ] =

S
f [S < q < T ] : q 2 Qg belongs to A 1 � and is negligible, so it is

nearly empty.
(ii): N =

�
N \ [T = 1 ]

�
[

S
n N \ [T � n] .

1.3.28 Let X; Y be adapted right-continuous processes. The set where their
paths di�er: [ X . 6= Y.] = f ! 2 
 : 9t with X t (! ) 6= Yt (! )g=

S
q2 Q[X q 6= Yq]

then belongs to A 1 � ; if X; Y are modi�cations of each other, it is negligible.
1.3.30 (i): If T is a stopping time, then [T < t ] =

S
n [T � (t � 1=n) _ 0]

2 F t : Conversely, if [T < t ] 2 F t 8 t > 0, then [T � t] =T
n [T < t + 1 =n] 2

T
n F t +1 =n = F t+ = F t :

(ii): [ T < t ] =
S

f [Zq > � ] : Q 3 q < t g. The T � + do not change if Z t is
replaced with Z +

t
def= supf Zs : s � tg. We may thus assumeZ is increasing.

If T � + < t , then Z t > � and consequently Z t > � for some � > � ; that
is to say, T � + � t . Thus inf �>� T � + = T � + , which says that � 7! T � + is
right-continuous.
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(iv): [ T < t ] =
S

n [Tn < t ] ; and A 2
T

n FTn =) A \ [Tn < t ] 2 F t 8n8t
=) A \ [T < t ] 2 F t 8t =) A \ [T � t]= A \

T
n [T � t + 1 =n] 2 F t+ = F t .

(v): If X is left-continuous and adapted toF.+ , then X t � 1=n 2 F ( t � 1=n )+ �F t

and consequentlyX t = lim X t � 1=n 2 F t . Next let X be adapted to F. and
progressively measurable forF.+ , and �x an instant t > 0. Evidently

X t = X � [[0; t)) + X t � [[t; 1 ))

= lim
1=t<n !1

X � [[0; t � 1=n)) + X t � [[t; 1 ))

= lim
n

X t � 1=n � [[0; t � 1=n)) + X t � [[t; 1 )) :

The second summand is clearly measurable onB� [0; 1 ) 
 F t . By the
above X t � 1=n is measurable onB� [0; 1 ) 
 F ( t � 1=n )+ , which is contained
in B� [0; 1 ) 
 F t : The limit X t is then also measurable on this product.
Since this true for all t > 0, X is progressively measurable forF. .
1.3.31 Let P 2 P and A; A (1) ; A (2) ; : : : 2 F P

t . Let N P denote the P-nearly
empty sets. There are setsAP; A (1)

P ; A (2)
P ; : : : 2 F t with jA � APj 2 N P

and
�
�A ( i ) � A ( i )

P

�
� 2 N P , i = 1 ; 2; : : :. Evidently jAc � Ac

Pj 2 N P , showing

that F P
t is closed under taking complements. Similarly,

�
� S

i A ( i ) �
S

i A ( i )
P

�
� �

P �
�A ( i ) � A ( i )

P

�
� 2 N P , showing that F P

t is closed under taking countable
unions: F P

t is a � -algebra.
SupposeA 2 F �

1 is such that there exists an AP 2 F t with jA � APj 2 N P .
Then AP n A and A n AP belong to F �

1 and are P-nearly empty. Then
A = ( AP n (AP n A)) [ (A n AP) belongs to the � -algebra generated byF t

and the P-nearly empty sets. This � -algebra on the other hand is clearly
contained in F P

t , since aP-nearly empty set evidently belongs to it.
1.3.33 Consider the collection eF P

t of random variables that satisfy this
condition. If f (n ) 2 eF P

t converge pointwise on 
 to f and f (n )
P 2 F t di�er

only on a P-nearly empty set from f (n ) , then set f P
def= lim sup f (n )

P . This
random variable is measurable onF t , and the set N def=

�
f 6= f P

�
is contained

in the union of the sets
�
f (n ) 6= f (n )

P

�
, each of which is covered by a countable

family of P-negligible sets ofA 1 . Then so is N : eF P
t is sequentially closed,

and therefore contains the� -algebra generated byF t and the P-nearly empty
sets, and every random variable measurable thereon. The converse eF P

t � F P
t

is obvious.
1.3.34 (ii): Suppose f satis�es this condition. Given P 2 P we can �nd
an F t -measurable random variablef P such that N def= [f 6= f P] is P-nearly
empty. For any r 2 R,

�
�[f < r ] � [f P < r ]

�
� is a set of F �

1 contained in N ,
therefore [f < r ] 2 F P

t .
Conversely, assumef is F P

t -measurable. For n 2 N and k 2 Z set

f n =
1X

k= �1

k2� n � [k2� n < f � (k + 1)2 � n ]P :
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These areF t -measurable functions. Clearly lim supf n is F t -measurable and
di�ers only in a P-nearly empty set from f .
1.3.35 (i): For every rational q > 0 let X 0

q 2 F q be a random variable
nearly equal to X q (exercise 1.3.33), and setX 0

t
def= lim inf f X 0

q : Q 3 q # tg.
X 0 is clearly adapted to F.+ = F. . Outside the nearly empty set
N def=

S
q[X 0

q 6= X q] , X 0. is right-continuous and agrees with X . . The set
[X 0 6= X ] is evidently evanescent. If X is a set, choose theX 0

q idempotent.
If X is increasing, de�ne X 0

t = lim Q3 q0#t supq0� q2 Q X 0
q instead.

(ii): The su�ciency of the condition is evident. For the nece ssity consider
the F P. -adapted right-continuous decreasing processX def= [[0; T)) (conven-
tion A.1.5 and exercise 1.3.17). LetX 0 be a right-continuous F.-adapted set
indistinguishable from X , and consider its \right edge"

T0 def= inf f t � 0 : X 0
t = 0 g = inf f t : (1 � X 0) t � 1g :

This is an F.-stopping time (proposition 1.3.11), evidently nearly equal to T .
If A 2 F P

T , then the reduction TA is a stopping time on F P. . Let T0 be
an F.-stopping time nearly equal to T . Then AP

def= [T0 < 1 ] meets the
description of the second claim.
1.3.36 (i): Let A 2

T
n F P

t +1 =n , and let P 2 P . There exist A (n ) 2 F t +1 =n

that is P-nearly equal to A . Then AP
def= lim inf n A (n ) 2 F t+ is P-nearly

equal to A . Conversely, assumeA 2 F P
t+ . Given P 2 P we can �nd an

AP 2 F t+ that is P-nearly equal to A . Therefore A 2 F P
u for all u > t and

A 2 F P
t+ .

1.3.42 Fix an instant t and a P-negligible set A 2 F t . Then A \ [T > t ]
2 F T is P0-negligible for arbitrarily large stopping times T , and then so is
A , provided we understand \arbitrarily large" to mean arbitrarily large with
respect to P0: for every � > 0 and instant t there is a stopping time T with
P0[T � t] < � so that P0 � P on FT .
1.3.44 Let 
 be the half-line, let F1 be the � -algebra of Lebesgue measur-
able subsets of 
 , and let P be the restriction of the normal law 
 1 to F1 .
For F t take the � -algebra generated by the sets inF1 that are contained
in [0; t] and the interval ( t; 1 ) . The pairs (F t ; P) are all complete. If u > t ,
then f ug 2 A 1 is P-nearly empty, yet the outer measure that goes with the
pair (F t ; PjF t ) does not annihilate f ug.
1.3.47 (i): F 0

t is the � -algebra generated by the functionsWs , 0 � s � t
(see page 15). Lett < u . We have to show that if f is a bounded function
measurable onF t+ =

T
t<t 0<u F t 0 , then f is already measurable onF P

t . That
is, we have to exhibit a function f P 2 F t that P-nearly equals f . We let
f P be the conditional expectation of f on F 0

t (theorem A.3.24 on page 407).
It su�ces to show that f P di�ers Pu -negligibly from f ( Pu is of course the
restriction of P to Fu ). In terms of the F t+ -measurable function g def= f � f P

this means that the measure� def= g � Pu vanishes onFu . Suppose we know
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that
R

� (! ) d� (d! ) = 0 for every function � of the form (1.2.6):

� (! ) = exp
�

i
LX

k=1

r k
�
Wt k (! ) � Wt k � 1 (! )

� �
; (� )

r k 2 R ; 0 = t0 < t 1 < : : : < t L = u. Then we notice that the family
of such functions � forms a multiplicative class and apply exercise A.3.5:
� vanishes on all bounded functions measurable on the� -algebra generated
by the functions (� ) ; this � -algebra is evidently Fu ; and we are done.
In proving that � vanishes on the function � of (� ) , we may assume thatt is
among the tk , say t = tK � 1 , and by inserting another point strictly between t
and the next instant and renaming that new instant tK we may assume
that tK is as close tot as we please. We get

Z
� d� = E[g � � d P]

= E
h
g � e( i

P
k � K

r k (W t k � W t k � 1 )) � e( i
P

K<k � L
r k (W t k � W t k � 1 ))

i

= E
h
g � e( i

P
k � K

r k (W t k � W t k � 1 ))
i

�
Y

K<k � L

E
h
e( ir k (W t k � W t k � 1 ))

i

by A.3.45: = E
h
g � e( i

P
k � K

r k (W t k � W t k � 1 ))
i

�
Y

K<k � L

e( � r 2
k ( t k � t k � 1 )=2) :

We have used the fact that g is measurable onF P
t K

, and that the following
increments are independent of this � -algebra and of each other. Now as
tK # t , the second factor in the last line stays bounded, and the �rst factor
converges to

E
h

g � exp
�

i
X

t k � t

r k (Wt k � Wt k � 1 )
� i

;

which is zero, since the exponential isF t -measurable.
(ii): The set [T � = 0] belongs to F 0.+ [W ] � F P[W ]. The latter � -algebra

contains only sets nearly equal to either ; or 
 . Thus P[T � = 0] equals
either zero or one. If P[T+ = 0] = 0, then P[T � = 0] = 0 and vice versa
{ simply consider that T � is \ T+ for � W ." In that case T � > 0 almost
surely and W 2

T � ^ t = 0 for all t . From exercise 1.2.10 in conjunction with the
optional stopping theorem 2.5.22 we see that thenE [T � ^ t] = 0. In other
words, we must haveP[T+ = 0] = P[T � = 0] = 1.
2.1.10 (i): If S is an elementary stopping time, then

Z
X dZ S =

Z
X � [[0; S]] dZ (� )

for all X 2 E . Let t > 0 and let Tn denote the stopping times of exer-
cise 1.3.20. With S = Tn ^ t (� ) gives

Z
X dZ Tn ^ t =

Z
X � [[0; Tn ^ t]] dZ ; X 2 E :
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As X ranges over the unit ball of E, the integrals on the right stay in some
bounded subset ofL p , call it B . As n ! 1 , the left-hand side converges toR

X dZ T ^ t , due to the right-continuity of the paths. As X 2 E1 varies, all
these integrals stay in the closure ofB, which is again a bounded set. That
is to say, Z T ^ t =

�
Z T

� t
is global L p-integrator for all t , which means that

Z T is an L p-integrator.
(ii):

R
X dZ S_ T = [ S < T ] �

R
X dZ S + [ T � S] �

R
X dZ T for X 2 E . As

X ranges over the unit ball of E, these integrals stay in a bounded set ofL p .
This argument covers the \global" case. Replace in it S with S ^ t and T
with T ^ t to get the \plain" case.
2.1.13 If such an extension is to exist, thenZ must satisfy (RC-0). Namely,
Zu � Z t equals

R
(( t; u]] dZ , and if u # t and consequently ((t; u]] # ; , this

must converge to zero inL p(P), and thus a fortiori in measure.
To see the necessity of (B-p), recall �rst what it means that a subset I of L p

is bounded: every neighborhoodV of zero in L p absorbs V; i.e., there is
a scalar r such that I � r � V . Now if (B-p) were violated, there would
exist a Y 2 E+ such that the collection I of integrals

R
X dZ of elementary

integrands X in the order interval

[� Y; Y] def= f X 2 E : jX j � Y g

were unbounded. Forr = n there would beX n 2 [� Y; Y] with
R

X n dZ =2 nV:
The sequence (X n =n) of elementary integrands would converge pointwise and
dominatedly (by Y ) to zero, yet their integrals would stay outside V .
2.2.14 Use exercise 1.3.20 and the argument of proposition 2.2.11.
2.3.3 We use again the setS of 2.3.2 and set Z S def= supfj Z js : s 2 Sg.
For � < kZ S k[� ] , T def= inf f s 2 S : j Z js > � g ^ u is strictly less than u on

[Z S > � ] , a set of probability > � where j Z jT � � . We get the inequality

� = �







h
Z S > �

i 






[� ]
�




 j Z jT






[� ] :

With the independent Bernoulli random variables � 1; : : : ; � d of theorem A.8.26,

jZ jT � K 0







X

�
Z �

T � �








[� 0 ;� ]
;

and with exercise A.8.16: � � K 0














X

�
Z �

T � �








[
 ;P]








[�� 0 � 
 ;� ]
; 
 < �� 0 :

Now
X

�
Z �

T � � (t) =
Z X

�
[[0; T]] dZ � ;

and consequently � � K 0






 Z u

[
 ]








[�� 0 � 
 ;� ]
= K 0 Z u

[
 ] :

Now take the supremum over 
 < �� 0 , � < kZ S k[� ] and S � [0; u] etc.
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2.3.7 Let X = f 0 � [[0]]+
P N

n =1 f n � (( tn ; tn +1 ]] be an elementary integrand that
vanishes pastt and has jX j � 1, as in equation (2.1.1) on page 46. Then

Z
X d jZ j = f 0jZ j0 +

NX

n =1

f n

�
jZ j t n +1 � j Z j t n

�

= f 0 sgn(Z0) � Z0 +
NX

n =1

f n sgn(Z t n )
�
Z t n +1 � Z t n

�

+
NX

n =1

f n

� �
�Z t n +1

�
� �

�
�Z t n

�
� � sgn(Z t n )

�
Z t n +1 � Z t n

� �

�
Z

XY dZ + A ; (� )

where Y def= sgn(Z0) � [[0]] +
NX

n =1

sgn(Z t n ) � (( tn ; tn +1 ]]

is an elementary integrand in E1 and

A def=
NX

n =1

� �
�Z t n +1

�
� �

�
�Z t n

�
� � sgn(Z t n )

�
Z t n +1 � Z t n

� �

is a sum of positive random variables; indeed, since the absolute value function
j.j is convex, jz2j � j z1j � sgn(z1)

�
z2 � z1

�
� 0 for any two reals z1; z2 . For

the choice X = [[0 ; t]] we actually get the equality jZ j t =
R

Y dZ + A , whence
A = jZ j t �

R
Y dZ. Now (� ) stays when X is replaced by � X . Therefore

�
�
�
Z

X d jZ j
�
�
� �

�
�
�
Z

XY dZ
�
�
� + A �

�
�
�
Z

XY dZ
�
�
� +

�
�
�
Z

[[0; t]] dZ
�
�
� �

Z
Y dZ ;

sum of three random variables that all havedd eep-mean less than Z t
I p .

2.3.8 (ii) For an elementary F .-stopping time T , [[0; T]]. � R 2 E 1. Con-
versely, if T is an elementaryF.-stopping time, then for every one of its values
t i there is an A i 2 F t i so that [T = t i ] = A i � R . Then T def=

P
i t i � A i is an

elementary stopping time on F . with T = T � R and [[0; T]]. = [[0 ; T]]. � R .
Taking di�erences and linear combinations as in equation (2.1.4) we see that
E consists exactly of the processesX � R with X 2 E. The processesX
with X � R 2 P are evidently sequentially closed; thusP � R � P { here
P denotes the predictables forF . , of course. Conversely, the processesX
of the form X = X � R are also sequentially closed and containE, so they
exhaust P .
(iv) If N 2 F t is P-negligible, then N � R = R� 1(N ) is P-negligible; therefore
the inverse image of aP-nearly empty set is P-nearly empty, and X � R is

1 See convention A.1.5 on page 364
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(F.; P)-previsible provided X is (F .; P)-previsible.
(v) Equation (2.3.9) extends to ddF ee�

Z� p = ddF � R ee�
Z� p in the two steps of

Daniell's up-and-down procedure. This leads directly to the remaining claims.
2.4.3 Hint: Suppose V t + = inf f V u : u > t g> V t + � . Set U def= f u > t :
jVu � Vt j < �= 2g and pick u1 2 U . There are f t = t0 < t 1 < : : : < t I +1 = u1g
with

P
i jVt i +1 � Vt i j > � . Repeat this with u2 = t1 etc. and conclude that

Vt + = 1 .
2.4.9 (i): If T � < � , then I t � � for some t < � and consequently I � > �
and T � + � � . Thus T � + � T � . The reverse inequality is obvious. (ii):
[T �+ < t ] =

S
[T � ( n ) + < t ] , so it su�ces to consider the case that �

takes only countably many values � n . As [T � n + < t ] \ [� = � n ] 2 F t ,
[T �+ < t ] =

S
[T �+ < t ] \ [� = � n ] 2 F t .

2.5.2 Since by exercise A.3.27 (v)

E[M g
t jF s] = E

h
E[gjF t ] jF s

i
= E[gjF s] = M g

s ; s < t ;

M g is a martingale. Next, there exists a K 2 R such that the function
gK = ( � K _ g ^ K ) has kg � gK kL 1 < � . Let G be any sub-� -algebra of
F1 . Then E[gK jG] lies between� K and K and hasL 1-distance less than�
from g, since by Jensen's inequality A.3.24

j E[gjG] � E[gK jG] j = j E[g � gK jG] j � E[jg � gK j jG] :

Thus the collection f E[gK jG] : G � F 1 g is uniformly integrable.
2.5.4 See exercises 1.2.10, 1.2.11, and 1.3.47.
2.5.5 Set g1

def= E[gj
W

F]. Let � > 0 and consider the algebra
S

F. Its
step functions are dense inL 1(

W
F; P). There is such a step functiong� with

kg1 � g� k1 � � . It is measurable on someG 2 F. For G � G 0 2 F





 g1 � gG0








1
� k g1 � g� k1 +






 g� � gG0








1
� 2� :

2.5.6 Without loss of generality we may assume that both f and f 0 are
bounded (how?). For every n 2 N let Fn be the � -algebra generated by the
sets

�
k2� n < f � (k + 1)2 � n

�
, k = 0 ; 1; 2; : : :, and the P-negligible subsets

of F . Both f and f 0 are measurable on the� -algebra F1 generated theFn .
M n

def= E[f jF n ] and M 0
n

def= E[f 0jF n ] are uniformly integrable martingales on
the �ltration fF n gn 2 N (example 2.5.2). The hypothesis translates toM n =
M 0

n P-almost surely. Since M n ! f and M 0
n ! f 0 in L 1(P)-mean (exer-

cise 2.5.5),f = f 0 P-almost surely.
2.5.12 (i): By corollary 2.5.11 this condition is necessary. To seethat it is
su�cient, let s < t be two instants, and let A 2 F s . Form the elementary
stopping time sA ^ t which equals s on A and t o� A (exercise 1.3.18). The
given information E[M t � M sA ] = 0 can be rewritten as

Z

A
E [M t jF s] dP =

Z

A
M s dP :
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(ii): Let M; N be supermartingales, 0� t and A 2 F s . Then
Z

M t ^ N t �A dP =
Z

M t ^ N t �[M s < N s]A dP +
Z

M t ^ N t �[Ns � M s]A dP

�
Z

M t �[M s < N s]A dP +
Z

N t �[Ns � M s]A dP

�
Z

M s �[M s < N s]A dP +
Z

Ns �[Ns � M s]A dP

=
Z

M s ^ Ns �[M s < N s]A dP +
Z

M s ^ Ns�[Ns � M s]A dP

=
Z

M s ^ Ns �A dP :

2.5.14 For the �rst statement apply exercise 1.3.35 on page 38. Next,
since M is uniformly integrable it is L 1-bounded and M 1

def= limn M n exists
pointwise. Again since M is uniformly integrable this limit is taken in
L 1-mean (theorem A.8.6).
2.5.16 Set F t = Fn and M t = M n for n � t < n +1 and apply proposi-
tion 2.5.13.
2.5.21 (i): Use exercise 1.2.11 and lemma 2.5.18.
(ii): From (i) P[sups<n Ws=n>�=n + �= 2]� e� �� . With � = n2=3 and � = n� 1=3;
the �rst Borel{Cantelli lemma gives P[sups<n Ws=n > 2n� 1=3 i:o:] = 0. This
implies lim supWt =t � 0, and lim inf Wt =t = � lim sup � Wt =t � 0.
2.5.23 (ii): Let 0 � s < t and A 2 F s . Then

E[M T
t � A] = E

�
M T

t � A � [T � s]
�

+ E
�
M T

t � A � [T > s ]
�

= E
�
M T ^ t � A � [T � s]

�
+ E

�
M T ^ t � A � [T > s ]

�

= E
�
M T ^ s � A � [T � s]

�
+ E

�
M s_ T ^ t � A � [T^ t > s ]

�

by theorem 2.5.22: = E
�
M T ^ s � A � [T � s]

�
+ E

�
M s � A � [T^ t > s ]

�

= E
�
M T ^ s � A � [T � s]

�
+ E

�
M T ^ s � A � [T > s ]

�

= E
�
M T ^ s � A

�
= E

�
M T

s � A
�

and E[M T
t jF s] = M T

s :

(iii): Let M be a local martingale. Given at 2 R+ and � > 0 one can �nd a
stopping time T with P[T < t ] < � such that M T is a martingale. Then T ^ t
has P[T ^ t < t ] < � and reducesM to a uniformly integrable martingale.
(iv): Let 0 � s < t < 1 and A 2 F s . There exist stopping times Tn

that increase without bound and reduce M to martingales. For m 2 N set
Am = A \ [s < T m ] . Then Am 2 F s^ Tm and by Fatou's lemma A.8.7

E[M t Am ] � lim inf
n !1

E[M t ^ Tn Am ]
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by part (i): = E[M s^ Tm Am ]

since s < T m on A m : = E[M s Am ] � E[M s A] :

Hence E[M t A] � E[M s A] :

For the last statement of (iv) write

E[M S_ T ] = E[M S_ T [S � T]] + E[M S_ T [S > T ]]

= E[M T [S � T]] + E[M S [S > T ]]

by 1.3.16 (iv): = E
�
E[M T jF S^ T ][S � T]

�
+ E

�
E[M S jF S^ T ][S > T ]

�

by part (i): = E[M S^ T [S � T]] + E[M S^ T [S > T ]] = E[M S^ T ] = E[M 0]

2.5.25 For X = f 0 � [[0]] +
P N

n =1 f n � (( tn ; tn +1 ]] an elementary integrand as in
the proof of theorem 2.5.24 we take the square root in

E
h� Z

X dW
� 2i

= E
h
 

NX

n =1

f n � (Wt n +1 � Wt n )

! 2i

= E
h NX

n =1

f 2
n �

�
Wt n +1 � Wt n

� 2
i

= E
h NX

n =1

f 2
n �

�
W 2

t n +1
� 2Wt n +1 Wt n + W 2

t n

� i

by 2.5.4 and 2.5.3: = E
h NX

n =1

f 2
n �

�
W 2

t n +1
� W 2

t n

� i

by 2.5.4: = E
h NX

n =1

f 2
n �

�
tn +1 � tn

� i
=

Z Z
X 2

s ds dP :

For the second equality choseX = [[0 ; t]].
2.5.31 From proposition A.8.24

A (2.5.6)
p �

8
>>>>>>>>><

>>>>>>>>>:

� 4p
(p � 1)(2 � p)

� 1=p
for 1 < p < 2,

1 for p = 2
� 3 � 83=2 � p

p � 3=2
+

83 � 3 � p
3 � p

� 1=p
for 2=3 < p < 3

� 4p
p � 2

� 1� 1=p
for 2 < p < 1 .

(Since lim26= p! 2 Ap � 57:8, this is an unsatisfactory formula; the problem
arises to fashion a better one. Using complex interpolationone can show
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that Ap � ( 16
p� 1 )2(2 � p) for 1 < p < 2, which has at least the right limit

behavior at p = 2)
2.5.32 There is a nearly empty set N1 o� which the path Q 3 q 7! Sq

has no oscillatory discontinuities (lemma 2.5.27 and lemma2.3.1). Use this
to de�ne S0

t
def= limq#t Sq , a supermartingale with right-continuous paths and

adapted to F P
.+ . For � > 0 set T�

def= inf f t : St < � g. This is a F P
.+ -stopping

time at which S0
T �

� � . Let T (n )
� be the stopping times of exercise 1.3.20 and

�x an instant t . By exercise 2.5.12,E
�
(St � St ^ T ( n )

�
) � [T (n )

� < t ]
�

� 0, which

in the limit produces E
�
St � [T� < t ]

�
= E

�
S0

t � [T� < t ]
�

� E
�
St ^ T � � [T� < t ]

�
�

� � P[T� < t ] � � and exhibits N2
def=

T
� [T� < t ] as P-nearly empty, inasmuch

as St is almost surely strictly positive. Now if the restriction t o Q of S.(! )
is not bounded away from zero on [0; t] , then neither is S0. (! ) and ! must
lie in N2 : N def= N1 [ N2 meets the description.
2.5.33 Let s < t and A 2 F s . There are stopping times Un that
converge almost surely to 1 and reduce M to martingales, so that
E[A � (M Un

t � M Un
s ) ] = 0. Now M Un

t ���!n !1 M t with jM Un
t j � M ?

t 2 L 1

when M is an L 1-integrator (see theorem 2.3.6 on page 63). Then
E[A � (M t � M s) ] = 0, and we see M is a martingale. The second claim
is established similarly.
3.1.2 Let S(n ) ; T (n ) be the stopping times of exercise 1.3.20. Then clearly
X (n ) def= n � ((S(n ) ^ n; T (n ) ^ n]] are elementary integrands whose supremum
H = 1 � ((S; T]] 2 E"

+ majorizes jF j . It su�ces to show that ddH ee�
Z� 0 � � .

