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1.1.1 See [9, page 41], or [5, page 293 .]. Consider a physical sysh, for
instance an ear of corn, member of a (vast) corn eld. Anobservable is a
guantity about the ear that can be measured by a well{de ned procedure.
For example, the girth G, the number N of kernels, the length L , the weight
W of our ear of corn are observables, measurable by applying ape measure,
by counting, or by weighing on a scale, respectively. The olmvables form
an algebra and vector lattice E in the obvious way; for instance, G + 3W,
LN , and G W are the observables having the procedures \measure girth
and weight and add three times the latter to the former,” \mul tiply the
length by the number of kernels," and \take the smaller of girth and weight,"
respectively. In fact, for a technical reason that will becane transparent
later let us consider complex observables@ + iW etc). They clearly form
a commutative algebra A over the compex eld C. (Note the implicit
requirement that di erent observables can be measured simlianeously { no
guantum e ects here.) For every observableZ = X + iY let Z denote
the observable whose value is the complex conjugat iy whenever a
measurement ofZ producesx+ iy . Clearly (Z1Z,) = 2,Z2,,Z = 2Z,and
(zz) =zZ forz2 C and Z;Zl;ZZF; A . Let kZk be the supremum of the
possible values ofjiZj = jX +iY|j% = X2+ Y2, taken over the ensemble to
be represented (the corn eld). Then restrict attention to t he commutative
normed C-algebra A of those observableZ that have kZk < 1 . The evident
submultiplicativity kZ,;Z,k k Z;k kZ;k makes A a normed algebra . Its
completion A is easily seen to be a Banach algebra with a multiplicative
unit | (the observable that produces the value 1 upon all measurenms),
where involution Z 7! Z and norm k k satisfy kZ,Z,k k Zik kZyk
and kZ Zk = kZk?. A Banach algebra with unit and involution as above is
known as aunital C -algebra .

Another common example of a commutative unital C -algebra is the
space Cc() of continuous functions on a compact Hausdor space , wi th
pointwise addition, multiplication, involution = complex conjugation, and
equipped with the supremum norm. This example is typical. Nanely, every
commutative unital C -algebra A is of the form Cc( ) for some
compact Hausdor space . Let us take this fact for granted right now
{ its proof, which will also clarify the precise meaning of \is of the form," can
be found further down. Given this fact, the algebra and vecto lattice closed
under chopping E of real bounded observables is then identi ed with a dense
subset B of the real part Cgr() of Cc(), for some compact Hausdor

The probabilistic aspect in this story comes from the interest in the aver-
age of the various observables: what is the average weight of anae of corn,
and how can one estimate it without harvesting the whole eld and toting it
to the scales? A little re ection shows that the average is a inear positive
functional on the observablesE, with the average of the unit observable |
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being 1. Corresponding to it is a positive linear functional E : B1 R with
E[1] = 1. There is an immediate extension by continuity to all of Cg(). On
Cr(), then, the average is (represented as) a positive Radon neasure E of
total mass one. Such is automatically -additive. The extension theory of
page 394 . applies and produces a -additive extension, called theexpecta-
tion and again denoted byE. Its restriction to the integrable subsets F of
(see notation A.1.4) is the probability P. The laws of large numbers allow
the identi cation of P[F] with a limiting frequency (and of E as a limiting
average). Most often ( ;F;P) is taken as the basic mathematical model for
the probabilistic analysis, possibly because people mightind the frequency
of events intuitively more appealing than the average of meaurements, and
despite the di culty of justifying the ad hocrequirement of -additivity of P.
The latter is gone from the model (E; E).

The structure theorem for a unital commutative C -algebra A is left to be
established. There will be several steps.
() If Z 2 A is invertible, then Z + H is invertible with inverse

R
(Z+H) *=z ' ( HZ H; ()
k=0

provided kHk < kZ *k; simply multiply the evidently convergent sum on the

right or left with Z + H, obtaining | in both cases. The invertible elements
of A therefore form an open setG. Since a proper ideall is disjoint from G
so is its closurel , which therefore is proper as well.

(i) An element X 2 A isselffadjoint if X = X . Anideal | is self{adjoint

ifitequals | « fX :X 2Ilg . By Zorn's lemma, a proper self{adjoint ideal

is contained in a maximal proper self{adjoint ideal M , which by (i) is closed.

The quotient A-¥ A=M is in the obvious way a C -algebra and clearly
contains no proper self{adjoint ideal. In fact, every non{zero elementZ-2 A_
is invertible: if not, then the self{adjoint ideal A- Z Z., which would not

contain the unit |, equalsfQg, whenceZ Z = Q and Z-= Q. In other words,

A_is a eld. We shall see soon that \the C -eld" A-equalsC.

(i) From the submultiplicativity of the norm, kzZ"k*™" k Zk, so that
(Z) @ inffkZ"k¥™ : n 2 Ng exists. It is not hard to see that (Z) =
limpn  kZ"kY™ . Indeed, given an > 0, nd an N 2 N with kzZNk*N <
(Z)+ .Forn>N thereareq;r with n=qgN+r and 0O r<N . Then
kz"k¥"  k zZNK=nkz K=" ( (Z2)+ )aN=nkzk= 1, (Z)+ ; hence
limsup,,; kZ"k¥*" (Z)+ 8 > 0 and limsup,; kZ"k*" = (2).
Note that, for a self{adjoint element X 2 A, kX 2k = kX Xk = kX k?, hence

kXk=kX2Kk2 “!,,  (X),whence nally (X)= kXk.

(iv) The resolvent of Z 2 A is the function C3 z 7! (zI Z) !, denedon

the open (by (i)) set 2 of z2 C for which the inverse exists. The compact
complement ; of 7 is called thespectrum of Z. From the straightforward
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resolvent identity
zl 2)! @A 2= @z HNz z) YA z2)t

it is clear that z 7! (zI Z) ! is not only continuous, but even complex
di erentiable (analytic) on ;. The observation that (zI z) !,;, 0
proves that the spectrum 7 is not empty. if it were, any continuous linear
functional on A applied to (zI Z) ! would produce an entire function that
vanishes at in nity; such must vanish identically, and by th e Hahn{Banach
theorem we would arrive at the impossible consequencez( Z) 1=0 8z.
We apply thisinthe C -eld A= A=M of (ii): Let 0 6 Z2 A_and z 2 2
Then zl— Z., not being invertibleb must be zero: Z.= zl .

V) By (), (zI Z) '=(@1=2 .,z ¥Z¥. The time{honored root test,
suitably adapted to series in A, shows that the convergence radius of the
series (in Ez) on the right hand side is  (Z) ' Thatis to say, the circle
1=z = (2) ' jzj = (Z)] must contain a singularity of (zI Z) 1.
From this we conclude that (Z) equals the spectral radius (Z) of Z,
which is dened as (Z) = maxfjzj : z2 ;g. For a self{adjoint element
X =X 2 A, therefore,

kXk= (X)= (X): ()

(vi) Let denote the collection of all linear multiplicativ e ! (Z1Zy) =
1 (Z41)! (Z,) functionals ! : A'! C that take | to 1 and respect the
involution ! (Z ) = 1(Z) , the -characters . SucB ! has porm 1.
Indeed, let kZk < 1. TheanZ Zk< 1. Dene a, by 1 x = an X"
for jxj < 1, and setY & ap(Z Z)". Then|l Z Z = Y Y and so
) '(Z2z)=1'(YY)>0andj'(Z)] < 1. Given the topology of
pointwise convergence, is a compact Hausdor space (see estcise A.2.13).
For Z 2 A set
Py= 1(2):

This de nes a continuous function 2: ! C. The map Z 7! B is clearly
linear, multiplicative, turns involution on A into complex conjugation on
Cc(), and has P=1 and k®k; k Zk. It is left to be shown that it is
in fact an isometry. To thisend let Z 2 A and z = kZk. Then by ( ) we
have jzj> 2 7 7, and the proper self{adjoint ideal | < A (jzj’l Z Z)
is contained in a maximal proper self{adjoint ideal M , which is closed and
gives rise to a bijective -character ! : A% A=M! C. Let ! be the com-
position of | with the quotient map A! A. At this point ! 2 clearly
iB(1)j2=1(Z Z)= jzj?, so that k®k, = jB(!)j= kzk.

Z 7' P furnishes the desired linear isometric multiplicative involution{
preserving identi cation of A with Cg().

1.2.4 (ii): For u 2 N let WY be a countable uniformly dense subset of
fw2 C[O;u] : wo =0g: Identify every path w in WY with that path in C
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hich agrees with w on [0;u] and is constant thereafter. The collection
4 WY is plainly dense in C in the topology of uniform convergence on

compacta.
12.10 E[W, WsjF2WI=E[W; Ws]=0. As E[}, 2W,WsjF J[W J]= 2WZ,

E W2 W2FIW] =E (W, We)*JFIW.] =E (W; Ws)® =t s:
1.2.11 (i) =) (i)): The independence of the increments gives

h i
EMZ MZFIX.] = E @ Xo) 2 972 3 @Xs 28622 pO[y ]

h i h [
E (X1 Xs) zZ2(t s)=2 1 E &Xs z%2s=2

h i Z
Now E &Xs z%s=2 _ pzl_ Pl zzs=2e x2=2s dx
S
Z

- 21—‘ e (22 gy =1
S

SOE MZ MZFI[X.] =0:

(i) =) (iii) is obvious; and a computation as above shows that if (ii) is
satis ed, then h i
Ed X Xt " 92 F0x ] =1

This clearly implies that the increment X; Xg is independent of all previous
increments and that its characteristic function is e “(t 9=2_ This identi es
Xt Xs as a normal random variable with mean zero and varianceg s.
1.2.12 The Borel functions for which this equation holds form a vector
space that contains the constants and is closed under pointise limits of
bounded sequences. Thanks to exercise A.3.5 it su ces to eablish the claim
for functions  of the form (y) = exp(iy ). These form a multiplicative
class that generates the Borel -algebra on R. For such the right-hand
side can be evaluated; by exercise A.3.45 on page 419 it egsal

exp 2(t s)=2 exp(iW ¢): ()

For any F2[W ]-measurable bounded random variableF

E eiW tE = E ei (W4 Ws)FeiW s = E e' (W Ws) E FeiW s

- e 2(t s)=2 E FeiW s

Integrating ( ) against F yields the same. Thus the twoF 2[W ]-measurable
random variables of the statement are a.s. the same.
1.2.14 (ii): To study the joint law of the increments

t1 Wi, to Wigiiiith Wi, th 1 Wi,
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use the characteristic function:

P i
E @ k=1 kWi, o aWiz,
h i hoP i
- E eI 1t1W1:t1 t0W1:10 E e' k=2 K t|<W1=t;< tk 1\/\/1:t;< 1
h | i hoi
= E @ ttoWi=t; toWix, o 1tz to)Wis, E :::
h i h i h o
= E @ ttoWi=t; toWix, E € 1(ty to)Wi=, E :-:
242 (L 1 h 2 (14 t)? ] h i
—e 10l &) Ee ! 1 E ..:
2 h |
=g 1) E..
leads by induction to
h P, i .
E g «a «UWiz te Wiz, ;- g vk (e teoa) .

which is the characteristic function of the joint distribut ion of the increments
Wy, Wi We, W, , of a standard Wiener process. We conclude that
W2 tW,., has independent stationary increments with law N (0;t  s).
Import WP, , O from exercise 2.5.21 (ii). SettingW{% 0 we obtain a
processW with almost surely continuous paths, a standard Wiener pro@ss
(de nition 1.2.3).

1.2.15 (i): Take the product of d independent copies of a standard one-
dimensional Wiener process. (ii): Every componentW is a standard one-
dimensional Wiener process. (v): Exercise 1.2.10E[W, jF[W.]]= W, and

E W W, WWJFJW] =(t 9)

P
Exercise 1.2.11: takez 2 CY and replace zX by hzjX i = z X, .
Exercise 1.2.12:f is now a Borel function on R%. The formula reads

E (Wy)jFJW.]
Z,q
- 2@ s n=2 v) e(j y Wsj2=2(t s)) dyl:::dyd :
1
where j j is the euclidean norm onRY. The proof of exercise 1.2.12 given in
this appendix applies literally, if the function (y) is read to mean (y) =
exp(ih jyi), etc.
1.2.16 In the proof of theorem 1.2.2 replacef g by a basis of the Hilbert
space of Lebesgue square integrable functions oH . The estimate (1.2.2)
that was used in the application on page 14 of Kolmogorov's lenma A.2.37
can be replaced by
h [
E W, W, ®  const n°kz, 2z K if kzik, n:
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1.3.2 Apply theorem A.5.10.
1.3.6 Let A = W/ <c . Then A lies in the intersection of the sets
An = jW, W, 4j < 2c, each of which has the same probabilityg < 1.
Since the A, form an independent collection, P[A] gV for all N 2 N.
Consequently X
PW/ <1] PW/ <c =0:
c2N

1.3.10 Zr : Zy=(Z ZT§t. S

1.3.15 (ii): [infn nTn t]= , N[To tl. [SUP N Te>t]E on[Th>t] 2 Fy.
1.3.16 (i) A2Fs impligsA\ [T t]= AVI[S (] \ [T t]2F;.

(i) [S<TIV[T tJ= olS d\[g<T tJ2F forall t and thus
[S<T]2Ft. Therefore [T S]=[S<T]°2F1 aswell. S<T]\ [S {]
= ([S<T]IV[T tHh\V[S t] [ [T>t]V[S t] 2F forall t and thus
[S<T]2Fsand [T S]2Fs. Finally, [S<T]=[S"T <T]2Fgst etc.
1.3.17 [O;T);=[T >t]=[T t]°¢ belongs toF; for all t precisely if T is
a stopping time. In that case

[O;Tk=[T t]=[T<t]°= [ [T q]CZFt:
Q3g<t

All other stochastic intervals are di erences of the two above.

1.3.18 [To t]=A\ [T t]2F; 8t.

1.3.20 8t 0 9k 2 N with k=n t<(k + 1)=n. Then [T(M {]
=[T k=n]2F;.

1.3.2]3 (i) and (ii): Adapt the proof of theorem 2.4.4 on page 69, but note
th_at n X1, |[T_n]| will generally not converge. (iiB: De ne induc_tively
Ti*t =inffs > T! : jh( Xy)j g and setJ ¥ ;h( Xq)[T);1).
Clearly J. is adapted, and so isJ. =Ilim | ¢J. .

1.3.27 (i)'S Suppose the stopping times S; T agree almost surely. The set
[S<T]= f[S<qg<T]:92 Qg belongstoA; and is negligible, so it is
nearly empty. S

(i): N= N\[T=21][ ,N\V[T n].

1.3.28 Let X;Y be adapted right-continuous processes. Thg set where their
paths dier: [X. 6 Y. ]=f! 2 : Otwith X((!)6 Yi(!)g= 0[Xq6 Yol
then belongstoA; ; if X;Y are modications of eackgother, it is negligible.
1.3.30 (i): If T is a stopping time, then [T <t]= [T (t 1=n)_0Q]

Fio: Conversely,.l.if T <t] 2 Fy 8t > 0, then [T {] =

n[T <t +l:n]% n Fis1=n=Fu = F¢:

(ii): [T<t]= f[Zq> ]:Q3q<tg. The T * do notchange ifZ; is
replaced with Z; % supfZs:s tg. We may thus assumeZ is increasing.
If T* <t, then Z; > and consequentlyZ; >  for some > ; that
istosay, T* t. Thusinf. T * =T *,whichsaysthat 7! T * is
right-continuous.
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(iv): [T<t]= _[Th<t];andA2 ﬁ.Tn =) A\ [T, <t]2F.8n8t
=) AV [T<t]2F8t=) A\ [T t]=A\ [T t+1=n]2Fu=Fy.
(v): If X isleft-continuous and adapted toF .+ ,then X 1y 2F (¢ 1=ny F ¢

and consequently X; =lim X; 1=, 2 F{. Next let X be adapted to F. and
progressively measurable for- . , and x an instant t> 0. Evidently

Xt=X [0;t)+ X¢ [t;1)

lim X [0;t 1=n)+ X; [t;1)
1=t<n 11

= lim Xt [0t 1=n)+ X, [t;1):

The second summand is clearly measurable oB [0;1) F ;. By the
above X! " js measurable onB [0;1) F (t 1=ny ,» Which is contained
in B[0;1) F : The limit X' is then also measurable on this product.
Since this true for all t > 0, X is progressively measurable forF. .
1.3.31 Let P2 P and A;,AM ;AP ;:::2F P Let NP denote the P-nearly
empty sets. There are SetSAp;Ag);Ag);::: 2 Fy with jJA  Apj2 NP
and A Al 2 NP i=1;2:: Evidently jA® Agj 2 N P, showing
that F P is closed under taking complements. Similarly, ~, A0~ Al
A AL 2 NP, showing that FP is closed under taking countable
unions: F is a -algebra.
SupposeA 2 F; is such that there exists anAp 2 Fy with jA Apj2 N P.
Then ApnA and A nAp belong to F; and are P-nearly empty. Then
A =(Apn(ApnA)) [ (AnAp) belongs to the -algebra generated byF;
and the P-nearly empty sets. This -algebra on the other hand is clearly
contained in F{, since aP-nearly empty set evidently belongs to it.
1.3.33 Consider the collection 7 of random variables that satisfy this
condition. If f(M 2 EP converge pointwise on to f and f{") 2 F, dier

only on a P-nearly empty set from f (") then set fp & lim supfF(,”). This
random variable is measurable onF;, and the setN ¥ f 6 fp is contained

in the union of the sets f (M & f{" , each of which is covered by a countable

family of P-negligible sets ofA; . Then so isN: EF is sequentially closed,
and therefore contains the -algebra generated byF; and the P-nearly empty
sets, and every random variable measurable thereon. The cearse BY F P

is obvious.

1.3.34 (ii): Suppose f satis es this condition. Given P2 P we can nd

an F;-measurable random variablefp such that N & [f 6 fp] is P-nearly
empty. Forany r 2 R, [f<r] [fp<r] isasetofF; containedin N,

therefore f<r ]2 FP.

Conversely, assumef is F{ -measurable. Forn 2 N and k 2 Z set

fo= k2" k2 "<f  (k+1)2 "]p:
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These areF;-measurable functions. Clearly limsupf, is F;-measurable and
diers only in a P-nearly empty set from f .

1.3.35 (i): For every rational g > 0 let X(? 2 F4 be a random variable
nearly equal to X (exercise 1.3.33), and setX 2« Iiminffxg: Q3 g#tg.
X0 isScIearIy adapted to F. = F.. Outside the nearly empty set
N & — [X3 6 Xg], X2 is right-continuous and agrees with X.. The set
[X°6 X] is evidently evanescent. IfX is a set, choose theX idempotent.
If X is increasing, de ne X = lim qz qost SUPy 20 X instead.

(ii): The su ciency of the condition is evident. For the nece ssity consider
the FP-adapted right-continuous decreasing processX ¥ [0; T) (conven-
tion A.1.5 and exercise 1.3.17). LetX ° be a right-continuous F .-adapted set
indistinguishable from X , and consider its \right edge"

TO% infft 0:X2=0g=infft:(1 X% 1g:

This is an F .-stopping time (proposition 1.3.11), evidently nearly equal to T.
If A 2 FF, then the reduction T, is a stopping time on FP. Let T be
an F . -stopping time nearly equal to T. Then Ap® [T%< 1 ] meets the
description of the second claim.

1.3.36 (i): Let A2 _FF and let P2 P. There exist A(M 2 F .1 o

n- - t+l=n"’
that is P-nearly equal to A. Then Ap & liminf, A(™ 2 Fy is P-nearly
equal to A. Conversely, assumeA 2 FE_. Given P 2 P we can nd an
Ap 2 F thatis P-nearly equal to A. Therefore A2 FF forall u>t and
A2F] .
1.3.42 Fix an instant t and a P-negligible set A 2 Fy. Then A\ [T >1]
2 F1 is P%negligible for arbitrarily large stopping times T, and then so is
A, provided we understand \arbitrarily large" to mean arbitrarily large with
respect to P%: for every > 0 and instant t there is a stopping time T with
PIT t]< sothat P° PonFr.
1.3.44 Let be the half-line, let F; be the -algebra of Lebesgue measur-
able subsets of , and let P be the restriction of the normal law ; to F; .
For F; take the -algebra generated by the sets inF; that are contained
in [0;t] and the interval (t; 1 ). The pairs (F¢;P) are all complete. Ifu>t,
then fug 2 A; is P-nearly empty, yet the outer measure that goes with the
pair (F¢;Pj=,) does not annihilate fug.
1.3.47 (i): FQ isthe -algebra generated by the functionsWs, 0 s t
(see page 15). Lett <cu . We have to show that if f is a bounded function
measurable onFy = ., oo, Fto,then f is already measurable orF{. That
is, we have to exhibit a function f® 2 F, that P-nearly equalsf . We let
f P be the conditional expectation of f on F? (theorem A.3.24 on page 407).
It su ces to show that fP diers P,-negligibly from f (P, is of course the
restriction of P to F,). In terms of the F -measurable functiong® f fP
this means that the measure ® g P, vanishes onF,. Suppose we know
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R
that (' )d (d!')=0 for every function  of the form (1.2.6):

S
(M)=exp i e Wy (V) Wy L (Y) ()
k=1
r«k 2 R; 0=1t <ty <:::<t_ = u. Then we notice that the family
of such functions forms a multiplicative class and apply exercise A.3.5:
vanishes on all bounded functions measurable on the -algebra generated
by the functions ( ); this -algebra is evidently F; and we are done.
In proving that  vanishes on the function of ( ), we may assume thatt is
among thety, sayt = tx 1, and by inserting another point strictly between t
and the next instant and renaming that new instant tx we may assume
that tf is as close tot as we please. We get

d =E[g dP]
h P P [
= Eg e(' Kok TkWe Wy ) e(' ke L TkWe Wey D))
h P i h i
= E g e(' k ok Te(Wee Wey 1)) Y E e(irk(wtk Wi 1))
K<k L
h P iy \
byAzas: = E g el ok W Woo ) el it te 1=2) .
K<k L

We have used the fact that g is measurable onF{, , and that the following
increments are independent of this -algebra and of each other. Now as
tx #t, the second factor in the last line stays bounded, and the r¢ factor
converges to h X i
E gexp i re(We, Wi ,)
te t
which is zero, since the exponential id-{-measurable.