But this is evident: the stochastic integral f def=
R

X dZ of any X 2 E with
jX j � H vanishes o� [S < T ] and therefore hasddf ee0 � � ; the supremum of
such ddf ee0 is ddH ee�

Z� 0 .
3.1.3 This is immediate from exercise 2.5.25 and Daniell's construction.
3.2.2 For every n there is a countable collection

�
X (n;k )

	
in E whose

pointwise supremum is H (n ) . The functions X (n ) def= sup�;k � n X ( �;k ) � H (n )

belong to E and increase pointwise to supn H (n ) . Hence
ll

sup
n

H (n )
mm�

= sup
n

ll
X (n )

mm�
� sup

n

ll
H (n )

mm�
�

ll
sup

n
H (n )

mm�
:

3.2.5 Suppose F is evanescent. Then the projection N of [F 6= 0] on

 is nearly empty. By the regularity of the �ltration, X def= N � [0; 1 )
is an elementary integrand, and evidently ddX eeZ� p = 0. The countable

subadditivity of the mean implies that dd1 � X ee�
Z� p = 0, the solidity then

that ddF ee�
Z� p = 0.

3.2.11 The �rst statement was done in 3.2.7 if F is everywhere de�ned.
3.2.12 (ii): Given an � > 0 �nd N 2 N so that

P
n � N ddFn ee� < �= 2.

Then �nd 0 < r < 1 so that
P

n<N ddr � jFn jee� < �= 2. Use the countable
subadditivity and solidity to conclude that ddr �

P
jFn jee� < � .

3.2.15 (i): If F 2 L1[dd ee� ] , then there are elementary integrandsX n with
ddF � X n ee� < 2� n . The proof of theorem 3.2.10, suitably adapted, shows
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that the sequenceF1 = X 1; F2 = X 2 � X 1; : : : ; Fn = X n � X n � 1; : : : will meet
the description. For the converse note that for X 1; : : : ; X N 2 E

ll
F �

NX

n =1

X n

mm�
�

NX

n =1

ddFn � X n ee� +
1X

n = N +1

ddFn ee� :

Given � > 0, �nd �rst N so large that the second sum is less than�=2, then
�nd X n 2 E such that the (�nite) �rst sum is also less than �=2.

(ii) is plain from (i) and the countable subadditivity of the mean.
(iii): Let Fn 2 L1[dd ee� ]+ with dd

P
n Fn ee� < 1 . Find X n 2 E+ with

ddFn � X n ee� � 2� n (why can the X n be chosen to be positive?). Then
ll X

n

X n

mm�
�

ll X

n

Fn

mm�
+

ll X

n

(X n � Fn )
mm�

�
ll X

n

Fn

mm�
+ 2 < 1 ;

and therefore ddX n ee� ���!n !1 0.
3.2.16 (i): Let

�
X n

�
;
�
Yn

�
be sequences inE that converge in mean to

F; G 2 L1[dd ee� ], respectively, and let r; s 2 R. Then
�
rX n + sYn

�
converges

to rF + sG in mean, since

dd(rF + sG) � (rX n + sYn ) ee� � j r jddF � X n ee� + jsjddG � Yn ee� ;

which converges to zero asn ! 1 . Thus
Z

(rF + sG) = lim
n

Z
(rX n + sYn ) = lim

n

�
r

Z
X n + s

Z
Yn

�

= r
Z

F + s
Z

G :

This shows that the integral is linear. Next let (X n ) be a sequence of ele-
mentary integrands with ddF � X n ee� ���!n !1 0. Then ddX n ee� ���!n !1 ddF ee�

by exercise 3.2.9, and soj
R

F dZ j=lim n j
R

X n dZj� limn ddX n ee� = ddF ee� .
3.2.30 If not, one of the collections M k = f A \ ((k � 1; k]] : A 2 Mg would
contain uncountably many non-negligible sets. For somer 2 N we would
have ddA ee� > 1=r for uncountably many A 2 M k , which is impossible since
the measure of ((k � 1; k]] is �nite.
3.3.3 The General Stone{Weierstra� theorem A.2.2 permits the extension
of the bounded linear map

R
. dZ : E0 ! L p to E

0
, so that the A t and

E0 may be assumed to be both algebrasand vector lattices closed under
chopping. The argument of lemma 3.3.1, which does not refer to the nature
of the elementary integrands, shows that

R
. Z t is � -additive in probability.

The argument of proposition 3.3.2 also carries through, showing that
R

. Z
is a � -additive vector measure to L p . Daniell's mean furnishes an extension
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satisfying the Dominated Convergence Theorem, and therefore integrating
every elementary integrand in E.
3.4.1 There is a sequence of elementary integrandsX k with ddX k ee� < 2� k

for k � 1 and F =
P

k � 0 X k a.e. and in mean. ThenY K def=
P

k � K kjX k j
converges to an integrable functionG. Set U def= [G > M ] � G=M . Then
U = supn;K 1 ^

�
n�(Y K � (Y K ^ M ))

�
2 E"

+ and ddU ee� < � for a suitable
choice of M . On Uc ,

P
k X k converges uniformly to F .

3.4.7 The class of functions � such that � (F1; : : : ; FN ) is measurable is
closed under pointwise limits, by Egoro�'s theorem, and contains the con-
tinuous functions, by theorem 3.4.6. Thus it contains the smallest class of
functions closed under pointwise limits and containing thecontinuous func-
tions, viz. the Borel functions.
3.4.8 Needed
3.5.4 The �rst statement is clearly true if Z is continuous and adapted. The
collection of adapted processesZ such that Z T is predictable is closed under
pointwise limits. If the predictable process V has right-continuous paths of
�nite variation, then V = supf

P
i

�
�V qi +1 � V qi

�
�g, where the supremum

is extended over all �nite rational partitions f 0 = q0 < q1 < q2 < : : : g of
[0; 1 ) .
3.5.5 Let � > 0. There is a K such that P[jf j � K ] � � . Let us write
f �((S; T]] � G = G(K ) + G0, with G(K ) def= f �[jf j < K ] � ((S; T]] � G and G0 def=
f �[jf j � K ] � ((S; T]] � G = f � ((S[j f j� K ]; T ]] � G. G(K ) , being Z� 0-measurable
and majorized by KG , is Z� 0-integrable. G0 vanishes o� the stochastic
interval (( S[j f j� K ]; T ]] , whose projection on 
 has measure less than� , and
thus has ddG0ee�

Z� 0 � � (exercise 3.1.2). That is to say, f �((S; T]] � G di�ers
arbitrarily little (by less than � ) from a Z� 0-integrable process (G(K ) ), so it is
Z� 0-integrable itself. Furthermore,

R
f �((S; T]] � G dZ :=lim K !1

R
G(K ) dZ. It

su�ces to show that
R

G(K ) dZ := f [jf j < K ]
R

((S; T]] � G dZ; in other words,
that equation (3.5.2) holds when f is bounded. If it holds when S and T
are elementary, we apply it to the stopping times S(n ) ^ n; T (n ) ^ n and take
the limit as n ! 1 : we may assume that S; T are elementary. If it holds
when f is a set in FS , then it holds for linear combinations of them and their
uniform limits: we may assume in addition that f is a set A 2 F S . In that
case the equality in question reads

R
((SA ; TA ]] � G dZ = _A �

R
((S; T]] � G dZ. If

G 2 E is an elementary stochastic interval or a linear combination thereof, it
is true by inspection; it follows in general by approximation with elementary
integrands.
3.5.7 (i): Let

�
X (n )

�
be a sequence inPP with pointwise limit X . There

are predictable processesX (n )
P such that Nn

def= � 
 [X (n ) 6= X (n )
P ] is nearly

empty. Set X P = lim sup X (n )
P . This is a predictable process. The projection

of [X 6= X P] on 
 is contained in the union of the Nn and therefore in a
negligible set of A 1 � : it is nearly empty itself. In other words, the paths of
X and X P agree outside a nearly empty set.
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(ii): Let us start by showing that a measurable (see page 23) evanescent
process X is predictable. There is a nearly empty set N such that X
vanishes o� N def= [0; 1 ) � N . Now the collection M N of processesY such
that Y � N 2 P is a monotone class and contains every generator of the
measurable processes of the form (s; t] � A , A 2 F �

1 . Indeed,
�
(s; t] � A

�
� N

= ( s; t] � (A \ N ) is in E on the grounds that the nearly empty set A \ N
belongs to F0 = F P

0+ . Therefore M N contains all measurable processes,
in particular X . That is to say, X 2 P . Now if X is a measurable
previsible process andX P 2 P cannot be distinguished from X with P,
then X = X P +

�
X � X P

�
is the sum of two processes inP .

3.5.10 (i): ( t � 1=n) _ 0 predicts t . (T +( � � 1=n) : n > 1=�) predicts T + � .
If T1; T2; : : : are announced byT1

n ; T2
n ; : : :, then T0

N =
W

k;n � N T k
n predicts

W
k T k , and T1

n ^ : : : ^ T k
n predicts T1 ^ : : : ^ T k . (ii): 0 A ^ n predicts 0A .

SA = S _ 0A . If
�
S(n )

�
announcesS, then

�
Sn

[Sn � T ] ^ n
�

announcesS[S� T ] .
3.5.11 It su�ces to show that [[0 ; T)) is predictable; all other intervals in
question can be gotten from this one by taking intersectionsand relative
complements with intervals then known to be predictable. Let

�
Tn

�
be a

sequence of stopping times announcingT and simply observe that [[0; T)) is
a simple combination of predictable sets:

[[0; T)) =
[

n

[[0; Tn ]] n [[T ]] :

3.5.19 (i) The set f t : � Vt � � g is left closed, on the grounds that the
non-oscillatory nature of the path of V 2 D prevents it from having an
accumulation point. The graph of T �

� V is the intersection of the previsible
sets [[0; T �

� V ]] and [� V � � ] . The claim follows from theorem 3.5.13. (ii) (See
the proof of theorem 2.4.4). For every i; j 2 N de�ne inductively T i; 0 = 0
and

T i;j +1 = inf
�

t > T i;j : � I t � 1=i
	

:

From exercise 3.5.19 we know that theT i;j are predictable stopping times.
They are countable in number, so we count them:

�
T i;j

	
=

�
T0

1; T0
2; : : :

	
.

The T0
n do not have disjoint graphs, of course, so we force the issue:since

Pn
def= [[Tn ]]n

S
�<n [[T0

� ]] is previsible, the reduction Tn of T0
n to

T
�<n [T� 6= Tn ],

which has Pn for its graph, is a predictable stopping time (see theo-
rem 3.5.13). The Tn meet the claim.
3.5.20 Let

�
Sn

�
be a sequence of stopping times announcingT . By Doob's

optional stopping theorem 2.5.22,

M T� = lim M Sn = lim E
�
M 1 jF Sn

�

both almost surely and in L 1-mean. For every n and A 2 F Sn the integrals
of M 1 and M T� over A agree. SinceFT� =

W
FSn , these integrals agree

also if taken over any set ofFT� .
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3.6.8 X eF � XF is predictable, so X eF � gXF a.e. By the same argument,
X � 1 gXF � eF . Division by zero does not really occur (why?).
3.6.13 Let T (n ) be the stopping times of exercise 1.3.20. The equality

Z
X dZ T ( n ) ^ k =

Z
X � [[0; T (n ) ^ k]] dZ

holds trivially for all X 2 E and all k; n 2 N. By right-continuity we have
Z

X dZ T ^ k :=
Z

X � [[0; T ^ k]] dZ

for all X 2 E . Consider the collection of all predictable X for which
the equality above obtains. By the Dominated Convergence Theorem this
collection is closed under limits of bounded sequences and therefore contains
all bounded predictable processes. Lettingk ! 1 shows that for all X 2 P 00

Z
X dZ T =

Z
X � [[0; T]] dZ : (� )

Now let eG be aZ -envelope ofjGj . Choose it so that it is also aZ T -envelope
of jGj . Then by exercise 3.6.8

ddG � [[0; T]]ee�
Z� p =

ll
eG � [[0; T]]

mm�

Z� p

by corollary 3.6.10: = sup
� ll Z

Y dZ
mm

p
: Y 2 P 00; jY j � eG � [[0; T]]

�

by ( � ): = sup
� ll Z

Y dZT
mm

p
: Y 2 P 00; jY j � eG

�

= ddGee�
Z T � p :

The rest is even simpler. Suppose, say,G � [[0; T]] is Z� p-integrable. There is
a sequence of elementary integrandsX (n ) with ddG � [[0; T]] � X (n ) ee�

Z� p ! 0.

Then ddG � X (n ) ee�
Z T � p = dd(G � X (n ) ) � [[0; T]]ee�

Z� p ! 0 and
R

G dZT =

lim
R

X (n ) dZT =lim
R

X (n ) � [[0; T]] dZ.
3.6.14 The mean dd ee� def= dd ee�Z� 0 + dd ee�Z 0� 0 majorizes d(Z + Z 0) on E and
therefore dd ee�(Z + Z 0)� 0 on predictable processes (exercise 3.6.16). LetF ; F

be predictable with F � F � F and ddF � F ee�
Z� 0 = 0, and let F 0; F

0
be

similar, constructed with Z 0 instead (proposition 3.6.6 (ii)). Set � def= F ^ F
0

and � def= F ^ F 0. Then dd� � � ee� = 0 and therefore dd� � F ee�
(Z + Z 0)� 0 = 0.

If F is integrable for both Z and Z 0, then � is �nite for dd ee�Z� 0 and
dd ee�Z 0� 0 , therefore for dd ee� and for dd ee�(Z + Z 0)� 0 : it and with it F is
(Z + Z 0)� 0-integrable; etc.
3.6.16 If ddF ee�

Z� p > a , then dd
R

Y dZeeL p > a for some Y as in coroll-

ary 3.6.10. SuchY is integrable for any mean; there is a sequence (X (n ) ) of
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elementary integrands converging in the meandd ee� + dd ee�Z� p to Y . Then

ddF ee� � dd Y ee� = lim n ddX (n ) ee� � limn ddX (n ) ee�
Z� p > a .

3.6.18 Start with p � 1. Consider pairs (A; � A ) consisting of a Z -non-
negligible predictableZ� p-integrable set A and a positive � -additive measure
� A that satis�es j� (X )j � dd X ee�

Z� p and

� A (P) = 0 () dd P ee�
Z� p = 0 8P 2 P :

A maximal collection of such pairs with mutually disjoint �r st entries is at
most countable, so we write it f (A (1) ; � A (1) ); : : :g. The complement B ofS

k Ak is Z -negligible; if it were not, then the Hahn{Banach theorem A.2.25
would provide a linear functional � on L (1) [Z� p] with � (B ) > 0. Such �
would be a measure onP , and it could be chosen positive. It is not hard to
restrict � to a subset A (0) of B such that (A (0) ; � jA (0) ) could be adjoined to
the supposedly maximal collection. � :=

P
k 2� k � A k meets the description.

If 0 � p < 1, then theorem 4.1.2 provides a probability P0 � P for which Z
is an L 2-integrator. The measure � produced above in this situation is a
control measure for Z .
3.7.2 T (1) _ T (2) reduces Z to an L p(P)-integrator. (exercise 2.1.10). We
may assume without loss of generality that G is positive. By exercise 3.6.13
the G � ((S( i ) ; T ( i ) ]] are Z T (1) _ T (2)

� p-integrable and then so is their supremum
G � ((S(1) ^ S(2) ; T (1) _ T (2) ]] .
3.7.8 For every P 2 P let P�

R
G dZ denote the stochastic integral computed

in L 0(P). Let � denote the collection of bounded predictable processes X
such that there exists a right-continuous processX � Z with left limits and
with ( X � Z ) t 2 P�

R
X � [[0; t]] dZ for all P 2 P and all t > 0. Clearly E � � .

Let
�
X (n )

�
be a bounded sequence in � that converges pointwise to some

X 2 �. By lemma 2.3.2 and exercise 3.6.13
ll �

X (n ) � Z � X (m ) � Z
� ?

t

mm

L 0 (P)
�����!m;n !1 0

for every P 2 P and t > 0.2 That is to say, the set of points in 
 where the
path of X (n ) � Z does not converge uniformly on every �nite interval belongs
to A 1 � by its description and is P-negligible for every P 2 P . We set
X � Z = 0 on this set and X � Z = lim X (n ) � Z elsewhere. Using the regularity
of F. we conclude that X 2 �: � contains all bounded predictable processes.
If X is predictable and locally Z� 0;P-integrable for every P 2 P , we apply
the result to

�
(� n) _ X ^ n

�
� [[0; n]] and take the limit.

3.7.9 There are stopping times Tn increasing to 1 that reduce M to
global L 1-integrators for which G is M Tn� 1-integrable (corollary 2.5.29).
The situation is reduced to the case that M is a martingale and global
L 1-integrator and G is M� 1-integrable. We have to show that then G� M is

2 Previous faulty formula corrected by Roger Sewell, <rfs@cambridgeconsultants.com>
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a martingale, i.e., that E
�R

X d(G� M )
�

= 0 for X 2 E with X 0 = 0 (see
proposition 2.5.10). This is evident if G is elementary, and follows in general
by approximating G with elementary integrands in dd ee�1� M -mean.
3.7.15 Apply exercise 3.6.13 and lemma 3.7.5: for anyt

(G� Z T ) t 2
Z t

0
G dZT =

Z
[[0; T ^ t]] � G dZ =

Z
[[0; T ^ t]] d(G� Z )

3 (G� Z )T ^ t = ( G� Z )T
t :

Now use the right-continuity of the ultimate right and left- hand sides.
3.7.16 We start with the case that the graph [[T]] is included. Setting
B def=

�
(s; ! ) : ! 2 
 0; s � T(! )

	
write

X � Z � X 0� Z 0 = ( X � X 0)� Z + X 0� (Z � Z 0) : (� )

It is clear upon inspection that X � (Z � Z 0) = 0 on B if X is an elementary
integrand. We know from exercise 3.6.14 thatX 0 is (Z � Z 0)� 0-integrable.
There is a sequence

�
X (n )

�
of elementary integrands such thatX (n ) � (Z � Z 0)

converges toX 0� (Z � Z 0) uniformly on bounded intervals, except in a nearly
empty set (corollary 3.7.11). We conclude that, on B , X 0� (Z � Z 0) is
indistinguishable from 0.

To show that the �rst term of ( � ) is evanescent onB let � > 0 and set
S = inf

�
t :

�
(X � X 0)� Z

� ?
t � �

	
. This is a stopping time (proposition 1.3.11).

On 
 0 \ [S � T] the entire path of (X � X 0) � [[0; S]] vanishes. From coroll-
ary 3.7.13 in conjunction with lemma 3.7.5 and exercise 3.6.13 we know that
for all t

�
(X � X 0)� Z

�
S^ t 2

Z S^ t

0
(X � X 0) dZ =

Z
(X � X 0) � [[0; S]] dZ t

almost surely vanishes on this set. The right-continuity of (X � X 0)� Z shows
that the whole path of (X � X 0)� Z vanishes almost surely up to and including
time S on 
 0 \ [S � T] . Since

�
(X � X 0)� Z

� ?
S � � on [S < 1 ], this

implies that S > T almost surely on 
 0 . We take � ! 0 and conclude that
(X � X 0)� Z vanishes almost surely on 
0 up to and including time T .

If [[T ]] is excluded, we apply the above to (T � � ) _ 0 and let � ! 0.
3.7.18 needed
3.7.19 The �rst statement was done in exercise 3.5.8. For the secondstate-
ment note that (( S; T]]� Z = Z T � Z S is previsible if S; T are stopping times.
Thus X � Z is previsible for X 2 E . Now approximate the general integrand
as in corollary 3.7.11.
3.7.20 (i) To say that f � G is Z� 0-integrable on ((S; T]] means that f � G �
((S; T]] is Z� 0-integrable (exercise 3.6.13). In view of de�nition 3.7.1neither
hypothesis nor conclusion are changed if we replaceG by G � ((S; T]] : we
may assume that G vanishes o� ((S; T]] and is Z� 0-integrable. Then f � G
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is Z� 0-integrable on ((S; T]] if and only if f � ((S; T]] is G� Z� 0-integrable
(theorem 3.7.10), which is true becauseG� Z is a global L 0-integrator and
f � ((S; T]] has almost surely �nite maximal function at 1 (theorem 3.7.17).
Thus

Z T

S+
f � G dZ =

Z
f � ((S; T]] d(G� Z )

by exercise 3.5.5: = _f �
�
(G� Z )T � (G� Z )S

�
_

by exercise 3.6.13: = _f �
Z

((S; T]] d(G� Z )

by theorem 3.7.10: = _f �
Z

G � ((S; T]] dZ

by exercise 3.6.13: = _f �
Z T

S+
G dZ :

(ii) Again we may assume that G vanishes o� the predictable interval [[S; T]]
and is Z� 0-integrable. Again we know a priori that f � G is Z� 0-integrable
on [[S; T]] : it amounts to saying that f � [[S; T]] is G� Z� 0-integrable, which is
true for the same reason as above. This allows us to reduce theproblem to
the case that f is bounded. For if we have the equality (3.7.6) in this case,
we apply it to ( � k) _ f ^ k and let k ! 1 . Say jf j � k .
Let (S(n ) ) be an increasing sequence of stopping times announcingS. There
is a sequence of FS ( n ) -measurable functions f (n ) with jf (n ) j � k that
converges almost surely tof ; we can take for f (n ) the conditional expectation
of f given FS ( n ) , or by density �rst �nd the f (n ) so as to converge in
dd ee0-mean to f and then go to an almost surely convergent subsequence.
Now from (i)

Z T

S ( n ) +
f (m ) � G dZ = _f (m ) �

Z T

S ( n ) +
G dZ ; m � n 2 N :

We let �rst n ! 1 and then m ! 1 and get the claim.
(iii) G is predictable (proposition 3.5.2) and has almost surely �nite max-

imal function at any �nite instant t . It is thus Z� 0-integrable on every inter-
val [[0; t]] (theorem 3.7.17) with integral

R
G � [[0; t]] dZ :=

P
f k � (Z t

Sk +1
� Z t

Sk
)

(proposition 3.5.2 and theorem 3.2.24).
3.7.21 By corollary A.5.13, jX (n ) � X j?T is FT -measurable. Thus every sub-
sequence ofX (n ) has a further subsequenceX (n k ) with jX (n k ) � X j?T ���!k !1 0
almost surely. Then X (n k ) � [[0; T]] ! X � [[0; T]] nearly uniformly and thus
Z -almost everywhere. By theorem 3.7.17,X (n k ) � [[0; T]] ! X � [[0; T]] in
Z� p-mean, by equation (3.7.5) X (n k ) � Z T � X � Z T

Z� p
���!k !1 0, and the

claim follows from theorem 2.3.6.
3.7.24 Make k(X .� � X n k ) � [[0; k]]k�

Z� p summable and use Borel{Cantelli.
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3.7.25 Let S1; S2 be stochastic partitions. Then S def=
S

f [[S]] : S 2 S1 [ S 2g
is progressively measurable. De�ne by induction T1 = inf f t : t 2 Sg and
Tk+1

def= inf f t > T k : t 2 Sg. T1 , being the in�mum of the �rst stopping time
of S1 and the �rst stopping time of S2 is a stopping time (exercise 1.3.15). If
Tk is a stopping time, then Tk+1 is the debut of the progressively measurable
set ((T1; 1 )) \ S and therefore is a stopping time, by corollary A.5.12. This
big result uses the natural conditions, so it is better to argue as follows:
[Tk+1 � t ] =

S
f [Tk < S � t] : S 2 S1 [ S 2g. Now [Tk < S ] 2 F S (exer-

cise 1.3.16) and so [Tk < S � t] = [ Tk < S ] \ [S � t] 2 F t . The Tk and
T1

def= supk2 N Tk make up a partition that re�nes both S1 and S2 .
3.7.27 Let R def= (X; Z ), R : 
 ! D 2 the associated representation so that
X = X � R , Z = Z � R . Now de�ne stopping times Sk : D 2 ! R and processes

Y
( � )
t on D 2 by (3.7.10) and (3.7.11). Choose� n so that

P
n f (n� n ) < 1 ,

let and set (x.� �� z). def= lim Y
( � n )
. (x.; z.) where this limit exists uniformly on

bounded intervals, x.� �� z def= 0 elsewhere. This produces a map:D 2 ! D
which is easily seen to be adapted to the canonical (i.e., right-continuous)
�ltrations on these path spaces. Clearly the version of X .� � Z produced by
the algorithm (3.7.11) is nothing but the composition X .� �� Z of (X; Z ) with
this map, as long asZ satis�es (3.7.13).
3.7.29 Apply the Borel{Cantelli lemma to this consequence of inequal-
ity (3.7.14):

P
h�
�X .� � Z � Y ( � n )

�
�?
1 > 1=n

i
� n� n � Z I 0 :

3.7.31 (ii) The set [N (U) > K ] is the same as [SK < U ], and on it

K� 2 �
X

k<K

�
X U

Sk +1
� X U

Sk

� 2
� L 2

X

k<K

�
X 0U

Sk +1
� X 0U

Sk

� 2
:

We take the square root and apply corollary 3.1.7, getting
p

K�
�
P[N > K ]

� 1=q
� LK (A.8.5)

q X 0U
I q :

Raising this to the power q and using the estimate of K (A.8.5)
q from exer-

cise A.8.29 gives the claim.
3.7.32 (i) The approximands of corollary 3.7.11 have continuous paths.