(i): The set [T =0] belongsto F[W] F P[W]. The latter -algebra
contains only sets nearly equal to either; or . Thus P[T = 0] equals
either zero or one. IfP[T* = 0] =0, then P[T = 0] =0 and vice versa
{ simply consider that T is\T* for W." Inthatcase T > 0 almost
surely and WZ ., =0 for all t. From exercise 1.2.10 in conjunction with the
optional stopping theorem 2.5.22 we see that thenE[T ~ t] = 0. In other
words, we must haveP[T" =0]= P[T =0]=1.

2.1.10 (i): If Sisan eIZementary st%pping time, then

XdzS= X [0;S]dz ()

forall X 2 E. Let t> 0 and let T, denote the stopping times of exer-
cise 1.3.20. With SE To Mt () gi\ées

Xdz™"t= X [0;T,~t]dZ; X 2E:
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As X ranges over the unit ball of E, the integrals on the right stay in some
unded subset ofLP, callit B. As n!1 , the left-hand side converges to
X dz T"t, due to the right-continuity of the paths. As X 2 E; varies, all
these integrals stay in the closure ofB, which is again a bounded set. That
is to say, ZT"t = ZT ' is global LP-integrator for all t, which means that
ZT is ap L P-integrator. R R
(i): XdzZS-T=[S<T] XdZS+[T S] XdzT for X 2E. As
X ranges over the unit ball of E, these integrals stay in a bounded set oL_P.
This argument covers the \global" case. Replace in itS with St and T
with T ” t to get the \plain" case.
2.1.13 If such ap extension is to exist, thenZ must satisfy (RC-0). Namely,
Z, Z; equals (t;u] dZ, and if u #t and consequently ¢ u] # ;, this
must converge to zero inLP(P), and thus a fortiori in measure.
To see the necessity of (B-p), recall rst what it means that a subset| of LP
is bounded: every neighborhoodV of zero in LP absorbs V; i.e., there is
a scalar r such that | r V. Now if (B-p) were ?_.g'olated, there would
exist a Y 2 E; such that the collection | of integrals X dZ of elementary
integrands X in the order interval

[ Y:Y]® fX 2E: jXj Yg

were unbounded. Forr = n there would beX, 2 [ Y;Y]with RXn dZ 2nV:
The sequence X ,=n) of elementary integrands would converge pointwise and
dominatedly (by Y) to zero, yet their integrals would stay outside V.

2.2.14 Use exercise 1.3.20 and the argument of proposition 2.2.11.

2.3.3 We use again the setS of 2.3.2 and setZ> < supfj Zj, : s 2 Sg.

For < kZSk[ L T inffs2S :jZj,> g”u is strictly less than u on
[ZS > ], aset of probability > wherejZ it . We get the inequality
h < [
= Z> > . 1Z ] BE
With the independent Bernoulli random variables ;:::; 4 oftheorem A.8.26,
- - X
CH
X
and with exercise A.8.16: Ko Z; X < 0
[PLT o ]
X Z
Now Z: (t)= [0;T]dz ;
and consequently Ko 1ZY1 = KgiZ"!

o 1] "l

Now take the supremum over < 0, < kZSk[ ] and S [O;u] etc.
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P
2.3.7 Let X = fq [0]+ Ezl fn (th;th+1 ] be an elementary integrand that
vanishes pastt and hasjXj 1, as in equation (2.1.1) on page 46. Then

Z X
X djZj= fojZjo + fn i Zjtha | Zit,

n=1

b\
= fosgnZo) Zo+ fnsonii,) Zt, . Zy,

n=1
X
+ fn Ztn+l Ztn Sgn(Ztn) Ztn+l Ztn
n=1
Z
XY dz + A; ()
X
where Y € sgnZo) [0]+  sgnZi,) (tn;tnal
n=1
is an elementary integrand inE; and
X
A¥ L,y Zy, sonZi,) Zt,., Zi,
n=1

is a sum of positive random variables; indeed, since the abkde value function

j-j is convex, jzz] | z1) sSgn(zi) zz za 0 for any two reals z1;z,. For

the choice ), = [0;t] we actually get the equallity jZj; = Y dZ+ A, whence

A= |Zj Y dZ. Now ( ) stays when X is replaced by X . Therefore
Z Z Z Z Z

X djz] XY dz + A XY dZ + [0:t]dz Y dz;

B
1

sum of three random variables that all havedl &-mean less than {Zt e
2.3.8 (ii) For an elementary F .-stopping time T, [0;T]. R 2 E!. Con-
versely, if T is an elementaryF . -stopping time, then for every qne of its values
ti thereisanA; 2 Fy, sothat [T = tj]= A; R. Then T ¥ i Ajisan
elementary stopping time onF. with T=T R and [0;T]. =[0;T]. R.
Taking di erences and linear combinations as in equation (21.4) we see that
E consists exactly of the processeX R with X 2 E. The processesX
with X R 2 P are evidently sequentially closed; thusP R P { here
P denotes the predictables forF ., of course. Conversely, the processeX
of the form X = X R are also sequentially closed and contairE, so they
exhaust P .

(iv) If N 2 F, is P-negligible,thenN R = R %(N) is P-negligible; therefore
the inverse image of aP-nearly empty set is P-nearly empty, and X R is

1 See convention A.1.5 on page 364
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(F.; P)-previsible provided X is (F.;P)-previsible.
(v) Equation (2.3.9) extends to dF e o= dF Re, o in the two steps of
Daniell's up-and-down procedure. This leads directly to the remaining claims.
2.4.3 Hint: Suppose |V, =inff Vi tu>tg>:Vi+ .SetU¥ fu>t:
Vu |5/t1< =2gand pick u; 2 U. Thereareft = top<t; <:::<t |41 = uUQ
with V.,  W,J > . Repeat this with u, = t; etc. and conclude that
Vie =1 .
249 (@():If T < ,then I; for somet< and consequentlyl >
and T * .Thus T * T . The reverse inequality is obvious. (ii):
[T* <t] = [T M+ < t], so it suces to consider the case that
takes only cguntably many values ,. As [T * <t]\ [ = ]2 Fy,
[T" <t]= [T* <t]\[= a]2F.
2.5.2 Since by exercise A.3.27 (v)
h [

EIM{jFs] = E E[giF]jFs = E[giFs]= MJ; s<t;
M ¢ is a martingale. Next, there exists aK 2 R such that the function
o =( K_g"K)haskg gkk ., < . Let G be any sub- -algebra of
F1 . Then E[gk jG] lies between K and K and hasL !-distance less than
from g, since by Jensen's inequality A.3.24

JE[giG] ElokiCGli = JEI9 o jGli E[g g«]iG]:

Thus the collection f E[gk jG] : G F 1 g is uniformly integrable.
2.5.4 See exercises QNZ.lO, 1.2.11, and 1.3.47. S
255 Setgy “ E[g F]. L% > 0 and consider the algebra F. Its
step functions are dense inL'(  F;P). There is such a step functiong with
kar gk, . It is measurable on someG 2F. For G G°2 F

GO

6 ¢ ko gkt g @JG°1 2

2.5.6 Without loss of generality we may assume that both f and f° are
bounded (how?). For everyn 2 N let F, be the -algebra generated by the
sets k2 " <f (k+1)2 ", k=0;1,2;:::, and the P-negligible subsets
of F. Both f and f © are measurable on the -algebraF, generated theF, .
M, € E[fjF,] and M2« E[f §F ] are uniformly integrable martingales on
the lItration fF ,g,2n (example 2.5.2). The hypothesis translates toM, =
M2 P-almost surely. SinceM, ! f and M2 ! f9%in L1(P)-mean (exer-
cise 2.5.5),f = f 9 P-almost surely.

2.5.12 (i): By corollary 2.5.11 this condition is necessary. To sedhat it is
sucient, let s <t be two instants, and let A 2 F5. Form the elementary
stopping time sy M t which equalss on A andt o A (exercise 1.3.18). The

given information E[M; Mg, ] =0 can be rewritten as
z z

E[MjFs] dP = Ms dP:
A A
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(i): Let M;N be supermartingales, 0 t and A 2F. Then

z z z
M AN AdP= M{"N{[Ms<NgAdP+ M~ N{[Ns McAdP
z y4
M{ [Ms<NsAdP+ N{[Ns MJAdP
z z
Ms[Ms<NJAdP+ Ng[Ns MsAdP
z z
= Ms"Nsg[Ms<NsJAdP+ Ms”Ns[Ns McJAdP
z
= Ms"NsAdP:

2.5.14 For the rst statement apply exercise 1.3.35 on page 38. Next
since M is uniformly integrable it is L'-bounded andM; % lim, M, exists
pointwise. Again since M is uniformly integrable this limit is taken in

L1-mean (theorem A.8.6).

25.16 Set F{ = F, and My = M, for n t<n+1 and apply proposi-
tion 2.5.13.

2.5.21 (i): Use exercise 1.2.11 and lemma 2.5.18.

(ii): From (i) P[SUPs, Ws=n>=n + =2] e . With =n%3and =n 13
the rst Borel{Cantelli lemma gives P[sups,, Ws=n> 2n =3 i:0:]=0. This

implies limsupW;=t 0, and liminf W;=t= limsup W;=t 0.

2523 (ii): Let0 s<t and A2Fg. Then

EIM{ A]I=EM/ A [T s +EM/ A [T>s]
=E Mg AT s] +EMmry A [T>5s]
= EMsrs A [T 8] +EMs 1ar A [TAt>s]
by theorem 2.5.22: =EMtrg A [T s] +EMg A [Trt>5s]
= EMtsrg A [T S| + E Mgag A [T >5]
=EMt+s A =EMJ A
and EM/[jFs]= MJ :

(ii): Let M be a local martingale. Given at 2 R, and > 0 one can nd a
stopping time T with P[T <t]< suchthat M T is a martingale. Then T"t
has P[T*t<t]< and reducesM to a uniformly integrable martingale.
(iv): Let O s<t< 1 and A 2 F4. There exist stopping times T,
that increase without bound and reduce M to martingales. For m 2 N set
Am = A\ [s<Tp]. Then A, 2 F s+, and by Fatou's lemma A.8.7

EMcAn]  liminf EMinr, An]
n!
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E[Ms"Tm Am]
EIMsAn] E[MsA]:
Hence EM;{ A] E[MsA]:

by part (i):

sinces<Tm on Am :

For the last statement of (iv) write

EMs_r]= E[Ms_1[S T+ E[Ms_1[S>T]]
= E[Mt[S T]+ E[Ms[S>T]]
by 1.3.16 (iv): = EEMtjFs~t][S T] + E E[MsjFs~7][S>T]
by part (i): = E[Msr7[S T+ E[Msa7[S>T]] = E[Ms~t] = E[M(]

P
2.5.25 For X = fqy [O]+ r,:lzl fn (tnh;th+1] an elementary integrand as in
the proof of theorem 2.5.24 we take the square root in

I
h Z 2i h "2
E X dwW = E fn Wt,., W)
n=1
hy 2i
= E fn th+1 th
n=1
hy i
= E f2 WZE,  2W ., W, + W2
n=1
hy [
by 2.5.4 and 2.5.3: = E fﬁ Wtzn " Wtzn
n=1
hy i ZZ
by 2.5.4: = E f2 thw th = X2dsdP:
n=1

For the second equality choseX =[0;t].
2.5.31 From proposition A.8.24

8
ap 1=p
forl<p< 2,
% ® DC P g
1 forp=2
p + =_=<p<
% 0 32 3 p for2=3<p< 3
1 1=p
_p4p2 for2<p< 1.

(Since limpgpr 2A,  57:8, this is an unsatisfactory formula; the problem
arises to fashion a better one. Using complex interpolationone can show
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that A, (2%)*® P for 1< p< 2, which has at least the right limit
behavior at p =2)

2.5.32 There is a nearly empty set N; o which the path Q 3 q 7! Sy
has no oscillatory discontinuities (lemma 2.5.27 and lemma&.3.1). Use this
to dene S limgu Sq, @ supermartingale with right-continuous paths and
adapted to FP . For > OsetT @ infft:S < g. Thisis a FP -stopping
time at which S? . Let T pe the stopping times of exercise 1.3.20 and
X aninstant t. By exercise 2.5.12E (S; S..;m) [T(”) <t] 0, which

in the limit produces E S [T <t] T E SP[T <t] E St [T <t]

P[T <t] and exhibits N, « [T <t] asP-nearly empty, inasmuch
as S; is almost surely strictly positive. Now if the restrictiont o Q of S.(!)
is not bounded away from zero on [0t], then neither is S%! ) and ! must
liein No: N ® N;[ N, meets the description.

2533 Let s <t and A 2 Fg. There are stopping times U, that
converge almost surely to 1 and reduce M to martingales, so that
E[A (M2 MY)]=0. Now M " I,y M, with jM”j M7 2 L?!
when M is an Ll-integrator (see theorem 2.3.6 on page 63). Then
E[A (M Mg)] =0, and we see M is a martingale. The second claim
is established similarly.

3.1.2 Let S(M:T(M pe the stopping times of exercise 1.3.20. Then clearly
XM & n (S AR TMAR] are elementary integrands whose supremum
H=1 (S;T]2 E, majorizes jFj. It suces tcP_Qshow that dH e, :
But this is evident: the stochastic integral f ¥ X dZ of any X 2 E with
jXj H vanishes o [S <T] and therefore hasdf e ; the supremum of
such df &, is dH e, .

3.1.3 This is immediate from exercise 2.5.25 and Daniell's constrction.
3.2.2 For every n there is a countable collection X (k) in E whose
pointwise supremum isH (V). The functions X (M € sup, X k) HM

belon? to E and increase pointwise to supi H () . Hence
nm | nmm mm | nmm

supH™  =sup XM sup H™ supH (M
n n n n

3.2.5 Suppose F is evanescent. Then the projectionN of [F 6 0] on
is nearly empty. By the regularity of the ltration, XN [01)
is an elementary integrand, and evidently aiX e, 0 = 0. The countable
subadditivity of the mean implies that dil X e, 0 = 0, the solidity then
that diF e, 0= 0.
3.2.11 The rst statement was done in 3.2.7 if F is ereryWhere de ned.
3.212 (ii): Givenan > 0 _nd N 2 N sothat [ dF,e < =2.
Then nd 0 <r< 1sothat ., dr jFhjeep,< =2. Use the countable
subadditivity and solidity to conclude that d¥ jFnje <
3.2.15 (i): If F 2 L[dl e], then there are elementary integrandsX, with
aF X,e < 2 ". The proof of theorem 3.2.10, suitably adapted, shows
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that the sequenceF; = X1;F, = Xo Xq;iiiFp = X Xy 1500 will meet
the description. For the converse note that for X,;:::; Xy 2 E
| X mm X X
F Xn dF, X,e + aF, e :
n=1 n=1 n=N+1

Given > 0, nd rst N so large that the second sum is less than=2, then
nd X, 2 E such that the ( nite) rst sum is also less than =2.

(i) is plain from (i) and the countalgle subadditivity of the mean.

(iii): Let Fn 2 LY[dl e], with ¢f Fpee < 1. Find X, 2 E+ with
aF, X,e 2 " (whycanthe X, be chosen to be positive?). Then

I x mm | X mm | X nm
Xn Fn + (Xn  Fn)
n n n
I X nmm
Fn. +2<1;

n

and therefore diX e !,;; 0.

3.2.16 (i): Let X, ; Y, be sequences inE that converge in mean to
F:G 2 L[dl e], respectively, and letr;s 2 R. Then rX, + sY, converges
to rF + sG in mean, since

a(rF + sG) (X, +sYy)e |jrigdF X, e +jsjdiG Y,e ;

which converges to zeroasn!'1 . Thus
z z z z

(rF +sG):Iirrr]1 (an+sYn):Iirrr]1 r- Xn+s Yq
Z Z
=r F+s G:

This shows that the integral is linear. Next let (X,) be a sequence of ele-
mentary integrands with IQiF Xnhe !n!R 0. Then dX, & !y aF e
by exercise 3.2.9, and s¢ F dZj=lim,j X, dZj lim,dX,e=dFe.
3.2.30 If not, one of the collectionsM = fA\ (k 1;k]: A 2Mg would
contain uncountably many non-negligible sets. For somer 2 N we would
have @lA @ > 1=r for uncountably many A 2 M |, which is impossible since
the measure of € 1;k] is nite.

3.3.3 The General Stone{V}_lgierstra theorem A.2.2 permits the extension
of the bounded linear map - dZ : E°! LP to EO, so that the A; and
E° may be assumed to be both algebrasind vector lattices closed under
chopping. The argument of lemma 3.3.1,Ryvhich does not refera the nature
of the elementary integrands, shows that - Z! is -additive in probaq_igity.
The argument of proposition 3.3.2 also carries through, sheing that . Z
is a -additive vector measure to LP. Daniell's mean furnishes an extension
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satisfying the Dominated Convergence Theorem, and therefe integrating
every elementary integrand in E.

3.4.1 There is a seguence of elementary integrandX K with Kee < 2 K
fork l1andF =, XK ae. andinmean. ThenYX & ~  KkjXX]
converges to an integrable functionG. Set U¥ [G >M ] G=M. Then
U=supyx 1 n(Y (Y AM)) 2 E, and dlUe < for a suitable
choice of M . On U¢, =, X converges uniformly to F .

3.4.7 The class of functions such that (Fq;:::;Fy) is measurable is
closed under pointwise limits, by Egoro 's theorem, and cortains the con-
tinuous functions, by theorem 3.4.6. Thus it contains the snallest class of
functions closed under pointwise limits and containing the continuous func-
tions, viz. the Borel functions.

3.4.8 Needed

3.5.4 The rst statement is clearly true if Z is continuous and adapted. The
collection of adapted processe& such that ZT is predictable is closed under
pointwise limits. If the predictablelprocess V has right-continuous paths of
nite variation, then Vi = supf , V%1 V9% g, where the supremum
is extended over all nite rational partitions fO = ¢ < q; <y <:::g of
[0;1).

35,5 Let > 0. There is aK such that P[jfj K] . Let us write
f(S;T] G=GK)+ GO with GK) & f [ifj<K] (S;T] G and G° &
ffi K] (STl G =1 (Sirj «x;;T1 G. GX), being Z 0-measurable
and majorized by KG, is Z O-integrable. G° vanishes o the stochastic
interval ( S;jr; k; T], whose projection on has measure less than , and
thus has GIJIGO@Z 0 (exercise 3.1.2). That is to say,f (S;T] G diers

arbitrarily little (by less than ) frorga Z O-integrable process §*)), so itis

Z O-integrable itself. gurthermore, f (S;TlgG dZ=lim « u GK) dz. It

suces to show that  GX) dz=f[ifj<K] (S:T] G dZ; in other words,

that equation (3.5.2) holds when f is bounded. If it holds when S and T

are elementary, we apply it to the stopping times S(") A n; T(M A n and take
the limitas n!1 : we may assume thatS; T are elementary. If it holds
when f isasetinFg, then it holds for linear combinations of them and their

uniform limits: we may assume in ﬁddition that f is a sehA 2Fs. Inthat

case the equality in question reads (Sa;Ta] GdZz=A (S;T] Gdz. If

G 2 E is an elementary stochastic interval or a linear combinatia thereof, it

is true by inspection; it follows in general by approximation with elementary

integrands.

3.5.7 (i): Let XM pe a sequence irP” with pointwise limit X . There

are predictable processesX ,(3”) such that N, & [x( & X,(D”)] is nearly
empty. Set Xp =limsup X,(D”) . This is a predictable process. The projection
of [X 6 Xp] on is contained in the union of the N, and therefore in a

negligible set of A; : it is nearly empty itself. In other words, the paths of
X and Xp agree outside a nearly empty set.
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(ii): Let us start by showing that a measurable (see page 23) wanescent
process X is predictable. There is a nearly empty setN such that X
vanisheso N % [0;1) N . Now the collection M y of processesY such
that Y N 2 P is a monotone class and contains every generator of the
measurable processes of the forms(t] A, A2F, . Indeed, (s;t] A N
=(s;t] (A\ N)isin E on the grounds that the nearly empty set A\ N
belongs to Fo = F(f, . Therefore M \ contains all measurable processes,
in particular X . That is to say, X 2 P. Now if X is a measurable
previsible process andXp 2 P cannot be distinguished from X with P,
then X = Xp+ X Xp Iisthe sum of two processes irP .

3.5.10 (i): (t 1=n)_O0O predictst. (T+( 1=n): n> \}v:) predicts T +

T! T2 ::: are announced by T}; T2;:::, then T§ = .\ TX predicts

T, and T2~ oo~ TK predicts T2 oin TKL (ii): 04~ n predicts Oa .
Sa = S_0a. If SV announcesS, then S, [;” n announcesSis 1.
3.5.11 It suces to show that [0 ;T) is predictable; all other intervals in
guestion can be gotten from this one by taking intersectionsand relative
complements with intervals then known to be predictable. Lé T, be a
sequence of stopping times announcing and simply observe that [Q T) is
a simple combination of predictable sets:

[0:T)= | [0 Taln[T]:

n

3.5.19 (i) The set ft: W g is left closed, on the grounds that the
non-oscillatory nature of the path of V 2 D prevents it from having an
accumulation point. The graph of T , is the intersection of the previsible
sets [T (Jand [ V ]. The claim follows from theorem 3.5.13. (ii) (See
the proof of theorem 2.4.4). For everyi;j 2 N de ne inductively T"% =0
and

TO* =inf t>TH . 1, 1=]

From exercise 3.5.19 we know that theT" are predictable stopping times.
They are countable in number, so we count them: TW = T%T%:::
The T? do got have disjoint graphs, of course, so we forc§ the issuesince
Pn @ [Thln _, [T9 is previsible, the reduction T, of TOto  _, [T 6 Tal,
which has P, for its graph, is a predictable stopping time (see theo-
rem 3.5.13). The T,, meet the claim.

3.5.20 Let S, be a sequence of stopping times announcing . By Doob's
optional stopping theorem 2.5.22,

MT = lim Msn =lim E Ml stn

both almost surely and in L!-mean. For every g, and A 2 F s, the integrals
of M; and M, over A agree. SinceFr = Fg, , these integrals agree
also if taken over any set of F+
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3.6.8 XF XF is predictable, soXE XF a.e. By the same argument,
X 1MF E. Division by zero does not really occur (why?).
3.6.13 Let T(" be the stopping times of exercise 1.3.20. The equality

Z Z

XdzT"" = X [0;T™M A Kk]dz

holds trivially for all X 2 E and all k;n 2 N. By right-continuity we have
z z

XdzT'k= X [0:;Tk]dz

for all X 2 E. Consider the collection of all predictable X for which
the equality above obtains. By the Dominated Convergence Tleorem this
collection is closed under limits of bounded sequences anthérefore contains

all bounded predictable processes. Lettink ! 1 shows thatforall X 2 Pgg
z z

XdzT= X [0;T]dzZ: ()

Now let & be aZ-envelope ofjGj. Choose it so that it is also aZ T -envelope
of jGj. Then by exercise 3.6.8
1 mm
G [0;Tle, ,= 6 [0;T] -

1 Z mm
by corollary 3.6.10: = sup Y dz Y 2Poo;jY] 6 [O;T]
p
1 Z mm
by ( ): = sup Y dZ"  : Y 2Po:jY] ®
p
= dGey,r

The rest is even simpler. Suppose, sayG [O; T] is Z p-integrable. There is
a sequence of elementary integrand¥ (" with diG [0;T] X(g@z !0
The[g diG X(n)elhp = @G X™) [0;T]le, ;! Oand Gdz' =
lim XM dzT=lim X®™ [0;T]dZ.

3.6.14 Themeandl e dl & ,+ dl &, , majorizesd(Z + Z°% on E and
therefore di & 4700 ON predictable processes (exercise 3.6.16). Le¥;F
be predictable with E F  F and oF Fe, , =0, and let F%F° be
similar, constructed with Z° instead (proposition 3.6.6 (ii)). Set & F 2 =
and  © FAFC Thendi e =0 and therefore di Fe&, .20 0=0.
If F is integrable for both Z and Z° then is nite for dl & , and
dl &,,, therefore for ¢l & and for di & 4200 it and with it F is

(Z + 29 O-integrable; etc.
36.16 If dFe, /> a,then dl Y dZe, > a for someY as in coroll-

ary 3.6.10. SuchY is integrable for any mean; there is a sequenceX((") of
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elementary integrands converging in the meandl @ + dl & to Y. Then

tFe dYe =lim,dX Ve |m,dXMe, ,>a.

3.6.18 Start with p 1. Consider pairs @; a) consisting of a Z-non-
negligible predictableZ p-integrable set A and a positive -additive measure
A thatsatises j (X)] dl X e, 0 and

a(P)=0(dl Pe ;=0 8P 2P:

A maximal collection of such pairs with mutually disjoint r st entries is at
gost countable, so we write it f(A®; . );:::g. The complement B of

« Ak is Z-negligible; if it were not, then the Hahn{Banach theorem A.2.25
would provide a linear functional on LM [Z p] with (B) > 0. Such
would be a measure onP, and it could be chosen positive. It is not hard to
restrict  to a subset A@ of B such thab(A(o); ;a0 ) could be adjoined to
the supposedly maximal collection. = | 2 k- A, Meets the description.
If 0 p< 1, then theorem 4.1.2 provides a probability P° P for which Z
is an L2-integrator. The measure produced above in this situation is a
control measure forZ .
372 TO T@ reducesZ to an LP(P)-integrator. (exercise 2.1.10). We
may assume without loss of generality that G is positive. By exercise 3.6.13
the G (SW;TW]arez™T”-T? p-integrable and then so is their supremum
G (SW~s@;TW _TOL 4
3.7.8 ForeveryP2 P let P G dZ denote the stochastic integral computed
in L°(P). Let denote the collection of bounded predictable proceses X
such that there eﬂsts a right-continuous processX Z with left limits and
with (X Z);2P X [0;t]dZ forall P2 P and all t> 0. Clearly E
Let X (™ be a bounded sequence in that converges pointwise to some
X 2 . Bylemma 2.3.2 and exercise 3.6.13

| » M
xm z xm z 'm0
t LoP)

for every P2 P and t> 0.2 That is to say, the set of points in  where the
path of X (" Z does not converge uniformly on every nite interval belongs
to A; Dby its description and is P-negligible for every P 2 P. We set
X Z =0onthissetand X Z =lim X Z elsewhere. Using the regularity
of F. we conclude thatX 2 : contains all bounded predictable processes.
If X is predictable and locally Z O;P-integrable for every P 2 P, we apply
theresultto ( n)_ X ~n [O;n] and take the limit.
3.7.9 There are stopping times T, increasing to 1 that reduce M to
global L1!-integrators for which G is M Tn 1-integrable (corollary 2.5.29).
The situation is reduced to the case that M is a martingale and global
L l-integrator and G is M 1-integrable. We have to show that thenG M is

2 Previous faulty formula corrected by Roger Sewel| <rfs@cambridgeconsultants.com>
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a martingale, i.e., that E R Xd(G M) =0 for X 2 E with Xy =0 (see
proposition 2.5.10). This is evident if G is elementary, and follows in general
by approximating G with elementary integrands in dl & ,, -mean.
3.7.15 Apply exercise 3.6.13 and lemma 3.7.5: for any
Z Z Z
(GZ™)2 GdzT= [oT~t] GdZ= [0;T~t]d(G 2)
0

3(G Z)1~=(G Z) :

Now use the right-continuity of the ultimate right and left- hand sides.
3.7.16 We start with the case that the graph [T] is included. Setting
B (s;!'): 12 o;s T(I') write

X Z X%z%=(X X9 z+Xx%@z z9Y: ()

It is clear upon inspection that X (Z Z9% =0 on B if X is an elementary
integrand. We know from exercise 3.6.14 thatX%is (Z Z9 O-integrable.
There is a sequence X (") of elementary integrands such thatX (™ (z  z9
converges toX ° (Zz 29 uniformly on bounded intervals, except in a nearly
empty set (corollary 3.7.11). We conclude that, onB, X°%(z Zz9is
indistinguishable from 0.

To show that the rst term of () is evanescent onB let > 0 and set
S=inf t: (X X9 Zz : . This is a stopping time (proposition 1.3.11).
On o\ [S T]the entire path of (X X9 [O0;S] vanishes. From coroll-
ary 3.7.13 in conjunction with lemma 3.7.5 and exercise 3.3 we know that
for all t

Z gn¢ Z
X X9z, 2 (X X9dz= (X X9 [0;S]dz!
0
almost surely vanishes on this set. The right-continuity of (X X9 Z shows
that the whole path of (X X9 Z vanishes almost §urely up to and including
time S on o\ [S T]. Since (X X9 Z on [S< 1], this
implies that S > T almost surely on . We take ! 0 and conclude that
(X X9 Z vanishes almost surely on  up to and including time T.

If [T] is excluded, we apply the aboveto T ) _Oandlet ! O.
3.7.18 needed
3.7.19 The rst statement was done in exercise 3.5.8. For the secondtate-
ment note that (S;T] Z = ZT ZS is previsible if S; T are stopping times.
Thus X Z is previsible for X 2 E. Now approximate the general integrand
as in corollary 3.7.11.

3.7.20 (i) To say that f G is Z O-integrable on (S;T] means thatf G

(S;T] is Z O-integrable (exercise 3.6.13). In view of de nition 3.7.1neither
hypothesis nor conclusion are changed if we replac& by G (S;T]: we
may assume that G vanishes o (S;T] and is Z O-integrable. Thenf G
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is Z O-integrable on (S;T] if and only if f (S;T] is G Z O-integrable
(theorem 3.7.10), which is true becauseG Z is a global L -integrator and
f (S;T] has almost surely nite maximal function at 1 (theorem 3.7.17).
Thus

Z+ Z
f Gdz= f (S;T]d(G 2)
S+
by exercise 3.5.5: =f- (G 2Z2)r (G Z)s _
Z
by exercise 3.6.13: =f- (S;T]d(G 2)
Z
by theorem 3.7.10: =f- G (S;T]dz
Z 1
by exercise 3.6.13: = f_ Gdz:
S+

(i) Again we may assume that G vanishes o the predictable interval [S; T]
and is Z O-integrable. Again we know a priori that f G is Z O-integrable
on [S; T]: it amounts to saying that f [S;T] is G Z O-integrable, which is
true for the same reason as above. This allows us to reduce th@oblem to
the case thatf is bounded. For if we have the equality (3.7.6) in this case,
we apply itto ( k) _f~rkandletk!1l . Sayjfj Kk.
Let (S(M) be an increasing sequence of stopping times announcing. There
is a sequence of Fgu)-measurable functions f (M with jf ()] k that
converges almost surely tof ; we can take forf (") the conditional expectation
of f given Fgm), or by density rst nd the f(™ so as to converge in
dl eg-mean to f and then go to an almost surely convergent subsequence.
Now from (i)
Z ¢ Z ¢
f(m Gdz =M Gdz; m n2N:
S(n) + S(n) 4+

Welet rst n!1 andthenm!1l and getthe claim.

(iif) G is predictable (proposition 3.5.2) and has almost surely nte max-
imal function at any nite instant t. Itigghus Z O-intquable on every inter-
val [0;t] (theorem 3.7.17) with integral G [0;t]dZ=" fyx (Z§,,  Z§,)
(proposition 3.5.2 and theorem 3.2.24).

3.7.21 By corollary A.5.13, jX (M Xj2 is F;-measurable. Thus every sub-
sequence ofX (M has a further subsequenceX (") with jX (") Xj2 1, 0
almost surely. Then X (™) [0;T]! X [0;T] nearly uniformly and thus

Z-almost everywhere. By theorem 3.7.17,X (") [0;T]! X [0;T] in

Z p-mean, by equation (3.7.5) (X(™J) zT X zTi, o 0, and the
claim follows from theorem 2.3.6.

3.7.24 Make k(X X M) [0 K]k, 0 summable and use Borel{Cantelli.
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3.7.25 Let S;;S, be stochastic partitions. Then S & Sf [S]1:S2S:[S 29
is progressively measurable. De ne by inductionT; = inf ft : t 2 Sg and
Te+1 @ infft>Ty :t2 Sg. Ty, being the in mum of the rst stopping time
of S; and the rst stopping time of S, is a stopping time (exercise 1.3.15). If
Ty is a stopping time, then Ty.1 is the debut of the progressively measurable
set (T1;1 )\ S and therefore is a stopping time, by corollary A.5.12. This
big result uses the natural conditions, so it is better to argie as follows:
[Tker t]= f[Tk<S 1t]:S2S;[S29. Now [Tx <S]2 Fgs (exer-
cise 1.3.16) and soTx <S t]=[Tk <S]J\[S t]2F:. The Tx and
T, ¥ sup,y Tk make up a partition that re nes both S; and S;.

3.7.27 Let R¥ (X;Z), R: | D? the associated representation so that
X =X R,Z =7 R. Now de ne stopping times Sy : D? ! Pﬁ and processes
Vf ) on D2 by (3.7.10) and (3.7.11). Choose , so that  f(n,) < 1,

let and set (x. 2z). ¥ Ilim Vf n)(X.;z,) where this limit exists uniformly on
bounded intervals, x. z % 0 elsewhere. This produces a mapD? ! D
which is easily seen to be adapted to the canonical (i.e., rig-continuous)
Itrations on these path spaces. Clearly the version of X. Z produced by
the algorithm (3.7.11) is nothing but the composition X, Z of (X;Z) with
this map, as long asZ satis es (3.7.13).

3.7.29 Apply the Borel{Cantelli lemma to this consequence of inequal-
ity (3.7.14):

h [
P X z Y(W?>1=n fn, zl,:

3.7.31 (ii) The set [N(U) >K ] is the same as $« < U], and on it

2 U u 2 2 w w 2.
K XSk+l XSk L XSk+1 XSk :

k<K k<K

We take the square root and apply corollary 3.1.7, getting
P_- -
K PIN>K]™ Lk ®89 ix¥

((]A'BB) from exer-

Raising this to the power g and using the estimate of K
cise A.8.29 gives the claim.
3.7.32 (i) The approximands of corollary 3.7.11 have continuous p#hs.

(i) Let X (M pe a sequence of elementary integrands approximatingg
in mean, fast enough so thatX (" zZ I X Z uniformly on compacta a.s.
(corollary 3.7.11). Since the equation in question holds byinspection for

elementary integrands,
(X Z)=lm( XM z)y=lim x™ z=x Z:

(i) The same argument works if X (") is chosen as in theorem 3.7.26.
3.7.35 Use theorem A.3.18 on page 403.
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3.8.3 Convolving the absolute value function j-j with a suitable approximate

identity  that is of class C! , has compact support, and is symmetric about
the origin produces C! -functions j.j¢ ) that converge uniformly on every
compact set in RY to j.j; also, the gradients of thej-j¢ ) will converge point-

wise and dominatedly on every compact tor j.j. Applying theorem 3.8.1 to

the j-j ) and taking the limit will result in the claim.

3.8.6 Apply exercise 3.7.19.

3.8.8 For =1;:::; cdlet S = f0= S S S, :: 1g bea
random partition 8, and setfo = Zy, fy = 25, Zo, Ty = 25 Zg, |,

k=2;3:::;K. Enumerate the f's: fq;: : fk+1yn. Let be the Bernoulli

random variables of theorem A.8.26. We have

(Kgr1) d 1= (Kgr1) d
f2 K‘()A.8.5)
=1 =1 Lp( )
(Kyr1) d 122 (K1) d
and so f2 Kp f
- LP(P) - LP() LP(P)
=1 =1
(K1) d
= Kp
. LP(P) LP()
1 T
Ko 1Z CE

This is because the sum in the penultimate line is of the formRT hX jdZ i with
X 2 E{. As the partition S runs through a sequence gvhose mesh tends to
zero, the left-hand side of this inequality convergesto ( "_, [Z ;Z ]T)
The casep =0 is handled similarly (see the proof of corollary 3.1.7).
3.8.11 Thanks to Roger Sewel| <rfs@cambridgeconsultants.com> , who
saw that the claim needed additional hypotheses and the righconstant to
become true.

There are arbitrarily large stopping times T; such that M '* and N are
bounded. For instance, the in mum of

infft: jM{j>kg and infft: jN{j>kg

tendsto 1 ask!1l . There are arbitrarily large stopping times T, such
that both M T2 and NT2 are LZ?-integrators. T % T, " T, can be made
arbitrarily large. The rst two terms on the right in

Z Z+

Mt Nt = M. dN + N. dM +[M;N ]y
0+ 0+

are the values atT of martingales that vanish at t = 0. Their expectation is
zero. The last claim follows from theorem 2.5.19.
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SupposeM is merely a @dhg local martingale. There are arbitraril y large
stopping times T such that both M T is bounded andM T an L -integrator
(corollary 2.5.29). In the formula

Z 1
M2 =2 M. dM +[M;M ]t
0+
either side is integrable i ( TM)? is, and if it is not then both sides have
expectation 1 . Thus

EMZ =E[M;M]y and EM?* 4 E[M;M]y

for arbitrarily large stopping times T.
3.8.12 Given > 0setSp¥ 0and Sg+p & TAInfft>Sy : jV°© Vsckj g.
For this partition 8
X
A¥['2;VC] jVSk+l VSkj EV i

n

T

Hence S[(¥] =0 and S[V]= SV +'V] S[V]= SV %] S[V]. The
second claim follows from the inequality of Kunita{Watanabe.

Thanks to Roger Sewell <rfs@cambridgeconsultan§.00m> for the fol-
lowing emphasis: The last equality makes sense only if ZdV is understood
ﬁs an ordlnarkgy pathwise Lthbesgue Stlelﬁes integral ($e gue 144). Then

'Zdv = ZdV+OZdV: ZdV+ 0 st Zs Vs =

0 7. dV+[Z; V], and the stated equality foIIows from the deRpition (3.8.8)

of the square bracket. [By proposition 3.7.33 on page 144,5 Z. dV can
be understood as a Lebesgue Stieltjes integral or a stochastintegral; either
way its value is the same.]
3.8.13 Without loss of generality My = 0. Since M is continuous and has
nite variation, [ M;M ] = 0 (exercise 3.8.12). There are thus arbitrarily
large times T with E[M2] = 0 (exercise 3.8.11). By theorem 2.5.19 there
are arbitrarily large bounded stopping times T with E[M7?] = 0: the set
[M? 6 0] is evanescent.
3.8.14
Z S Z S
YsZs = Y. dZ + Z. dY +[Y;Z]s
0+ 0+
X
= YoZo + Y Sk+1 7 Sk+1 Y Sk 7 Sk
0 k<1

S

X
= YoZo + Yssk+l Yssk Zssk+l Zssk
0 k<1

X X
b e Z8 Z8 w T zg Y8 S

0 k<1 0 k<1
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X

= YoZo + Yssk+l Yssk Zssk+l Zssk
0 k<1
Z s Z s
+ YS dz + ZS dy
0+ 0+

Subtract the rst line from the last and rearrange to obtain

X
[Y;Zls  YoZo+ (Y YNz Z9¥)
0 k<1
Z S Z S
= (Y5 Y). dz+ (z° Z). dY:
0 0
Now apply theorem 2.3.6 and theorem 3.7.10.

3.8.24 Roger Sewell <rfs@cambridgeconsultants.com> , points out that
this is put way too cavalierly: \is constant” should be read \ has a nearly
constant modi cation,” and even this statement needs the naural conditions.
Namely, only when the ltration is right continous do propos ition 2.5.13 on
page 75 or the nite variation furnish an adapted @dag mo di cation to which
the following arguments apply.
() Let Z be a previsible local martingale of nite variation, which i n vieew of
the natural conditions may be assumed @adhg. SetM € Z Z,. 2.5.29 and
3.5.16 provide arbitrarily large stopping times T such that M T is a bounded
global L!-integrator. Since M has nite variation, the continuous bracket
fM;M g vanishes (exercise 3.8.12) and proposition 3.8.22 resulis
Z
MZ= M+ M., dMT:

Since M is a martingale, the right-hand side has expectation zero (eer-
cise 3.2.17). ByDoob 's maximal theorem 2.5.19,E[M 2] = 0 for arbitrarily
large stopping times T: M is indeed evanescent, andZ = M, is nearly
constant.

(i) Again 2.5.29 and 3.5.16 provide arbitrarily large stopping times T such
that M T is a global L *-integrator and V' is bounded. By exercise 3.8.12

Z

X s

IM;VIE [M;V] = Mg V= VdmT
0<s TAS 0+

for any stopping time S; since this quantity has expectation zero, M;V]" is
by proposition 2.5.10 a martingale, and M; V] is a local martingale.

3.8.25 (i) Linearity and the Dominated Convergence Theorem reducethe
situation to the case that f is positive and bounded. By proposition 3.6.6 (ii)
there is a positive previsible processP  f [T] that diers Z 0-negligibly
from f [T]. By theorem 3.5.13, P > 0] is the graph of a predictable stopping
time S, announced by the sequence ), say. By lemma 3.5.15, Ps is
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measurable on the strict pastFg and can be approximated in measure by
random variablesf, 2 F 5 . Taking a subsequence, we can arrange things so
that f, ! Ps almost surely. Thenf, (S,;T]! P = Ps [S] except on an
evanescent set. Taking the limit in

Z

results in Z Z
f [T]dz = P dZ = Pg Zs .

Now since the L%-integrators f [T] Z and P Z are the same and have the
same jumps, and since the jumpPs Zgs of the latter vanishes almost surely
on [T <S]=[S=1],thejump f Z; of the former also vanishes almost
surely on this set, and the consequent equalityPs Zs =f Z1 results in

the claim.

(i) In the proof of proposition 3.8.22 apply (i) instead of t heorem 3.5.13 and
continue as in the proof of proposition 3.8.22.