(ii) Let
�
X (n )

�
be a sequence of elementary integrands approximatingX

in mean, fast enough so that X (n ) � Z ! X � Z uniformly on compacta a.s.
(corollary 3.7.11). Since the equation in question holds byinspection for
elementary integrands,

�( X � Z ) = lim �( X (n ) � Z ) = lim X (n ) � � Z = X � � Z :

(iii) The same argument works if X (n ) is chosen as in theorem 3.7.26.
3.7.35 Use theorem A.3.18 on page 403.
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3.8.3 Convolving the absolute value function j.j with a suitable approximate
identity � that is of class C1 , has compact support, and is symmetric about
the origin produces C1 -functions j.j( � ) that converge uniformly on every
compact set in Rd to j.j ; also, the gradients of the j.j( � ) will converge point-
wise and dominatedly on every compact tor � j.j . Applying theorem 3.8.1 to
the j.j( � ) and taking the limit will result in the claim.
3.8.6 Apply exercise 3.7.19.
3.8.8 For � = 1 ; : : : ; d let S = f 0 = S0 � S1 � S2 � : : : � 1g be a
random partition 8, and set f �

0 = Z �
0 , f �

1 = Z �
S1

� Z �
0 , f �

k = Z �
Sk

� Z �
Sk � 1

,
k = 2 ; 3 : : : ; K . Enumerate the f 's: f 1; : : : f (K +1) h . Let � � be the Bernoulli
random variables of theorem A.8.26. We have

� (K +1) dX

� =1

f 2
�

� 1=2
� K (A.8.5)

p �







(K +1) dX

� =1

f � � �








L p ( � )

and so







� (K +1) dX

� =1

f 2
�

� 1=2






L p (P)
� K p �














(K +1) dX

� =1

f � � �








L p ( � )








L p (P)

= K p �













(K +1) dX

� =1

f � � �








L p (P)








L p ( � )

� K p � Z T
I p [P] :

This is because the sum in the penultimate line is of the form
RT

0 hX jdZ i with
X 2 Ed

1 . As the partition S runs through a sequence whose mesh tends to
zero, the left-hand side of this inequality converges to (

P d
� =1 [Z � ; Z � ]T )1=2 .

The casep = 0 is handled similarly (see the proof of corollary 3.1.7).
3.8.11 Thanks to Roger Sewell, <rfs@cambridgeconsultants.com> , who
saw that the claim needed additional hypotheses and the right constant to
become true.

There are arbitrarily large stopping times T1 such that M T1.� and N T1.� are
bounded. For instance, the in�mum of

inf f t : jM t j > k g and inf f t : jN t j > k g

tends to 1 as k ! 1 . There are arbitrarily large stopping times T2 such
that both M T2 and N T2 are L 2-integrators. T def= T1 ^ T2 can be made
arbitrarily large. The �rst two terms on the right in

M T �NT =
Z T

0+
M .� dN +

Z T

0+
N.� dM + [ M; N ]T

are the values at T of martingales that vanish at t = 0. Their expectation is
zero. The last claim follows from theorem 2.5.19.
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SupposeM is merely a c�adl�ag local martingale. There are arbitraril y large
stopping times T such that both M T.� is bounded and M T an L 1-integrator
(corollary 2.5.29). In the formula

M 2
T = 2

Z T

0+
M .� dM + [ M; M ]T

either side is integrable i� (� T M )2 is, and if it is not then both sides have
expectation 1 . Thus

E
�
M 2

T

�
= E

�
[M; M ]T

�
and E

�
M ?2

T

�
� 4 � E

�
[M; M ]T

�

for arbitrarily large stopping times T .
3.8.12 Given � > 0 set S0

def= 0 and Sk+1
def= T^ inf f t > S k : jV c

t � V c
Sk

j � � g.
For this partition 8

AT
T [ .2; V c] � �

X

n

jVSk +1 � VSk j � � � V T :

Hence S[cV] = 0 and S[V ] = S[jV + jV] � S[jV] = S[V � cV] � S[V ] . The
second claim follows from the inequality of Kunita{Watanab e.

Thanks to Roger Sewell, <rfs@cambridgeconsultants.com> for the fol-
lowing emphasis: The last equality makes sense only if

R
Z dV is understood

as an ordinary pathwise Lebesgue-Stieltjes integral (see page 144). ThenRt
0 Z dV =

Rt
0 Z.� dV +

Rt
0 � Z dV =

Rt
0 Z.� dV +

P
0� s<t � Zs� Vs =

Rt
0 Z.� dV+[ Z; V ]t , and the stated equality follows from the de�nition (3.8.8)

of the square bracket. [By proposition 3.7.33 on page 144,
Rt

0 Z.� dV can
be understood as a Lebesgue Stieltjes integral or a stochastic integral; either
way its value is the same.]
3.8.13 Without loss of generality M 0 = 0. Since M is continuous and has
�nite variation, [ M; M ] = 0 (exercise 3.8.12). There are thus arbitrarily
large times T with E[M 2

T ] = 0 (exercise 3.8.11). By theorem 2.5.19 there
are arbitrarily large bounded stopping times T with E[M ?2

T ] = 0: the set
[M ?.� 6= 0] is evanescent.
3.8.14

YsZs =
Z s

0+
Y.� dZ +

Z s

0+
Z.� dY + [ Y; Z]s

= Y0Z0 +
X

0� k< 1

�
Y Sk +1 Z Sk +1 � Y Sk Z Sk

�
s

= Y0Z0 +
X

0� k< 1

�
Y Sk +1

s � Y Sk
s

��
Z Sk +1

s � Z Sk
s

�

+
X

0� k< 1

YSk

�
Z Sk +1

s � Z Sk
s

�
+

X

0� k< 1

ZSk

�
Y Sk +1

s � Y Sk
s

�
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= Y0Z0 +
X

0� k< 1

�
Y Sk +1

s � Y Sk
s

��
Z Sk +1

s � Z Sk
s

�

+
Z s

0+
Y S

.� dZ +
Z s

0+
Z S

.� dY

Subtract the �rst line from the last and rearrange to obtain

[Y; Z]s �
�

Y0Z0 +
X

0� k< 1

(Y Sk +1
s � Y Sk

s )(Z Sk +1
s � Z Sk

s )
�

=
Z s

0
(Y S � Y ).� dZ +

Z s

0
(Z S � Z ).� dY :

Now apply theorem 2.3.6 and theorem 3.7.10.
3.8.24 Roger Sewell, <rfs@cambridgeconsultants.com> , points out that
this is put way too cavalierly: \is constant" should be read \ has a nearly
constant modi�cation," and even this statement needs the natural conditions.
Namely, only when the �ltration is right continous do propos ition 2.5.13 on
page 75 or the �nite variation furnish an adapted c�adl�ag mo di�cation to which
the following arguments apply.
(i) Let Z be a previsible local martingale of �nite variation, which i n vieew of
the natural conditions may be assumed c�adl�ag. Set M def= Z � Z0 . 2.5.29 and
3.5.16 provide arbitrarily large stopping times T such that M T is a bounded
global L 1-integrator. Since M has �nite variation, the continuous bracket
f M; M g vanishes (exercise 3.8.12) and proposition 3.8.22 resultsin

M 2
T =

Z �
M + M .�

�
dM T :

Since M is a martingale, the right-hand side has expectation zero (exer-
cise 3.2.17). ByDoob 's maximal theorem 2.5.19,E[M ?2

T ] = 0 for arbitrarily
large stopping times T : M is indeed evanescent, andZ = M 0 is nearly
constant.
(ii) Again 2.5.29 and 3.5.16 provide arbitrarily large stopping times T such
that M T is a global L 1-integrator and V T is bounded. By exercise 3.8.12

[M; V ]TS � [M; V ]T0 =
X

0<s � T ^ S

� M s�� Vs =
Z S

0+
� V dM T

for any stopping time S; since this quantity has expectation zero, [M; V ]T is
by proposition 2.5.10 a martingale, and [M; V ] is a local martingale.
3.8.25 (i) Linearity and the Dominated Convergence Theorem reducethe
situation to the case that f is positive and bounded. By proposition 3.6.6 (ii)
there is a positive previsible processP � f �[[T ]] that di�ers Z� 0-negligibly
from f �[[T ]] . By theorem 3.5.13, [P > 0] is the graph of a predictable stopping
time S, announced by the sequence (Sn ) , say. By lemma 3.5.15, PS is
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measurable on the strict past FS� and can be approximated in measure by
random variables f n 2 F Sn

. Taking a subsequence, we can arrange things so
that f n ! PS almost surely. Then f n �((Sn ; T ]] ! P = PS �[[S]] except on an
evanescent set. Taking the limit in

Z
f n �((Sn ; S]] dZ = f n �

�
ZS � ZSn

�

results in Z
f �[[T ]] dZ =

Z
P dZ = PS � � ZS :

Now since the L 0-integrators f �[[T ]]� Z and P� Z are the same and have the
same jumps, and since the jumpPS �� ZS of the latter vanishes almost surely
on [T < S ] = [ S = 1 ], the jump f �� ZT of the former also vanishes almost
surely on this set, and the consequent equalityPS �� ZS = f �� ZT results in
the claim.
(ii) In the proof of proposition 3.8.22 apply (i) instead of t heorem 3.5.13 and
continue as in the proof of proposition 3.8.22.
3.9.1 For any F 2 C2(D ) set F def= F � Z , so that � = �( Z ) and � ;� =
� ;� (Z ) , etc. Let � ; 	 2 I . That is to say,

d� t = � ;� t � dZ �
t +

1
2

� ;�� t d[Z � ; Z � ]ct + (� � t � � ;� t � � Z �
t )

and d	 t = 	 ;� t � dZ �
t +

1
2

	 ;�� t d[Z � ; Z � ]ct + (� 	 t � 	 ;� t � � Z �
t ) :

Hence d[� ; 	] t = d[� ; 	] c
t + � � t � 	 t

= � ;� t 	 ;� t d[Z � ; Z � ]ct + � � t � 	 t

and d(� � 	) t = � t � d	 t + 	 t � d� t + d[� ; 	] t

=
�
	 � � ;� + � � 	 ;�

�
t � dZ �

t (� )

+
1
2

�
	 � � ;�� + � � 	 ;�� + 2 � ;� � 	 ;�

�
t d[Z � ; Z � ]ct (�� )

+ 	 t � (� � t � � ;� t � � Z �
t ) + � t � (� 	 t � 	 ;� t � � Z �

t ) ( ��� )

+ � � t � 	 t : (���� )

Now � �	 t = 	 t � � � t + � t � � 	 t + � � t � 	 t

and(�	) ;� t � � Z �
t = ( � � 	 ;� + 	 � � ;� ) t � � Z �

t :

We see that the items in lines (��� ) and (���� ) add up to � �	 t �
�	 ;� t � � Z �

t . Identifying the products in lines ( � ) and (�� ) by means of
Leibniz' product rule gives

d�	 t = (�	) ;� t � dZ � +
1
2

(�	) ;�� t d[Z � ; Z � ]ct + � �	 t � (�	) ;� t � � Z �
t :
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This says that �	 2 I as claimed.
3.9.3 Both existence and uniqueness are immediate from theorem 5.2.15 on
page 291. It is also easy to see that a solutionE must equal the right-
hand side 0E of (3.9.4): by exercise 3.7.16,E satis�es E = 1 + E.� � Z T1�

on [[0; T1)) , where T1 = inf f t : Et � 0g. Applying Itô's Formula with
� = ln shows that E = 0E on [[0; T1)) . By proposition 3.8.21, E = 0E
on [[0; T1]] . Then continue as in the existence proof. For the second claim,
compute: d(E[Z ]E[Z 0]) = E[Z ].� dE[Z 0] + E[Z 0].� dE[Z ] + d

�
E[Z ]; E[Z 0]

�
=

(E[Z ]E[Z 0]).� d(Z + Z 0 + d[Z; Z 0]) .
3.9.8 Since [M; M ]1 = 1 , the T � + are almost surely �nite. The time
transformation � 7! T � is left-continuous, � 7! T � + is right-continuous
(theorem 2.4.7) and so isG. (exercise 1.3.30 (iii)). Due to theorem 2.5.22,
(W� ; G� ) is a right-continuous local martingale. Let 0 � � < � < 1 and
A 2 G� , and set X def= A � (�; � ] 2 P [G].

Since � < [M; M ]� � � () T � + < � � T � + ;

we have X [M;M ] = A � ((T � + ; T � + ]] 2 P [F ]

and
Z

X dW = A � (W� � W� ) = A �
�
M T � + � M T � +

�
=

Z
X [M;M ] dM :

That is to say, the vector space and bounded monotone class ofprocesses
X 2 P [G] such that X [M;M ] 2 P [F ] and

R
X dW =

R
X [M;M ] dM contains

a linear generator of P[G] and thus contains all bounded G-predictable
processes (theorem A.3.4). The usual truncation argument does the rest
(use corollary 3.6.10).

To prove that W. is a standard Wiener process we will show that
[W; W ]� = � and invoke corollary 3.9.5. First, for � > 0,

[W; W ]� = W 2
� � 2

Z �

0
W� � dW�

= M 2
T � + � 2

Z T � +

0
W[M;M ]s � dM s

= [ M; M ]T � + + 2
Z T � +

0

�
M s � W[M;M ]s

�
dM s

= � + 2
Z T � +

0

�
M s � W[M;M ]s �

�
dM s : (� )

The last integral is the value at T � + of a continuous local martingale whose
square at T � + has expectation

E
hZ T � +

0

�
M s � W[M;M ]s �

� 2
d[M; M ]s

i
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by 2.4.7: = E
hZ �

0

�
M T � + � W[M;M ]T � + �

� 2
d�

i

= E
hZ �

0

�
M T � + � M T �

� 2
d�

i

=
Z �

0
E

h�
M T � + � M T �

� 2
i

d� = 0 ;

becauseM is almost surely constant on [[T � ; T � + ]] . Thus [W; W ]� = � for
all � , and W is a standard Wiener process.
Next let X be left-continuous and adapted to F. . Then X T . is left-
continuous and adapted to G. . The monotone class theorem shows thatX T .

is predictable on G. for all X 2 P [F.] . Let X be the elementary integrand
A � (s; t] , A 2 F s . To see that

R
X dM =

R
X T � dW� it su�ces by the above

to show that
R

X T [M;M ] dM =
R

X dM . Now

X T [M;M ] = A \
�
s < T [M;M ] � t

�
= A \

�
[M; M ]s < [M; M ] � [M; M ]t

�

= A \
�

� : T [M;M ]s + < � � T [M;M ]t + 	

so that � def=
�
�X � X T [M;M ]

�
� = A \

�
((s; T [M;M ]s + ]] [ (( t; T [M;M ]t + ]]

�
:

T [M;M ]s + , being the �rst time [ M; M ] is strictly greater than [ M; M ]s , is a
stopping time. As [M; M ] is constant on � , [� � M; � � M ] = � 2� [M; M ] = 0,
and we see as above that, indeed,

R
X dM =

R
X T [M;M ] dM and therefore

Z
X t dM t =

Z
X T � dW� : (� )

The monotone class of processes for which this equality holds contains thus
a generator of P[F.] , and then every bounded predictable process.
Let now 0 � p < 1 and let X . be M� p-integrable. In showing that
X T . is W� p-integrable and satis�es (� ) , we may without loss of generality
assume that X � 0. Proposition 3.6.6 on page 125 (ii) provides upper
and lower envelopesX

e
2 P [F.] and eX 2 P [F.] that di�er M -negligibly,

are �nite for dd ee�M � p , and sandwich X : 0 � X
e

� X � eX . Clearly

X
e

T . � X T . � eX T . . Several applications of regularity (corollary 3.6.10 on
page 128) now show that the lower and upper P[G.]-envelopes X

e
T . and

eX T . of X T . di�er W -negligibly, that ddX . ee�
M � p = ddX T . ee�

W� p , and that ( � )
obtains.
Thanks to Roger Sewell, <rfs@cambridgeconsultants.com> , who pointed
out that the solution previously given here was garbled and beset with typos.
3.9.12 (i) Let T be a stopping time at which G0T and M T are bounded
and therefore are martingaleL 2-integrators. Then

�
G0T

t

� 2
= 1 + 2 ( G0T � G0T ) t +

Z t

0

�
G0T

s

� 2
d[M; M ]Ts
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� 1 + 2 ( G0T � G0T ) t +
Z t

0

�
G0T

s

� 2
� 2

s ds

and so E
h�

G0T
t

� 2
i

� 1 + E
hZ t

0
(G0T

s )2� 2
s ds

i
= 1 +

Z t

0
E

h
(G0T

s )2
i
� 2

s ds :

Gronwall's lemma A.2.35 gives E[( G0
t ^ T )2 ] � exp(

Rt
0 � 2

s ds). Now take

T " 1 and apply Fatou's lemma to arrive at E[G02
t ] � exp(

Rt
0 � 2

s ds). For
(ii) see [82] and [55, page 199]. For the last claim consult [66].
3.9.15 There is an increasing sequence of stopping timesTn 2 T whose
pointwise limit is 1 P-almost surely. Let 0 < t < 1 and set
N def=

T
n [Tn � t ] : This is a P-nearly empty set and belongs to FTn \ F t

since F. is regular. The � -additivity of P0 gives

E
�
G0

t

�
� E

�
G0

t [Tn > t ]
�

= P0[ [Tn > t ] [ N ] ! P0[
] = 1 :

3.9.18 Let 
 0 def= 
 nN , and F 0
t = f A \ 
 0 : A 2 F t g the �ltration induced on


 0. It is naturally measured by the collection P 0 of probabilities P0 : A \ 
 0 7!R
A dP, P 2 P . Let then (F 0

t ; P
0
t ) be a consistent system of � -additive

probabilities with P
0
t � P0t on F 0

t , P0 2 P 0; t � 0. Let P
0

: A 0
1

def=
S

t F 0
t ! R

be its projective limit. Again it is to be shown that if A 0
1 3 A0

n # ; ,
then P

0
[A0

n ] ! 0. We write A0
n = An \ 
 0, where An 2 A 1 can be

chosen to decrease asn increases. NowF t 3 A 7! Pt [A] def= P
0
t [A \ 
 0] ,

t � 0, clearly de�nes a consistent system (F.; P.) such that Pt � Pt on F t ,
P 2 P ; t � 0. For if P 2 P vanishes onA 2 F t , then P0[A \ 
 0] = 0 and thus
Pt [A] = P

0
[A \ 
 0] = 0. Let P denote its � -additive projective limit on F1 .

Then lim P
0
[A0

n ] = lim P[An ] = P[
T

An ] � P[N ] = 0 (see equation (3.9.8) on
page 167).
3.9.23 X � Z = X � Z + Z � X + c[X; Z ] =

�
X � Z + c[X; Z ]=2

�
+�

Z � X + c[X; Z ]=2
�
= X � Z + Z � X .

3.10.4 This is evident if �F is a linear combination of functions in H . An
arbitrary function in E[H ] is the con�ned uniform limit of such and its
inde�nite integral is therefore uniformly on bounded inter vals the limit of
the inde�nite integrals of such, at least nearly (see inequality (3.10.3)). Then
clearly �X � � is F.[� ]-adapted, and another application of inequality (3.10.3)
gives the claim.
4.1.3 An application of H•older's inequality with conjugate expo nents q=p
and q=(q � p) yields
Z

jf jr d� =
Z

g � jf jr d�=g �
� Z

gq=(q� p) d�=g
� (q� p)=p

�
� Z

jf jrq=p d�=g
� p=q

� c � kf kr
L rq=p ( �=g ) :

(ii) is the �rst half of exercise A.8.17. (iii) Let X 2 L1[Z� q; P0] . There
are elementary integrands X (n ) converging in L1[Z� q; P0] to X . Then
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� (n ) def= X � Z � X (n ) � Z has kjY � � (n ) j?1 kL q (P0) ! 0 uniformly for Y 2 P

with jY j � 1. Then, with r = p in (i), sup Y kjY � � (n ) j?1 kL p (P) ! 0, which

implies � (n )
I p [P] ! 0 and X (n ) ! X in L1[Z� p; P] .

4.1.5 According to criterion 4.1.4 there is a strictly positive function g0 with
kg0 kL p= ( q � p ) (P) � 1 such that for every x 2 E

� Z
jI (x)jq �

dP
g0

� 1=q
� � p;q (I ) � kx kE ; x 2 E :

What is left to do is to adjust g0 so that
dP
g0

becomes a probability.

Now since
Z

dP
g0 + 0

=
Z �

gp=(q� p)
0

� (p� q)=p
dP

by theorem A.3.24: >
� Z

gp=(q� p)
0 dP

� (p� q)=p

� 1 (� )

and
Z

dP
g0 + 1

< 1 ;

there is a number � 2 (0; 1) such that the function g def= g0 + � satis�esR
g� 1dP = 1. Then g0 def= g� 1 is bounded and P0 = g0P is a probability. (If

the inequality on the left in ( � ) is not strict, we face by exercise A.3.27 (iii)
the case of a constantg0 ; it is silly to contemplate this case, and anyway
then g0 = 1 =g0 = 1 is a priori bounded.) The remaining inequalities are easy
to establish: by exercise A.8.2,

kgkL p= ( q � p ) (P) � 2
��

1� p
q � p

��
p

q � p

�
_ 0 � (1 + � ) � 2(p_ (q� p)) =p ;

which is inequality (4.1.14). The estimate (4.1.15) follows from exercise 4.1.3.
[Thanks to Roger Sewell, <rfs@cambridgeconsultants.com> , who spotted
a couple of typos in the �rst version (12/21/2006).]
4.1.6 (i): Let 0 < p < q < q and supposeC def= � p;q(I ) is �nite. Then

there is a g � 0 with
R

gp=(q� p) d� � 1 and
R�

�I (x)
�
�q�

g d� � C
q
kx kq .

Set g def= g(q� p)=(q� p) = gq=q � gp(q� q)=q(q� p) . Then
R

gp=(q� p) d� � 1, and
H•older's inequality gives

R�
�I (x)

�
�q�

g d� � C
q
kx kq .

(ii): Let x1; : : : ; xn 2 E , let C > � p;q (I ) and C0 > � p;q (I 0) , and set
� def= (I x1; : : : ; I xn ) and � 0 def= (I 0x1; : : : ; I 0xn ) . Then by exercise A.8.2
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L p ( � )
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` q








L p ( � )

i

� 20_ [(1 =q� 1)] � 20_ [(1 =p� 1)] � [C + C0]
� nX

� =1

kx � kq
E

� 1=q
:
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That is to say,

� p;q (I + I 0) � 20_ (1 � q)=q � 20_ (1 � p)=p �
�
� p;q (I ) + � p;q (I 0)

�
:

Page 195.. It su�ces to prove inequality (4.1.13) for a step function

f =
X

i

x i A i ; x i 2 E ; A i 2 T :

Then





 kI f kL q ( � )








L p ( � )
=













X

i

I x i A i








L q ( � )








L p ( � )

=






� X

i

�
� I x i

�
�q

� (A i )
� 1=q







L p ( � )

� C
� X

i

kx i k
q
E � (A i )

� 1=q
= C kf kL q ( �;E ) :

4.1.8 Such I can be extended via the methods of chapter 3 to a continuous
linear map of the bounded Baire functions on K to L p(� ) , preserving the
modulus of continuity. For the second claim use the �rst one on the Gelfand
transform bI (see page 370).
(4.1.18) Indeed, let f x � gn

� =1 be a �nite collection of vectors in `1 (k) . x �

has an expansionx � =
P

� e� � x �
� in terms of the standard basis f e� gk

� =1 of
`1 (k) , and

j I x � j2 =
� kX

� =1

I e� � x �
�

� 2
�

X

�

( I e� )2
X

�

( x �
� )2 � k

X

�

( I e� )2kx � k2
` 1 :

Therefore







� X

�

jI x � j2
� 1

2







L p ( � )
�

p
k �







� X

�

(I e� )2
� 1

2







L p ( � )
�
� X

�

kx � k2
` 1 (k )

� 1
2

�
p

k �






� X

�

(I e� )p
� 1

p







L p ( � )
�
� X

�

kx � k2
` 1 (k )

� 1
2

=
p

k �
� X

�

kI e� kp
L p ( � )

� 1
p

�
� X

�

kx � k2
` 1 (k )

� 1
2

� k1=p+1 =2kIk p �
� X

�

kx � k2
` 1 (k )

� 1
2

:

4.1.13 Choose p = 0 :5, p1 = :253, p2 = :559, q = 0 :8, � = 1 =4, and
� = �= 8 and evaluate on the computer Tp;q (E ) � 4:327: : :, B (A.8.13)

[� ];q �
17:76: : : (cf. inequality (A.8.16)), and get

B [� ];q � Tp;q (E ) � kI k [� ]

(�� � � )1=p
�

76:87: : : � k I k [�= 8]

(�= 8)2 �
5000kI k [�= 8]

� 2 :
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Page 208.. Exercise A.8.17 gives, withf = g0 and r = p=(q � p) ,




 g0g






[� ;P] �



 g0






L p= ( q � p ) (P=g) �
�

2
�

� q=p

� kgkq=(q� p)
[�= 2;P]

� E (4.1.6)
p;q �

�
2
�

� (q� p)=p

�
�

E (4.1.9)
[�= 2]; p [ Z [.] ]

� q=p
:

Thus E (4.1.9)
[� ];q � Ep;q �

�
2=� )(q� p)=p �

�
E (4.1.9)

[�= 2];p [ Z [.]]
� q=p

for any p 2 (0; 1) , q � 1, and � 2 (0; 1) .
4.1.14 (i) Apply theorem 4.1.7. (ii) Reduce to (i) by proposition 4. 1.12.
4.2.1 K[Z ] � K [Z 0] and S1 [Z ] 2 K [Z ] .
4.2.9 Let � (dt) = f t dyt and � (dt) = dzt . Clearly �

�
f 0g

�
� �

�
f 0g

�
.

Consider next an interval of the form [s; t) . Given � > 0 set t0 = s and
tn +1 = inf f t > t n : jf t � f t n j � � g. Since f does not oscillate at any point,
supn tn > t . There will be an N such that tN < t � tN +1 . Rede�ne tN +1 = t
and consider the partition f t0 < t 1 : : : < t N +1 = tg of (s; t] into half-open
intervals [tn ; tn +1 ) . Since f does not oscillate by more than� on any of these
intervals, we have

�
�
[s; t)

�
=

X

n

�
�
[tn ; tn +1 )

�

�
X

n

sup
t n � t<t n +1

f (t) �
�
yt n +1 � yt n

�

� � (yt � ys) +
X

n

inf
t n � t<t n +1

f (t) �
�
yt n +1 � yt n

�

� � (yt � ys) +
X

n

�
zt n +1 � zt n

�

= � (yt � ys) + �
�
[s; t)

�
:

Since this is true for all � > 0, we have � � � on all intervals of the form
[s; t) and their �nite unions, then on the sequential closure of these, which is
the Borel � -algebra.
4.2.11 There are arbitrarily large stopping times T such that M T is a global
L 1-integrator and M T.� is bounded (corollary 2.5.29). Let N be a bounded
martingale and X 2 E1 . The �rst two terms in

(X � M )T �NT =
Z T

0
(X � M ).� dN +

Z T

0
X �N.� dM +

�
(X � M ); N

�
T

have expectation zero. Thus

E
�
(X � M )T � NT

�
= E

�
[(X � M ); N ]T

�
= E

h�
X � [M; N ]

�
T

i
� E

�
[M; N ] 1

�

� 2
p

2p � kS1 [M ]kL p � kN1 kL p 0 :by corollary 4.2.8:
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Taking the supremum over N with kN1 kL p 0 � 1 and all X 2 E1 , and
letting T ! 1 yields the claim. The last statement is better done this way:
for X 2 E1

E
�
(X � M )2

1

�
= E

�
[X � M; X � M ]1

�
= E

�
(X 2� [M; M ])1

�
� E

�
[M; M ]1

�
:

4.2.13 Using lemma 4.2.2 on page 210, continue at inequality (4.2.7) on
page 214 instead with

E
�
jM T j?q�

�
eq2

2
�
�

E
h�

M ?(q� 2)
T

� q0=(2 � q0) i (2 � q0)=q0�
� kM k2

K q

=
eq2

2
�
�

E[M ?q
T ]

� (q� 2)=q
� kM k2

K q ;

divide, and take the square root. The �rst inequality is corollary 4.2.4.
4.2.14 In view of exercise 2.5.17 only the case 1< q < 2 is new. We
continue the notations from its answer on page 470. The crucial inequality
kSn kL 2 � �

p
n can be replaced by

kSn kL q � C(4.2.4)
q






 [S; S]1=2

n








L q
= Cq








� nX

� =1

F 2
�

� 1=2






L q

� Cq







� nX

� =1

jF� jq
� 1=q







L q
� Cq� qn1=q :

A similar argument gives






 j eZn j?








L q
� Cq







� nX

� =1

F 2
�

� 2

� 1=2






L q
� Cq







� nX

� =1

jF� jq

� q

� 1=q






L q

� Cq� q
� P

� � q� 1=q
< 1 ;

showing that eZ is a global L q-integrator and thus has almost surely a limit
at in�nity. The expectation of the total variation of bZ can be estimated by

X

2� �< 1

E[jS� � 1j]
� (� � 1)

�
X

2� �< 1

kS� � 1 kL q

� (� � 1)
� Cq� q

X

2� �< 1

(� � 1)1=q

� (� � 1)
< 1 :

4.2.17 Roger Sewell, <rfs@cambridgeconsultants.com> , noticed that these
inequalities hold for arbitrarily L 0-integrators Z rather than only for mar-
tingales M , as the original formulation of the exercise would suggest.
The left-hand inequality becomes obvious upon the choiceT = 0 in the de-
�nition of K[Z ] , given our convention that [Z; Z ]0� = 0. For the right-hand
inequality replace the estimate in the proof of inequality (4.2.5) for S def= S[Z ]
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and 2 � q < 1 by

E[Sq
1 ] �

q
2

� E
hZ 1

0
Sq� 2 d(S2)

i

�
q
2

� inf
n

E
�
Sq� 2 � g2�

: g 2 K q[Z ]
o

�
q
2

�
�
E[Sq

1 ]
� q=(q� 2)

� inf
n �

E[gq]
� 2=q

: g 2 K [Z ]
o

:

kS1 [Z ]kL q �
p

q=2 � kZ kK q :Thus

4.2.19 As r < p , M is an L r -integrator. Since X is M -measurable
(page 118) it su�ces to show that kX k�

M � r is �nite (theorem 3.4.10). Now

kX k�
M � r � C(4.2.8)

r �






� Z

X 2 d[M; M ]
� 1=2







L r

� Cr � kX ?
1 � S1 [M ]kL r

� Cr � kX ?
1 kL q � kS1 [M ]kL p < 1 :

4.2.21 By exercise 1.3.6 on page 26,T c < 1 so that T c ^ n " T c . Taking
the expectation in

W 2
T c ^ n = 2

Z T c ^ n

0
W dW + T c ^ n

yields

E
�
W 2

T c ^ n

�
= E

�
T c ^ n

�
;

and Fatou's lemma A.8.7 gives

E[c2] = E
�
lim inf W 2

T c ^ n

�
� lim inf E

�
T c ^ n

�
= E

�
T c�

� c2 :

T c+ is handled the same way.
4.2.22 Set V def=

P
i [M

i ; M i ] . In view of the inequalities of Kunita{
Watanabe (theorem 3.8.9), d[M i ; M j ] is absolutely continuous with respect
to d[M i ; M i ] for 1 � i; j � n and then with respect to dV . There-
fore there exists a symmetric positive semide�nite matrix Gij of well-
measurable processes, the Radon{Nikodym derivativesd[M i ; M j ]=dV, so
that d[M i ; M j ] = Gij dV . It has trace 1. The usual diagonalization pro-
cess for a symmetric matrix furnishes further an orthonormal matrix U i

�
and scalars � 1 � � 2 � : : : � � n � 0 so that Gij =

P
� U i

� U j
� � � . The

similarity-invariance of the trace gives
P

� � = 1. Repeated applications
of lemma A.2.21 on page 378 during the diagonalization process show that
the U i

� and the � � can be chosen to depend Borel measurably onGij ,
so that they are again well-measurable processes. Next observe that for
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X = ( X i ) 2 L1[M � p]

X � M I p � k S1 [X � M ]kL p

=






� Z nX

i;j =1

X i X j d[M i ; M j ]
� 1=2







L p

=






� Z X

i;j

X i X j Gij dV
� 1=2







L p

=






� Z � X

�

hX jU � i 2� � dV
� 1=2







�

L p

= khX jU.ik
� ;

where kF k� def=






� Z � nX

� =1

jF� j2� � dV
� 1=2







�

L p

on functions F = ( F� ) that live on �B def= f 1; : : : ; ng � B . After these pre-
liminaries, let ( 1X ; 2X ; 3X : : :) be a sequence inL1[M � p] such that nX � M
converges inH p

0 to some martingale L . Then nF (�; $ ) def= hnX ($ )j(U � )($ )i
de�nes a Cauchy sequence (nF ) for the mean k k� , and replacing (nX ) by
a subsequence we may in view of theorem 3.2.22 assume thathnX jU.i con-
verges both k k� -a.e. and in k k� -mean to some function F on �B . SinceP

� U i
� U j

� = � ij , nX i =
P

� hnX jU � i U i
� ! X i

def=
P

� F� U i
� both k k� -a.e.

and in k k� -mean, for i = 1 ; : : : ; n . For ease of thinking and without loss of
generality (see page 116) we assume thenX i and X i are predictable. Now
in case a) Gij is diagonal, U i

� = � i
� , X 7! khX jU.ik

� is solid and thus
is a mean; in fact, it is equivalent to the Daniell mean dd ee�M � p on pre-
visibles (proposition 3.6.1 and exercise 3.6.16). ThenX 2 L1[M � p] , and
L = X � M . In case b) the brackets [M i ; M j ] are previsible, so are the
Gij , � � , and the U i

� ; we set N �
def= U � � M , obtaining martingales satisfy-

ing a) and having f N 1; : : : ; N n gk = A k . Now an L 2 A k can be written
L =

P
� X � � N � = (

P
� X � U i

� )� M i . In case c) we replace the [M i ; M j ] by
the previsible brackets hM i ; M j i (see page 228), obtain previsibleGij , � � ,
and U i

� , and continue as in b).
4.2.23 We prove the very last statement: (A ?? )?? = A k . The inclusion
A k � (A ?? )?? is obvious. For the converse supposeN 2 H p

0 lies outside A k .
The general theorem of Hahn{Banach (A.2.25 (i)) provides a martingale N �

in the dual H p�
0 with hM jN � i � 1 for all M 2 Ak and hN jN � i > 1. Here

h j i denotes the duality. SinceA k is a subspace,hM jN � i = 0 for all M 2 A k

so that N � 2 (A k )?? � A ?? . Since hN jN � i > 1, N also lies outside (A ?? )?? .
4.3.5 A process Z such that f ZT : T 2 T[F.] ; T < 1g is uniformly
integrable is called aprocess of class (D) in the literature ([73, page 101]);
it is called a process of class (DL) if the stopped processZ u is of class
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(D) for all instants u < 1 (ibidem).
Suppose then that Z is a positive supermartingale that is continuous in

probability. By lemma 2.5.27 (ii) on page 80, Z ^ c is a global L 2-integrator
with a c�adl�ag modi�cation, for any c > 0. We may thus assume thatZ itself
has c�adl�ag paths and a limit Z1 2 R at 1 .

The necessity of (D) for the conclusion is obvious: The global integrator
bZ is of class (D) sincej bZT j � bZ ?

1 2 L 1 for all T 2 T[F.] (see theorem 2.3.6
on page 63); and eZ t = E[ eZ1 jF t ] is of class (D) by example 2.5.2 on page 72.
Thus their sum Z is of class (D) as well.

To show the su�ciency, assume that Z is of class (D). Then Z1 =
lim t !1 Z t also in L 1-mean.

An aside: The martingale M t
def= E[Z1 jF t ] is of class (D) as well (ibidem), and

Z 0 def= Z � M is a positive supermartingale of class (D) with E[Z 0
t ] ���! t !1 0.

A positive supermartingale Z 0 with E[Z 0
t ] ���! t !1 0 is called a potential . Thus a

positive supermartingale Z of class (D) can be written as the sum of a potential Z 0

of class (D) and a uniformly integrable martingale M . This decomposition Z =
Z 0 + M is known as the Riesz decomposition of Z .

For any c > 0 set Tc
def= inf f t : Z t � cg. Then Z Tc ^ c is a global

L 2-integrator (see lemma 2.5.27 (ii)) that di�ers by the global L 1-integrator
(ZTc

� c)+ � [[Tc; 1 )) from Z Tc . The latter is therefore a global L 1-integrator.
Now B def= [supc Tc < 1 ] is negligible: if it were not, then the random
variables ZTc

� c � B , c < 1 , would not be uniformly integrable. This
means that Tc ���! c!1 1 and implies that Z is a local L 1-integrator and has
a Doob{Meyer decomposition Z = bZ + eZ (with bZ0 = Z0 and eZ0 = 0 by our
convention). Since � Z � 0 , bZ is a decreasing process; sinceE[ bZ t � bZ0]
= E[Z t � Z0] � E[Z1 � Z0], we have E[ bZ t ] � E[Z1 ] for all t , so
bZ1

def= lim t !1
bZ t exists almost surely and in L 1-mean. Therefore bZ is a

global L 1-integrator of size bZ I 1 � E[Z0] + E[Z0 � Z1 ] and is of class (D).

Then eZ = Z � bZ is a martingale of class (D) as well. The su�ciency of the
condition (D) is established.

An aside: Assume that Z is a potential and set M def= eZ + Z0 and A def= Z0 � bZ .
Then M is a uniformly integrable martingale with M 0 = Z0 and A is an increasing
predictable process with A0 = 0 and E[A1 ] < 1 ; and Z = M � A . Since Z1 = 0,
we have M 1 = A1 and M t = E[A1 jF t ] . That is to say, Z t = E[A1 jF t ] � A t

is determined entirely by the predictable increasing proce ss A ; it is called the
potential generated by A .

By applying the result above to the stopped processesZ u , u < 1 , we
get the following: For a positive supermartingale Z to have a Doob{Meyer
decomposition Z = bZ + eZ with bZ of integrable �nite variation ( Z t 2

L 1 8 t < 1 ) and eZ a martingale (rather than merely a local one) it is
necessary and su�cient that Z be of class (DL).

By applying it to the stopped processesZ U , U a �nite stopping time, we
get the following: For a positive supermartingale Z to have a Doob{Meyer
decomposition it is necessary and su�cient that Z be locally of class (D),
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i.e., Z U to be of class (D) for arbitrarily large stopping times U .
4.3.6 Let

�
S(n )

�
be a sequence of stopping times that announcesT . Then

E[ eZT jF S ( n ) ] = eZS ( n ) ���!n !1
eZ.� T and thus E[ eZT � eZ.� T jF T� ] = 0. Since

bZT 2 F T� , bZT � bZ.� T = E[ bZT � bZ.� T jF T� ]= E[ZT � ZT� jF T� ].
Thanks to Roger Sewell, <rfs@cambridgeconsultants.com> (12/21/2006),
who noticed that the result extends to more general circumstances: for the
various conditional expectations above to make sense it is not necessary that
Z be a globalL 1-integrator, That T reduce it to one will do. This happens,
for instance, if Z is a plain L 1-integrator and T is bounded. In fact, the
equality � bZT = E

�
� ZT

�
�FT�

�
holds wheneverZ is a localL 1-integrator and

� ZT is integrable. To see this, let Un be a sequence of stopping times that
reduce Z to a global L 1-integrator and increase to 1 . Let B def= A \ [t < T ] ,
A 2 F t , be a typical generator of FT� (as � Z0 = � bZ0 we need not worry
about t = 0). Then [ T < U n ] =

S
q2 Q[T ^ Un � q] \ [q < Un ] belongs to

FT ^ Un � and is contained in [T ^ Un = T], Bn
def= A \ [t < T ^ Un ] \ [T <

Un ] 2 F T ^ Un � is contained in [T = T ^ Un ] as well, and therefore

E[ � ZT � Bn ] = E
h

� Z Un
T ^ Un

� Bn

i
= E

h
� bZ Un

T ^ Un
� Bn

i
= E

h
� bZT � Bn

i
:

As n ! 1 , the Dominated Convergence Theorem givesE[ � ZT � B ] =
E[ � bZT � B ] . As � bZT 2 F T� , we get � bZT = E

�
� ZT

�
�FT�

�
.

For the second claim reduce to globalL 1-integrators; at the predictable
time T � = inf f t : � bZ t � � g the jump is zero. Thus T � = 1 .

To prove the inequality, let M be a martingale with kM 1 k(q=2) 0 � 1 .
There is a countable family f Tn g of stopping times, all of them necessarily
predictable, at which the jumps of bZ occur (theorem 2.4.4). Then

E
h
[ bZ; bZ ]1 � M 1

i
= E

hX

n

�
�E

�
� ZTn jF Tn �

� �
�2

� M 1

i

by inequality (A.3.10): � E
hX

n

E
�
(� ZTn )2jF Tn �

�
� M Tn �

i

= E
hX

n

(� ZTn )2 � M Tn �

i
� E

� j [Z; Z ]1 � M ?
1

�

by theorem 2.5.19: �





 j [Z; Z ]1








q=2
� (q=2) = ( q=2)






 jS1 [Z ]








2

q
:

Taking the supremum over M and then the square root gives the claim.
4.3.8 Reduce to the case thatZ is a global L 1-integrator and let M be a
bound for the jumps of Z , let Z = bZ + eZ be the Doob{Meyer decomposition
of Z and S a stopping time, necessarily predictable (exercise 3.5.19), at
which bZ jumps. In view of exercise 4.3.6 we havej� bZS j � M , and therefore
j� eZS j � 2M . Thus j� eZ j � 2M . Let K > 0 and U = inf f t : bZ t _ St [ eZ ] �

K g. U can be made arbitrarily large by the choice of K . Then bZ U is
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a global L q-integrator for all q since k bZ U
1 kL 1 � K + M , and eZ U is a

global L q-integrator for all q since kS1 [ eZ U ]kL 1 � K +2 M (exercise 4.2.18).
4.3.9 We may without loss of generality assume that Z is a global
L 1-integrator. Let U = inf f t : j� Z t j � M g. This stopping time can be
made arbitrarily large by the choice of M > 0. Let Z U� be the processZ
stopped just before U :

Z U� = Z � [[0; U)) + ZU� � [[U;1 )) = ( Z � � ZU )U :

Since Z U� di�ers by the L 1-bounded �nite variation process � ZU � [[U;1 ))
from the L 1-integrator Z U , it is a global L 1-integrator itself, with jumps
uniformly bounded by M . Now apply exercise 4.3.8.
4.3.12 (i) ) (ii) Let N be a previsible set with � V 0(N ) = 0. By Fubini's
theorem A.3.18 we have

R
N dV0

t (! ) = 0 and then
R

N dVt (! ) = 0 for almost
all ! 2 
 and, taking the expectation, � V (N ) = 0.

(ii) ) (iii) is immediate from the theorem of Radon{Nikodym.
It is left to prove the last statement under the assumption (iii); it will

entrain the implication (iii) ) (i). Let V = G� V 0. This is a previsible (ex-
ercise 3.7.19) positive increasing process. BothV and V are Dol�eans{Dade
processes for the measure� V , so they are indistinguishable.
4.3.13 Let D be a Radon{Nikodym derivative of � with respect to the
variation measure � . This is a previsible process of absolute value one.
Since � = D � � and � � � we have V � V = D� V . On the
other hand, d(D � V ) is a positive measure on the line majorizingjdVj , so
D � V � V . To prove the remaining inequality V I p � k V 1 kL p , note
that V I p � k

R
D dV kL p = k V 1 kL p .

4.3.14 There is an increasing sequence of stopping timesTn so that
M (n ) def= M Tn +1 � M Tn is the sum of a �nite variation process V (n ) and
a global L 2-integrator Z (n ) (corollary 2.5.29). Let Z (n ) = bZ (n ) + eZ (n ) be the
Doob{Meyer decomposition and write

M =
X

n

�
V (n ) + bZ (n )

�
+

X

n

eZ (n ) :

4.3.15 By corollary A.5.13 on page 438 the maximal processX ? is progres-
sively measurable and therefore adapted. Since it is increasing it has a c�adl�ag
version X ?.+ , which is a global L p-integrator i� kX ?

1 kL p is �nite. (Thanks
to Roger Sewell, who added this remark and further improvements to my
previous slapdash version of this answer.)
First the case r � 1, which implies that q > 1. Then Z has a Doob{Meyer
decomposition Z = bZ + eZ ,

Z
X dZ =

Z
X d bZ +

Z
X d eZ � X ?

1 � bZ 1 +
Z

X d eZ ;

and






Z

X dZ







L r
�






 X ?

1 � bZ 1








L r
+







Z

X d eZ







L r
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by A.8.4: � k X ?
1 kL p �






 bZ 1








L q
+ C(4.2.4)

r �





 S1 [X � eZ ]








L r

= kX ?
1 kL p �






 bZ 1








L q
+ Cr �







� Z 1

0
X 2 d[ eZ; eZ ]

� 1=2






L r

� k X ?
1 kL p � bZ I q + Cr �






 X ?

1 � S1 [ eZ ]







L r

� k X ?
1 kL p � bZ I q + Cr � kX ?

1 kL p �





 S1 [ eZ ]








L q

� k X ?
1 kL p � bC(4.3.1)

q Z I q

+ Cr � kX ?
1 kL p � K (3.8.6)

q
eZ I q

� Cq;r � kX ?
1 kL p � Z I q

+ Cq;r � kX ?
1 kL p � eC(4.3.1)

q Z I q

= Cq;r � kX ?
1 kL p � Z I q (� )

| the constants Cr and Cq;r above are understood to vary from one occur-
rence to the next.
Now if r < 1 pick a q0 � q=r > 1 and let P0 be a probability equiv-
alent to P under which both global L q-integrators X ?p=q

.+ and Z are

global L q0

-integrators. By theorem 4.1.2 on page 191, suchP0 exists if
kX ?

1 kL p < 1 , the only case where there is anything to prove.

Now
q

rq0 =
q

pq0 +
1
q0 , i. e.,

1
rq0=q

=
1

pq0=q
+

1
q0 ;

and as 1� rq0=q < pq0=q we may apply the case treated above:






Z

X dZ







L r (P)
�

�
E (4.1.7)

q;q0

� q=q0r
�






Z

X dZ







L rq 0=q (P0)

� E ::: � C( � )
q0;r � kX ?

1 kL pq 0=q (P0) � Z I q 0(P0)

= C::: �
� Z �

X ?p=q
1

� q0

dP0
� q=pq0

� D (4.1.5)
q;q0;2 Z I q (P)

= C::: � X ?p=q
.+

q=p

I q 0(P0)
� Z I q (P)

� C::: � D (4.1.5)
q;q0;2 X ?p=q

.+
q=p

I q (P)
� Z I q (P)

= C::: �





 X ?p=q

1








q=p

L q (P)
� Z I q (P)

= C::: � kX ?
1 kL p (P) � Z I q (P) :

Applying this to Y X with Y 2 E1 gives
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Z
Y X dZ








L r
=








Z
Y d(X � Z )








L r
� Cp;q � kX ?

1 kL p � Z I q ;

whence X � Z I r � Cp;q � kX ?
1 kL p � Z I q ; 0 < 1

r = 1
p + 1

q < 1 :

4.3.17 Copy the proofs of the corresponding statements for the square
bracket.
4.3.18 Use exercise 3.8.24 on page 157 (ii).
4.3.20 If p � 2, argue that, for X 2 E1 , kX � M t kL p � k (X � M t )?kL p �

C(4.3.6)
p � ks1 [(X � M t )]kL p = Cp � k(

Rt
0 X 2 dhM; M i )1=2kL p � Cp � kst [M ]kL p =

Cp � ks1 [M t ]kL p implies M t
I p � Cp � kst [M ]kL p .

If p � 2, use the fact that s[M ] = S[M ] as [M; M ] is previsible, and employ
inequality (4.2.4) on page 213 instead.
4.3.21 Taking the expectation in

Z
X dZ �

Z
jX j d bZ +

Z
X d eZ � X ?

1 � bZ 1 +
Z

X d eZ

gives kZ k^
p � k bZ 1 kL p . The measurability of X ?