39.1 Forany F 2 C?(D) setF® F Z,sothat = ( Z)and . =

. (Z),etc. Let ; 21 . Thatis to say,
o= T Azt dZZ RO, Z)
and d = ., dz + %;—td[z 2+ L, Zy):
Hence d[ ;T¢=d[ ;TS+ ~
=, JdZZ L+
and  d(” )= (d .+ (d+d ;T
=+ dz ()
+%——+——+2 T dZ sz ()
+ 0 (0 A0 E S G ¢ Zy) ()
+ ()
Now I
and() ., Z,=( *+ ) Z:
We see that the items in lines ( ) and ( ) add up to

.+ Z . ldentifying the products in lines ( ) and ( ) by means of
Leibniz' product rule gives

d =0 @+ dzizkr 0O,z
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This says that 21 as claimed.
3.9.3 Both existence and uniqueness are immediate from theorem %.15 on
page 291. It is also easy to see that a solutiorE must equal the right-
hand side € of (3.9.4): by exercise 3.7.16E satses E =1+ E Z"T
on [0;T;), where T, = infft | K 0g. Applying 1t6's Formula with
= In shows that E = € on [0;T;). By proposition 3.8.21, E = E
on [0; T1]. Then continue as in the existence proof. For the second alm,
compute: d(E[Z]E[ZY) = E[Z]. dE[Z29 + E[ZY. dE[Z]+ d E[Z];E[Zq =
(E[Z]E[ZY). d(Z + Z°+ d[Z;Z9)).
3.9.8 Since M;M]; = 1 ,the T * are almost surely nite. The time
transformation 7! T is left-continuous, 7! T * is right-continuous
(theorem 2.4.7) and so isG (exercise 1.3.30 (iii)). Due to theorem 2.5.22,
(W ;G) is a right-continuous local martingale. Let O < < 1 and
A2G ,andsetX ® A (; ]2P[g.

Since < [M;M] 0 T "< T";
we have Xpum 1= A (T ;T "12P[F]
Z Z
and XdW =A (W W)=A M;- Mr. = XpuidM:

That is to say, the vector space and bopwded mongtone class gfrocesses
X 2P[G such that X;y.m 2P[F] and X dW = Xum ] dM contains
a linear generator of P[G] and thus contains all bounded G-predictable
processes (theorem A.3.4). The usual truncation argument des the rest
(use corollary 3.6.10).

To prove that W. is a standard Wiener process we will show that

[W; W] = and invoke corollary 3.9.5. First, for > O,
Z
W:W] =wW? 2 W dw
0
Z T +
=Mz, 2 Wivm 1. dMs
0
Z T +
=[M;M]r « +2 Ms W[M;M Is dMs
0
Z T +

0

The last integral is the value at T * of a continuous local martingale whose
square at T * has expectation

h 1 , i
0
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hZ ,
by 2.4.7: =E M+ W, d
0
hZ ,
= E MT + MT d
0
Z h i

= E M;. My 2 d =0;
0
becauseM is almost surely constant on [T ;T *]. Thus [W;W] = for
all ,and W is a standard Wiener process.
Next let X be left-continuous and adapted to F.. Then Xy. is left-
continuous and adapted to G . The monotone class theorem shows thaiX 1.
is predictable on G, for all X g P[F.]. Lgt X be the elementary integrand
A (s;t], A2 Ks. To see that RS dM = X; dW itsuces by the above
to show that Xqmwm ; dM = X dM . Now

Xemwm 1= AV s<TMMIT = A\ [MiM]s< [M;M] [M;M ],
= A\ :T[M;M Is+ < T[M;M I+

so that def X XT[M;M ] = A\ (S;T[M;M ]S+]I[ (t;T[M;M ]t+]l

TIMM Is*+ "being the rsttime [ M;M ] is strictly greater than [M;M s, is a

stopping time. As [M; M ] is constght on [ rM; M]= 2 [M;M]=0,

and we see as above that, indeed, X dM = X;wmwv 1 dM and therefore
Z Z

Xtht: XT dw : ()

The monotone class of processes for which this equality hoéddcontains thus
a generator of P[F.], and then every bounded predictable process.

Let now O p <1 andlet X. be M p-integrable. In showing that

X1. is W p-integrable and satises (), we may without loss of generality

assume that X 0. Proposition 3.6.6 on page 125 (ii) provides upper
and lower envelopesX 2 P[F.] and ¥ 2 P[F.] that dier M -negligibly,

are nite for dl e, p(? and sandwich X: 0 X X X . Clearly

Xt. Xg. Rg.. Several applications of regu?arity (corollary 3.6.10 on
page 128) now show that the lower and upper P[G ]-envelopes X t. and
. . e
Xr. .of Xt1. dier W-negligibly, that diX.e, = diXr. &,  ,andthat ()
obtains.
Thanks to Roger Sewel| <rfs@cambridgeconsultants.com> , who pointed
out that the solution previously given here was garbled and leset with typos.
3.9.12 (i) Let T be a stopping time at which G and M T are bounded
and therefore are martingaleL 2-integrators. Then
Z
GT ?=1+2(G" G"),+ GT *dM;M ]
0
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Zt
1+2(G" G"), + GT ?2ds
0
h i hZ ¢ i Zi h i
andso E GJ 1+E (GT)? 2ds =1+ E (GT)®> Z2ds:
0 0

Gronwall's lemma A.2.35 gives E[(G?AT)z] exp(RZ 2 da. Now take
T "1 and apply Fatou's lemma to arrive at E[GZ]  exp( 3 2 ds). For
(ii) see [82] and [55, page 199]. For the last claim consult (.

3.9.15 There is an increasing sequence of stopping time3, 2 T whose
pointvsfise limit is 1 P-almost surely. Let 0 < t < 1 and set
N« [T, t]: This is a P-nearly empty set and belongs toFt, \ F
since F. is regular. The -additivity of P° gives

EG EGJT,>t] =PI[T,>t][ N]! PY]=1

3.9.18 Let %% pN,and FP=fA\ ©:A 2Fgthe Itration induced on
r"- Itis naturally measured by the_gollection P 0 of probabilities P°: A\ 07!
A dP, P 2 P. Let then (FZP,) be a consistent system of _ -additive
probabilities with 5? P onF?, P°2 P%t 0. Let |50:A8 “ T F2! R
be its projective limit. Again it is to be shown that if A 3 AQ # ;,
then 50[A2] I 0. We write A2 = A\ ©° where A, 2 A; can be
chosen to decrease a® increases. NowF; 3 A 7! PA]« |3?[A\ 9,
t 0, clearly de nes a consistent system E.;P.) such that P, P, on Fy,
P2 P;t 0. Forif P2 P vanishes onA 2 F, then PJA\ 9 =0 and thus
PA] = I50[A\ 9=0.Let P det?.ote its -additive projective limiton F; .
Then lim 50[A2] =lim P[A,]= P[ A,] PI[N]=0 (see equation (3.9.8) on

page 167).

3923 X zZz = X Z+Z X+9X;Z] = X Z2+9X;Z2]1=2 +
Z X+9X;Z2]=2=X Z+7Z X.

3.10.4 This is evident if F is a linear combination of functions in H. An
arbitrary function in E[H ] is the con ned uniform limit of such and its
inde nite integral is therefore uniformly on bounded inter vals the limit of
the inde nite integrals of such, at least nearly (see inequéity (3.10.3)). Then
clearly X is F.[ ]-adapted, and another application of inequality (3.10.3)
gives the claim.

4.1.3 An application of Helder's inequality with conjugate expo nents q=p

and gXqg p) yields
Z Z Z _Z _
(@ p)=p p=q

ifi"d = g jfj" d=g gq=(q P d =g jifj"9°Pd =g
c kf k[rqu (=g)

(i) is the rst half of exercise A.8.17. (i) Let X 2 L[Z q;PY. There
are elementary integrands X (™) converging in L'[Z ;P9 to X. Then
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(M e x 7z XM 7z has kjy (Mj? K agpey ! O uniformly for Y 2 P
with jYj 1. Then, with r = p in (i), supy kjY — (Mj? Koy ! O, which
implies | (”)’:Ip[P]! Oand XM 1 X in LY[Z p;P].

4.1.5 According to criterion 4.1.4 there is a strictly positive function go with
KGoK p-(a »(py 1 such thatforeveryx 2E

Z

1=q
il (x)j dP ma(l) Kxkg; X2E:
%
. . . dP -
What is left to do is to adjust go so that % becomes a probability.
0
Z Z
dP _ (p a)=p
Now since = p=(a p) dP
W Si %+ 0 d
Z _ (P a)=p
by theorem A.3.24: > gg_(q P gp 1 ()
Z
and dP <1;
Qo +1

fpere is a number 2 (0;1) such that the function g go+ satises

g 'dP=1. Then ¢°® g ! is bounded and P°= g% is a probability. (If
the inequality on the left in ( ) is not strict, we face by exercise A.3.27 (iii)
the case of a constantgp; it is silly to contemplate this case, and anyway
then g°= 1=g, =1 is a priori bounded.) The remaining inequalities are easy
to establish: by exercise A.8.2,

kgkLp=(q P)(P) 2 ¢ is ar -0 1+ ) 2(pP-(a p))=p;

which is inequality (4.1.14). The estimate (4.1.15) follows from exercise 4.1.3.
[Thanks to Roger Sewell <rfs@cambridgeconsultants.com> , who spotted
a couple of typos in the rst version (12/21/2006).]

416 (i): Let 0 <p <qg < @ and supposeER‘iiI pg(l) is nite. Then

thereisag Owith g=@Pd 1and 1g)°gd CThkxk'

Set g« gl@ =@ p) = gﬁ{ﬁ gP@ @=A@ P) Then gP=(@ P) ¢ 1, and
Helder's inequality gives 1 (x) Y gd  C%xKk".

(i): Let Xg;::5;%Xn 2 E, let C > ,4(1) and C° > (19, and set

+ O . 20_[(1 a)=q] k k., + 0 .
Le( ) ! T oLe()

0

20_[ a)=a] 20_[1 p)=p] K keq oyt “

LP()

— _ )@ 1:q
20-[0=a I 201 VI [c+Cq kx kI

=1
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That is to say,
pg(l + 19 20 @=a 0@ P=p 1)+ 4019 :

Page 195.. It su ces to prove inequality (4.1.13) for a step function

f = Xi A ; Xi2E;A; 2T :
i
Then
X
klfk”()w(): i XA La( ) LP()
X q 1=q
= I xi © (A)) o)

i
X 1=q
C  kxki (A) =Ckikiagy:

4.1.8 Such| can be extended via the methods of chapter 3 to a continuous
linear map of the bounded Baire functions onK to LP( ), preserving the
modulus of continuity. For the second claim use the rst one ; the Gelfand
transform P (see page 370).

(4.1.18) Indeed, let f)ﬁ:,g”:l be a nite collection of vectors in *1 (k). x

has an expansionx = e x interms of the standard basisfe g¢_; of
1 (k), and
jlx j*= X(Ie X X(Ie)zx (x )? kx (1e )%kx K4 :
=1
Therefore
lesz%w() P (Ie)Z%Lp() kak?l(k)%
_ X i X L
i (e " kx K gy
- PR X klekfp()% X kxk?l(k)%

i
2 .

1=p+1 =2 X 2
k Kk, kx K4 g

4.1.13 Choosep = 0:5, pp = 253, p, = :559,q=0:8, =1=4, and
= =8 and evaluate on the computer Toq(E) ~ 4:327:::, BASY
17:76::: (cf. inequality (A.8.16)), and get
Bi 1.9 Tpiq(E) klk[] 76:87::: klk[=8] 5000k|k[=8]

= (=87 2
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Page 208.. Exercise A.8.17 gives, withf = g®and r = pxq p),

q=p

2
0 0 a=(q p)
g9 [ :P] g Lp=(a p)(P=g) - kgk[- 2;P]
w1 o (a p)=p @19 | q=p
Epq Elsgpliz il
(4.1.9) _ = £ (419 a=p
Thus Eia  Epa 25)0 PP ELLLLZ]

forany p2 (0;1), g 1,and 2 (0;1).

4.1.14 (i) Apply theorem 4.1.7. (ii) Reduce to (i) by proposition 4.1.12.
421 K[Z] K [29and S; [Z]2K]([Z].

429 Let (dt) = fidy; and (dt) = dz. Clearly f0Og fOg .
Consider next an interval of the form [s;t). Given > 0 setty = s and
ther =infft>t, o jfy  fy ] g. Sincef does not oscillate at any point,
sup, tn >t . There willbe an N such that ty <t  tn+1 . Redenetys =t
and consider the partition fto <ti::: <tyn+1 = tg of (s;t] into half-open
intervals [t,;th+1). Sincef does not oscnlate by more than on any of these
intervals, we have

X
[s;t) = [t th+1)

X'
sup f(t) VY. Wi

n tn t<t n+1

(e ys)+  inf T Veao W

n <t na

(Yo ys)+ Z, ., %4,

= (v Ys)+ [sit)

Since this is true for all > 0, we have on all intervals of the form
[s;t) and their nite unions, then on the sequential closure of these, which is
the Borel -algebra.
4.2.11 There are arbitrarily large stopping times T such that M T is a global
L-integrator and M is bounded (corollary 2.5.29). LetN be a bounded
martingale and X 2 E;. The rst two terms in
Z Z
(X M)r Nt = (X M). dN + XN, dM+ (X M);N .
0 0
have expectation zero. Thus
h [
E(X M)y Nt =E[(X M);Nly =E X [M;N], E {[M;iN]i,

P —
by corollary 4.2.8: 2 2p kSy [M]k , KNip ko
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Taking the supremum over N with kN K o 1 and all X 2 E;, and
letting T!1 vyields the claim. The last statement is better done this way:
for X 2 E;

E(XX M)2 =E[X M;X M]s =E X2 [MM]: E[MMI

4.2.13 Using lemma 4.2.2 on page 210, continue at inequality (4.2)7on
page 214 instead with

h 0— O | 0y —~0
q=2 q)' (@2 a)=q
E jM7j% % E Mm@ 2 KM K q
e (a 2)=q
= —j E[M 7] KM Kq ;

divide, and take the square root. The rst inequality is corollary 4.2.4.
4.2.14 In view of exercise 2.5.17 only the case k q < 2 is new. We
continue the_notations from its answer on page 470. The cruail inequality
KSh K, » n can be replaced by

Sk CU2 g =, | p2
nARLa q [ ’ ]n La - q . La
X0 1=q
Cq jF j¢ Cq n*™:
La
=1
A similar argument gives
- o X F2 1=2 X j|: J‘q 1=q
B G om0 G T
=1 =1
P -
Cq q RS

showing that 2 is a global L%-integrator and thus has almost surely a limit
at in nity. The expectation of the total variation of B can be estimated by

X E[fS i1 X kS ik, X (1)t

1) ) Coa <t

2<1( 2 <1 ( 2<1(

4.2.17 Roger Sewell<rfs@cambridgeconsultants.com> , noticed that these
inequalities hold for arbitrarily L°-integrators Z rather than only for mar-

tingales M , as the original formulation of the exercise would suggest.

The left-hand inequality becomes obvious upon the choicel = 0 in the de-

nition of K[Z], given our convention that [Z;Z], = 0. For the right-hand

inequality replace the estimate in the proof of inequality (4.2.5) for S« S[Z]
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and 2 gq<1 by
h 1 i
E SY 2d(s?)
P 0
inf E S92 g2 : g2KIZ]

E[S! ]

g7 9¥a 2) . : a1 279 . ©
E[S! ] inf  E[g"] ~ " : g2KJ[Z]

TovlianNnia vIa

Thus kS; [Z]K,, =2 kZkyq :

4219 Asr < p, M is an L'-integrator. Since X is M -measurable
(page 118) it su ces to show that kX k,, . is nite (theorem 3.4.10). Now

Z4 1=2
kXky, , C*%8 X2 dM;M ]

Cr kX{ Si Mk,
Cr kX7 ko kSy [MIk, <1 :

4.2.21 By exercise 1.3.6 on page 26J¢°< 1 sothat T~ n" T¢. Taking
the expectation in

Z TCAn
WZcr, =2 W dW + T~ n
0

yields
EWZ., =ET"n ;

and Fatou's lemma A.8.7 gives
E[c®] = E liminf WZ..,, liminfETAn = ET® ¢

T is handled th%same way.

4222 Set V€ . [M;M'. In view of the inequalities of Kunita{
Watanabe (theorem 3.8.9),d[M';M!] is absolutely continuous with respect
to dM';M'] for 1 i;j n and then with respect to dV. There-
fore there exists a symmetric positive semide nite matrix G'! of well-
measurable processes, the Radon{Nikodym derivativesd[M '; M1]=dV, so
that dM';M/] = GV dV. It has trace 1. The usual diagonalization pro-
cess for a symmetric matrix furnishes further an orthoporma matrix U'
and scalars 1 2 D n Opso that G' = u'u’ . The
similarity-invariance of the trace gives = 1. Repeated applications
of lemma A.2.21 on page 378 during the diagonalization proas show that
the U' and the can be chosen to depend Borel measurably o' ,
so that they are again well-measurable processes. Next obse that for
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X =(Xi)2LM p]

' X Milp k S [X MKk,
Z x S 1=2
= Xin d[MI;MJ]
.. LP
ij =1
Z X ; 1=2
= Xin GvIj dv
i o
Z X 1=2
= X ju i?2 dv
LP
= khX jU.ik ;
Z x o 1=2
where kKFk « jF j> dv

p
=1 L

liminaries, let (X ;2X ;3X :::) be a sequence inL[M p] such that "X M
converges inH{ to some martingaleL. Then "F (;$ )< X ($)j(U )($)i
de nes a Cauchy sequence "¢ ) for the mean k k , and replacing ("X ) by
a subsequence we may in view of theorem 3.2.22 assume thd¥X jU.i con-
perges b_oth k_'k -a.e. ang in k k -mean to some E,lnction_F on B . Since
u'ul = 1, X = X ju iu' I X;« F U' both kk -a.e.

generality (see page 116) we assume th&X; and X; are predictable. Now
in case a) G! is diagonal, U' = ', X 7! khX jU.ik is solid and thus
is a mean; in fact, it is equivalent to the Daniell mean di e, p ON pre-
visibles (proposition 3.6.1 and exercise 3.6.16). TherX 2 L[M p], and
L = X M. In case b) the brackets M';MI] are previsible, so are the

G/, ,andthe U':; wesetN ¥ U M, obtaining martingales satisfy-
ing g), and having 1‘|§J1;:::;N"gk = AK. Now an L 2 AX can be written
L = X N =( X U') M'. In case c) we replace theN1';M!] by

the previsible brackets M ';M1i (see page 228), obtain previsibleG! , |
and U', and continue as in b).

4.2.23 We prove the very last statement: (A? )?> = AX. The inclusion
Ak (A?)? is obvious. For the converse suppos& 2 Hf lies outside AK.
The general theorem of Hahn{Banach (A.2.25 (i)) provides a nartingale N
in the dual HY with "MjN i 1 for all M 2 AX and INjN i > 1. Here
hji denotes the duality. SinceA is a subspacehM jN i =0 forall M 2 AK
sothat N 2 (AK)? A ? . SincelNjN i > 1, N also lies outside A? )? .
435 A processZ such that fZy : T 2 T[F.]; T < 1g is uniformly
integrable is called aprocess of class (D) in the literature ([73, page 101]);
it is called a process of class (DL) if the stopped processZ" is of class
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(D) for all instants u< 1 (ibidem).

Suppose then that Z is a positive supermartingale that is continuous in
probability. By lemma 2.5.27 (ii) on page 80, Z ~ c is a global L 2-integrator
with a @adhg modi cation, for any ¢ > 0. We may thus assume thatZ itself
has @mdhg paths and a limit Z; 2R at 1 .

The necessity of (D) for the conclusion is obvious: The globlaintegrator
® is of class (D) sincej®2rj 27 2 L% forall T 2 T[F.] (see theorem 2.3.6
on page 63); and®; = E[2; jF] is of class (D) by example 2.5.2 on page 72.
Thus their sum Z is of class (D) as well.

To show the su ciency, assume that Z is of class (D). Then Z; =
limy:,  Z; also inL-mean.

An aside: The martingale M\ ¥ E[Z; jF(] is of class (D) as well (ibidem), and
Z°% 7 M is a positive supermartingale of class (D) with E[Z{]';n  O.

A positive supermartingale zZ° with E[ZJ]!';1 O is called apotential . Thus a
positive supermartingale Z of class (D) can be written as the sum of a potential Z°

of class (D) and a uniformly integrable martingale M . This decomposition Z =
Z°+ M is known as the Riesz decomposition of Z.

For any ¢ > 0 set T ¥ infft : Z; cg. Then ZTe ~ ¢ is a global
L 2-integrator (see lemma 2.5.27 (ii)) that di ers by the global L!-integrator
(Z:, ©+ [Tc;1) from Z'"c . The latter is therefore a global L !-integrator.
Now B ¥ [sup, T < 1] is negligible: if it were not, then the random
variables Z;_ c B, c < 1, would not be uniformly integrable. This
means that T.!,; 1 and implies that Z is a local L-integrator and has
a Doob{Meyer decompositionZ = 2+ B (with £, = Zo and 2, = 0 by our
convention). Since 7 0, Pisa decreasing process; sinceE[Z’t Z’O]
= E[Z. Zo] E[Z, Zo], we have E[®] E[Z,] for all t, so
B, @ limy, B exists almost surely and in Li-mean. Therefore 2 is a
global L!-integrator of size iZ’il . E[Zo]+ E[Zog Z:1] andis of class (D).
Then 2=z 2Pisa martingale of class (D) as well. The su ciency of the
condition (D) is established.

An aside: Assume that Z is a potential and set M % 2+ Z, and A% Z, B.
Then M is a uniformly integrable martingale with Mo = Zy and A is an increasing
predictable process with A =0 and E[A; ]< 1 ;andZ =M A. SinceZ; =0,
we have M1 = A; and M. = E[A:1 jF¢]. Thatis to say, Z: = E[A1 jF{] A
is determined entirely by the predictable increasing process A; it is called the
potential generated by A .

By applying the result above to the stopped processe<Z", u < 1 , we
get the following: For a positive supermartingale Z to have a Doob{Meyer
decomposition Z = 2 + 2 with 2 of integrable nite variation ( iz, 2
L! 8t< 1) and 2 a martingale (rather than merely a local one) it is
necessary and su cient that Z be of class (DL).

By applying it to the stopped processesZ" , U a nite stopping time, we
get the following: For a positive supermartingale Z to have a Doob{Meyer
decomposition it is necessary and su cient that Z be locally of class (D),
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i.e., ZY to be of class (D) for arbitrarily large stopping times U .
4.3.6 Let S(™ pe a sequence of stopping times that announce$ . Then
E[ETjFS(n)] = Es(n)!n!l 2 T and thus E[ET 2 TjFT ] = 0. Since
Br2F, 2 2 (=E[B 2 1jF; |=E[Zr Z1 jF; ]
Thanks to Roger Sewel| <rfs@cambridgeconsultants.com> (12/21/2006),
who noticed that the result extends to more general circumsances: for the
various conditional expectations above to make sense it isot necessary that
Z be a globalL -integrator, That T reduce it to one will do. This happens,
for instance, if Z is a plain L!-integrator and T is bounded. In fact, the
equality Z’T = E Z7 F; holds wheneverZ is a localL -integrator and

Zt is integrable. To see this, letU, be a sequence of stopping times that
reduce Z to a global L!-integrator and increase tol . Let B % A\ [t<T],
A 2 F¢, be a typical generator ong (as Zp= B, we need not worry
about t = 0). Then [T <Un]= ,,0[T" U, d\ [q<U,] belongs to
Fray, andis contained in [T* Uy = T], Bn ® A\ [t<T " U]\ [T <
Un]2F 1.y, s containedin [T = T " U,] as well, and therefore

h [ h [ h [
E[ Zr Bnl=E Z{%, B, =E 2%, B, =E 2 B, :

As n ! 1 | the Dominated Convergence Theorem givesE[ Zt B] =
E[ 21 B]l.As 2 2F; ,weget 2 =E Zr F,

For the second claim reduce to globall !-integrators; at the predictable
time T =infft: 2 g the jump is zero. Thus T =1 .

To prove the inequality, let M be a martingale with kM, k(ng)o 1.
There is a countable family f T,g of stopping times, all of them necessarily

predictable, at which the jumps of ® occur (theorem 2.4.4). Then
h [ hx [
E[22, M, =E E Z1jFr, > M
hy i
by inequality (A.3.10): E E( Zr, )2jF T, M,
n

hx i .
E  ( Zr,)* M7,  ENZZL M/

n

. : 2
by theorem 2.5.19: NZ:Z11 , (q=2)=(9=2) 's; [2] :
q= q

Taking the supremum over M and then the square root gives the claim.

4.3.8 Reduce to the case thatZ is a global L!-integrator and let M be a
bound for the jumps of Z, let Z = B+ 2 be the Doob{Meyer decomposition
of Z and S a stopping time, necessarily predictable (exercise 3.5.)9at
which 2 jumps. In view of exercise 4.3.6 we have Z’Sj M , and therefore
i Bsj 2M.Thus|j Bj 2M.LetK> OandU=infft: |2} _S[&]

Kg. U can be made arbitrarily large by the choice of K. Then BY s
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a global L%integrator for all q since k |2Y i k. K+M,and 2V isa
global L 9-integrator for all q sincekS; [ZU]kLl K +2M (exercise 4.2.18).
4.3.9 We may without loss of generality assume that Z is a global
Ll-integrator. Let U = infft : j Zj Mg. This stopping time can be
made arbitrarily large by the choice of M > 0. Let ZY be the processZ

stopped just before U :

zY =7 [o;U)+ Zy [U;1)=(Z Zy)Y

Since ZY diers by the L!-bounded nite variation process Zy [U;1)
from the Ll-integrator ZVY, it is a global L!-integrator itself, with jumps
uniformly bounded by M . Now apply exercise 4.3.8.

4.3.12 (i)) (i) Let N Qe a previsible set with R/O(N) = 0. By Fubini's
theorem A.3.18 we have dv,A! ) =0 and then y dVi(!) =0 for almost
all ' 2 and, taking the expectation, (N)=0.

(i) ) (iii) is immediate from the theorem of Radon{Nikodym.

It is left to prove the last statement under the assumption (iii); it will
entrain the implication (ii) ) (i). Let V = G V9. This is a previsible (ex-
ercise 3.7.19) positive increasing process. Botl and V are Dokans{Dade
processes for the measurey , so they are indistinguishable.

4.3.13 Let D be a Radon{Nikodym derivative of  with respect to the

variation measure | . This is a previsible process of absolute value one.
Since i | = D and i 1 we have V! V = D V. On the
other hand, d(D V) is a positive measure on the line majorizingjdVj, so

DV  iV]. Tgprove the remaining inequality |V k Vi, k., note

1P
that Vi, k DdVk.,=kiVi, k.. |
4.3.14 There is an increasing sequence of stopping timesl,, so that
MM & MTos Mo js the sum of a nite variation process V(") and
a global L 2-integrator Z(" (corollary 2.5.29). Let Z(M = (M) + (") pe the

Doob{Meyer decomposition and write

X X
M= vimgpm 7 em.

n n

Le?

4.3.15 By corollary A.5.13 on page 438 the maximal proces¥X ? is progres-
sively measurable and therefore adapted. Since it is incresdng it has a @adhg

version X %, which is a global LP-integrator i kX7 k_, is nite. (Thanks

to Roger Sewell who added this remark and further improvements to my
previous slapdash version of this answer.)

First the caser 1, which implies that g > 1. Then Z has a Doob{Meyer

decompositionZ = 2 + 2,
Z Z Z Z

Xdz= Xd2+ Xd2B X{ B + XdZ;
y4 y4

and X dz X7 1B, + XdE
Lr Lr Lr
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by A.8.4: k X7 K o iZ’il L + Cr(4.2.4) S: [X 2] L
Z 1=
_ ? 14y 2 . B
= kX7 k., 12}, LG X2 d[2; 2]
0
k X7k, 121,,+C X S [&] .

k X7k, {21 ,+C kX7k, Sil[2] L

k X7 K., §

| a

Cqr kX{ k., iZ!
+ Cqr kX{ k., €1z}

1] a

= Cqr kxl? kLp \Z | ()

1] a

| the constants C, and Cq, above are understood to vary from one occur-
rence to the next.

Now if r < 1 pick a ° g=r > 1 and let P° be a probability equiv-

alent to P under which both global L%integrators X,‘szq and Z are

global qu-integrators. By theorem 4.1.2 on page 191, suchP® exists if
kX7 k » < 1 ,the only case where there is anything to prove.

i = i + l i. e 1 = 1 + l .

r@® pd® o " Urg%=q  pf=q o’

and as 1 rq%q < pd’=qwe may apply the case treated above:
Z

Now

—~0
X dzZ U4 a7t X dzZ
L7 (P) a4 L ra %= (po)
E.. Cl) kx7k Z|
38 qor 1 RLea®a(poy 141 q0(poy
z 0 q:pqo (4.1.5)
- ?p=q 9" 4po )7
= C.. X1 dP Doaoz 1211 ap)
- iy 2P TP
- C::Z ! :l qo(pO) .Z | q(P)
(4.15) 1y ?p=q 4P,
C:: Dggoz :X-+ ' a(p) 'Z"q(P)
q=p
= 2p=q 17
c Xi La(P) 'Z'Iq(P)

= Cu: kKX{ K pp 1Z]

Applying thisto Y X with Y 2 E; gives
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Z Z
Y X dz LT Y dX Z) .. Coa kKX{ Kk, 1Z!

whence X Zi,, Cpq KX{ ko, 1Z1,4; o<i=1l+l<c1:

4.3.17 Copy the proofs of the corresponding statements for the squa
bracket.

4.3.18 Use exercise 3.8.24 on page 157 (ii).

4.3.20 If p 2, argue that, for XR2 Ei, kKX M'k , k(X M"Yk,
Ce*9 ksp [(X MYIk ,=Cp k(o X2dM;M i)k, Cp ks[MIk ,=
Cp ksi [M']k , implies {M'} | Cy kst[MIk ,.

If p 2, use the fact that sSIM] = S[M] as M; M ] is previsible, and employ
inequality (4.2.4) on page 213 instead.
4.3.21 'Zl'aking the Zexpectation inZ

Lp

y4
X dz Xjdi2i+ XdB X{ {Bi + XdZ2

gives kZ k; k 12 , K_o» - The measurability of X7 is not required for this
argument. The remaining inequality k iZ’i . Ko pkZ k; is nontrivial only
if kZ k; < 1 . Inthis casejZ’oj = sgn(Z’o) [0] dZ is p-integrable. There are
then arbitrarily large stopping times S such that {®Si = {2iS is bounded
(see corollary 3.5.16). LetD = D ! be a previsible derivative of the Dokans{
Dade measure 4 with respect to its variation and set X € pD ipSip 1
This previsible process has its adag maximal process inLP:

KX? koo = kX1 ko= p E (B0 VP17 = p i '

S |p

Now diZ’ip piZ’ip ldiZ’i = pDiZ’ip 'd® = Xd® on [C;S] and conse-

uentl
q y Z

p I p 1 A
1 S 1 1
:@ S s E Xd®? p :@:S Lo kZk,

Division by the middle factor yields

EZ’ES L p kZk, :
Now take S " 1 to arrive at the claim. Thanks to Roger Sewell
<rfs@cambridgeconsultants.com> for pointing out various typos in the rst
version (01/16/2007).

0
4.3.22 Take the supremum overg2 L) over
h i ha i K i

ER g=E MS dP = E M9 dl
0 0

EMP? 111 k Mk 0 Klg ki,

by theorem 2.5.19: p kli k., =p !l e
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4.3.27 Applying the expectation in equation (3.10.6) on page 182 gies
(using the Einstein convention)

E[( Z)]= E[( Zo)]

he i
+E - (Z.)d®
0+
1 P i
+ S E c (Z2.)dZz ;2]
2 o
he i

+E , (Zs +y) (Zs) :(Zs)y R (dy;ds
To see that this clumsy looking formula might have some inteest, consider the
case that Z is a levy process. Then ZJt =A t,92;Z=8B t, and
£, (dy;ds)= (dy) ds, with constant vector A , constant matrix B, and
constant measure (dy) on RY (lemma 4.6.7 and lemma 4.6.8 on page 258).
Then we get the more informative formula

E[( Z1)]= E[( Zo)]
Z
+ EA . (Zs) ds

1 Zi n [

+ = EB - (Zs) ds
2 9
Z+Z i

+ dE(Zs+y) (Zs) (Zs) y (dy)ds;
0 R

or,asZs = Zg almost surely at all instants s,
W:AE - (Zy) + B =22 E . (Zv)

Z h i
+ (dy)E (Zi+y) (Zy) (Z)y

Rd
Let us assume thatZ starts with Zy = 0, and consider the function (t; x) 7!
u(t; x) ¥ E[( x + Z¢)]. Then, applying the previous equality to the function
z 7! ( x+ z), we see thatu solves the initial value problem

u(0;x) = ( x);

du(t; x)
dt

=A u (tx)+ B =2 u (tx)
Z
+ u(t; x +y) u(tx) u (tx) y (dy) :

Rd
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(Thanks to Roger Sewell| <rfs@cambridgeconsultants.com> , for spotting a

typo here in the rst answer given.) Since to a givensuitabletriple (A;B; ) a
process with characteristic triple (tA;tB=2; (dy)dt) exists (theorem 4.6.17
on page 267), we know now that this initial value problem has asolution

for any 2 CZ. Or, in other words, the clumsy formula above leads to a
description of the generator of a Levy process.

4.4.1 We have shown that for everyn 2 N there are a stopping time T,

with P[T, <n]< 2 ", a process"V of nite variation, and a L?-bounded
martingale "M with j "M]j 1, both stopping at time T,, such that

Z™ = "W + "M . Replacing if necessaryT, by T2 = inffT : ng

and "V;"M by the stopped processe@VTno M To |, we may assume that theT,

increaseto 1 . It looks as though the right-continuity of the lItration is used
here (see exercise 1.3.30); it is left to the reader to show #it its regularity

su ces. The decomposition

ZTn+1 ZTn - n+1V n+ lan + n+ lM n+1M Th
def nq/ + n(M

has the property that its nite variation and martingale par ts stop at T,+1
and vanish on [QT,]. We get the required decompositionZ = V + M by
setting

R R
V=1N+ " and M =M + v -
n=1 n=1

sums which at every point$ 2 B have only nitely many non-zero terms.
4.4.4 By proposition 3.7.33 F is V O-integrable and by exercise 3.6.16 and
de nition (4.2.9) F is M 2-integrable; now apply exercise 3.6.14.

4.4.6 There is a countableQ-algebra C  Cgo(H ) whose sequential closure
isB (H). Forsevery 2 C let P be the sparse predictable support of

and set P = ,c P . Let S be a predictable stopping time. Then so is
the time S° whose graph is PJnP (theorem 3.5.13). TheH 2 P with the
property that H o is nearly zero is sequentially closed and contains
X forall 2C andall X 2 E (equation (3.10.2)). Then it contains P .
4.5.3 Let us write kX k; for the right-hand side of (4.5.1). To start with
assumeT reducesZ to a global L P-integrator. For any bounded Y 2 Pd
with jY ] J X j clearly k Y dZTkLp k X k. Corollary 3.6.10 implies
that X is Z p-integrable for ]P d. Setting X (M & X [[Xj n],
we have {(X X M) ZT1 kX X(”)sz o1 0 and by theo-
rem23.6 k(X X M) zZ2kl,; 0. SincekjX ™ ZjZk , k X k;, we
have kjX Zj? k , k XKk; inthe limit. In general let T, be stopping
times reducing Z to global LP-integrators. Then the previous argument gives

kjX Zj%Tn k., k X ki, which produces (4.5.1) in the limitasn!1
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459 From (1+c)* 1 xIn(1+ c) we get, with x = 1=p,
1=p 1
1+ 1=pP)P 1 B|n 1+1 1=pP :

Sincep 7! (1 1=p)P increases this exceedp 'In 1+ (1=2)> 1=(5p).
45.11 Sinced[Z;Z] d, It6's formula gives

X £(2)j7 j Xt qz) zj7 + jxf Rz) [z,Z]j3=2 , which implies
) Z - L 2t

kiX f(2)itk., CpL r:nla>;<2 . Xjgd Lp+ 2 Xjsd s Lo
4.5.12 The Dokans{Dade measure ofZ "' is the Dokans{Dade measure of
X Z and by inequality (4.5.21) majorizes the Dokans{Dade meaure of any
other X 9 Z with X °2 E{.
4.5.13 The di erential form of equation (4.5.23) exhibits the Dol eans{Dade
measure ofZ " as the Dokans{Dade measure of X Z;?X Z].
4.5.14 Set H € X jyi. The Dokans{Dade measure of jHj% |, coin-
cides by equation (4.5.25) with that of Z"" and majorizes by de nition the
Dokans{Dade measures of all otherjHj9 [, , H as indicated.
4.5.20 (i) Inequality (4.5.27) is obvious with Co = 1 when *~ = 0. Since
dz ;2 ]] d ; (4.5.28) follows from

Z ¢ Z ¢
. 2. . 2
gjz z' "jdz;z] g z z' _ds
T LP T Le
Z ~
by theorem 2.4.7: = g Z2 ZT :_ d
Lp
Z
by exercise A.3.29: g jz zT7 j;)- L d
z
by inequality (4.5.27): C koK, ( )=2d
1 ¢ ( )7% kgk ,:(C.1)
=2+1 He A

For “=1,9 jZ ZT jPequalsg (T :T]12Z 7, andtheorem 4.5.1

T 5 Z T 1=
g iZ Z 7 Lo Co max : jgj d L
by theorem 2.4.7: C, koki, rgla)é( )

since 1: G, ( e koK, p :
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Letthen ~ > 1 and assume inequality (4.5.27) has been established fordites
up to . Now

z z"H*r=C+) (T:Tlz 27 ) z t
NN
2 7

(z z7 ) 'dz :z]

?

C+)(T;T Wz 27 ) z

Z
\+l\ t .
» O z zT tdz.z]
2 7
implies
?

iz zZ; Y ) (TTIZ 2T ) Z

NN
+1 .
» O z z7 " ldz:z1:(C2)
2 1
the rst term of which contributes not more than
Z T T o 1=
(+1)C, max ) gjz z"' ji d g e
Z 1=
—_ (> : T 2
=("+1)C, Tf‘;)é 9jz zZ' j; d o
z 1
. N . T Il
by A.3.29: (+1)C, rgflé 9jZ Z' j7 Lpd
Z 1=
by induction hyp.: (+1)C, C.kgk, max ( ) =2d
=( +1)C, C.kgk, , max ;( )=2HL=
P LP a2 (=2+1)0F
as 1: ID?cpc\( ) =2 kgk

to kgjz zT j2*k_,. The contribution of the second term (C.2) can be
estimated by
(+1)° C
2 ( 1=2+1

kgk , = C- 1 kgk.,;

due to inequality (C.1). This establishes the claim (i) and gves the recurrence
relation

p—
Co=1;C; C,;Cu C C, 2(+2)+ C , ° for ° 2:
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4521 SetQ;® E (A) (&) . Then

EL(Y) (I=E (V) (DY Al+E (V) (DIY >A]

Q+E (V) (A (DIY >A]
z h i
= Qi+ [A<y Y]d (y) A ad(a)dP
Z h 10
Qi+ PY yA yr o dd @
Z
1 Aon L )
Q1+ y ANy a d (y)d (a)dP:

Z
1 1
] y AnYN d (y)d (a)
£1 1 h g fq ho g
= y y a A> a d (y)d (a)+ y Aty A a d (y)d (a)
Zh 11 Z 4 h 4 11
= y 5’a>Kd(Y)d(a)+ y_a y>a,a>Kd(y)d(a)
Z o h 1] Z h 1]
+ y A<y a A d (y)d (a)+ y<A;a A d (y)d (a)
Zl Zl Zl
=ad @+ L0 4
AL L @ 1=a Y
21 d(y ,1 1
y
+ A Ty (A)+ (A) (A)
Z1

= a=d @+ (A) (1)

A
Inserting this into the previous inequality results in inequality (4.5.32). An
easy manipulation shows that (y) =y has (y)=y =1 ) and that,
with (a)= a ,
Z 1

1 =a)d (a)= A

(1 =a)d (a) T ) )
= A and

N

(A)+ (A (P+ | Q=3d (@3

A

A

Consequently (Y) (&)

= 1+ + A
)
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_e )+, 2

@ X ) @ X )
Taking expectations results in inequality (4.5.33).
4.5.26 The underlying Itration F. is assumed right-continuous. Atime
transformation  is an increasing collection T- “fT :0 < 1g of
stopping times with T !,;, 1 . T is called left-continuous or right-
continuous provided it equals

T . 7'"T “|mfT : > " ¢
or T T'T "¢ IimfT : < # g;

respectively. With the three associated time transformations (see Exercises
1.3.15 and 1.3.30)T" , T*, T'" come the lItrations F;. , Fr., Fq.«.
Clearly

T T T " andFy F+: F 1.+ 0:
It is the last lItration, F ® F;.+ = fF;++ : 0 < 1g, that we
single out, for its right-continuity (ibidem). By interpre ting as a new
time parameter, the time transformations T , T*, and T'* can also be
thought of as F _-adapted increasing processes[ " left-continuous, and T*
right-continuous. The nite random variable

¢ inff T >tg=inff T >tg=inff :T ¥ >tg (C.3)

is, for everyt 0, an F_-stopping time and de nes a right-continuous time
transformation . on F_ (ibidem). Considered as a processt 7! ¢ is
eagily seen to beF.-adapted. Indeed, for any > 0 we have [{< ]
= f[T *>t]: < g= f[T9>t]:Q3g< g2F;. Its left-continuous
version is att > 0 given by

¢ =inff :T " tg: (C.4)

/ |

o

Figure C.19 A Time Transformation
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Lemma C.1 (i) Equalities (C.3) and (C.4) hold. (i) For ;t O

T =infft: . g T T%=infft: {> g; (C.5)
[T t]=1 dJand[ ¢ I=[t T7]; (C.6)
and thus T t T7 t . (C.7)
(ila) The following are equivalent: . is strictly increasing; for all 0,
T =T =T *;oneof T" , T, T'" is continuous; all of them are.
(iiib) T is strictly increasing if and only if . is continuous.

(iv) The T are nite (everywhere, nearly, almost surely) if and only if
t'tn 1 (everywhere, nearly, almost surely). TheT are bounded if and

only if inff ((!):' 2 g'yy 1.

(v) If T is an F.-stopping time, then 1 is an F -stopping time; if L is an

F -stopping time, then T-* = T' is an F.-stopping time.

(vi) 1 @ osupf T <19 is an F _-stopping time.