1 is not required for this

argument. The remaining inequality k bZ 1 kL p � p�kZ k^
p is nontrivial only

if kZ k^
p < 1 . In this case j bZ0j =

R
sgn(bZ0)�[[0]] dZ is p-integrable. There are

then arbitrarily large stopping times S such that bZ S = bZ S is bounded
(see corollary 3.5.16). LetD = D � 1 be a previsible derivative of the Dol�eans{
Dade measure� bZ with respect to its variation and set X def= p�D � bZ S p� 1 .
This previsible process has its c�adl�ag maximal process inL p0

:

kX ?
1 kL p 0 = kX 1 kL p 0 = p�

�
E

h
bZ

(p� 1) p
p � 1

S

i � p � 1
p

= p �





 bZ S








p� 1

L p
:

Now d bZ
p

� p bZ
p� 1

d bZ = pD bZ
p� 1

d bZ = X d bZ on [[0; S]] and conse-
quently






 bZ S








p

L p
� E

hZ
X d bZ S

i
� p �






 bZ S








p� 1

L p
� kZ k^

p :

Division by the middle factor yields





 bZ S








L p
� p � kZ k^

p :

Now take S " 1 to arrive at the claim. Thanks to Roger Sewell,
<rfs@cambridgeconsultants.com> for pointing out various typos in the �rst
version (01/16/2007).
4.3.22 Take the supremum over g 2 L p0

1 over

E
h

bI 1 � g
i

= E
hZ 1

0
M g

.� dbI
i

= E
hZ 1

0
M g

.� dI
i

� E[M g?
1 � I 1 ] � k M g?

1 kL p 0 � kI 1 kL p

by theorem 2.5.19: � p � kI 1 kL p = p � I I p :
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4.3.27 Applying the expectation in equation (3.10.6) on page 182 gives
(using the Einstein convention)

E[�( Z t )] = E[�( Z 0)]

+ E
hZ t

0+
� ;� (Z .� ) d bZ �

i

+
1
2

E
hZ t

0+
� ;�� (Z .� ) dc[Z � ; Z � ]

i

+ E
hZ t

0

�
�( Z s� + y )� �( Z s� )� � ;� (Z s� ) � y�

�
c| Z (dy ; ds)

i
:

To see that this clumsy looking formula might have some interest, consider the
case that Z is a L�evy process. Then bZ �

t = A � � t , c[Z � ; Z � ]t = B �� � t , and
c| Z (dy ; ds) = � (dy ) � ds, with constant vector A � , constant matrix B �� , and
constant measure� (dy ) on Rd (lemma 4.6.7 and lemma 4.6.8 on page 258).
Then we get the more informative formula

E[�( Z t )] = E[�( Z 0)]

+
Z t

0
E

�
A � � ;� (Z s� )

�
ds

+
1
2

Z t

0
E

h
B �� � ;�� (Z s� )

i
ds

+
Z t

0

Z

Rd
E

h
�( Z s� + y )� �( Z s� )� � ;� (Z s� ) � y�

i
� (dy ) ds ;

or, as Z s� = Z s almost surely at all instants s,

dE[�( Z t )]
dt

= A � E
�
� ;� (Z t )

�
+

�
B �� =2

�
E

�
� ;�� (Z t )

�

+
Z

Rd
� (dy ) E

h
�( Z t + y )� �( Z t )� � ;� (Z t ) � y�

i
:

Let us assume thatZ starts with Z 0 = 0, and consider the function (t; x ) 7!

u(t; x ) def= E[�( x + Z t )]. Then, applying the previous equality to the function

z 7! �( x + z), we see thatu solves the initial value problem

u(0; x) = �( x) ;

du(t; x )
dt

= A � u;� (t; x ) +
�
B �� =2

�
u;�� (t; x )

+
Z

Rd

�
u(t; x + y )� u(t; x )� u;� (t; x ) � y�

�
� (dy ) :
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(Thanks to Roger Sewell, <rfs@cambridgeconsultants.com> , for spotting a
typo here in the �rst answer given.) Since to a givensuitabletriple ( A ; B; � ) a
process with characteristic triple (tA ; tB=2; � (dy )dt) exists (theorem 4.6.17
on page 267), we know now that this initial value problem has asolution
for any � 2 C2

b . Or, in other words, the clumsy formula above leads to a
description of the generator of a L�evy process.
4.4.1 We have shown that for every n 2 N there are a stopping time Tn

with P[Tn < n ] < 2� n , a processnV of �nite variation, and a L 2-bounded
martingale nM with j� nM j � 1, both stopping at time Tn , such that
Z Tn = nV + nM . Replacing if necessaryTn by T0

n = inf f T� : � � ng
and nV;nM by the stopped processesnV T 0

n ; nM T 0
n , we may assume that theTn

increaseto 1 . It looks as though the right-continuity of the �ltration is used
here (see exercise 1.3.30); it is left to the reader to show that its regularity
su�ces. The decomposition

Z Tn +1 � Z Tn =
�

n + 1V � n + 1V Tn

�
+

�
n + 1M � n + 1M Tn

�

def= n0V + n0M

has the property that its �nite variation and martingale par ts stop at Tn +1

and vanish on [[0; Tn ]] . We get the required decompositionZ = V + M by
setting

V = 1V +
1X

n =1

n0V and M = 1M +
1X

n =1

n0M ;

sums which at every point $ 2 B have only �nitely many non-zero terms.
4.4.4 By proposition 3.7.33 F is V� 0-integrable and by exercise 3.6.16 and
de�nition (4.2.9) F is M� 2-integrable; now apply exercise 3.6.14.
4.4.6 There is a countableQ-algebra C � C00(H ) whose sequential closure
is B� (H ). For every � 2 C let P � be the sparse predictable support of� � �
and set P =

S
� 2C P � . Let S be a predictable stopping time. Then so is

the time S0 whose graph is [[S]] n P (theorem 3.5.13). The �H 2 �P with the
property that �

� �H � �
�

S0 is nearly zero is sequentially closed and contains
�X for all � 2 C and all X 2 E (equation (3.10.2)). Then it contains �P .
4.5.3 Let us write kX k�

T for the right-hand side of (4.5.1). To start with
assumeT reduces Z to a global L p-integrator. For any bounded Y 2 P d

with jY� j � j X � j clearly k
R

Y dZ T kL p � k X k�
T . Corollary 3.6.10 implies

that X � is Z � � p-integrable for 1 � � � d. Setting X (n ) def= X � [jX j � n] ,
we have (X � X (n ) )� Z T

I p �
P

� kX � � X (n )
� k�

Z T � p
���!n !1 0 and by theo-

rem 2.3.6 k(X � X (n ) )� Z ?
T k ���!n !1 0. Since kjX (n ) � Z j?T kL p � k X k�

T , we
have kjX � Z j?T kL p � k X k�

T in the limit. In general let Tn be stopping
times reducing Z to global L p-integrators. Then the previous argument gives
kjX � Z j?T ^ Tn

kL p � k X k�
T , which produces (4.5.1) in the limit as n ! 1 .
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4.5.9 From (1 + c)x � 1 � x ln(1 + c) we get, with x = 1 =p,

� �
1 + (1 =p0)p� 1=p

� 1
�

�
1
p

ln
�
1 + (1 � 1=p)p�

:

Since p 7! (1 � 1=p)p increases this exceedsp� 1 ln
�
1 + (1 =2)2

�
� 1=(5p).

4.5.11 Since d[Z; Z ] � d� , Itô's formula gives

jX � f (Z )j?T � j Xf 0(Z )� Z j?T + jXf 00(Z )� [Z; Z ]j?T =2 , which implies

kjX � f (Z )j?T kL p � C �
p L max

� =1 � ;2







� Z T

0
jX j�s d� s

� 1=� 






L p
+

L
2







� Z T

0
jX js d� s

� 






L p
:

4.5.12 The Dol�eans{Dade measure ofZ h1i is the Dol�eans{Dade measure of
1X � Z and by inequality (4.5.21) majorizes the Dol�eans{Dade measure of any
other X 0� Z with X 0 2 Ed

1 .
4.5.13 The di�erential form of equation (4.5.23) exhibits the Dol�eans{Dade
measure ofZ h2i as the Dol�eans{Dade measure of [2X � Z ; 2X � Z ] .
4.5.14 Set q �H def= hqX s jy i . The Dol�eans{Dade measure of jq �H jq� | Z coin-
cides by equation (4.5.25) with that of Z hqi and majorizes by de�nition the
Dol�eans{Dade measures of all other j �H jq� | Z , �H as indicated.
4.5.20 (i) Inequality (4.5.27) is obvious with C0 = 1 when ` = 0. Since
jd[Z � ; Z � ]j � d� ; (4.5.28) follows from







Z T �

T �
g� �jZ � � Z �T � �

�?`
jd[Z � ; Z � ]j








L p
�








Z T �

T �
g� �

�
�Z � � Z �T � �

�?`
s d� s








L p

by theorem 2.4.7: =







Z �

�
g� �

�
�Z � � Z �T � �

�?`
T � d�








L p

by exercise A.3.29: �
Z �

�






 g� � jZ � � Z �T �

j?`
T �








L p
d�

by inequality (4.5.27): � C` � kgkL p

Z �

�
(� � � )`= 2 d�

�
1

`=2 + 1
C` (� � � )`= 2+1 � kgkL p :(C.1)

For ` = 1, g� � jZ � � Z �T �
j? equals

�
�g� � ((T � ; T � ]]� Z �

�
�?

, and theorem 4.5.1
gives






 g� � jZ � � Z �T �

j?T �








L p
� C �

p � max
� =1 ;2







� Z T �

T �
jgj � d�

� 1=� 






L p

by theorem 2.4.7: � C �
p � kgkL p � max

� =1 ;2
(� � � )1=�

since � � � � 1: � C �
p (� � � )1=2 � kgkL p :
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Let then ` > 1 and assume inequality (4.5.27) has been established for indices
up to ` . Now

(Z � � Z �T �

)` +1
t = ( `+1)

�
((T � ; T � ]](Z � � Z �T �

)` � Z �
�

t

+
(`+1) `

2

Z t

T �
(Z � � Z �T �

)` � 1 d[Z � ; Z � ]

� (`+1)
�
�
�((T � ; T � ]](Z � � Z �T �

)` � Z �
�
�
�
?

t

+
(`+1) `

2

Z t

T �

�
�Z � � Z �T � �

� ` � 1 �
�d[Z � ; Z � ]

�
�

implies

jZ � � Z �
T � j?` +1

T � � (`+1)
�
�
�((T � ; T � ]](Z � � Z �T �

)` � Z �
�
�
�
?

T �

+
(`+1) `

2

Z T �

T �

�
�Z � � Z �T � �

� ` � 1 �
�d[Z � ; Z � ]

�
� ; (C.2)

the �rst term of which contributes not more than

(`+1) C �
p � max

� =1 ;2







� Z T �

T �

�
�g� jZ � � Z �T �

j?`
s

�
� �

d� s

� 1=� 






L p

= ( `+1) C �
p � max

� =1 ;2







� Z �

�

�
�g� jZ � � Z �T �

j?`
T �

�
� �

d�
� 1=� 







L p

by A.3.29: � (`+1) C �
p � max

� =1 ;2

� Z �

�






 g� jZ � � Z �T �

j?`
T �








�

L p
d�

� 1=�

by induction hyp.: � (`+1) C �
p � C` kgkL p max

� =1 ;2

� Z �

�
(� � � )`�= 2 d�

� 1=�

= ( `+1) C �
p � C` kgkL p max

� =1 ;2
�

1
(`�= 2 + 1) 1=�

(� � � )`= 2+1 =�

as � � � � 1: �
p

`+1 C �
p C` (� � � )( ` +1) =2 � kgk

to kg� jZ � � Z �T �
j?` +1
T � kL p . The contribution of the second term (C.2) can be

estimated by

(`+1) `
2

C` � 1

(` � 1)=2 + 1
� kgkL p = `C ` � 1 � kgkL p ;

due to inequality (C.1). This establishes the claim (i) and gives the recurrence
relation

C0 = 1 ; C1 � C �
p ; C` +1 � C` � C �

p

p
2(`+2) + C` � 1 � ` for `� 2 :
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4.5.21 Set Q1
def= E

�
� (A) �  ( 1

A )
�
. Then

E[� (Y ) �  (
1
A

)] = E
�
� (Y ) �  (

1
A

)[Y � A]
�

+ E
�
� (Y ) �  (

1
A

)[Y > A ]
�

� Q1 + E
��

� (Y ) � � (A)
�

�  (
1
A

)[Y > A ]
�

= Q1 +
Z

[A < y � Y ] d� (y)
h
A �

1
a

i
d (a) dP

� Q1 +
Z

P
h
Y � y; A � y ^

1
a

i
d� (y) d (a)

� Q1 +
Z

1
y

�
�
A^ y^

1
a

�
d� (y) d (a) dP :

Now

q2
def=

Z
1
y

�
�
A^ y^

1
a

�
d� (y) d (a)

=
Z

1
y

� y^
1
a

�
h
A >

1
a

i
d� (y) d (a) +

Z
1
y

� A^ y �
h
A �

1
a

i
d� (y) d (a)

=
Z h

y �
1
a

; a >
1
A

i
d� (y) d (a) +

Z
1
ya

�
h
y >

1
a

; a >
1
A

i
d� (y) d (a)

+
Z

A
y

�
h
A < y ; a �

1
A

i
d� (y) d (a) +

Z h
y < A ; a �

1
A

i
d� (y) d (a)

�
Z 1

1
A

� (1=a) d (a) +
Z 1

1
A

� 1
a

Z 1

1=a

d� (y)
y

�
d (a)

+ A
Z 1

A

d� (y)
y

 (
1
A

) + � (A) �  (
1
A

)

=
Z 1

1
A

�(1 =a) d (a) + �( A) (
1
A

) :

Inserting this into the previous inequality results in inequality (4.5.32). An
easy manipulation shows that � (y) = y� has �( y) = y� =(1 � � ) and that,
with  (a) = a� ,

Z 1

1
A

�(1 =a) d (a) =
�

(1 � � )( � � � )
� A � � � :

Consequently � (Y ) �  ( 1
A ) = A � � � and

�
�( A) + � (A)

�
�  (

1
A

) +
Z 1

1
A

�(1 =a) d (a)

=
�

1 +
1

1 � �
+

�
(1 � � )( � � � )

�
� A � � �
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=
(2 � � )( � � � ) + �

(1 � � )( � � � )
� A � � � �

2
(1 � � )( � � � )

� A � � � :

Taking expectations results in inequality (4.5.33).
4.5.26 The underlying �ltration F. is assumed right-continuous. A time
transformation is an increasing collection T. def= f T � : 0 � � < 1g of
stopping times with T � ���!� !1 1 . T. is called left-continuous or right-
continuous provided it equals

T.� : � 7! T � � def= limf T � : � > � " � g

or T.+ : � 7! T � + def= limf T � : � < � # � g ;

respectively. With the three associated time transformations (see Exercises
1.3.15 and 1.3.30)T.� , T . , T .+ come the �ltrations FT . � , FT . , FT .+ .
Clearly

T � � � T � � T � + and FT � � � F T � � F T � + ; � � 0 :

It is the last �ltration, F . def= FT .+ = fF T � + : 0 � � < 1g , that we
single out, for its right-continuity (ibidem). By interpre ting � as a new
time parameter, the time transformations T.� , T . , and T.+ can also be
thought of as F .-adapted increasing processes,T.� left-continuous, and T.+

right-continuous. The �nite random variable

� t
def= inf f � : T � � > t g = inf f � : T � > t g = inf f � : T � + > t g (C.3)

is, for every t � 0, an F .-stopping time and de�nes a right-continuous time
transformation � . on F . (ibidem). Considered as a process,t 7! � t is
easily seen to be F.-adapted. Indeed, for any � > 0 we have [� t < � ]
=

S
f [T � + > t ] : � < � g =

S
f [Tq > t ] : Q 3 q < � g 2 F t . Its left-continuous

version is at t > 0 given by

� t� = inf f � : T � + � tg : (C.4)
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Figure C.19 A Time Transformation
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Lemma C.1 (i) Equalities (C.3) and (C.4) hold. (ii) For �; t � 0

T � � = inf f t : � t � � g � T � � T � + = inf f t : � t > � g ; (C.5)

[T � � � t ] = [ � � � t ] and [� t� � � ] = [ t � T � + ] ; (C.6)

and thus T � � � t � T � + () � t� � � � � t : (C.7)

(iiia) The following are equivalent: � . is strictly increasing; for all � � 0,
T � � = T � = T � + ; one of T.� , T . , T .+ is continuous; all of them are.
(iiib) T. is strictly increasing if and only if � . is continuous.
(iv) The T � are �nite (everywhere, nearly, almost surely) if and only if
� t ���! t !1 1 (everywhere, nearly, almost surely). TheT � are bounded if and
only if inf f � t (! ) : ! 2 
 g ���! t !1 1 .
(v) If T is an F.-stopping time, then � T is an F .-stopping time; if L is an
F .-stopping time, then TL + = T �

L is an F.-stopping time.

(vi) � 1
def= supf � : T � < 1g is an F .-stopping time.

(vii) If the T � are nearly �nite, then F. and FT . have the same nearly empty
sets.

Proof. (i) If inf f � : T � + > t g < � , then T � > t for some � < � and
thus T � � > t and inf f � : T � � > t g � � : inf f � : T � � > t g � inf f � :
T � + > t g follows, and with the reverse inequality being obvious we get
equality throughout (C.3). As to (C.4), both sides of the equation de�ne left-
continuous functions of t that agree unless the level set [T.+ = t] has strictly
positive length, which can happen only countably often. (ii) The inequalities
in (C.5) are obvious. The equalities follow directly from the right-continuity
of � . and T.+ in conjunction with (C.3) and (C.4). Equation (C.7) is but
a summary of (C.6). (iii) Clearly T.� is left-continuous and T.+ is right-
continuous; they agree i� they are continuous. The equalities in (C.5) make it
obvious that they do agree i� � . has no level sets [�. = t] of strictly positive
length, i.e., i� � . is strictly increasing. (v) If � takes countably many values
� i , then [T � � t ] =

S
[T � � t; � = � i ] =

S
[T � i � t ] \ [� = � i ] belongs to F t

inasmuch as [T � i � t ] 2 F t and [� = � i ] 2 F T � i . In the general case use
the stopping times � (n ) of exercise 1.3.20 and the right-continuity of both
T �

. and of F � T . . The same argument shows that �T is an F .-stopping time.
(vi) [ � < � 1 ] = [ T � + < 1 ] 2 F � . (vii) Use equation (C.5) and exer-
cise 3.5.19. Let nowB denote a copy of the base spaceB = [0 ; 1 ) � 
 and
denote its typical point by ( �; ! ) . Since T � � may well be in�nite, we need to
augment B temporarily: B 0 is the base space with the graph [[1 ]] = f1g� 

of the in�nite stopping time adjoined:

B 0 def= [0; 1 ] � 
 = B [ [[1 ]] :
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The left-continuous time transformations T.� and � .� give rise to maps (see
�gure C.20)

T.� : B ! B 0 via (�; ! ) 7!
�
T � � (! ); !

�

and � .� : B ! B 0 via (t; ! ) 7!
�
� t � (! ); !

�
;

in which the image of [[0; � 1 )) lies in B and that of B in [[0; � 1 )) , respec-
tively. If both � . and T.� are continuous or are strictly increasing, then
T.� and � .� are inverses of each other.

� � �

�

�

�

��

�

� � �

�
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� �

�

� � �
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� �
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� � �

� �

� � �

Figure C.20 A Time Transformation

Let us denote by an underscore the composition withT.� . To be quite
precise, for X : B ! R,

X � (! ) def=

�
X T � � (! ) where T � � (! ) < 1 , i.e., on [[0; � 1 ))

0 on [[� 1 ; 1 )), i.e., for � 1 (! ) � � < 1 .

If X is progressively measurable forF. , then X is adapted to F . (proposi-
tion 1.3.9); if X is left-continuous, then clearly so isX . The usual sequential
closure argument shows that X 7! X takes F.-predictable processes to
F .-predictable processes that vanish on [[�1 ; 1 )).

De�nition C.2 An L p-integrator Z is called compatible with the time
transformation T. if (a) the stopped processZ T � +

is I p-bounded for all
� < 1 and (b) Z is nearly constant in time on every interval of the form
[[T � � ; T � + ]] { by lemma C.1 (iii) this holds in particular when � . is strictly
increasing.
Exercise C.3 If the T � � are predictable, as is typical, then the compatibility
simply means that

S
�> 0 [[T � � ; T � + ]] is Z -negligible.

Proposition C.4 Let 0 � p < 1 and suppose theL p -integrator Z is compatible
with the time transformation T . . Then Z is nearly right-continuous and adapted
to F . ; in fact, it is an L p -integrator on F . and satis�es

Z �
I p � Z T �

I p : (C.8)

Moreover, for every Z� p-integrable process X the process X is Z� p-integrable and
Z

B
X s dZs =

Z

B
X � dZ � : (C.9)
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Proof. For every � � 0 let N � be the nearly empty set of ! 2 
 so that
t 7! Z t (! ) is not constant for T � � (! ) � t � T � + (! ) . The representation

N def=
[

�

N � =
[

n

� [

�

N � \ [T � + > T � � + 1 =n < 1 ]
�

exhibits their union N as a countable union of nearly empty sets, which is
therefore nearly empty. Indeed, there are at most countablymany � 's for
which the sets in the inner union are non-void. Upon removal of N we are
left with a process Z whose paths are c�adl�ag and constant in time on every
interval of the form [[ T � � ; T � + ]] not only nearly but in fact everywhere. If
� n # � , then Z � n

= ZT � n � = ZT � n + ���!n !1 ZT � + = ZT � � = Z � , therefore Z is
right-continuous at any � � 0.

Let then X def= f 0[[0]] +
NX

n =1

f n �(( � n ; � n +1 ]] ; f n 2 L 1 (F � n
) ;

be a typical elementary integrand from E[F .] with � N +1 � � (see (2.1.1)).

Then
Z

X dZ = f 0�Z0 +
P N

n =1 f n �
�
ZT � n +1 � ZT � n

�
=

Z
X 0 dZ ;

where X 0def= f 0�[[0]] +
P N

n =1 f n �((T � n ; T � n +1 ]] 2 P [F.]

From this equation (C.8) is evident.
Let X = f � ((s; t]] with f 2 F s . Then3

((s; t]]
�

= [ s < T � � � t ] = [� s < � � � t ] = ((� s; � t ]]�

and
Z

B
X dZ =

Z
f � ((s; t]] dZ = f �

�
Z t � Zs

�

as T � t � � t � T � t : = f �
�
ZT � t � ZT � s

�
=

Z
f � ((� s; � t ]] dZ

=
Z

X � dZ � :

By linearity, (C.9) is true for X 2 E , and then for bounded predictable X .
It is a matter of bookkeeping to extend this to Z� 0-integrable processesX .

3 In accordance with convention A.1.5 on page 364 sets are identi �ed with their (idempo-
tent) indicator functions. A stochastic interval (( S; T ]], for instance, has at the instant s

the value (( S; T ]]s = [ S < s � T ] =
n

1 if S(! ) < s � T (! )
0 elsewhere

.
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C.5 An integrator Z compatible with T. has [Z; Z ] = [ Z ; Z ] .

Proof. For 0 � � < 1
Z T � �

0+
Z.� dZ =

Z

B
((0; T � � ]] � Z.� dZ =

Z

[[0 ;� 1 ))
((0; T � � ]]T � � � Z � � dZ �

=
Z

((0; T � + ]]T � � Z � � dZ � =
Z �

0+
Z � � dZ � :

Thus [Z; Z ]
�

= [ Z; Z ]T � � = Z 2
T � � � Z 2

0 � 2
Z T � �

0+
Z.� dZ

= Z 2
� � Z 2

0 � 2
Z �

0+
Z � � dZ � = [ Z ; Z ]� :

C.6 Let M be a continuous local martingale on (
 ; F ; P), set � =
[M; M ], and introduce the time transformations T � � ; T � + of (C.5), setting
T � def= T � � . By inequality (4.2.8), M is constant on the intervals [[T � � ; T � + ]] ,
so M is a continuous local martingale. If � t ���! t !1 1 , then by item C.5 and
corollary 3.9.5, M is a standard Wiener process onF . . If P[� 1 < 1 ] > 0,
let W be a Wiener process on (
0; F 0. ; P0) that is independent of (F1 ; P) , and
set M 0 def= [[0; � 1 )) � M + [[� 1 ; 1 )) � W . Show that M 0 is a standard Wiener
process on (
 � 
 0; F .�F 0. ; P� P0) .