(vii) If the T are nearly nite, then F. and Ft- have the same nearly empty
sets.

Proof. (i) If inff : T * >tg< ,then T >1t for some < and
thus T >t and inff : T >tg cinff T >tg inff
T * > tg follows, and with the reverse inequality being obvious we ¢ge
equality throughout (C.3). As to (C.4), both sides of the equation de ne left-
continuous functions of t that agree unless the level setT'* = t] has strictly
positive length, which can happen only countably often. (i) The inequalities
in (C.5) are obvious. The equalities follow directly from the right-continuity
of . and T'" in conjunction with (C.3) and (C.4). Equation (C.7) is but
a summary of (C.6). (iii) Clearly T- is left-continuous and T " is right-
continuous; they agree i they are continuous. The equalities in (C.5) make it
obvious that they do agreei . has no level sets [. = t] of strictly positive
length, i.e.,i . is §trictly increasing. (\Q If takes countably many values
i, then [T t]l= [T tt = 1= [T 7" t]\[= ] belongs toF;
inasmuchas T ' t]2F;and [ = ]2 F+; . Inthe general case use
the stopping times (") of exercise 1.3.20 and the right-continuity of both
T' and of Ft.. The same argument shows that  is an F -stopping time.
(vi)[ < 1]=[T* < 1]2FE . (viijUse equation (C.5) and exer-
cise 3.5.19. Let nowB denote a copy of the base spac8 =[0;1 ) and
denote its typical pointby ( ;! ). Since T  may well be in nite, we need to
augment B temporarily: B °is the base space with the graph ] ] = f1g
of the in nite stopping time adjoined:

BO®[0;1] = B[[1]:
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The left-continuous time transformations T- and . give rise to maps (see
gure C.20)

T :B! B® via (;')70 T (1);!
and . B 1 BY wvia ()7t o (1)
in which the image of [ ;) liesin B and that of B in [0; 1), respec-
tively. If both . and T are continuous or are strictly increasing, then
T and . are inverses of each other.

Figure C.20 A Time Transformation

Let us denote by an underscore the composition withT* . To be quite
precise, forX :B ! R,

X (1)« Xt (1) whereT (!)<1,ie,on[0 1)
- 0 on[ 1;1),ie,for (1) < 1.

If X is progressively measurable for- ., then X is adapted to F . (proposi-

tion 1.3.9); if X is left-continuous, then clearly so isX . The usual sequential
closure argument shows that X 7! X takes F.-predictable processes to
F .-predictable processes that vanish on [; ;1 ).

De nition C.2  An LP-integrator Z is called compatible with the time

transformation T if (a) the stopped processZ™ = is | P-bounded for all
< 1 and (b) Z is nearly constant in time on every interval of the form

[T ;T *] {bylemma C.1 (iii) this holds in particular when . is strictly

increasing.

Exercise C.3 If the T are predictable, as is typical, then the compatibility

simply means that ~ _ ([T ;T "] is Z-negligible.

Proposition C.4 Let 0 p < 1 and suppose theLP-integrator Z is compatible
with the time transformation T°. Then Z is nearly right-continuous and adapted
to F ;in fact, it is an LP-integrator on F_ and satis es

Z

vzt (C.8)

1 1
1 p 1 np

Moreover, for every Z p-integrable process X the process X is Z p-integrable and
z z

XsdZs= X dZ : (C.9)

B B
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Proof. For every O let N be the nearly empty set of! 2 so that
t 7! Zy(')isnotconstantfor T (!) t T *(!). The representation
[ [ 1 .
N « N = N \[T">T +1=n<1]

n

exhibits their union N as a countable union of nearly empty sets, which is
therefore nearly empty. Indeed, there are at most countablymany 's for
which the sets in the inner union are non-void. Upon removal 6 N we are
left with a process Z whose paths are @adhg and constant in time on every
interval of the form [T ;T *] not only nearly but in fact everywhere. If

n# ,thenzZ =27y, =Z¢ .Yy Zy.=2Zy =17 ,thereforeZ is
right-continuous at any 0.

X
Let then X € fof0] + fon(ni nerls fn2L? (En);

n=1

be a typical elementary integrand from E[F ] with 41 (see (2.1.1)).
Z

Z
P
Then XdZ =foZo+ Nifn Zgow Zr. = X°dz;
0 I:)N
where X fo[0]+ o fn (T ;T r2]2P[F]

From this equation (C.8) is evident.
Let X = f (s;t] with f 2F. Then?®

(s;t] =[s<T t]=[ << =0 s ]
Z Z
and Xdz= f (s;tfjdz=1f Z; Zs
® y
as T t t Twv. =f Z;y, Zvs = f (s t]dZ

Z
= X dz

By linearity, (C.9) is true for X 2 E, and then for bounded predictable X .
It is a matter of bookkeeping to extend this to Z O-integrable processesX . 1

3 In accordance with convention A.1.5 on page 364 sets are identi ed with their (idempo-
tent) indicator functions. A stochastic interval ( S;T], for instance, has at the instant s

the value (S;T]s =[S<s T]= %glsse(v!vr)]efes T()
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C.5 An integrator Z compatible with T* has [Z;Z]=[Z;Z].
Proof. For O <1

Z; Z Z
Z. dz= (O;T ] z. dz= oT F 2 dz
0+ B [0; 1)
Z
= (O;T'k zZ dzZ = Z dz
0+
Z
Thus  [2;2] =[Z;Z]y = Z% zs 2 Z. dz

=2> 73 2z dz =[zZ]
+

C.6 Let M be a continuous local martingale on ( ;F;P), set =
[M;M ], and introduce the time transformations T ;T * of (C.5), setting
T © T . Byinequality (4.2.8), M is constant ontheintervals [T ;T "],
so M is a continuous local martingale. If !';; 1 ,then by item C.5 and
corollary 3.9.5, M is a standard Wiener process orF . If P[ ; < 1]> 0,
let W be a Wiener process on (% F % P9 that is independent of (F; ;P), and
set M%°® [0; 1) M +[ 1:1) W. Show that M % is a standard Wiener
processon (  %F.F %P P9.

Sure Control of Integrators can be had in a manner similar to item C.6.
Suppose Z is a vector of L%integrators, q 2, and = ™ [Z] is its
previsible controller from theorem 4.5.1. It is nary a loss & generality to
assume that s strictly increasing and !,y 1 (see remark 4.5.2). By
lemma C.1, we then have equality of continuous time transfomations

T % infft: g=T T * & jnfft: > g:
Since ; =1 ,themapT- :B ! B is continuous and surjective. The
controlling estimate (4.5.1) turns into
Z .

KiX_Zj'k, C, max . jXj d Lo

1=

for any F -stopping time and any p2 [2;q]. Continue on.
4.6.5 (adapt exercise 1.3.47 or theorem 5.7.3 (iii)).
4.6.14 (i) Equation (4.6.19) has the easy consequence
h Z i h X i
Eexp i hd|, E exp i ilz (A})
j

Y

exp ()A€ 1
i
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showing that the random variables |, (Aj) are independent Poisson with
means ( )(Aj).

4.6.21 A gives rise to a levy processZ (page 267). The de nition (4.6.31)

produces a Feller semigroup whose generator is necessarifjssipative and

conservative and is given byA (equation (4.6.32)) on S. S is dense inCy

and invariant under both TP and T? , thus under T., and therefore is a core
for A (exercise A.9.4).

5.1.7 (i) The function f (x) « éxi s” 1ds of example A.2.48 serves again:
the paths e'=n converge to zero ins;, yet the remainder

RF (e=n;0)= f(e=n) f(0) f%0)e=n=f(e=n)
has KRF (e'=n;0)k, = ke'=nk, & o(ke =nk) :
(i) On the positive side, if M > M , pick n 2 N and let > 0 be given.

There exists at > n so that 2Le™ M . There exists a > 0 so
that for all u;v 2 U in the ball of radius n and all x;y 2 R" in the ball of

radius neM ', jv uj+ jy Xj implies ||Df (v;y) Df (u;x)]|| . Let
jiv uji+ ky. x.k e M Thenjys Xsj for s t and so
Z 1

Rf (V;ys;u;xs] €M |Df (u;xs)+ (v ujys Xs)  Df (u;xs)]d
0

Ky Xky

eMs fors t

Mol eM s fors>t
KRf [v;y.; u;x.]ky,
ky. x.k,

5.1.8 (i) Both ‘f+s(x) and T [(x) satisfy dX; = f(X{)dt with X =
I (x). (i) Hint.: Dene D f[x] as the solution of equation (5.1.24) on
page 278. Then write a dierential equation for . % f(x)  T(x9

D f[x] (x x9. Then show, using inequality (5.1.16) on page 276, that
k .ksx x9!, 4o o 0. This means that D f[x] is the Fechet derivative at
x of T :x%71 (x9, map from R" to s (see de nition A.2.49 on page 390).
As for equation (5.1.24), both sides answer the same initiavalue problem.
5.1.10 (ii) By the chain rule, 7! f[x;z ] solves (5.1.25).

5.1.11 (i) The exponential limit for the growth in time follows from
item 5.1.4.

(i) Set 2 Ix;t]¥ 9x;t] x and 0 s . Since®9c;00)=0 8c2R",
we have 9[0;0] =0 for all c2 R" and, for somecs between c; &,

°9c%s] % 9cisl= ° 0 ;S| o)

= %%0cs;s] % %0cs;01 (< ©

Ky XKy

which implies
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whence 09c%s] 99%:g L° j& g € 1) j° g

and I%s] Yoy € jP g 0 s
(i) For xed t and setk® d=eandt; ¥ i fori=0;1;:::;k. Then
tk 1<t tx. Let 7 denote the maximal function of the di erence of the

global solution at t;, which is x,, = [c;t;], from its Lapproximate x?i :
Consider ans 2 [tj;ti+1].

0

Since x? xs= °x2is X ;S ti
+ O%.;s [X,;s ti];
we have 2 7 e’ +(jxjo+1)  (m)e™ ;
X .
which implies 7 (X7 +1)  (m)e™ gL’
0 i<k
etk
for x. 2 sy ,astg = k : (kX.kMeMtk+1) (m)er ———
e- 1
2 if (0)]
by (5.1.16), as ! O: = kckM+J O 4 M (m ) et ke
1 eM
since k = ty=: const(kck,, +1) met "o M LI
b(jg+1) ™
for suitable b= bff ; 9 and mm=m[f; 9>M +L°.
5.2.3 We know already from inequality (5.2.6) that
F z: C ’ iFr g, d 7
T p Max . IFr I Lo
Z
. . 2 . 1=
by exercise A.3.29: C, I‘QIEDF() . IFe 0 d
Taking the p-norm for counting measure and using Fubini's theorem gives
Z
Fz? C iF? ] d
T P e pn:]la)é 0 IFr Jip o

Measuring in LP Me M d the part that appears for = p on the right-
hand side gives a number less thaM ** [|jFj. || ,, . For the case =1

we setf( )€ kjFr ji k., and % M=(p+ p% and estimate
Z Z
f()d = [ le [ If()e d

0

1=p
e’ d f()e P d
0 0
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0 Z

1 1=p 1=p
< 5o e [ Jf()Pe P d
whence
Z Z 7
P 1
Of()d Me M d < W" [ If()Pe P MelP M) dd
Z
1 p=p° M 1
< F) f( )pe P me(p M) d
Z
1 p° 1 1
= — f( )PMe M d
p o M P o 0)
1 p=p’ P
D0 M liF iz 5w
_ PP oy P
= o lFi [
: 1 p T
Thus IFo zlow G ym—ar liFin o

5.2.16 needed
5.2.17 First consider the equation X = 1+ X W, whose solution is the
Dokans{Dade exponential E = eVt B2 of W (see proposition 3.9.2 on
page 159). Here Pq' [W] = t 8q, and by exercise 4.5.6 on page 240,
d M[E] = W' 9=2qt. Now if [¥[E] were dominated by a sure con-
troller , ie, d M[E] d , then the absolutely continuous part d ¥
of d would have to have a locally integrable Radon{Nikodym Derivative
h(t) = d X(t)=dt < 1 , which would have to satisfy €9Vt 952 p(t) almost
surely; since P[W; > K ]> 0 for all K 2 N and t > 0, this is impossible.
We see that some boundedness assumption on the val¥€ [X ] of F at the
solution X of theorem 5.2.15 on page 291 is needed.

Assume then that ™' is dominated by the sure controller : d ™i[Z]
d , and that °F[X ] is a bounded process. By exercise 4.5.6 on page 240,
the controllers M'[X ] of the components X of X satisfy d ™ [X ]
const d , and then so doesd ™ [X ].
5.2.20 needed
5.2.21 OU[X]"Efr)U[X] C has the same contragtiviw modulus < 19 as
U. Thus [IClloy =X UXHpw  IXlw +1VXT V0T

(L X -
5.2.22 Apply (5.2.34)with C = C[u];C°= C[vl]andF[-]= F[u; -];F9-]=
Flv;-].
5224 : Lett< 1. Z' is an LP-integrator for some p > dimU and an
equivalent probability P°. The assumed Lipschitz conditions imply that the
stopped processesX [u]! satisfy (5.2.41) for P° (proposition 5.2.22). Coroll-
ary 5.2.23 shows that they are nearly continuous inu2 U. Thenlet t!1
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5.3.11 (i) Let A be a symmetric bilinear form on euclidean spacerR" . Then
SupiAC; )it d,  Lid, 19=supfiA(; )i, 1g. Thisiis
easily seen by diagonalizing the symmetric matrixA; in fact, jJA(; )j is
strictly less than the supremum above unless and are collinear and
of unit euclidean length. (i) Let now A be a symmetric k-linear form
on euclidean spaceR". Then supfjA( 1;:::5 &) * ] i, 1,11 kgis
taken at a k-tuple ( 1;:::; k) of unit vectors. Considering A( 1; 2;::%)
a bilinear form in ( 1; 2) and using (i) shows that ; = 2. Similarly
i = j for 1 i <] k. Thus the supremum is taken also at a
k-tuple of the form (; ;:::; ). (iii) Next let D be a k-linear scalar

a< kD (xl;:::;xk)kS.PDe ne the E,—Iinear form A on euclidean spaceRk
by A( 1;:::;k)|§§D 1 X 5 KX By(ii)there[}§a 2 RK so
that, with x « X ,a<D (x:::;x). Now kxkg ij k2.
Thus a < k*2fsupD (x;:::;X) : kx ke 1g. (iv) Finally let D be a

space S;k kg). Let a < supfk D(xy;:::;xk)Kg @ kXjkg ~ 1g. There are
a linear form y in the dual S that has norm ky kg 1 and elements

supfk D (X1;::7; Xk)Kg © kxjke  1g kkzzsupka(x;:::;x)kS: kxkg  1g:
5.3.18 Let us pick a u 2 U, and write D for D F[u] and T [v] for
T Flu](v). For v;v°2 U

X D h i
TV T'V= — (v (v u)
o 1
X p hx . . l
= O B (R N VA
o I o0
X X
= D—l _ (V U) i (VO V) i
0 I O<i :
X X
= (i)? (vu v
O<i | i I )
whence
X
D'T'[V] '= Li)ID (v u) ! ci=1;
i | :
i i X D i i
= D'F[u] + IW (v u)

i<

D'T'u] '+ D'*? (v ou) + or(v ou);
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where each summand ofr(v u) contains a power ¢ u) P with p 2.
Hencev 7! DIT'F[ul(v) ' hasi derivative 7! DI*'F[u] ! at
v=u,fori=1;:::;1 1. Infact, since the derivatives appearing inr(v u)
are bounded,v 7! D'T'F[u](v) ' is uniformly di erentiable.

Let us dene G[vV]® F[v] T'F[u](v). This function is I-times weakly
uniformly di erentiable with D°G[u] = ::: = D'G[u] = 0 and kG[ulkg =
0 kv uk'E . Itis left to prove that v 7! D'G[v] ' has vanishing derivative

atu,fori=21:::::1 1. Let : 92 E be unit vectors and 2 R and set
ve y+ o0& y+ 0

Then both GIvq G[v]= Glu+ ] G[u] Gu+ 9 G[u]
X

'DIG[vV] (° ) "+ R'G[v;\V]
o<i |

and R'G[v;v] are o( ') when measured with k Kg, independently of the
location of u2 U. Hence so is the sum above. This implies

DiG[V]l(iO )i!!oo ;i =050

and therefore Dv7ID'GV] (° )" =0 at u :i=0;:::;1 1:

5.3.19 Answer forthcoming.

5.4.8 Since the mesh of T goes to zero, we have FIX] F[X] . 10
pointwise on H B, after composition with the time transformation T-
on f1;:::;ng f . 0 < 1g . The Dominated Convergence
Theorem produces||FT [X] FIXIllm '1 o O forall M > 0 after integra-
tion suitable powers over dP and d , and exercise 5.2.3 on page 285 yields
|FTIX] F[x]”b;M 'y 5 O.

5.4.12 Apply theorem 3.9.24 on page 170.

5.4.17 (i) Let P be such that . [X; z] P(jzj) for = . and =
? ? . In fact, let be one of these (It6-) coe cients, say the one with
index , and, given , pick k so that % k < (k+1) . Write

Tae 7z 7T, Then

FIVE FIXk = [Yri 7] [Xr:{1,

p

by the mean value theorem: Y X :_ P Z; Z1
LP
, , ? o P—
by inequality (4.5.29): Y X - P
LP
. p- ? ?
with L € PO 7): L Y X L Y X :
Lp LP

(i) From 9C;z] = C+ ?2[C;0z + 9 [C;Z]z z and the assumption
2, 9 2BP,weseethat® IC;z]¥ 9C;z] C has ° 9C;z] P(jzj),
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P being a poolynomial wiH1 zero constant term. Therefore, by (45.27),

k®9C; "1, k,, P° , P%being another polynomial with zero

constant term. From this, inequglity (5.4.31) is evident. Also, we sseLere
that k® qC% T 1 °9C; T 1, k., is bounded by a multiple of

for in some neighborhood of , whence inequality (5.4.32) for

For large we write 9qC%z] 9C;z] j C° Cj P(jzj):

This implies
2 p—
© T e, ctc, P )
. LY ).
for some (other) L©: cl C Lp € :
5420 X XO%solves = F[X9 FIYX9q9 Z + F[+ X9 F[X9 Z,

so by exercise 5.2.21)| F[X9q FIX9q Z ”p;M = o( ). By theorems 4.3.1
and 2.3.6 the martingale parts (-) 2 satisfy the same estimate; ifZ hap-
pens to be a martingale, this reads| f (X9 FIX9q z ||p;M =o( ). Ifit

so happens thatZ s a standard Wiener process, then it follows from theo-
rem 4.2.12Rthat k o f (X9 FIXYs ’ds 1:szp = o ). In particular

forp=2, Jkf C+9%2%s) 079(s) kﬁz ds = o 2). Now the integrand is
the square of a function thatobeysj (t) (s)i const jt sj (seein-
equality (5.5.9)pon page 333). If such also has , ?(s)ds= o 2), it must

have (_) = o ). Else there ex?sts_ ana with (t) a tpgrbitrﬁrily_close

to 0. With b the Helder 1=2-continuity m&dulus, (s) rRa t bt s O
for t s t. =(B ad)=B. Then , 2(s)ds , 2(s) C(a;btZ

Contradiction. This is equation (5.4.36).

5.4.31 SetK ® t= . Then the number of evaluations of ©is

N=jZ|j=+]Zsj= + 1+ ]2k |=
=( +jW P+H(2 +jWo )+ (K + Wk )

and has expectation

const PP _—
1

N; = K (K +1) =2 + const k

const p-— _
t?= + const K 32

b1t2 + b2t3:2 _
2

Bi(t) .
-

By inequality (5.4.50) on page 328, 2 BZ"e™'™" whence the claim.
. (5.2.20)
5.4.32 We pick an exponentp 2 and a growth constant M > M

to our liking, and let € $#2Y < 1 denote the modulus of contractivity
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of Y 70 UY]¥ C+f(Y) Z in S}, thatgoes with these choices. Having
pickeda > 0,we xthe partitionby Ty ¥ k ,set XJ¥ c, and continue

recursively: when at time Ty the approximate solution X has been de ned
for 0 t Ty and the signal Z; has been observed at timet 2 [Ty; Tk+1 ]

set?,

P
f(Ze Z0) € f )
and XPe XL 1f (2 z[):
The next and last item on the agenda is of course the estimatio of the
deviation of the exact solution X to (5.4.25) from its “approximate X°
made with step size . We set the stage. X is the solution to the xed point
problem
X, = C+ UX], ,where UY]®f (Y) Z ;
the Capproximate X ©is the one and onlycontinuous process with

X
X0=C+UXqEC+ (ToTuml X&LF (Z0 20
k

and X ®©shall be the auxiliary process
X
XP=C+ WX ecCc+ (TisTend XL5Lf (20 Z2{4)]:
k
Then & X2 X,=UIXY, UX],
= UIX Y, UX + UX . UXY + U+ X U[X
PO[ %{Z[ ‘1} ML ‘L{Z[‘ﬂ} M+ X], UIX
Zt

= p¥ + DP + GI]sdzg:
0

This exhibits  as the solution of a stochastic di erential e quation whose (en-
dogenous but non-autologous) coupling coe cientsG [ (] f ( +Xy)
f (X:) are Lipschitz with constant L and vanish at = 0, and with non-
constant initial conditon D® + D® .| According to inequality (5.1.16) on
page 276,
2 1 ? 2
: @ @
" "p;M 1 "D ”p;M + "D ”p;M
To estimate it suces therefore to estimate D® and D@ . We start
with D@ . For Tc s Tk+1 we have

iXP XG=j XLt (Zs I WXL Lif (Zs 2N

4 In practice one would not want to do this for all t 2 [Tk;Tk+1 1, of course, only for
t= Tk+1 , k=0;1;:::. The generality adopted is in keeping with our de nition 5.4.  14.
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mif (s zI); 9 s el @ 250 s,
- S ’ :
o me sufmlf z; 9:jzj 1 (C.10)

this gives
. Ty -
X XG  mjze zlq Mz 20 (C.11)

There is of course an assumption hidden in de nition (C.10),namely
Condition C.7 If ©is locally of order r +1 on fi;:::;fq, then m[-; 9 is
bounded on their convex hull. (If, as is often the case, m[f; % can be estimated
by polynomials in the uniform bounds of various derivatives of f , then the present
condition is easily veri ed. )

Therefore
Z t
2 —_ —_
D@ = T (XY F (X9dz
0
has size
D@ ? C @504 max o X% F (X9 ds
Te e P =1 ;2 0 s s Lp
Z Tk 1=
C,dL  max X% x2 ds
=1 ;2 0 Lp
o 00 0 1=
by A.3.29: C,dL r:rla>;<2 ; Xs~ Xg |, s
X Z T +1 1=
= C,dL max Xy x2 ,ds
0 <k
Z
X T 41 . Ty . 1
by (C.11): C,dL max mjzs zJxj ""teMZs 25 g
=1 ;2 <« T LP
z . L
= C,dLm"** max k% izt eM4ls ds  (C.12)
=1 ;2 0 LpP
z .
— — 0 -
by 5.2.18: C,dLm™** Bor_r}axz(Tkz )= s(r) =2 M’s  gg
- 0
P 1 D L or=2+1
CodLm™ BYT,_ Ty)eM
P Tk T) (r+]) =2 +1 — (r=2 +1)=2
0 - P —
CpdLm™1B%M " (D=2 T " Ty
From this it is evident that there is a constant B = Bé?r)n;p;r such that

D?? g =2 ¢ Pi gy o
LP
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for small . Multiplying this by e M! and taking the supremum overt 0 gives
217 2 +1) =2 .
P[5, 8@ =
for suciently small > 0 and suitable constant B® . Equality (C.12)

is justied by the observation that Zs and Z1,+s Z71, have the same
distribution (exercise 3.9.7).
It is time to estimate D@ . On an interval ( Ty; Tk+1] we have

WX = X2 1f (20 z{%); 9

UIX %, + IXP5Lf (Ze 28 9 X3,
Zt
Ux%, + F (X dz,

Tk

and urx %,

UX%r, + XP:Lf (Ze 2% 9 X3,
Thus D{Y DY) = AXP Lf (Zo 2[4 9 XD Lf (2o 2[); 9

Tky. ©
m[f (Z, ZtTk); (11”1 em[f (Zv Z.%); ]1;

. Ty -
T+l MiZe Z.Kj .
Zi*)) € ‘

using (C.10): (m jZ;
whence

miz 27,

sup Dt(l) D(le) (mjz z™j7 Yy*le

k+1
Tk t T+

. T .?
and D7 DO (m jz zTjZ )Mt F e
X
Hence DY” (mijz z7 j?
0 <k

)r+l emjz z7 j7 +1
+1

Now the distribution of jz ZT j7 s exactly that of Z?, thus

D7 omitk jzjreH
by 5.2.18: miT, 1 BOo () =2gM°
From this it is evident that there is a constant B® = Bé?,)n;p;r such that
for small
p®7? L BM =2 =2 gt 0

5.5.5 Let L(M be a sequence of laws i. & (Z.;X)[P] : X. 2 Xag
There is a subsequence, which we will again denote by.("), such that



62 Answers

LMyl LA )forall 2 C, CH*"[0;1) , dening a positive linear
functional L(*) of mass one onC, C9 "[0;1) . Due to Kolmogorov's
theorem A.3.17 and the established tightness of the projedan of L(1) on
the C4*"[0;u], u 2 N, L) is -additive; due to the polish nature of
CY9*n[0;1) it is even tight. Thus it belongs to the weak closure of fL(Mg
in the set of probabilities on C9*"[0;1 ). This argument shows that L is
relatively compact in the topology of weak convergence of mesures. The
uniform tightness now follows from exercise A.4.8.

5.6.3 (i)

dDD = D. dD + dDD. +[D; D]
D. dYD. + D. dYD. + D. d[Y;Y]D.
D. ( dY +djY;Y]+dJ)D. +D. dYD.
+D. ( d[Y;Y]+d[Y;]Y; Y]]+ d[Y;J])D.
D. (d]Y;Y]+ dJ)D. + D. ( d[Y;Y]+ d[Y;J])D.

D. (dJ JIY;Y]+dY;JDD. =D. ( J ( V)2+ Y J)D.
=D. (I+ Y)Y J ( Y)>D. =0:

(i) is evident.
(5.6.10) Let R" 3 x, ! x. Then X" ! XX in probability (use in-
equality (5.2.36), if necessary after a change of measure @ turns Z! into
an LZ2-integrator). Next let 2 Cpo(R"), supported on the ball B, (0) of
radius r, say. Then the probability that X* enters B, (0) before time t is
less than C>22%) f  eMt=(jxj r)l,; 0. This implies Ty ()1 O.
Approximating an arbitrary 2 Cp uniformly by functions of compact
support will establish the claim T; 2 Cp.
5.7.2 (ii) Let s<t, say.
h [ h [
B ?(Xs) 2 (Xs) (Xo)+ 2(X)
h [
EX 2 2 Tis()+Tis(® Xs

B j (X)) (X9)i?

condition on Fs and use (5.7.1):

by equation (5.7.1): =Ts 2 2 T s()+Tes(? (x):

This converges to zero uniformly inx as ¢t s)! 0 on the grounds that
the argument of Ty converges uniformly to 0 and the operator normkTsk
is less than 1. For the second claim observe that

Tu X (Tu t xt = Tu X Tu t X
+Ty ¢t X Tu ¢ Xy

can be made arbitrarily small in L?(P*) if is chosen su ciently close to t:
given > 0 chooset®2 (t;u) sothat t < <t %implies that T, and
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Ty ¢ dier uniformly by less that =2; this will make the L2(P*)-mean
of the rst summand less than =2; then use the continuity of the curve
7' (Ty ¢ )(X ) to make the L?(P*)-mean of the second summand less
than =2 as well.
(i) Let 0 s<t. Since
Z, Z,
e'T, U =e'Ty s e T d =e't e T.isd

0 0
Z1

! t+s: =e S e T d e SU ;
t s

equation (5.7.1) gives
EX ZijFs =E* e 'U  X4Fs = e 'T; sU X PX-a.s.
e SU Xs=Zs:
5.7.6 There is an increasing sequence, 2 Coo(E) with pointwise limit | j.

SinceE*[ n X{=T: n(X) T j(xX) < 1, the random variables (X;)
etc. are all P*-integrable. Now

EX[ (Xy) (Xs)jFsl= Tt s Xs PX-a.s.

Z t
= T A Xsd

S
Z t

= EX[A X jFs]d P*-a.s.
S

hZ i
= EX A X d Fg P*-a.s. :

S

5.7.8 A diers P*-negligibly from a set AP 2 Fo[X.]. Fo[X.] is generated
by X, which equals x P*-almost surely, and so equals the -algebra of
P*-negligible sets and their complements. For the second clai observe that
TB isanF" [X .]-stopping time (corollary A.5.12); so A & [TB = 0] belongs
to Fi[X.]= F§IX.].

5.7.12 (i) There is an increasing sequence of compact set§, whose interiors
exhaust E. The paths ! which are in K, at all times form a compact set
Kn in the product topology, which is the topology of pointwise convergence.
The bounded continuous cylinder functions based on nite sés 2 [0;1 )
form an algebra that separates the points ofK, . By theorem A.2.2 there is
one of t@m, sayF, = , X ,,with jJF Fpj < 1=n uniformly on K,.
Set = n[ Q and regard F,, as a continuous bounded cylinder function
basedon : Ry =f, X ,wheref,= |, . Clearly f & limf, exists
uniformly on X (Kp) and F = f X on bounded paths. To see thatf

is continuous onE , let x. ! x. pointwise. Pick a bounded path x° on all



64 Answers

of [0;1) and dene X, to equal x, for t 2 , x? otherwise, and similary
dene X. Then X_ ! X., and thereforef(x )= F(X )! F(X)= f(x).

(i) Since isdensein [Q1 ) and the paths of Dy(E) are right-continuous,
the cylinder functions based on nite subsets of (and restricted to Dy(E))
form an algebra A that generates F; . Since A is countably generated P*
is order-continuous on it. Sincex 7! EX[] is continuous for 2 A and
F is continuous in the topology generated by A on Dy(E), x 7! EX[F] is
continuous as well (proposition A.4.1). The argument for (iii) is similar.
5.7.13 Let K, be an increasing sequence of compacta whose interiors ex-
haust E,Sand set , = fl 142 KyforQ 3 q t+1g. Since
Dy(E) = n, P[ n]>1 for su ciently large n. The right-continuity
of ! causes!s2 K, 8s t.

A.2.3 (i) The condition is clearly su cient. For the necessity sup pose then
that the sequence (,) in E or E converges uniformly on A to f. By
taking a subsequence we may assume thgtf nj 2™ YtonA. Then
i net nj 2 "™onA,andthefuncton ¥ 2" ., o, 72",

which by theorem A.2.2P(i) belongs to E, equals 41 n ON Ag. There-

fore the sum < ;+ ' 7 converges uniformly, with limitin E = E.

Clearly f =  on Ap.

(i) Given > 0 nd 1; 2 2 E with —(fj; ) < on A, i = 1;2.
Then set M & sup( 1j _j 2j, andon [ M;M] [ M;M] approximate
(x;y) 7' ~(x;y) uniformly to within by a polynomial p(x;y). Then
“(fuf2) p( 1 20 “(fuf2) (1 2)+ (1 2) p(1; 2) 3 on
A.

A.2.6 B consists of functions of compact support, andJo is a function of
compact support K as well. There exists P 2 B=Cyo(®) with b K.
Tietze's extension theorem provides a functionb 2 E equal to 1=b on K . If

B3 b, ! band B3 bn ! b uniformly, then the (bn bbn) ] 2 E form a
E-con ned sequence converging uniformly to .

A.2.9 We check the -continuity at O (see exercise 3.1.5 on page 90).

( :Let E3X,#0. Then R« inf®, vanishes onj(B) and inghe pointwise
in mum of a sequence in B. Consequently (X,) = b()bn) ! Rdb=o0:

is indeed -additive.

) :1f R:® 1 R vanishes onj (B) and is the pointwisg in mum of a sequence
(®0,) in Bthen X, ¥, j #0 onB and so R dP = lim P(R,) =
liml (Xn)=0.

A.2.10 The assumption of weak -additivity means that for all continuous
linear functionals g : LP ! R, ® g | is ngditive. The extension
theory of Sections 3.1{3.2 furnishes an integral - dP of the -additive
Gelfand transform P (see assumption 3.1.4). Let then ERS Xn # 0, and
set R inf,. Then f < liml1(X,) = lim PO®,) = R dP exists in
the norm topology LP, due to the Dominated Convergence Theorem. Since
hgjf i = lim hgjl (Xp)i =1lim (X,) =0 for all g in the dual of LP, f =0
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thanks to the Hahn{Banach theorem A.2.25.
A.2.16 part (iii): In view of part (i) we may as well assume that E contains
the constants and is uniformly closed. LetE,
Y
= kK  k,;+tk k,
2Eo

j:E! ,and E =j(E) be as in the proof of theorem A.2.2 on page 369.
and E are compact. Let us denote byu the E-uniformity on E and by T

the unique uniformity of the compact space E , the C(E)-uniformity.

(a) Observe rstthat 7! | is an isometric (for the sup{norm) algebra

isomorphism of C(E) with E. (If j is injective this says that E consists

exactly of the restrictions to E of the continuous functions on E .)

(b) For a real valued function denote by d the pseudometric

xy)7td (xy)=j (x) (i

Consider the basesug® fd : 2Egand Go® d-: 2 C(E)g for the
uniformities u and U, respectively. They are in one{to{one correspondence
via

d =d | j:xy)7td-jx)sidy) ; = j:
It is easy to see that, forany d in the saturation T of Ty, d | j belongs
to u. Conversely, ford 2 u set

d(; )€ limdj YV )j Y(V) , 2E;

where V  denotes the neighborhood Iter of , considered as usual as a
family of idempotent functions (convention A.1.5 on page 3@&). Sincej(E)
is dense inE, j Y(V )andj (V) are lters, in fact Cauchy Iters on E,
so the limit d( ; ) exists. d is a pseudometric and belongs tdi. Indeed, let

> 0. There ared;;:::;dy 2 up and > 0 so that max;di(x;y) < =)
d(x;y) < . The d; are of the formd, = di | | with d; 2 Tp; then clearly
max;di(; )< =) d(; ) .Nowd=d j j:

u=u j j:

From this it is obvious that j : E ! E is uniformly continuous. (If j is
injective this says that u is the uniformity induced on E from the uniformity
of E.

(c) Being compact, E is complete: a Cauchy Iter on E is contained in some
ultra Iter, which converges; its limit is the limit of the gi ven Cauchy lter.
(d) To see that the compact Hausdor space E with its unique uniformity is
the completion of (E; ug), let f :E ! Y be some uniformly continuous map
into a complete uniform space {;v). We de ne the extensionf :E ! Y as
follows: For 2 E, the neighborhood Iter V is Cauchy andj 'V isa



66 Answers

Cauchy Iter on E. Therefore its forward image f (V) is a Cauchy lIter in
Y and has a limit, and that shall be f( ). In other words,

f()« limf j (v

Clearly f j =f.

It is left to be shown that f : E ! Y is uniformly continuous. Let then
d°2vand > 0. Therearea > Oandad=d | j 2 u such that
d(x;y) < 3 implies d®f (x);f(y) < =3. Letthen ; be any two points
in E with d(; )< . There are points x;y 2 E with j(x);j(y) so close to
., respectively, that d ;j (x) < ,d ;j(y) < ,df();f(x) <=3,
and d°f( );f(y) < =3. Then d(x;y) < 3 and therefore

dF()F()  dFO)fx) + dfx)ify) +dfF(y)F()
=3+ =3+ =3 =

f is uniformly continuous. This establishes thatj : (E;u) ! (E;T) has the
universality property of a Hausdor completion.

A.2.19 (iv) implies (ii), for lower semicontinuity: Let x 2 E, setr = f (x),

and let > 0. The function thathason [f r ] the value inff and at x

the value r is continuous on the closed setf[ r  ][f xg. Tietze's

extension theorem provides a continuous extension to all of E with values

in [inf f;r ]. Clearly f and (x) f(x)

A.2.24 Let U[P] be the algebra of lemma A.2.20, andj : P ! P as
furnished by theorem A.2.2 (ii). Since 12 U[P], P is compact; sinceU[P]

is countably generated, B is metrizable; since U[P] generates the topology
of P, j is a homeomorphism ofP with its image j (P). By exercise A.2.23,
j(P) is a G -set of ®; and in the compact metric spacer every open set is
aK -set.

A.2.25 (i) We start with the case that A is a linear subspace andB is open.
(In this case the result is known as thetheorem of Mazur.) Zorn's lemma
provides a maximal linear subspaceM containing A and disjoint from B.

M is evidently closed. We have to show that the quotient? & V=M is one{
dimensional and therefore linearly homeomorphic withR. Let p:V ! ¥ be
the quotient map and assume by way of contradiction that ¥ has dimension
> 1. ¥ contains no linear subspacelL disjoint from the open convex set
B < p(B) other than fOg; else p (L) would be a linear subspace ofV

disjoint from B and properly containing M . Now the punctured space
¥ « ¢ nfOg is connected, since its intersection with every two{dimensonal

subspace oéﬁ is homeomorphic with R?, and it contains the open convex
cone €€ . B, which is therefore not closed in ¥ ; there exists a
boundary point x of € in ¥ . No positive scalar multiple x , 0
belongs to €, and neither does x : if it did then x 2 € and the whole
segment [ x;x)® fx : 2 [ 1;1)g would lie in €, in particular then
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0 =0x 2 €, which is false. That is to say, the whole closed linear subsace
Rx “ f x : 2 Rg is disjoint from B, and there is a contradiction: we must
indeed have dim¢ =1.

We composep with a suitable linear homeomorphism ¢ ! R to arrive at
a continuous linear functional f : V ! R which vanishes on A and has
f(B) (0;1), then pick c=0. The pair (f;c) answers the description.

In the case that A is an arbitrary closed convex set andB is still open, we
apply Mazur's theorem with B replaced by the open convexseB A ¥ fb
a:b2B; a2 Agandwith A= f0g. The continuous functional f found
above hasf (b) >f (a) forall b2 B anda2 A. Taking c¥ infff(b): b2 Bg
yields the claim.

In the case that A is an arbitrary closed convex set andB is compact,
consider the open setsA + V& fa+ x:a2 A; x 2 Vg, where V runs
through the convex open symmetric (V. = V) neighborhoods of zero. Their
intersection A with B is void, so one of them, sayA+ V , has void intersection
with B . Apply the previous result to A and the open convex setB V.

(i) Let f be alinear functional de ned and continuous on the linear suspace
M V . Let A be the closure off %(fOg) and B & fbgy, where b2 M has
f(b)=1|such b exists and lies outsideA except in the trivial case that
f =0. Now (i) provides a continuous linear functional f°: V! R and c a
scalar sothatfYa) cfor a2 A and f%b) > c. Since A is a subspace,
f9=0 on A, which implies ¢ 0, and we may assumec = 0. Then
F < f %f QD) is the desired extension off to all of V.

(iii) Suppose A is convex and closed inV. For every bZA there are, by (i),
a continuous linear functional f, and a constantc, sothat A [fy, ¢]. In
other words, A is the intersection of the weakly closed halfspacesf| c¢],
b2=A, and is thus weakly closed itself. T

(iv) A set F of linear functionals on V is equicontinuous if (- jfj 1
is a neighborhood of zero inV. For instance, if V is a seminormed space
with seminorm k Kk, , then F is equicontinuous if and only if it is uniformly
bounded on the unit ball of V: s® supfj f (x)j ;l.f 2F ; kxk, 1g< 1 ;then
the k k,-ball of radius s * is contained in (,- jfj 1. In partivular
the unit ball fx 2V : kx k, 1g is equicontinuous (here kx Kk,
€ supjx (x)j : kxk, 1g.) T

Letthen F V Dbe equicontinuous and setv ® ... jfj 1. Then every
X 2V is absorbed byV, sayx 2 «V, and thereforef (x) 2 I« ¥ [ «; «].
Let now U be an ultralter on F. Then the setsU(x) ¥ ff(x):f 2 Fg,
U 2 U, form an ultra lter in the compact interval |4 that has a limit g(x)
(see exercise A.2.13 on page 374). It is easy to see that7! g(x) is linear
and that g(V) [ 1;1], so that g is continuous. That is to say, g is in the
weak {closure of F (see item A.2.32 on page 381), showing that that closure
is weak {compact.

As a corollary, the unit ball of a re exive Banach space E, being the unit
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ball of the dual of E , is weaklgl compact.
A.2.29 Set o(r)=sup af e : df ee<r . This is clearly an increasing
positive numerical function on R, satisfying

df & o aif & ; f2V:

Givenan > 0,wecan nda &l e -ball ff : df &< g contained in the
dl € -ball ff : df & < g. Clearly r < implies o(r) < : ¢ has the
desired property (r) !, o 0. Now o may not be right-continuous, but

()Y inf ofs): s>r

is, and it retains the other properties of .

A.2.36 The right-continuous version of x. will satisfy the same inequality,

so we may as well assumex. to be right-continuous to start with. Set
“2(A B+C)and ¥ max-pq(2B) .Then < A B+x satises

Z 1=
—+ max B d ; 0;
2 =pa 0
and the claim follows from e 8 . This is certainly true in some
neighborhood of = 0. If & finf > e g¢g< 1, then by right-
continuity
Z .
e —+ max B e d
2 =pa 0
< — + max Be  _ + —e e
2 =pa( ) 2 2
This contradiction shows that = 1 .
A.2.40 Cover U by bounded sets.
A.2.50 Chain Rule: If : D ! E is dierentiable and F : E! S
weakly di erentiable, then F . D ! S is weakly dierentiable and

DF [u]=DF[(u)]D]Ju]. Forc) apply the chain rule and the mean

value theoremtot 7! F(u+ t(v u)).

A.3.1 (i): Let d be a metric de ning the topology. A closed setF is the zero-
set of the function x 7! d(x;F) % inffd(x;y):y 2 Fg, which is continuous.

Therefore F is a Baire set. Then so is every open set.

(i): First the case that G is metrizable. Let U G be open and set
U@ fx 2 G : d(x;U°) 1=kg S Lé I|Ihe interiors of these closed sets
exhaust U. Therefore f Y(U) = ~, " oy fn2(Uk) 2 F {since fB :

f 1(B)2Fg is a -algebra containing the open sets, it contains the Borels.
In the general case consider B) 2 Fg. This is a -algebra. If f is

F -measurable for all 2 Cgr(G) then contains the sets f 1(Bg)g for

any 2 Cgr(G) and any By 2 B (G), if f is F=B (R)-measurable
for all 2 Cr(G). and thus contains G. Thatistosay, f : F ! G is
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F =B (G)-measurable i f isF-measurable forall 2 Cr(G). Soifthe f,
are F =B (G)-measurable and converge pointwise td ,then f =lim f,
is measurable for all 2 Cgr(G), and sof is F=B (G)-measurable.