Sure Control of Integrators can be had in a manner similar to item C.6.
Suppose Z is a vector of L q-integrators, q � 2, and � = � hqi [Z ] is its
previsible controller from theorem 4.5.1. It is nary a loss of generality to
assume that � is strictly increasing and � t ���! t !1 1 (see remark 4.5.2). By
lemma C.1, we then have equality of continuous time transformations

T � � def= inf f t : � t � � g = T � def= T � + def= inf f t : � t > � g :

Since � 1 = 1 , the map T.� : B ! B is continuous and surjective. The
controlling estimate (4.5.1) turns into

kjX � Z j?� kL p � C �
p � max

� =1 � ;p �







� Z �+

0
jX j �� d�

� 1=� 






L p

for any F .-stopping time � and any p 2 [2; q] . Continue on.
4.6.5 (adapt exercise 1.3.47 or theorem 5.7.3 (iii)).
4.6.14 (i) Equation (4.6.19) has the easy consequence

E
h
exp

�
i
Z

h d|Z

�i
= E

h
exp

�
i
X

j

� j | Z (A j )
�i

=
Y

j

exp
�

(� � � )(A j )
�
ei� j � 1

� �
;
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showing that the random variables | Z (A j ) are independent Poisson with
means (� � � )(A j ) .
4.6.21 A gives rise to a L�evy processZ (page 267). The de�nition (4.6.31)
produces a Feller semigroup whose generator is necessarilydissipative and
conservative and is given byA (equation (4.6.32)) on S. S is dense in C0

and invariant under both TD. and T J. , thus under T. , and therefore is a core
for A (exercise A.9.4).
5.1.7 (i) The function f (x) def=

Rj x j
0 s ^ 1ds of example A.2.48 serves again:

the paths e.=n converge to zero ins1 , yet the remainder

RF (e.=n; 0) = f (e.=n) � f (0) � f 0(0)�e.=n = f (e.=n)

has kRF (e.=n; 0)k1 = ke.=nk1 6= o(ke.=nk1) :

(ii) On the positive side, if M � > M , pick n 2 N and let � > 0 be given.
There exists a t > n so that 2Le(M � M � ) t � � . There exists a � > 0 so
that for all u; v 2 U in the ball of radius n and all x; y 2 Rn in the ball of
radius neM � t , jv� uj + jy� xj � � implies Df (v; y) � Df (u; x) � � . Let
jv� uj + ky. � x. k � �e � Mt . Then jys � xs j � � for s � t and so

�
�Rf (v; ys; u; xs]

�
� � eMs

Z 1

0
Df

�
(u; xs) + � (v� u; ys� xs)

�
� Df (u; xs) d�

� k y. � x.kM

�
�

�eMs for s � t
eMs 2L � �eM � s for s > t

�
� k y. � x.kM ;

which implies
kRf [v; y.; u; x.]kM �

ky. � x.kM

� � :

5.1.8 (i) Both � f
.+ s(x) and � f.

�
� f

s (x)
�

satisfy dX t = f (X t ) dt with X 0 =
� f

s (x) . (ii) Hint: De�ne D� f
t [x] as the solution of equation (5.1.24) on

page 278. Then write a di�erential equation for � . def= � f. (x) � � f. (x0) �
D� f. [x] � (x� x0) . Then show, using inequality (5.1.16) on page 276, that
k� . k=jx� x0j �����! x � x 0! 0 0. This means that D� f. [x] is the Fr�echet derivative at
x of � f. : x0 7! � .(x0) , map from Rn to s (see de�nition A.2.49 on page 390).
As for equation (5.1.24), both sides answer the same initialvalue problem.
5.1.10 (ii) By the chain rule, � 7! � f [x; z� ] solves (5.1.25).
5.1.11 (i) The exponential limit for the growth in time follows from
item 5.1.4.
(ii) Set 0� 0[x; t ] def= � 0[x; t ] � x and 0 � s � � . Since 0� 0[c;0] = 0 8 c 2 Rn ,
we have � 0

;� [c;0] = 0 for all c 2 Rn and, for some cs between c; c0,

0� 0[c0; s] � 0� 0[c; s] = 0� 0
;� [cs; s](c0� c) �

=
� 0� 0

;� [cs; s] � 0� 0
;� [cs; 0]

�
(c0� c) � ;
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whence
�
�0� 0[c0; s] � 0� 0[c; s]

�
� � L 0� � jc0� cj �

�
eL 0� � 1) � jc0� cj

and
�
�� 0[c0; s] � � 0[c; s]

�
� � eL 0� � jc0� cj ; 0 � s � � :

(iii) For �xed t and � set k def= dt=� e and t i
def= i� for i = 0 ; 1; : : : ; k . Then

tk � 1 < t � tk . Let � ?
i denote the maximal function of the di�erence of the

global solution at t i , which is x t i
= � [c; ti ] , from its � 0-approximate x0

t i
.

Consider an s 2 [t i ; t i +1 ] .

Since x0
s � xs = � 0� x0

t i
; s� t i

�
� � 0� x t i

; s� t i
�

+ � 0� x t i
; s� t i

�
� � [x t i ; s� t i ] ;

we have
�
�� ?

i +1

�
� �

�
� � ?

i

�
� � eL 0� + ( jxj?t i

+1) � (m� )r em � ;

which implies
�
�� ?

k

�
� � (jxj?t k

+1) � (m� )r em � �
X

0� i<k

eiL 0�

for x. 2 sM , as tk = k� : � (kx.kM eMt k + 1) � (m� )r em � �
eL 0k� � 1
eL 0� � 1

by (5.1.16), as � ! 0: �
2

1� 


�
kckM +

jf (0)j
eM

+1
�

eMt k � (m� )r em � �k eL 0t k

since k = tk =� : � const (kckM + 1) mr em � � r � 1 � tk �e(M + L 0) t k

� b�(jcj+1) � � r � 1�emt k

for suitable b = b[f ; � 0] and m = m[f ; � 0] > M + L 0.
5.2.3 We know already from inequality (5.2.6) that







�
F � � Z

� ?
T � �








�

L p
� C �

p max
� =1 ;p







� Z �

0
jF �

T � � j �1 d�
� 1=�








�

L p

by exercise A.3.29: � C �
p max

� =1 ;p

� Z �

0




 jF �?

T � � j1



 � �

L p d�
� 1=�

:

Taking the p-norm for counting measure and using Fubini's theorem gives







�
� � F � Z

� ?
T � �

�
�
p








�

L p
� C �

p max
� =1 ;p

� Z �

0




 jF ?

T � � j1 p




 � �

L p d�
� 1=�

Measuring in L p
�
Me� M� d�

�
the part that appears for � = p on the right-

hand side gives a number less thanM � 1=p � jF j1
.
p;M . For the case � = 1

we set f (� ) def= kjFT � � j?1 p k� �
L p and � def= M=(p + p0) and estimate

Z �

0
f (� ) d� =

Z
[� � � ]e�� � [� � � ]f (� )e� �� d�

�
� Z �

0
e�p 0� d�

� 1=p0

�
� Z �

0
f (� )pe� �p� d�

� 1=p
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<
� 1

�p 0

� 1=p0

e�� �
� Z

[� � � ]f (� )pe� �p� d�
� 1=p

whence
Z � Z �

0
f (� ) d�

� p
Me� M� d� <

� 1
�p 0

� p
p 0

�
Z Z

[� � � ]f (� )pe� �p� Me( �p � M ) � d�d�

<
� 1

�p 0

� p=p0

�
Z

f (� )pe� �p� M
�p � M

e( �p � M ) �
�
�
�
1

�
d�

=
� 1

�p 0

� p=p0 1
M � �p

�
Z 1

0
f (� )p Me� M� d�

�
� 1

�p 0

� p=p0 1
M � �p

� jF j1
.p

p;M

=
� p

M

� p
� jF j1

.p

p;M

Thus F.� � Z
.
p;M

� C �
p

� 1
M 1=p

_
p

M

�
� jF j1

.p

p;M
:

5.2.16 needed
5.2.17 First consider the equation X = 1 + X � W , whose solution is the
Dol�eans{Dade exponential Et = eW t � t= 2 of W (see proposition 3.9.2 on
page 159). Here �hqi

t [W ] = t 8 q, and by exercise 4.5.6 on page 240,
d� hqi

t [E] = eqW t � qt=2 dt . Now if � hqi
t [E] were dominated by a sure con-

troller � , i.e., d� hqi
t [E] � d� , then the absolutely continuous part d� k

of d� would have to have a locally integrable Radon{Nikodym Derivative
h(t) = d� k (t)=dt < 1 , which would have to satisfy eqW t � qt=2 � h(t) almost
surely; since P[Wt > K ] > 0 for all K 2 N and t > 0, this is impossible.
We see that some boundedness assumption on the value0F [X ] of 0F at the
solution X of theorem 5.2.15 on page 291 is needed.

Assume then that � hqi is dominated by the sure controller � : d� hqi [Z ] �
d� , and that 0F [X ] is a bounded process. By exercise 4.5.6 on page 240,
the controllers � hqi [X � ] of the components X � of X satisfy d� hqi [X � ] �
const � d� , and then so doesd� hqi [X ] .
5.2.20 needed
5.2.21 0U[X ] def= U[X ] � C has the same contractivity modulus 
 < 1 as
U. Thus C ?

p;M = X � 0U[X ] ?
p;M � X ?

p;M + 0U[X ] � 0U[0] ?
p;M

� (1 + 
 ) X ?
p;M .

5.2.22 Apply (5.2.34) with C = C[u]; C0 = C[v] and F [ . ] = F [u; . ]; F 0[ . ] =
F [v; . ] .
5.2.24 : Let t < 1 . Z t is an L p-integrator for some p > dim U and an
equivalent probability P0. The assumed Lipschitz conditions imply that the
stopped processesX [u]t satisfy (5.2.41) for P0 (proposition 5.2.22). Coroll-
ary 5.2.23 shows that they are nearly continuous inu 2 U . Then let t ! 1 .
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5.3.11 (i) Let A be a symmetric bilinear form on euclidean spaceRn . Then
supfj A(�; � )j : j � j2 � 1; j � j2 � 1g = supfj A(�; � )j : j � j2 � 1g. This is
easily seen by diagonalizing the symmetric matrix A ; in fact, jA(�; � )j is
strictly less than the supremum above unless� and � are collinear and
of unit euclidean length. (ii) Let now A be a symmetric k-linear form
on euclidean spaceRn . Then supfj A(� 1; : : : ; � k )j : j � i j2 � 1; 1� i � kg is
taken at a k-tuple ( � 1; : : : ; � k ) of unit vectors. Considering A(� 1; � 2; : : :)
a bilinear form in ( � 1; � 2) and using (i) shows that � 1 = � � 2 . Similarly
� i = � � j for 1 � i < j � k . Thus the supremum is taken also at a
k-tuple of the form ( �; �; : : : ; � ) . (iii) Next let D � be a k-linear scalar
form on a seminormed space (E; k kE ) . Let x i 2 E1 , i = 1 ; : : : ; k , with
a < kD � (x1; : : : ; xk ) kS . De�ne the k-linear form A on euclidean spaceRk

by A(� 1; : : : ; � k ) def= D �
� P

� �
1 x � ; : : : ;

P
� �

k x �
�
. By (ii) there is a � 2 Rk so

that, with x def=
P

� � x � , a < D � (x; : : : ; x ) . Now kx kE �
P

� j� � j � k1=2 .
Thus a < k k=2f supD � (x; : : : ; x ) : kx kE � 1g. (iv) Finally let D be a
k-linear map from a seminormed space (E; k kE ) to another seminormed
space (S;k kS ) . Let a < supfk D(x1; : : : ; xk ) kS : kx i kE � 1g. There are
a linear form y� in the dual S� that has norm ky� kS � � 1 and elements
x1; : : : ; xk in E so that D � def= y� � D has a < kD � (x1; : : : ; xk ) kS . By (iii),
there is an x 2 E1 with a < k k=2D � (x; : : : ; x ) :
supfk D(x1; : : : ; xk )kS : kx i kE � 1g� kk=2 supfk D(x; : : : ; x )kS : kxkE � 1g :
5.3.18 Let us pick a u 2 U , and write D � for D � F [u] and T � [v] for
T � F [u](v) . For v; v0 2 U

T l [v0] � T l [v] =
X

0� � � l

D �

� !
�
h
(v0� u) 
 � � (v� u) 
 �

i

=
X

0� � � l

D �

� !
�
h X

0� i � �

� �
i

�
(v� u) 
 � � i 
 (v0� v) 
 i � (v� u) 
 �

i

=
X

0� � � l

D �

� !
�

X

0<i � �

� �
i

�
(v� u) 
 � � i 
 (v0� v) 
 i

=
X

0<i � l

X

i � � � l

( �
i )D �

� !
� (v� u) 
 � � i 
 (v0� v) 
 i ;

whence

D i T l [v]�� 
 i =
X

i � � � l

i !( �
i )D �

� !
� (v� u) 
 � � i 
 � 
 i ; i = 1 ; � � � ; l

= D i F [u]�� 
 i +
X

i<� � l

D �

(� � i )!
� (v� u) 
 � � i 
 � 
 i

= D i T l [u]�� 
 i + D i +1 � � 
 i 
 (v� u) + r (v� u) ;



Answers 57

where each summand ofr (v� u) contains a power (v� u) 
 p with p � 2.
Hence v 7! D i T l F [u](v)�� 
 i has i th derivative � 7! D i +1 F [u] � � 
 i 
 � at
v = u, for i = 1 ; : : : ; l � 1. In fact, since the derivatives appearing inr (v� u)
are bounded, v 7! D i T l F [u](v)�� 
 i is uniformly di�erentiable.
Let us de�ne G[v] def= F [v] � T l F [u](v) . This function is l -times weakly
uniformly di�erentiable with D 0G[u] = : : : = D l G[u] = 0 and kG[u]k�

S =

o
�
kv� ukl

E

�
. It is left to prove that v 7! D i G[v] � � 
 i has vanishing derivative

at u , for i = 1 ; : : : ; l � 1. Let �; � 0 2 E be unit vectors and � 2 R and set
v def= u + � � , v0 def= u + � � 0

Then both G[v0] � G[v] =
�
G[u + � � ]� G[u]

�
�

�
G[u + � � 0]� G[u]

�

=
X

0<i � l

� i D i G[v] � (� 0 � � ) 
 i + R l G[v; v0]

and R l G[v; v0] are o(� l ) when measured with k k�
S , independently of the

location of u 2 U . Hence so is the sum above. This implies

D i G[�v ] � (� 0 � � ) 
 i

� l � i
��!� ! 0 0 ; i = 0 ; : : : ; l ;

and therefore D
�

v 7! D i G[v] � (� 0 � � ) 
 i 	 = 0 at u ; i = 0 ; : : : ; l � 1 :

5.3.19 Answer forthcoming.
5.4.8 Since the mesh ofT goes to zero, we have

�
�F 0[X ]� F [X ]

�
�
1 ! 0

pointwise on H � B , after composition with the time transformation T.

on f 1; : : : ; ng � f � : 0 � � < 1g � 
 . The Dominated Convergence
Theorem produces F T [X ]� F [X ]

.
p;M

��!� ! 0 0 for all M > 0 after integra-
tion suitable powers over dP and d� , and exercise 5.2.3 on page 285 yields

F T [X ]� F [X ]
?
p;M

��!� ! 0 0.
5.4.12 Apply theorem 3.9.24 on page 170.
5.4.17 (i) Let P be such that

�
� � ;� [x; z]

�
� � P(jzj) for � = � ;� and � =

� 0
;�� � 0�

;� . In fact, let � be one of these (Itô-) coe�cients, say the one with
index � , and, given � , pick k so that � def= k� � � < (k+1) � . Write
� T def= Z � Z T . Then






 F 0

� [Y ]T � � F 0
� [X ]T �








L p
=






 �[ YT � ; � T �

T � ] � �[ X T � ; � T �

T � ]







L p

by the mean value theorem: �






�
�Y � X

�
�?
T � P

� �
�Z T � � Z T �

�
� �








L p

by inequality (4.5.29): �






�
�Y � X

�
�?
T �








L p
� P0� p

� � �
�

with L def= P 0(
p

� ): � L �






�
�Y � X

�
�?
T �








L p
� L �







�
�Y � X

�
�?
T �








L p
:

(ii) From � 0[C; z] = C + � 0
;� [C; 0]z� + � 0

;�� [C; z]z� z� and the assumption
� 0

;� ; � 0
;�� 2 BP , we see that 0� 0[C; z] def= � 0[C; z] � C has

�
�0� 0[C; z]

�
� � P(jzj) ,
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P being a polynomial with zero constant term. Therefore, by (4.5.27),
k

�
�0� 0[C; � T �

]
�
�?
T � kL p � P0

� p
� � �

�
, P0 being another polynomial with zero

constant term. From this, inequality (5.4.31) is evident. A lso, we see here
that k

�
�0� 0[C0; � T �

. ] � 0� 0[C; � T �

. ]
�
�?
T � kL p is bounded by a multiple of

p
� � �

for � in some neighborhood of� , whence inequality (5.4.32) for � � � .

For large � we write
�
�� 0[C0; z] � � 0[C; z]

�
� � j C0 � Cj � P(jzj) :

This implies






�
� � 0[C0; � T �

. ] � � 0[C; � T �

. ]
�
�?
T �








L p
�




 C0� C






L p � P0(
p

� � � )

for some (other) L 0: �



 C0� C






L p � eL 0( � � � ) :

5.4.20 X � X 0 solves � =
��

F [X 0]� � F 0
� [X

0]�
�
� Z �

	
+

�
F � [� + X 0] � F � [X 0]

�
� Z � ,

so by exercise 5.2.21,
�
F [X 0]� � F 0

� [X
0]�

�
� Z �

p;M = o(� ) . By theorems 4.3.1

and 2.3.6 the martingale parts (. .)� eZ � satisfy the same estimate; ifZ hap-
pens to be a martingale, this reads

�
f � (X 0) � F 0

� [X 0]
�
� Z �

p;M
= o(� ) . If it

so happens that Z is a standard Wiener process, then it follows from theo-
rem 4.2.12 that k

� R �
0

�
f � (X 0

s) � F 0
� [X 0]s

� 2
ds

	 1=2
kL p = o(� ) . In particular

for p = 2,
R�

0 kf �
�
C + 0� 0(s)

�
� 0� 0

;� (s) k2
L 2 ds = o(� 2) . Now the integrand is

the square of a function � that obeys j� (t) � � (s)j � const �
p

jt � sj (see in-

equality (5.5.9) on page 333). If such� also has
R�

0 � 2(s)ds = o(� 2) , it must
have � (� ) = o(

p
� ) . Else there exists ana with � (t) � a

p
t arbitrarily close

to 0. With b the H•older 1=2-continuity modulus, � (s) � a
p

t � b
p

t � s � 0
for 
t � s � t . 
 = ( b2 � a2)=b2 . Then

Rt
0 � 2(s) ds �

Rt

t � 2(s) � C(a; b)t2.

Contradiction. This is equation (5.4.36).
5.4.31 Set K def= t=� . Then the number of evaluations of � 0 is

N = jZ � j=� + jZ 2� j=� + : : : + jZ K� j=�

= ( � + jW � j) + (2 � + jW 2� j) + : : : (K� + jW K� j)

and has expectation

N1 =
const

�

�
�K (K +1) =2 + const

P K
1

p
k�

�

�
const

�

�
t2=� + const

p
� � K 3=2

�

�
b1t2 + b2t3=2

� 2 =
B1(t)

� 2 :

By inequality (5.4.50) on page 328,� � 2 � B 2=r
1 e2M 1 t=r , whence the claim.

5.4.32 We pick an exponent p � 2 and a growth constant M > M � (5.2.20)
p;L

to our liking, and let 
 def= 
 (5.2.21)
p;M;L < 1 denote the modulus of contractivity
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of Y 7! U[Y ] def= C + f (Y) � Z in S ?n
p;M that goes with these choices. Having

picked a � > 0, we �x the partition by Tk
def= k � � , set X 0

0
def= c, and continue

recursively: when at time Tk the approximate solution X 0
t has been de�ned

for 0 � t � Tk and the signal Z t has been observed at timet 2 [Tk ; Tk+1 ]
set4,

�
f �(Z t � Z Tk

t )
�
(x) def=

P
� f � (x)� k�

t ;

and X 0
t

def= � 0[X 0
Tk

; 1; f �(Z t � Z Tk
t )] :

The next and last item on the agenda is of course the estimation of the
deviation of the exact solution X to (5.4.25) from its � 0-approximate X 0

made with step size� . We set the stage. X is the solution to the �xed point
problem

X t = C + U[X ]t , where U[Y ] def= f � (Y )� Z � ;

the � 0-approximate X 0 is the one and onlycontinuous process with

X 0
t = C + U0[X 0]t

def= C +
X

k

((Tk ; Tk+1 ]]t � 0[X 0
Tk

; 1; f �(Z t � Z Tk
t )] ;

and X 00shall be the auxiliary process

X 00
t = C + U00[X 00]t

def= C +
X

k

((Tk ; Tk+1 ]]t � [X 0
Tk

; 1; f �(Z t � Z Tk
t )] :

Then � t
def= X 0

t � X t = U0[X 0]t � U[X ]t

= U0[X 0]t � U[X 00]t| {z }
+ U[X 00]t � U[X 0]t| {z }

+ U[�+ X ]t � U[X ]t| {z }

= D (1)
t + D (2)

t +
Z t

0
G� [�] s dZ �

s :

This exhibits � as the solution of a stochastic di�erential e quation whose (en-
dogenous but non-autologous) coupling coe�cients G� [� t ] def= f � (� t + X t ) �
f � (X t ) are Lipschitz with constant L and vanish at � = 0, and with non-
constant initial condition D (1) + D (2) . According to inequality (5.1.16) on
page 276,

�
?

p;M
�

1
1 � 


�
�

D (1) ?

p;M
+ D (2) ?

p;M

�
:

To estimate � it su�ces therefore to estimate D (1) and D (2) . We start
with D (2) . For Tk � s � Tk+1 we have

jX 00
s � X 0

s j = j� [X 0
Tk

; 1; f �(Z s� Z Tk
s )] � � 0[X 0

Tk
; 1; f �(Z s� Z Tk

s )]j

4 In practice one would not want to do this for all t 2 [[Tk ; Tk +1 ]] , of course, only for
t = Tk +1 , k = 0 ; 1; : : : . The generality adopted is in keeping with our de�nition 5.4. 14.
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�
�
m[f �(Z s � Z Tk

s ); � 0] � s
� r +1

em [f �(Z s � Z
T k
s ); � 0]�s :

With m def= supf m[f � z� ; � 0] : jz j � 1g (C.10)

this gives

jX 00
s � X 0

s j �
�
mjZ s � Z Tk

s j
� r +1

em jZ s � Z
T k
s j : (C.11)

There is of course an assumption hidden in de�nition (C.10),namely
Condition C.7 If � 0 is locally of order r + 1 on f 1 ; : : : ; f d , then m[ . ; � 0] is
bounded on their convex hull. (If, as is often the case, m[f ; � 0] can be estimated
by polynomials in the uniform bounds of various derivatives of f , then the present
condition is easily veri�ed. )

Therefore

D (2)
t =

Z t

0
f � (X 00

s ) � f � (X 0
s) dZ �

has size







�
�D (2)

�
�?
Tk








L p
� C � (4.5.1)

p d � max
� =1 � ;2







� Z Tk

0

�
�
� f � (X 00

s )� f � (X 0
s)

�
�
�
�
ds

� 1=� 






L p

� C �
p dL � max

� =1 � ;2







� Z Tk

0

�
�X 00

s � X 0
s

�
� �

ds
� 1=� 







L p

by A.3.29: � C �
p dL � max

� =1 � ;2

� Z Tk

0




 X 00

s � X 0
s




 �

L p ds
� 1=�

= C �
p dL � max

� =1 � ;2

� X

0� �<k

Z T � +1

T �




 X 00

s � X 0
s




 �

L p ds
� 1=�

by (C.11): � C �
p dL� max

� =1 � ;2

�X

0� �<k

Z T � +1

T �








�
mjZ s � Z Tk

s j
� r +1

em jZ s � Z
T k
s j








�

L p
ds

� 1
�

= C �
p dLm r +1 �max

� =1 � ;2
k1=� �

� Z �

0






 jZ s jr +1 em jZ j s








�

L p
ds

� 1
�

(C.12)

by 5.2.18: � C �
p dLm r +1 B 0�max

� =1 � ;2
(Tk =� )1=� �

� Z �

0

�
s( r +1) =2 eM 0s � �

ds
� 1

�

� C �
p dLm r +1 B 0(Tk _

p
Tk )eM 0� �

� � � 1�
( r +1)

2 +1

(r +1) =2 +1
_

�
� 1
2 � r= 2 +1

(r=2 + 1) =2

�

� C �
p dLm r +1 B 0eM 0� � ( r +1) =2 �

�
Tk _

p
Tk ) :

From this it is evident that there is a constant B (2) = B (2)
d;m;p;r such that






 D (2) ?

t








L p
� B (2) � � ( r +1) =2 �

�
t _

p
t
�

8 t � 0
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for small � . Multiplying this by e� Mt and taking the supremum over t � 0 gives

D (2) ?

p;M
� B (2) � � ( r +1) =2 :

for su�ciently small � > 0 and suitable constant B (2) . Equality (C.12)
is justi�ed by the observation that Z s and Z Tk + s � Z Tk have the same
distribution (exercise 3.9.7).