(ii): This counterexample is from [27], page 96, and was paited out to me by

Oliver Diaz{Espinoza. Let f = | be the unitinterval, and equip G = |' with
the topology of pointwise convergence. For everi 2 | let f,(x) 2 1' be the
function y 7! max(0;1 njx vyj). The mapsf, :1 ! |' are continuous,

but their pointwise limit f , which maps everyx 2 1 to 1iyq:y 7! [x = y] is
not Borel measurable.

A.3.2 (i) The functions f of this description form a sequentially closed
family.

(i) Suppose sup, f, > 0. Then f(M < 1A nsup_, jf j 2 E and 1 =
limf(M 2 E . Conversely, if 12 E , then there is a countable family
ff1;f2;:::g E whose sequential closure contains 1. Thd, cannot all
vanish at any one point because then so would 1, thus sup,j > O.

(i) The E above are the same whether the sequences occurring in their
de nition are considered asR-valued sequences that converge pointwise iR
or as R-valued sequences that happen to have a real-valued pointa@ limit.
A.3.6 The sequential closure of the class of dierences of boundetbwer
semicontinuous functions contains the topology3, which forms a multiplica-
tive class; it therefore contains all Borel functions. Conwersely, a lower semi-
continuous function h is the supremum of the countable collectiong [h > q],
g2 Q, and so is Borel measurable. Then so is a bounded lower semitimu-
ous function, a di erence of such, and every function in the gquential closure
of such di erences.

A.3.7 Supposef 2E isE-conned. Thereisa 2E with jfj . The
collection of functions g 2 E such that _g” s the limit of a bounded
E-con ned sequence inE is sequentially closed and thus containstE .

A.3.8 (i) This is just the de nition of inner measure, which agrees with

on A . (i) Any idempotent member (set) of the class inf -2 L9(A ; ):
of 2 f_ with f O will do.

A.3.10 Due tolemma A.2.20 any decreasingly directed collection  C,(E)
contains a decreasing sequence () with the same pointwise in mum; then
inf ()=inf ( ,). Forif ( )<a forsome 2 ,then ~ ,# and
consequently inf ( ,) Iim ( ~ ,)<a.

A.3.21 See [5, page 286 .].

A.3.25 There is a collection L of ane functions R; 3 x 7! "(x)= ax+ b
whose pointvygi\,se in mum isR . For eﬁch one qi themb is pos,give and
(jzj) d (jz)d =a jzjd +b 1d & jzjd +b="K jzjd

Taking the in mum over " 2 L Yyields the claim: (jzj) d jzj d
A.3.26 This is evident if ( x;! ) is a product of the form (x) (!), then
if it is the linear combination of such functions, then if it b elongs to the
sequential closure of the algebra formed by the latter.
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A.3.28 Let f be an element in the unit ball E; of the dual of E. Then
Z Z Z
h fd jf i= HWjf id kf ke di i
Taking the supremum over f 2 E; yields the claim.
A.3.29 The casesq= 1 and p= q are trivial.
The case 1=p<q: If kkf kLl( )qu( ) > 1, then

z Z q
jFOGy)i (dx)  (dy)>1

and there is a function g 2 Lﬂo( ) of norm one in that space with

Z Z
1< JEOcy) (dx)  g(y) (dy)
Z Z
= jFOay) gy) (dy)  (dx)
Z Z 1=q Z . 1 q°
jEOsy)? (dy) jayi?  (dy) (dx)
= kfk o) i) :

In the remaining case O<p<q< 1 write

— 1=
kf K = Kf Pk )" kif jPk j

LPO) La LEHO) Lewn ()

Kif §PK o LT Mk

A.3.34 Only the su ciency may not be obvious. Assume then that " I*n!
converges for almost all . Then & ixn Xm bonnn 1.

. o . P—
With ()y=¢el 272
Z
2 p
Now Qm;n = ej Xn Xmj=2 ej i(Xn Xm)j?=2 2_d
d
v ,
= el Xn Xmj=2 el j?=2 2 d
Rd

= e] Xn ij:2:

From the resulting e! X» *mi=21 .. 1 we conclude that () is Cauchy.
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A.3.37 (i) The continuity of h;? , is an immediate consequence of the
metrizability of G and the Dominated Convergence Theorem. To see that
h;? , vanishes atl ,let > 0 be given. There exist a compact setK , so
that ,(K$5) < and a compact setK; outside which jh;j < . If g lies
outside the compact algebraic sumK, + K> G, then hi(g @) < for
02 2 K3 and therefore K., hi(g @) 2(dg) < k k. Clearly Ks h1(g
02) 2(dg) < khik. Thus h;? 2!9!1 0.
A.3.44 Since is order-continuous (exercise A.3.10), it makes sense to lia
about the support C of (exercise A.3.13). LetS be a lifting, a countable
gniformly dense subset ofU[E] (see lemma A.2.20), andN the negligible set
f[S 6 J]\C: 2 g. For x2 N set Tf(x)= Sf(x), f 2L . If
x 2 N, consider the ideal | y of functions f 2 L' that dier negligibly
from a function © that is continuous (in the metric topology) at x and
has 9x)=0. As in the proof of lemma A.3.40 one checks that there is an
k2 B at which all the functions of P, vanish. Set Tf (x) = (k) and check
that T is a lifting with T (x) = (x) for x2C and 2U[E]. For x2 C

and 2 Cy, we have by lemma A.2.20T (x) supfT (x): 2U[E]g=
supf (x): 2U[E]o= (x). Applying this to givesT (X)= (X).
(x*+y?)=2

A.3.45 Equation (A.3.17): Integrating e over the plane in polar

coordinates establishes rst that

Z ..

- p_—
e X2 "5
1

The variable substitution u=(x it ):pf turns the integral

h_ | l Z+1 . 2_2
E &% :p? eX e *™dx
1
Into ot 25 Z 1 . ,
—p—z_ e " du=e ! 2:
1

A.3.49 Apply functional calculus to the self-adjoint operator B. Or apply
the power series fork B klz2p 1 x tothe matrix | B=kBk, kBk being
the operator norm of B..
A.4.8 See [12], ch. IX,x5: Treat rst the case that E is also locally com-
pact. Suppose the locally compact spacee has a countable basis, andP
is a family of probabilities on E that is relatively compact in the topology
P (E);Coo(E) of convergence on continuous functions of compact sup-
port. There exists an increasing sequence of compactX , E whose in-
teriors cover E. By way of contradiction assume P is not uniformly tight.
Then there exist an > 0 and measures , 2 P with ,(Kp) 1
Extracting a subsequence we may assume that , ! 2 P (E) on all
2 Cpo(E). Now (K) > 1 for some compactK E, since isa
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tight probability. There exista 2 Cpo(E) with =1 o0on K andanN 2 N
so that Ky contains the support of . Nowas ,()! ()>1 we
have ,(Kp) n(Kn) ()>1 for suciently large n N, a
contradiction.

An arbitrary polish space is the intersection of a decreasig sequence of
open subsetsE,, of some compact space (exercise A.6.1). We view the
measures ofP as measures on theé,, , which are locally compact. Due to the
rst part of the argument there are compacta K,, E, with (E, Kp)<

2" 8 2P.K¥ K, Eiscompactandhas (E K)
A.5.6 (i) Suppose that K° K [ has the property that no nite subcol-
lection has void intersection. Then there |ssan gjltra lter U containing K°.
Every set K°2 K is the nite union K%= ~ 1) K0 of sets inK. At least
one of the K?, say Kl(Ko) belongs to U. NIQ mtersectlon of nltely_lmany

such K i o) is void, and therefore neither is K o : K°2K®
(iii) Take for the closed sets the sets inK[ ' a
A.5.16 Apply theorem 2.4.7.
A.5.18 Proposition 3.5.2 shows thatO contains P. Let X 2D. Let > 0
and de ne the stopping times Sy =0 and
S+ =inf ft>Sy : jX X {9 k=1;2:::
X
and X = Xo[0]+  Xs, [Sk;Sk+1): ()
k

Since X has no oscillatory discontinuities, Sy " 1 . Evidently, X and X ()
di er uniformly by less than . The processX () diers from the previsible
process X
Xo[O] + Xs,. (Sk;Sk+1]

S k
onlyinthe set | [Sk]. The processes () form therefore a generator ofO for
which the claim is true. It is now easy to check that the optional processes
for which the second claim holds is a monotone class. An appmation of
theorem A.3.4 nishes the proof.
A.5.20 The family of processes that have an optional projection is anono-
tone class. It contains the processes of the formt;[1 ) g, g2 F; bounded,
which generate the measurable -algebra. Indeed, let M9 be the right-
continuous martingale E[gjF ;] (proposition 2.5.13). It follows from Doob's
optional stopping theorem 2.5. 22 that ;1 ) MY is an optional projection
of ;1) g. If XO P and X°°F are two optional projections of X , then

B® XOPg X " isan optional set. If it were not P-evanescent, one could
nd a stopping time T whose graph is contained inB and has non-negligible
projection on . This however is clearly impossible.

A5.21 X©P meets the description. Indeed, for anyt and A2 F; = F{

EA XtO?P :EXS;P[tA<1] :EXtA[tA<1] = EA X,
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the F{-measurable random variablesX 2" and X, di er negligibly.
A.6.1 (i) See exercise A.2.24. (ii) Letp: P ! S be a continuous map
from the polish space onto the Suslin setS, and C S closed. Then
p:p Y(C)! C exhibits C as a Suslin set. (iii) Let S, be Suslin subsets of
a Hauador space andp, : P, ! S, continuous surjections. In the product
space ~ , P, , which is polish, let P % f(xp): png?q]) = Pm(Xm) for m 6 mg.
This is aflosed and therefore polish subspace of | P, . The continuous map
p:P! , Sn exhibits the intersection of tbe S, as Suslin. For the union,
consider the disjoint topolcyical sumP ¥ P,. lIts is again polish, and
the obvious mapp: P ! , Sn shows that the union of the S, is polish.
(iv) By (i), a closed ball of the given Suslin spaceS is Suslin. SinceS is
separable as the continuous image of a separable space andtrizable by
assumption, the complement of a closed ball is the countablenion of closed
balls and is therefore also Suslin. The collection of sets wth together with
their complements are Suslin is closed under taking compleents and by (ii)
is closed under countable unions and contains the closed Wal It contains
therefore the -algebra generated by the closed balls, the Borels.
A8.1 (i)If daf & a, then there exists a decreasing sequence () with
inf , aandP[jfj> ;] m forl m n. Then P[jfj>a] P[fj>
] m for all m, and therefore P[jf j > a] a. The reverse implication
is obvious.

(ii), for p=0: Let a= df & and b= dige. Since [f + g >a + b
[ifj > al[ [jgi > b], we have by (i) P[jf + gj > a + b a+ b, ie.,
df + gy, d f & + diges,.

(i), for p=0: lim,, oakf & = 0 clearly implies P[jfj= 1 ]=0.

(iv), for p=0: The algebraic properties are obvious. Given atl &g-Cauchy
gequence f(n) extract a subsequence f(,, ) with df, ., f, e 2 X. Then

«Ifne  fnoJ isas. nite, and therefore (f,, ) converges a.s. The limit is
a dl e-mean limit of (f,) by a standard argument.

A.8.2 Thisisclearif p 1. For 0 < p < 1 Helder's inequality (theo-
rem A.8.4 on page 449) with conjugate exponents Ap;1=(1 p) gives

a1+ lpt a ntPaP+:ii+ay® for a 0. Apply this to
a =( jf jP) to obtain
Z Z Z
[LETR I Y jiaP + i+ jfajP
Z Z
1=p 1=p p
nt P LT L S | 1Y

and take p" roots.

A.8.4 Helder's inequality for the special caser = 1 of conjugate exponents
is in any textbook on integration. By applying that to the fun ction jfgj",
with conjugate exponents p=r and g=r, the general case follows. For the
second claim reduce to the caséf kp =1 and take g= fP 1.
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A.8.5 Letl1=pand 1=gbepointsinl; and 1=s= =p+(1 )=q(0< < 1)
a point in between. Seta= s=p;then 1 a=(1 )s=gand O<a< 1.
Apply Helder's inequality with conjugate exponents 1=a and 1=(1 a) to
jf jP and jf j9:

Z Z Z

a 1 a)
jfisd = jfjpjfjad @ ifiPd jfitd

Kf K kikD, @9=kfkS, ik, °;
and so kfk . k fk., kfk'q
and In kik. I kfk, +(1 )In kfkq

A.8.11 The notions of F -measurability and almost sure niteness coincide,
whether P or P? is the measure: L°(P) and L°(P% coincide as sets. Suppose
fn! Oin P-meazsure, and let > 0. Now

PO jfnj > jfaj>  g°dP
Z Z

faj>  o®>M  ¢dP+  jfpj> ¢ M ¢°dP

z
@°>M ¢°dP+ M P [jf,j>

Choosing rst M so large that the rst summand on the right is less than
=2 and then n so large that the second summand also is less tharr2, we
see that eventually cdfneeLo(Po) . fo ! 0 in P-measure. Interchanging
the roles of P and P and replacing g° by g (g% ! shows that the converse
implication f, ! 0 in P>measure 3 f, ! 0 in P-measure is also true:
the two topologies are, indeed, the same.
A.8.12 Set (r)=supfdif &, :df &,p rg. Toseethat (r) o O
let > 0O be given and denote byg a Radon{Nikodym derivative dP%=dP.
ThereisaK > 1sothatPJg>K ]< =2. Set  =(2K). If df & op) <
then P[jfj> ]< =(2K) and soPYjfj> ] PJg>K ]+ KP[jfj> ]< . To
get right-continuous geplace it by its rightl:gontinuous v ersion.
A8.15 (i) E[ffiP]= o tPdPifj t]= 4 T*°T*<1]d bythe
change-of-variable theorem 2.4.7, wherelT * « infft : P[jifj t]> g=
infft:P[jfﬂ'?>t] 1 g=kak[1 ]andrl'+<1]=[0 < 1]. Hence
E[ifiP]= okfkj ;d = okfk' d . The lastclaim is done similarly,
with t 7! tP replaced byt 7! ( t).
(i) If < kf+ gk[ . ] then
+ Pif +9i> ] PIfj+jgi> ]
Plifj > kfk, |1+ POfj+jgi> : jfj k fk ]
+Pligi>  k fk 4:
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Thus Pligj > k f k[ ]], ie., kgk[ ] k f k[ ]] and k f k[ +
kgk[ -
A.8.16 Let > 0. Then
< kfk[;][;P] |
h [
=) < PKfjk . ,> =P [fj> ]>
Z Z
=) < [F( )> 1Pd)= " PIf(;t)> ] (dt):
With g(t) « P[f(;t)> ]J]wehave 0 g 1 and
Z
< g(t) (dt)
Z Z

= g@le®) T d)+ g(®gt)> ] (db)

+ (9> ]

so that [g> ]= Pjfj> ]>
i.e., kf k[ P>

which reads kf k

[;P][ 1

A.8.17 (A.8.1): Set = kgk[ ] and denote the right-hand side of the rst
inequality by . Then

Pf> 1 PIf> ;g J+Plg> ] Plf'=">1;=9 1]+

—rE[frzg]+ = Er + = +

(A.8.2): Set = kgk[: 2] and denote the right-hand side of inequality (A.8.2)
by . Then

Plfg> ] Plfg> ; g< ]+Plg ] Plf> =;=g> 1]+ =2
f r
E[f> =] 1=g + =2 — + =2
[ 1 1=g L (P=g)
r+1Er

+ =2= =2+ =2=

r

A8.22 p = 0: If kfnk[] a 8n, then P[f, > a] 8 n and
consequently P[f >a ] = sup, P[f, >a] , Which says that kf k[] a.

A.8.27 In the proof of inequality (A.8.6) replace the constant 2 by any

A > 1. The argument giveskf k, AK; kf k[(A 12AK 1)2] - Solving (A



76 Answers

1=AK )2 = and using the value K = p§ from remark A.8.28 produces

the claim.

A.8.29 Sincep 7! _(p+1)=2 is convex, there are two points at which
(p+1)=2 equals =2. One of them isp = 2; inspection of a table

shows that the other is pp  1:85. To the left of py equation (A.8.8) gives
Kp=2%P 1=2_ Calculations on a hand-held calculator show that the ratio

P (( p+1):2)- 2

takes its maximum at p,  1:92175 and that its p" root there is approxi-
mately 1:000366283.
A.8.30 By the Central Limit Theorem

1% 1 41
im = ji+::+ oPd = p=—  jxj°e **2dx

n np T 2 1

(254

=2P22p2 7.

Thus

K e pé-

P '

1
p

N

Also, the choicen =2 and a; = a; =1 implies K, 2
A.8.32 (Suggested by Roger Sewell) Show that

2sin(p=2) ( p)

b(p) =
and then analyze the right hand side or have the computer drawa graph.
A.8.35 Let X1;::::Xp 2 E and iq);:::; rﬂq) symmetric g-stable.
Then (@ T A
en V u X q(V u(x
. G LP(dx) pa (V) . (x ke
X0 1=q
Tpq(v) kuk kx kg
=1
X X
and v ux @ k vk ux (@
=1 G LP(dx) - G LP(dx)
1=q

X
k VK Tpq(u) kx kg
=1

A.9.2
Zs Zs
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1 ZS+t ZS
= — T d T d
t o 0
1 ZS+t Zt
= = T d T d !t! OTS ;
t S 0
andso 2DJA]
and A =Ts
ZS
or Ts =A T d forall 2 C:

0

SinceR:)sT d sk, o , DJ[A]isdenseinCy(E). We have used here that
Ts A = A Ts for 2D]JA], which is left for the reader to establish [34,
chapter I].
A.9.4 See [54, page 320].
A9.8 Foreverys2[0;1), x2 E,and < 1 thereisa function gy 2
Co(E) with O landTs sx (X)> . Sinces7! Ts (x) is continuous,
we have Ts sx. (X) > on a whole neighborhoodUs of s. Any compact
interval [0; k] can be covered by nitely many of them; the supremum )'j; of
the corresponding sx. 'S hasTs )'j; (x) > forall s2 [0;k]. For any xed
> 0 the choice of a suciently large k will result in U ‘;; (x) >
This inequality will by continuity hold in a whole neighborh ood of x. Now let
K E be compact. Taking a nite supremum of such functions )'E; we nd
a function 2 Co(E) with O K 1suchthat U ¥ > onK.
Let K, be an increasing sequence of compacta whose interiors coVer, take
n =1=n, and choose , 2 Cyo(E) suchthat , 1and ¥ U ,>
1 2 " onK,.NowobservethatA , = , n nn! O

A.9.9 Applying the identity ( I A )U =1 tothe , of A.9.8 (iii) gives
Z
and in the limit U (x;dy)=1:
Z 4 :
ie., e STs(x;E)ds=1;

0

which shows that the measuresT(x; -) all have total mass one.

A.9.11 (i), ( : Urysohn's lemma provides positive continuous functions
n 1 of compact supportsothat [, 60] [ n+1 =1]and sup, n(x)=1
gl every point x 2 E. Let , 2 C be so thatj j n, and (s;x) 7!
e Ts(x;dy) n(y) is nite and continuous on [0;n] K. Then

k kkn;K n = k (@ k)kn;K n K n n kkn;K n !kgl 0;

R
since the continuous functions §;x) 7! - Ts(x;dy) n n « (y) decrease
pointwise, and by Dini's lemma A.2.1 uniformly on [0;n] K, to zero. There
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is therefore ak, so that , & k, 2 Coo(E) has k nknk, <2 ".
Clearly di ne (n+1)2 "', 0.

@, ) : Let 5 2 Cpo(E) ha}ye k nknk, <2 ", n=1;2:::, and set
o = 0. The function &« no1)on n 1) serves simultaneously for all

t< 1 andcompactK E.

(i)Let 2Cand 0 s wu. Thenforeveryt< 1 andcompactK E

Z
kTs kiek  sup T (x;dy) Tsj j(y): 0 t;x 2 K
ZE
sup T +s(x;dy)j j(y): 0 t;x 2 K
ZE
sup ET(x;dy)j j(y):0 t+u;x2K
= K Ke+uk

showing that T, : C! C is continuous. Nextlet 2 C and 2 Cy(E).
Then T, T. =T/( ) has kT Ts Kek k Ki+ ux  for
0O s u. This shows that the curve T. is on bounded intervals [Qu]
the uniform limit of continuous curves T. in C and therefore is continuous
itself.

A.9.13 See exercise A.3.16 on page 401.

A.9.15 Itis evident that T, is linear and has operator norm 1. To see
that it maps C, into itself it su ces to check its behavior on functions of th e
form (;x) 7' 1() 2(X), 12 Co(R+); 2 2 Co(E), on the grounds that
the linear combinations of these form an algebraA uniformly dense in Cy ;
soT, C, C, is obvious. By the same tokent 7! T, is continuous for

2 Ay and then for 2 C, . The multiplicativity follows from

Z
(To (Te NCsx)= (Ty )s+ ;y) Tse o (xdy)
Z Z
= (S+t+ ;y%Ts+t+ 'S + (y.dy% Ts+; (x,dy)
Z

(t+ s+ ;y) Terrs: (dy)=(Teyy )(:X):