It is time to estimate D (1) . On an interval (( Tk ; Tk+1 ]] we have

U0[X 0]t = � 0[X 0
Tk

; 1; f �(Z t � Z Tk
t ); � 0]

= U0[X 0]Tk
+

�
� 0[X 0

Tk
; 1; f �(Z t � Z Tk

t ); � 0] � X 0
Tk

�

and U[X 00]t = U[X 00]Tk
+

Z t

Tk

f � (X 00
s ) dZ �

s

= U[X 00]Tk
+

�
� [X 0

Tk
; 1; f �(Z t � Z Tk

t ); � 0] � X 0
Tk

�
:

Thus
�
�D (1)

t � D (1)
Tk

�
� =

�
�� 0[X 0

Tk
; 1; f �(Z t � Z Tk

t ); � 0] � � [X 0
Tk

; 1; f �(Z t � Z Tk
t ); � 0]

�
�

�
�
m[f �(Z t � Z Tk

t ); � 0]�1
� r +1

� em [f �(Z t � Z
T k
t ); � 0]�1 ;

using (C.10): � (m � jZ t � Z Tk
t j)r +1 em jZ t � Z

T k
t j ;

whence

sup
Tk � t � Tk +1

�
�D (1)

t � D (1)
Tk

�
� � (m � jZ � Z Tk j?Tk +1

)r +1 e
m jZ � Z T k j ?

T k +1

and D (1) ?
Tk +1

� D (1) ?
Tk

� (m � jZ � Z Tk j?Tk +1
)r +1 em jZ � Z T k j ?

T k +1 :

Hence D (1) ?
Tk

�
X

0� �<k

(m � jZ � Z T �
j?T � +1

)r +1 em jZ � Z T �
j ?
T � +1 :

Now the distribution of jZ � Z T �
j?T � +1

is exactly that of Z ?
� , thus






 D (1) ?

Tk








L p
� mr +1 k �






 jZ j?� em jZ j ?

�








L p

by 5.2.18: � mr +1 Tk � � 1 � B 0� ( r +1) =2eM 0� :

From this it is evident that there is a constant B (1) = B (1)
d;m;p;r such that

for small �





 D (1) ?

t








L p
� B (1) � � r= 2� 1=2 � t 8 t � 0 :

5.5.5 Let L (n ) be a sequence of laws inL def=
�

(Z .; X .)[P] : X . 2 XAB
	

.
There is a subsequence, which we will again denote byL (n ) , such that
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L (n ) (� ) ���!n !1 L (1 ) (� ) for all � 2 Cb
�
Cd+ n [0; 1 )

�
, de�ning a positive linear

functional L (1 ) of mass one onCb
�
Cd+ n [0; 1 )

�
. Due to Kolmogorov's

theorem A.3.17 and the established tightness of the projection of L (1 ) on
the Cd+ n [0; u] , u 2 N, L (1 ) is � -additive; due to the polish nature of
Cd+ n [0; 1 ) it is even tight. Thus it belongs to the weak closure of f L (n ) g
in the set of probabilities on Cd+ n [0; 1 ) . This argument shows that L is
relatively compact in the topology of weak convergence of measures. The
uniform tightness now follows from exercise A.4.8.
5.6.3 (i)

dDD = D.� dD + dDD.� + [ D; D ]

= D.� dYD.� + D.� dYD.� + D.� d[Y;Y]D .�

= D.� (� dY + dc[Y; Y] + dJ)D .� + D.� dYD.�

+ D.� (� d[Y; Y] + d[Y;c[Y; Y]] + d[Y; J])D.�

= D.� (dc[Y; Y] + dJ)D .� + D.� (� d[Y; Y] + d[Y; J])D.�

= D.� (dJ � j [Y; Y] + d[Y; J])D.� = D.� (� J � (� Y)2 + � Y� J)D .�

= D.�
�
(I + � Y)� J � (� Y)2�

D .� = 0 :

(ii) is evident.
(5.6.10) Let Rn 3 xn ! x . Then X x n

t ! X x
t in probability (use in-

equality (5.2.36), if necessary after a change of measure that turns Z t into
an L 2-integrator). Next let � 2 C00(Rn ) , supported on the ball B r (0) of
radius r , say. Then the probability that X x. enters B r (0) before time t is
less than C(5.2.25)

�
� f

�
�
1 peMt =(jxj � r ) ���!x !1 0. This implies Tt � (x) ���!x !1 0.

Approximating an arbitrary � 2 C0 uniformly by functions of compact
support will establish the claim Tt � 2 C0 .
5.7.2 (ii) Let s < t , say.

Ex
h
j� (X t ) � � (X s)j2

i
= Ex

h
� 2(X s) � 2� (X s) � � (X t ) + � 2(X t )

i

condition on F s and use (5.7.1): = Ex
h�

� 2 � 2� � Tt � s(� ) + Tt � s(� 2)
�

� X s

i

by equation (5.7.1): = Ts

�
� 2 � 2� � Tt � s(� ) + Tt � s(� 2)

�
(x) :

This converges to zero uniformly in x as (t � s) ! 0 on the grounds that
the argument of Ts converges uniformly to 0 and the operator norm kTs k
is less than 1. For the second claim observe that

Tu� � � � X � � (Tu� t � � X t = Tu� � � � X � � Tu� t � � X �

+ Tu� t � � X � � Tu� t � � X t

can be made arbitrarily small in L 2(Px ) if � is chosen su�ciently close to t :
given � > 0 chooset0 2 (t; u) so that t < � < t 0 implies that Tu� � � and
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Tu� t � di�er uniformly by less that �=2; this will make the L 2(Px )-mean
of the �rst summand less than �=2; then use the continuity of the curve
� 7! (Tu� t � )(X � ) to make the L 2(Px )-mean of the second summand less
than �=2 as well.
(iii) Let 0 � s < t . Since

e� �t Tt � sU� 
 = e� �t Tt � s

Z 1

0
e� �� T� 
 d� = e� �t

Z 1

0
e� �� T� + t � s 
 d�

� ! � � t + s: = e� �s
Z 1

t � s
e� �� T� 
 d� � e� �s U� 
 ;

equation (5.7.1) gives

Ex �
Z t jF s

�
= Ex �

e� �t U� 
 � X t jF s
�

= e� �t Tt � sU� 
 � X s Px -a.s.

� e� �s U� 
 � X s = Zs :

5.7.6 There is an increasing sequence n 2 C00(E ) with pointwise limit j j .
Since Ex [ n � X t ] = Tt  n (x) � �Tt j j(x) < 1 , the random variables  (X t )
etc. are all Px -integrable. Now

Ex [ (X t ) �  (X s)jF s] =
� �Tt � s �  

�
� X s Px -a.s.

=
Z t

s

�
�T� � s �A 

�
� X s d�

=
Z t

s
Ex [ �A � X � jF s] d� Px -a.s.

= Ex
hZ t

s

�A � X � d�
�
�F s

i
Px -a.s. :

5.7.8 A di�ers Px -negligibly from a set APx
2 F 0[X .] . F0[X .] is generated

by X 0 , which equals x Px -almost surely, and so equals the� -algebra of
Px -negligible sets and their complements. For the second claim observe that
TB is an F P

.+ [X .]-stopping time (corollary A.5.12); so A def= [TB = 0] belongs
to F �

P
0 [X .] = F P

0 [X .] .
5.7.12 (i) There is an increasing sequence of compact setsK n whose interiors
exhaust E . The paths ! which are in K n at all times form a compact set
Kn in the product topology, which is the topology of pointwise convergence.
The bounded continuous cylinder functions based on �nite sets � 2 [0; 1 )
form an algebra that separates the points ofKn . By theorem A.2.2 there is
one of them, say Fn = � n � X � n , with jF � Fn j < 1=n uniformly on Kn .
Set � =

S
� n [ Q and regard Fn as a continuous bounded cylinder function

based on� : Fn = f n � X � , where f n = � n � � �
� n

. Clearly f def= lim f n exists
uniformly on

S
n X � (Kn ) and F = f � X � on bounded paths. To see thatf

is continuous on E � , let x �. ! x. pointwise. Pick a bounded path x0. on all
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of [0; 1 ) and de�ne x �
t to equal x �

t for t 2 � , x0
t otherwise, and similary

de�ne x . Then x �. ! x. , and therefore f (x � ) = F (x � ) ! F (x) = f (x) .
(ii) Since � is dense in [0; 1 ) and the paths of Db(E ) are right-continuous,

the cylinder functions � based on �nite subsets of � (and restricted to Db(E ))
form an algebra A that generates F1 . Since A is countably generated Px

is order-continuous on it. Since x 7! Ex [�] is continuous for � 2 A and
F is continuous in the topology generated byA on Db(E ), x 7! Ex [F ] is
continuous as well (proposition A.4.1). The argument for (iii) is similar.
5.7.13 Let K n be an increasing sequence of compacta whose interiors ex-
haust E , and set 
 n = f ! : ! q 2 K n for Q 3 q � t + 1 g. Since
Db(E ) =

S

 n , Px [
 n ] > 1 � � for su�ciently large n . The right-continuity

of ! causes! s 2 K n 8 s � t .
A.2.3 (i) The condition is clearly su�cient. For the necessity sup pose then
that the sequence (� n ) in E or E converges uniformly on A to f . By
taking a subsequence we may assume thatj f � � n j � 2� n � 1 on A . Then
j � n +1 � � n j � 2� n on A , and the function  n

def= � 2� n _
�
� n +1 � � n

�
^ 2� n ,

which by theorem A.2.2 (i) belongs to E, equals � n +1 � � n on A0 . There-
fore the sum � def= � 1 +

P 1
n =1  n converges uniformly, with limit in E = E.

Clearly f = � on A0 .
(ii) Given � > 0 �nd � 1; � 2 2 E with � (f i ; � i ) < � on A , i = 1 ; 2.
Then set M def= sup(j� 1j _ j � 2j , and on [� M; M ] � [� M; M ] approximate
(x; y) 7! � (x; y) uniformly to within � by a polynomial p(x; y) . Then�
�� (f 1; f 2) � p(� 1; � 2)

�
� �

�
� � (f 1; f 2) � � (� 1; � 2)

�
�+

�
� � (� 1; � 2) � p(� 1; � 2)

�
� � 3� on

A .
A.2.6 bE consists of functions of compact support, andb� is a function of
compact support K as well. There exists b 2 bE= C00( bB ) with b � K .
Tietze's extension theorem provides a functionb� 2 E equal to 1=b on K . If
bE 3 b� n ! b� and bE 3 b� n ! b� uniformly, then the ( b� n � b b� n ) � j 2 E form a
E-con�ned sequence converging uniformly to� .
A.2.9 We check the� -continuity at 0 (see exercise 3.1.5 on page 90).
( : Let E 3 X n # 0. Then bk def= inf bX n vanishes onj (B ) and is the pointwise
in�mum of a sequence in bE. Consequently � (X n ) = b� ( bX n ) !

Rbk db� = 0: �
is indeed � -additive.
) : If bk : bB ! R vanishes onj (B ) and is the pointwise in�mum of a sequence
( bX n ) in bE then X n

def= bX n � j # 0 on B and so
Rbk dbI = lim bI ( bX n ) =

lim I (X n ) = 0.
A.2.10 The assumption of weak� -additivity means that for all continuous
linear functionals g : L p ! R, � def= g � I is � -additive. The extension
theory of Sections 3.1{3.2 furnishes an integral

R
. dbI of the � -additive

Gelfand transform bI (see assumption 3.1.4). Let thenE 3 X n # 0, and
set bk def= inf bX n . Then f def= lim I (X n ) = lim bI ( bX n ) =

Rbk dbI exists in
the norm topology L p , due to the Dominated Convergence Theorem. Since
hgjf i = lim hgjI (X n )i = lim � (X n ) = 0 for all g in the dual of L p , f = 0
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thanks to the Hahn{Banach theorem A.2.25.
A.2.16 part (iii): In view of part (i) we may as well assume that E contains
the constants and is uniformly closed. Let E0 ,

� =
Y

 2E 0

�
�k  ku ; + k ku

�
;

j : E ! � , and E = j (E ) be as in the proof of theorem A.2.2 on page 369.
� and E are compact. Let us denote byu the E-uniformity on E and by u
the unique uniformity of the compact space E , the C(E)-uniformity.
(a) Observe �rst that � 7! � � j is an isometric (for the sup{norm) algebra
isomorphism of C(E ) with E. (If j is injective this says that E consists
exactly of the restrictions to E of the continuous functions on E .)
(b) For a real valued function � denote by d� the pseudometric

(x; y) 7! d� (x; y) def= j� (x) � � (y)j :

Consider the basesu0
def= f d� : � 2 Eg and u0

def= d� : � 2 C(E )g for the
uniformities u and u, respectively. They are in one{to{one correspondence
via

d� = d� � j � j : (x; y) 7! d�

�
j (x); j (y)

�
; � = � � j :

It is easy to see that, for any d in the saturation u of u0 , d � j � j belongs
to u. Conversely, for d 2 u set

d(�; � ) def= lim d
�
j � 1(V � ); j � 1(V � )

�
; �; � 2 E ;

where V � denotes the neighborhood �lter of � , considered as usual as a
family of idempotent functions (convention A.1.5 on page 364). Since j (E )
is dense inE , j � 1(V � ) and j � 1(V � ) are �lters, in fact Cauchy �lters on E ,
so the limit d(�; � ) exists. d is a pseudometric and belongs tou. Indeed, let
� > 0. There are d1; : : : ; dn 2 u0 and � > 0 so that max i di (x; y) < � =)
d(x; y) < � . The di are of the form di = di � j � j with di 2 u0 ; then clearly
max i di (�; � ) < � =) d(�; � ) � � . Now d = d � j � j :

u = u � j � j :

From this it is obvious that j : E ! E is uniformly continuous. (If j is
injective this says that u is the uniformity induced on E from the uniformity
of E .
(c) Being compact, E is complete: a Cauchy �lter on E is contained in some
ultra�lter, which converges; its limit is the limit of the gi ven Cauchy �lter.
(d) To see that the compact Hausdor� space E with its unique uniformity is
the completion of (E; uE) , let f : E ! Y be some uniformly continuous map
into a complete uniform space (Y;v) . We de�ne the extension f : E ! Y as
follows: For � 2 E , the neighborhood �lter V � is Cauchy and j � 1

�
V �

�
is a



66 Answers

Cauchy �lter on E . Therefore its forward image f (V ) is a Cauchy �lter in
Y and has a limit, and that shall be f (� ) . In other words,

f (� ) def= lim f
�
j � 1(V �

�
:

Clearly f � j = f .
It is left to be shown that f : E ! Y is uniformly continuous. Let then
d0 2 v and � > 0. There are a � > 0 and a d = d � j � j 2 u such that
d(x; y) < 3� implies d0

�
f (x); f (y)

�
< �= 3. Let then �; � be any two points

in E with d(�; � ) < � . There are points x; y 2 E with j (x); j (y) so close to
�; � , respectively, that d

�
�; j (x)

�
< � , d

�
�; j (y)

�
< � , d0

�
f (� ); f (x)

�
< �= 3,

and d0
�
f (� ); f (y)

�
< �= 3. Then d(x; y) < 3� and therefore

d0� f (� ); f (� )
�

� d0� f (� ); f (x)
�

+ d0� f (x); f (y)
�

+ d0� f (y); f (� )
�

� �=3 + �=3 + �=3 = � :

f is uniformly continuous. This establishes that j : (E; u) ! (E; u) has the
universality property of a Hausdor� completion.
A.2.19 (iv) implies (ii), for lower semicontinuity: Let x 2 E , set r = f (x) ,
and let � > 0. The function that has on [f � r � � ] the value inf f and at x
the value r � � is continuous on the closed set [f � r � � ] [ f xg. Tietze's
extension theorem provides a continuous extension� to all of E with values
in [inf f; r � � ] . Clearly � � f and � (x) � f (x) � � .
A.2.24 Let U[P] be the algebra of lemma A.2.20, andj : P ! bP as
furnished by theorem A.2.2 (ii). Since 12 U[P], bP is compact; sinceU[P]
is countably generated, bP is metrizable; since U[P] generates the topology
of P , j is a homeomorphism ofP with its image j (P). By exercise A.2.23,
j (P) is a G� -set of bP ; and in the compact metric space bP every open set is
a K � -set.
A.2.25 (i) We start with the case that A is a linear subspace andB is open.
(In this case the result is known as thetheorem of Mazur.) Zorn's lemma
provides a maximal linear subspaceM containing A and disjoint from B .
M is evidently closed. We have to show that the quotient eV def= V=M is one{
dimensional and therefore linearly homeomorphic withR. Let p : V ! eV be
the quotient map and assume by way of contradiction that eV has dimension
> 1. eV contains no linear subspaceL disjoint from the open convex set
eB def= p(B ) other than f 0g; else p� 1(L ) would be a linear subspace ofV
disjoint from B and properly containing M . Now the punctured space
eV�

def= eV n f0g is connected, since its intersection with every two{dimensional
subspace ofeV is homeomorphic with R2

� , and it contains the open convex
cone eC def=

S
�> 0 � eB , which is therefore not closed in eV� ; there exists a

boundary point x of eC in eV� . No positive scalar multiple �x , � � 0
belongs to eC , and neither does � �x : if it did then � x 2 eC and the whole
segment [� x; x ) def= f �x : � 2 [� 1; 1)g would lie in eC , in particular then
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0 = 0x 2 eC , which is false. That is to say, the whole closed linear subspace
Rx def= f �x : � 2 Rg is disjoint from eB , and there is a contradiction: we must
indeed have dimeV = 1.
We composep with a suitable linear homeomorphism eV ! R to arrive at
a continuous linear functional f : V ! R which vanishes on A and has
f (B ) � (0; 1 ) , then pick c = 0. The pair ( f; c ) answers the description.
In the case that A is an arbitrary closed convex set andB is still open, we
apply Mazur's theorem with B replaced by the open convex setB � A def= f b�
a : b 2 B ; a 2 Ag and with A = f 0g. The continuous functional f found
above hasf (b) > f (a) for all b 2 B and a 2 A . Taking c def= inf f f (b) : b 2 B g
yields the claim.
In the case that A is an arbitrary closed convex set and B is compact,
consider the open setsA + V def= f a + x : a 2 A ; x 2 Vg, where V runs
through the convex open symmetric (V = � V ) neighborhoods of zero. Their
intersection A with B is void, so one of them, sayA+ V , has void intersection
with B . Apply the previous result to A and the open convex setB � V .
(ii) Let f be a linear functional de�ned and continuous on the linear subspace
M � V . Let A be the closure off � 1(f 0g) and B def= f bg, where b 2 M has
f (b) = 1 | such b exists and lies outsideA except in the trivial case that
f = 0. Now (i) provides a continuous linear functional f 0 : V ! R and c a
scalar so that f 0(a) � c for a 2 A and f 0(b) > c . Since A is a subspace,
f 0 = 0 on A , which implies c � 0, and we may assumec = 0. Then
F def= f 0=f 0(b) is the desired extension off to all of V .
(iii) Suppose A is convex and closed inV. For every b =2 A there are, by (i),
a continuous linear functional f b and a constant cb so that A � [f b � cb] . In
other words, A is the intersection of the weakly closed halfspaces [f b � cb] ,
b =2 A , and is thus weakly closed itself.
(iv) A set F of linear functionals on V is equicontinuous if

T
f 2F

�
jf j � 1

�

is a neighborhood of zero inV . For instance, if V is a seminormed space
with seminorm k kV , then F is equicontinuous if and only if it is uniformly
bounded on the unit ball of V : s def= supfj f (x)j : f 2 F ; kxkV � 1g< 1 ; then
the k kV -ball of radius s� 1 is contained in

T
f 2F

�
jf j � 1

�
. In partivular

the unit ball f x � 2 V � : kx � kV � � 1g is equicontinuous (here kx � kV �

def= supjx � (x)j : kxkV � 1g.)
Let then F � V be equicontinuous and setV def=

T
f 2F

�
jf j � 1

�
. Then every

x 2 V is absorbed byV , say x 2 � x V , and therefore f (x) 2 I x
def= [� � x ; � x ] .

Let now U be an ultra�lter on F . Then the sets U(x) def= f f (x) : f 2 Fg ,
U 2 U , form an ultra�lter in the compact interval I x that has a limit g(x)
(see exercise A.2.13 on page 374). It is easy to see thatx 7! g(x) is linear
and that g(V ) � [� 1; 1] , so that g is continuous. That is to say, g is in the
weak� {closure of F (see item A.2.32 on page 381), showing that that closure
is weak� {compact.
As a corollary, the unit ball of a re
exive Banach space E , being the unit
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ball of the dual of E � , is weakly compact.
A.2.29 Set � 0(r ) = sup

�
ddf ee0 : ddf ee< r

	
. This is clearly an increasing

positive numerical function on R+ satisfying

ddf ee0 � � 0
�
ddf ee

�
; f 2 V :

Given an � > 0, we can �nd a dd ee�� -ball f f : ddf ee< � g contained in the
dd ee0� � -ball f f : ddf ee0 < � g. Clearly r < � implies � 0(r ) < � : � 0 has the
desired property �( r ) ��!r ! 0 0. Now � 0 may not be right-continuous, but

�( r ) def= inf
�
� 0(s) : s > r

�

is, and it retains the other properties of � 0 .
A.2.36 The right-continuous version of x. will satisfy the same inequality,
so we may as well assumex. to be right-continuous to start with. Set
� def= 2(A

�
B + C) and � def= max� = p;q (2B ) �

�
� . Then � �

def= A
�

B + x � satis�es

� � �
�
2

+ max
� = p;q

B
� Z �

0
� �

� d�
� 1=�

; � � 0 ;

and the claim follows from � � � �e �� 8 � . This is certainly true in some
neighborhood of � = 0. If � def= f inf � : � � > �e �� g < 1 , then by right-
continuity

�e � � � � � �
�
2

+ max
� = p;q

�B
� Z �

0
e��� d�

� 1=�

<
�
2

+ max
� = p;q

�Be � �

(�� )1=�
�

�
2

+
�
2

e� � � �e � � :

This contradiction shows that � = 1 .
A.2.40 Cover U by bounded sets.
A.2.50 Chain Rule: If � : D ! E is di�erentiable and F : E ! S
weakly di�erentiable, then F � � : D ! S is weakly di�erentiable and
DF � �[ u] = DF [�( u)] D �[ u] . For c) apply the chain rule and the mean
value theorem to t 7! F (u + t(v � u)) .
A.3.1 (i): Let d be a metric de�ning the topology. A closed setF is the zero-
set of the function x 7! d(x; F ) def= inf f d(x; y) : y 2 F g, which is continuous.
Therefore F is a Baire set. Then so is every open set.
(ii): First the case that G is metrizable. Let U � G be open and set
Uk

def= f x 2 G : d(x; U c) � 1=kg � U . The interiors of these closed sets
exhaust U . Therefore f � 1(U) =

S
k

S
N

T
n>N f � 1

n (Uk ) 2 F { since f B :
f � 1(B ) 2 Fg is a � -algebra containing the open sets, it contains the Borels.
In the general case consider �(B ) 2 Fg . This is a � -algebra. If � � f is
F -measurable for all � 2 CR(G) then � contains the sets f � � 1(B0)g for
any � 2 CR(G) and any B0 2 B � (G), if � � f is F =B� (R)-measurable
for all � 2 CR(G). and thus contains G. That is to say, f : F ! G is
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F =B� (G)-measurable i� � � f is F -measurable for all � 2 CR(G). So if the f n

are F =B� (G)-measurable and converge pointwise tof , then � � f = lim � � f n

is measurable for all � 2 CR(G), and so f is F =B� (G)-measurable.
(iii): This counterexample is from [27], page 96, and was pointed out to me by
Oliver Diaz{Espinoza. Let f = I be the unit interval, and equip G = I I with
the topology of pointwise convergence. For everyx 2 I let f n (x) 2 I I be the
function y 7! max(0; 1 � njx � yj) . The maps f n : I ! I I are continuous,
but their pointwise limit f , which maps every x 2 I to 1f x g : y 7! [x = y] is
not Borel measurable.
A.3.2 (i) The functions f of this description form a sequentially closed
family.
(ii) Suppose supn f n > 0. Then f (n ) def= 1 ^ n sup�<n jf � j 2 E and 1 =
lim f (n ) 2 E � . Conversely, if 1 2 E � , then there is a countable family
f f 1; f 2; : : :g � E whose sequential closure contains 1. Thef n cannot all
vanish at any one point because then so would 1, thus supjf n j > 0.
(iii) The E� above are the same whether the sequences occurring in their
de�nition are considered asR-valued sequences that converge pointwise inR
or as R-valued sequences that happen to have a real-valued pointwise limit.
A.3.6 The sequential closure of the class of di�erences of boundedlower
semicontinuous functions contains the topology13, which forms a multiplica-
tive class; it therefore contains all Borel functions. Conversely, a lower semi-
continuous function h is the supremum of the countable collectionq� [h > q ] ,
q 2 Q, and so is Borel measurable. Then so is a bounded lower semicontinu-
ous function, a di�erence of such, and every function in the sequential closure
of such di�erences.
A.3.7 Supposef 2 E � is E-con�ned. There is a  2 E with jf j �  . The
collection of functions g 2 E � such that �  _ g^  is the limit of a bounded
E-con�ned sequence inE� is sequentially closed and thus containsE� .
A.3.8 (i) This is just the de�nition of inner measure, which agrees with �
on A � . (ii) Any idempotent member (set) of the class inf

� _f 2 L 0(A � ; � ) :
9f 2 _f with f � 
 0

	
will do.

A.3.10 Due to lemma A.2.20 any decreasingly directed collection � � Cb(E )
contains a decreasing sequence (� n ) with the same pointwise in�mum; then
inf � (�) = inf � (� n ) . For if � (� ) < a for some � 2 � , then � ^ � n # � and
consequently inf� (� n ) � lim � (� ^ � n ) < a .
A.3.21 See [5, page 286 �.].
A.3.25 There is a collection L of a�ne functions R+ 3 x 7! `(x) = ax + b
whose pointwise in�mum is � . For each one of them b is positive andR

� (jzj) d� �
R

`(jzj) d� = a
R

jzj d� + b
R

1 d� � a
R

jzj d� + b= `
� R

jzj d�
�
.

Taking the in�mum over ` 2 L yields the claim:
R

� (jzj) d� � �
� R

jzj d�
�

.
A.3.26 This is evident if �( x; ! ) is a product of the form � (x) (! ) , then
if it is the linear combination of such functions, then if it b elongs to the
sequential closure of the algebra formed by the latter.
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A.3.28 Let f � be an element in the unit ball E �
1 of the dual of E . Then

h
Z

f d� jf � i =
Z

hf jf � i d� �
Z

kf kE d � :

Taking the supremum over f 2 E �
1 yields the claim.

A.3.29 The casesq = 1 and p = q are trivial.
The case 1 =p < q : If kkf kL 1 ( � ) kL q ( � ) > 1, then

Z � Z
jf (x; y)j � (dx)

� q

� (dy) > 1

and there is a function g 2 L q0

+ (� ) of norm one in that space with

1 <
Z � Z

jf (x; y)j � (dx)
�

� g(y) � (dy)

=
Z � Z

jf (x; y)j � g(y) � (dy)
�

� (dx)

�
Z � Z

jf (x; y)jq � (dy)
� 1=q

�
� Z

jg(y)jq
0

� (dy)
� 1

�
q0

� (dx)

=





 kf kL q ( � )








L 1 ( � )
:

In the remaining case 0< p < q < 1 write






 kf kL p ( � )








L q ( � )
=






 kjf jpk1=p

L 1 ( � )








L q ( � )
=






 kjf jpkL 1 ( � )








1=p

L q=p ( � )

�





 kjf jpkL q=p ( � )








1=p

L 1 ( � )
=






 kf kL q ( � )








L p ( � )
:

A.3.34 Only the su�ciency may not be obvious. Assume then that
�
ei h� j x n i

�

converges for almost all� . Then ei h� j x n � x m i �����!m;n !1 1.

With 
 (� ) = e�j � j 2 =2� p
2� ;

Qm;n
def=

Z
ei h� j x n � x m i 
 (� ) d� �����! m;n !1 1 :

Now Qm;n = e�j x n � x m j =2
Z

Rd
e�j � � i (x n � x m ) j 2 =2� p

2� d �

= e�j x n � x m j =2
Z

Rd
e�j � j 2 =2� p

2� d �

= e�j x n � x m j =2 :

From the resulting e�j x n � x m j =2 �����!m;n !1 1 we conclude that (x n ) is Cauchy.
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A.3.37 (i) The continuity of h1?� 2 is an immediate consequence of the
metrizability of G and the Dominated Convergence Theorem. To see that
h1?� 2 vanishes at 1 , let � > 0 be given. There exist a compact setK 2 so
that � 2(K c

2) < � and a compact set K 1 outside which jh1j < � . If g lies
outside the compact algebraic sumK 1 + K 2 � G, then h1(g � g2) < � for
g2 2 K 1 and therefore

R
K 2

h1(g � g2) � 2(dg2) < � k� 2k. Clearly
R

K c
2

h1(g �

g2) � 2(dg2) < � kh1k. Thus h1?� 2 ���!g!1 0.
A.3.44 Since � is order-continuous (exercise A.3.10), it makes sense to talk
about the support C of � (exercise A.3.13). LetS be a lifting, � a countable
uniformly dense subset ofU[E ] (see lemma A.2.20), andN the negligible setS

f [S� 6= � ] \ C : � 2 � g. For x =2 N set T f (x) = Sf (x) , f 2 L 1 . If
x 2 N , consider the ideal I x of functions f 2 L 1 that di�er negligibly
from a function � 0 that is continuous (in the metric topology) at x and
has � 0(x) = 0. As in the proof of lemma A.3.40 one checks that there is an
bx 2 bE at which all the functions of bI x vanish. Set T f (x) = bf (bx) and check
that T is a lifting with T � (x) = � (x) for x 2 C and � 2 U[E ]. For x 2 C
and � 2 Cb we have by lemma A.2.20T � (x) � supf T � (x) : � � � 2 U[E ]g=
supf � (x) : � � � 2 U[E ]g= � (x). Applying this to � � gives T � (x) = � (x) .

A.3.45 Equation (A.3.17): Integrating e� (x 2 + y2 )=2 over the plane in polar

coordinates establishes �rst that
Z + 1

�1
e� x 2 =2 =

p
2� :

The variable substitution u = ( x � i�t )=
p

t turns the integral

E
h

ei�X
i

=
1

p
2�t

Z + 1

�1
ei�x � e� x 2 =2t dx

into
e� t� 2 =2
p

2�

Z + 1

�1
e� u2 =2 du = e� t� 2 =2 :

A.3.49 Apply functional calculus to the self-adjoint operator B . Or apply
the power series forkB k1=2p

1 � x to the matrix I � B=kB k, kB k being
the operator norm of B .
A.4.8 See [12], ch. IX,x5: Treat �rst the case that E is also locally com-
pact. Suppose the locally compact spaceE has a countable basis, andP
is a family of probabilities on E that is relatively compact in the topology
�

�
P .(E ); C00(E )

�
of convergence on continuous functions of compact sup-

port. There exists an increasing sequence of compactaK n � E whose in-
teriors cover E . By way of contradiction assume P is not uniformly tight.
Then there exist an � > 0 and measures� n 2 P with � n (K n ) � 1 � � .
Extracting a subsequence we may assume that� n ! � 2 P .(E ) on all
� 2 C00(E ). Now � (K ) > 1 � � for some compact K � E , since � is a
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tight probability. There exist a � 2 C00(E ) with � = 1 on K and an N 2 N
so that �K N contains the support of � . Now as � n (� ) ! � (� ) > 1 � � we
have � n (K n ) � � n (K N ) � � (� ) > 1 � � for su�ciently large n � N , a
contradiction.

An arbitrary polish space is the intersection of a decreasing sequence of
open subsets En of some compact space (exercise A.6.1). We view the
measures ofP as measures on theEn , which are locally compact. Due to the
�rst part of the argument there are compacta K n � En with � (En � K n ) <
� 2� n 8 � 2 P . K def=

T
n K n � E is compact and has� (E � K ) � � .

A.5.6 (ii) Suppose that K0 � K [ f has the property that no �nite subcol-
lection has void intersection. Then there is an ultra�lter U containing K0.
Every set K 0 2 K 0 is the �nite union K 0 =

S I (K 0)
i =1 K 0

i of sets in K . At least
one of the K 0

i , say K 0
i (K 0) , belongs to U. No intersection of �nitely many

such K 0
i (K 0) is void, and therefore neither is

T �
K 0

i (K 0) : K 0 2 K 0
	

�
T

K0.
(iii) Take for the closed sets the sets inK [ f \ a .

A.5.16 Apply theorem 2.4.7.
A.5.18 Proposition 3.5.2 shows that O contains P . Let X 2 D . Let � > 0
and de�ne the stopping times S0 = 0 and

Sk+1 = inf f t > S k : jX � X Sk j?t � � g ; k = 1 ; 2; : : :

and X ( � ) = X 0[[0]] +
X

k

X Sk � [[Sk ; Sk+1 )) : (� )

Since X has no oscillatory discontinuities, Sk " 1 . Evidently, X and X ( � )

di�er uniformly by less than � . The processX ( � ) di�ers from the previsible
process

X 0[[0]] +
X

k

X Sk � ((Sk ; Sk+1 ]]

only in the set
S

k [[Sk ]] . The processes (� ) form therefore a generator ofO for
which the claim is true. It is now easy to check that the optional processes
for which the second claim holds is a monotone class. An application of
theorem A.3.4 �nishes the proof.
A.5.20 The family of processes that have an optional projection is amono-
tone class. It contains the processes of the form [t; 1 ) � g, g 2 F �

1 bounded,
which generate the measurable � -algebra. Indeed, let M g be the right-
continuous martingale E[gjF P

t+ ] (proposition 2.5.13). It follows from Doob's
optional stopping theorem 2.5.22 that [[t; 1 )) � M g is an optional projection
of [t; 1 ) � g. If X O ;P and X

O ;P
are two optional projections of X , then

B def=
�
X O ;P 6= X

O ;P�
is an optional set. If it were not P-evanescent, one could

�nd a stopping time T whose graph is contained inB and has non-negligible
projection on 
. This however is clearly impossible.
A.5.21 X O ;P meets the description. Indeed, for anyt and A 2 F t = F P

t+

E
�
A � X O ;P

t

�
= E

�
X O ;P

t A
[tA < 1 ]

�
= E

�
X t A [tA < 1 ]

�
= E

�
A � X t

�
:
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the F t -measurable random variablesX O ;P
t and X t di�er negligibly.

A.6.1 (i) See exercise A.2.24. (ii) Let p : P ! S be a continuous map
from the polish space onto the Suslin setS, and C � S closed. Then
p : p� 1(C) ! C exhibits C as a Suslin set. (iii) Let Sn be Suslin subsets of
a Hausdor� space and pn : Pn ! Sn continuous surjections. In the product
space

Q
n Pn , which is polish, let P def= f (xn ) : pn (xn ) = pm (xm ) for m 6= mg.

This is a closed and therefore polish subspace of
Q

n Pn . The continuous map
p : P !

T
n Sn exhibits the intersection of the Sn as Suslin. For the union,

consider the disjoint topological sum P def=
U

n Pn . Its is again polish, and
the obvious map p : P !

S
n Sn shows that the union of the Sn is polish.

(iv) By (i), a closed ball of the given Suslin spaceS is Suslin. Since S is
separable as the continuous image of a separable space and metrizable by
assumption, the complement of a closed ball is the countableunion of closed
balls and is therefore also Suslin. The collection of sets which together with
their complements are Suslin is closed under taking complements and by (ii)
is closed under countable unions and contains the closed balls. It contains
therefore the � -algebra generated by the closed balls, the Borels.
A.8.1 (i) If ddf ee0 � a, then there exists a decreasing sequence (� n ) with
inf � n � a and P[jf j > � n ] � � m for 1 � m � n . Then P[jf j > a ] � P[jf j >
� ] � � m for all m , and therefore P[jf j > a ] � � � a. The reverse implication
is obvious.

(ii), for p = 0: Let a = ddf ee0 and b = ddgee0 . Since [jf + gj > a + b] �
[jf j > a ] [ [jgj > b] , we have by (i) P[jf + gj > a + b] � a + b, i.e.,
ddf + gee0 � dd f ee0 + ddgee0 .

(iii), for p = 0: lim r ! 0 ddrf eep = 0 clearly implies P[jf j = 1 ] = 0.
(iv), for p = 0: The algebraic properties are obvious. Given add ee0-Cauchy

sequence (f n ) extract a subsequence (f n k ) with ddf n k +1 � f n k ee � 2� k . ThenP
k jf n k +1 � f n k j is a.s. �nite, and therefore (f n k ) converges a.s. The limit is

a dd ee0-mean limit of ( f n ) by a standard argument.
A.8.2 This is clear if p � 1. For 0 < p < 1 H•older's inequality (theo-
rem A.8.4 on page 449) with conjugate exponents 1=p;1=(1 � p) gives
a1 + : : : + an � n1� p

�
a1=p

1 + : : : + a1=p
n

�
for a� � 0 . Apply this to

a� = (
R

jf � jp ) to obtain
Z

jf 1 + : : : + f n jp �
Z

jf 1jp + : : : +
Z

jf n jp

� n1� p
�� Z

jf 1jp
� 1=p

+ : : : +
� Z

jf n jp
� 1=p� p

and take pth roots.
A.8.4 H•older's inequality for the special case r = 1 of conjugate exponents
is in any textbook on integration. By applying that to the fun ction jfg jr ,
with conjugate exponents p=r and q=r, the general case follows. For the
second claim reduce to the casekf kp = 1 and take g = f p� 1 .



74 Answers

A.8.5 Let 1=p and 1=q be points in I f and 1=s = �=p+(1 � � )=q (0 < � < 1)
a point in between. Set a = s�=p ; then 1 � a = (1 � � )s=q and 0 < a < 1.
Apply H•older's inequality with conjugate exponents 1=a and 1=(1 � a) to
jf jp and jf jq :

Z
jf js d� =

Z
jf jpa � j f jq(1 � a) �

� Z
jf jp d�

� a
�
� Z

jf jq d�
� (1 � a)

= kf kap
L p � kf k(1 � a)q

L q = kf k�s
L p � kf k(1 � � )s

L q ;

and so kf kL s � k f k�
L p � kf k1� �

L q

and ln
�
kf kL s

�
� � ln

�
kf kL p

�
+ (1 � � ) ln

�
kf kL q

�
:

A.8.11 The notions of F -measurability and almost sure �niteness coincide,
whether P or P0 is the measure: L 0(P) and L 0(P0) coincide as sets. Suppose
f n ! 0 in P-measure, and let � > 0. Now

P0� jf n j > �
�

=
Z �

jf n j > �
�

� g0 dP

=
Z �

jf n j > �
��

g0 > M
�

� g0 dP +
Z �

jf n j > �
��

g0 � M
�

� g0 dP

�
Z �

g0 > M
�

� g0 dP + M � P
�
[jf n j > �

��
:

Choosing �rst M so large that the �rst summand on the right is less than
�=2 and then n so large that the second summand also is less than�=2, we
see that eventually ddf n eeL 0 (P0) � � : f n ! 0 in P0-measure. Interchanging
the roles of P and P0 and replacing g0 by g def= (g0) � 1 shows that the converse
implication f n ! 0 in P0-measure =) f n ! 0 in P-measure is also true:
the two topologies are, indeed, the same.
A.8.12 Set �( r ) = sup fddf eeL 0 (P0) : ddf eeL 0 (P) � r g. To see that �( r ) ��!r ! 0 0
let � > 0 be given and denote byg a Radon{Nikodym derivative dP0=dP.
There is a K > 1 so that P0[g > K ] < �= 2. Set � def= �=(2K ). If ddf eeL 0 (P) < � ,
then P[jf j > � ] < �= (2K ) and so P0[jf j > � ]� P0[g > K ] + K P[jf j > � ]< � . To
get � right-continuous replace it by its right-continuous v ersion.
A.8.15 (i) E[ jf jp ] =

R1
0 tp dP[jf j � t ] =

R1
0

�
T � +

� p
[T � + < 1 ] d� by the

change-of-variable theorem 2.4.7, whereT � + def= inf f t : P[jf j � t ] > � g =
inf f t : P[jf j > t ] � 1 � � g = kf k[1� � ] and [T � + < 1 ] = [0 � � < 1] . Hence

E[ jf jp ] =
R1

0 kf kp
[1� � ] d� =

R1
0 kf kp

[� ] d� . The last claim is done similarly,
with t 7! tp replaced by t 7! �( t) .

(ii) If � < kf + gk[� + � ] , then

� + � � P[jf + gj > � ] � P[jf j + jgj > � ]

� P[jf j > kf k[� ]] + P[jf j + jgj > � ; jf j � k f k[� ]]

� � + P[jgj > � � k f k[� ]] :
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Thus � � P[jgj > � � k f k[� ]] , i.e., kgk[� ] � � � k f k[� ]] and � � k f k[� ] +
kgk[� ] .
A.8.16 Let � > 0. Then

� <





 kf k[� ;� ]








[� ;P]

=) � < P
h
kjf jk[� ;� ] > �

i
= P

�
� [jf j > � ] > �

�

=) �� <
Z

� [f (!; �) > � ] P(d! ) =
Z

P[f (�; t) > � ]� (dt) :

With g(t) def= P[f (�; t) > � ] we have 0� g � 1 and

�� <
Z

g(t) � (dt)

=
Z

g(t)[g(t) � 
 ] � (dt) +
Z

g(t)[g(t) > 
 ] � (dt)

� 
 + � [g > 
 ]

so that �� � 
 � � [g > 
 ] = �
�
P[jf j > � ] > 


�
;

i.e., �� � 
 � �
�
kf k[
 ;P] > �

�
;

which reads � �





 kf k[
 ;P]








[�� � 
 ;� ]
:

A.8.17 (A.8.1): Set � = kgk[� ] and denote the right-hand side of the �rst
inequality by � . Then

P[f > �] � P[f > � ; g � � ] + P[g > � ] � P[f r =� r > 1 ; �=g � 1] + �

�
�
� r E[f r =g] + � =

�
E r � r + � = � + � :

(A.8.2): Set � = kgk[�= 2] and denote the right-hand side of inequality (A.8.2)
by � . Then

P[fg > �] � P[fg > � ; g < � ] + P[g � � ] � P[f > � =� ; �=g > 1] + �= 2

� � E
�
[f > � =� ] � 1=g

�
+ �= 2 �








�f
�








r

L r (P=g)
+ �= 2

�
� r +1 E r

� r + �= 2 = �= 2 + �= 2 = � :

A.8.22 p = 0: If kf n k[� ] � a 8 n , then P[f n > a ] � � 8 n and
consequently P[f > a ] = supn P[f n > a ] � � , which says that kf k[]

� � a.

A.8.27 In the proof of inequality (A.8.6) replace the constant 2 by any
A > 1. The argument gives kf k2 � AK 1 � k f k[( A � 1=AK 1 )2 ] . Solving (A �
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1=AK 1)2 = � and using the value K 1 =
p

2 from remark A.8.28 produces
the claim.
A.8.29 Since p 7! �

�
(p + 1) =2

�
is convex, there are two points at which

�
�
(p + 1) =2

�
equals

p
�= 2. One of them is p = 2; inspection of a table

shows that the other is p0 � 1:85. To the left of p0 equation (A.8.8) gives
K p = 2 1=p � 1=2 . Calculations on a hand-held calculator show that the ratio

� p
�

�
�(( p + 1) =2)

�.
2

takes its maximum at pm � 1:92175 and that its pth
m root there is approxi-

mately 1:000366283.
A.8.30 By the Central Limit Theorem

lim
n

1
np

Z

T
j� 1 + : : : + � n jp d� =

1
p

2�

Z 1

�1
jxjpe� x 2 =2 dx

= 2 p=2 �( p+1
2 )

p
�

:

Thus

K p �
� p

�

�( p+1
2 )

� 1=p
� p

2 :

Also, the choice n = 2 and a1 = a2 = 1 implies K p � 2
1
p � 1

2 .
A.8.32 (Suggested by Roger Sewell) Show that

b(p) =
2 sin(p�= 2)�( p)

�

and then analyze the right hand side or have the computer drawa graph.
A.8.35 Let x1; : : : ; xn 2 E and 
 (q)

1 ; : : : ; 
 (q)
n symmetric q-stable.

Then














nX

� =1

v � u
�
x �

�

 (q)

�








G








L p (dx )
� Tp;q (v) �

� nX

� =1

ku(x � )kq
F

� 1=q

� Tp;q (v) � kuk �
� nX

� =1

kx � kq
E

� 1=q
:

and














nX

� =1

v � u
�
x �

�

 (q)

�








G








L p (dx )
� k vk �














nX

� =1

u
�
x �

�

 (q)

�








G








L p (dx )

� k vk � Tp;q (u) �
� nX

� =1

kx � kq
E

� 1=q
:

A.9.2

Tt  �  
t

=
1
t

� Z s

0
T� + t � d� �

Z s

0
T� � d�

�
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=
1
t

� Z s+ t

t
T� � d� �

Z s

0
T� � d�

�

=
1
t

� Z s+ t

s
T� � d� �

Z t

0
T� � d�

�
��! t ! 0 Ts � � � ;

and so 2 D [A ]

and A  = Ts � � �

or Ts � � � = A
Z s

0
T� � d� for all � 2 C :

Since
Rs

0 T� � d�
�

s ��!s! 0 � , D[A ] is dense inC0(E ). We have used here that
Ts � A � = A � Ts � for � 2 D [A ] , which is left for the reader to establish [34,
chapter I].
A.9.4 See [54, page 320].
A.9.8 For every s 2 [0; 1 ) , x 2 E , and � < 1 there is a function � s;x;� 2
C0(E ) with 0 � � � 1 and Ts � s;x;� (x) > � . Since s 7! Ts � (x) is continuous,
we have Ts � s;x;� (x) > � on a whole neighborhoodUs of s. Any compact
interval [0; k] can be covered by �nitely many of them; the supremum � k

x;� of
the corresponding � s;x;� 's has Ts � k

x;� (x) > � for all s 2 [0; k] . For any �xed

� > 0 the choice of a su�ciently large k� will result in �U � � k �
x;� (x) > � .

This inequality will by continuity hold in a whole neighborh ood of x . Now let
K � E be compact. Taking a �nite supremum of such functions � k �

x;� we �nd
a function � K

�;� 2 C0(E ) with 0 � � K
�;� � 1 such that �U � � K

�;� > � on K .
Let K n be an increasing sequence of compacta whose interiors coverE , take
� n = 1 =n, and choose� n 2 C0(E ) such that � n � 1 and  n

def= � n U� n � n >
1 � 2� n on K n . Now observe that A  n = � n  n � � n � n ! 0.
A.9.9 Applying the identity ( �I � A )U� = I to the  n of A.9.8 (iii) gives

�U �  n � U� A n =  n

and in the limit �
Z

E
U� (x; dy) = 1 :

i.e., �
Z 1

0
e� �s Ts(x; E ) ds = 1 ;

which shows that the measuresTs(x; .) all have total mass one.
A.9.11 (i), ( : Urysohn's lemma provides positive continuous functions
� n � 1 of compact support so that [� n 6= 0] � [� n +1 = 1] and supn � n (x) = 1
at every point x 2 E . Let  n 2 C be so that j� j �  n , and (s; x) 7!R�

E Ts(x; dy)  n (y) is �nite and continuous on [0; n] � K n . Then

k� � � � � k k�n;K n = k� � (1 � � k ) k�n;K n � k  n �  n � � k k�n;K n
���!k !1 0 ;

since the continuous functions (s; x) 7!
R�

E Ts(x; dy)
�
 n �  n �� k

�
(y) decrease

pointwise, and by Dini's lemma A.2.1 uniformly on [0; n]� K n , to zero. There
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is therefore a kn so that � n
def= � � � kn 2 C00(E ) has k� � � n k�n;K n < 2� n .

Clearly dd� � � n ee� � (n + 1)2 � n ���!n !1 0.
(i), ) : Let � n 2 C00(E ) have k� � � n k�n;K n < 2� n , n = 1 ; 2; : : :, and set
� 0 = 0. The function  def=

P
n � 1 j� n � � n � 1 j serves simultaneously for all

t < 1 and compact K � E .
(ii) Let � 2 �C and 0 � s � u . Then for every t < 1 and compact K � E

k �Ts � k�t;K � sup
� Z �

E
T� (x; dy) �Ts j� j (y) : 0 � � � t; x 2 K

	

� sup
� Z �

E
T� + s(x; dy) j� j(y) : 0 � � � t; x 2 K

	

� sup
� Z �

E
T� (x; dy) j� j(y) : 0 � � � t + u; x 2 K

	

= k� k�t + u;K ;

showing that �Tu : �C ! �C is continuous. Next let �� 2 �C and � 2 C00(E ).
Then �T. �� � T. � = �T.( �� � � ) has k �Ts

�� � Ts � k�t;K � k �� � � k�t + u;K for
0 � s � u . This shows that the curve �T. �� is on bounded intervals [0; u]
the uniform limit of continuous curves T.� in �C and therefore is continuous
itself.
A.9.13 See exercise A.3.16 on page 401.
A.9.15 It is evident that T `

t is linear and has operator norm � 1. To see
that it maps C`

0 into itself it su�ces to check its behavior on functions of th e
form (�; x ) 7! � 1(� )� 2(x) , � 1 2 C0(R+ ); � 2 2 C0(E ), on the grounds that
the linear combinations of these form an algebraA 0 uniformly dense in C`

0 ;
so T `

t

�
C`

0

�
� C`

0 is obvious. By the same tokent 7! T `
t � is continuous for

� 2 A 0 and then for � 2 C`
0 . The multiplicativity follows from

(T `
s (T `

t  ))( �; x ) =
Z

(T `
t  )(s + �; y ) Ts+ �;� (x; dy)

=
Z Z

 (s + t + �; y 0) Ts+ t + �;s + � (y; dy0) Ts+ �;� (x; dy)

=
Z

 (t + s + �; y ) Ts+ t + �;� (x; dy) = ( T `
s+ t  )( �; x ) :


