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Neckpinch dynamics for asymmetric surfaces
evolving by mean curvature flow

Zhou Gang, Dan Knopf, and Israel Michael Sigal

ABSTRACT. We study noncompact surfaces evolving by mean curvature flow
(McF). For an open set of initial data that are C3-close to round, but without
assuming rotational symmetry or positive mean curvature, we show that MCF
solutions become singular in finite time by forming neckpinches, and we obtain
detailed asymptotics of that singularity formation. Our results show in a
precise way that MCF solutions become asymptotically rotationally symmetric
near a neckpinch singularity.
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1. Introduction

In this paper, we study the motion of cylindrical surfaces under mean curvature
flow (McCF). Specifically, we investigate the asymptotics of finite-time singularity
formation for such surfaces, without assuming rotational symmetry or positive mean
curvature.

There is a rich literature on MCF singularity formation, one far too vast to
be fully acknowledged here. Neckpinch singularities for rotationally symmetric 2-
dimensional surfaces were first observed by Huisken [10]; this was generalized to
higher dimensions by Simon [12]. Asymptotic properties of a solution approaching a
singularity were studied by Angenent—Veldzquez [3], who obtained rigorous asymp-
totics for nongeneric Type-II “degenerate neckpinches,” and derived formal matched
asymptotics for (conjecturally generic) Type-I singularities. Rigorous asymptotics
for the Type-1 case were recently obtained by two of the authors [9]. The corre-
sponding result for Type-I Ricci flow neckpinches was obtained by Angenent and
another of the authors [2]. For the Type-II Ricci flow case, see [1]." These asymp-
totic analyses all use the hypothesis of rotational symmetry in essential ways.

A different approach is the surgery program of Huisken and Sinestrari [11],
which shows that singularities of 2-convex immersions M™ C R**! with n > 3 are
either close to round S™ components or close to “necklike” S*~! x I components;
this program does not involve asymptotics or require symmetry hypothesis. Yet
another approach studies weak solutions that extend past the singularity time. See
existence results of Brakke [4], Evans—Spruck [8], and Chen-Giga—Goto [5], as well
as recent classification results by Colding—Minicozzi [6].

In this paper, we consider the evolution of non-symmetric, noncompact sur-
faces embedded in R3. To analyze their singularity formation, we study rescaled
solutions defined with respect to adaptive blowup variables. We remove the hy-
pothesis of rotational symmetry and instead consider initial data in a Sobolev space
H3(S! x R;df o dy) (where the weighted measure o ~ |y|=5 as |y| — oo) which
are C3-close to round necks and possess weaker symmetries. (These symmetries
are retained to reduce technicalities but are not essential to our approach.) The
assumptions are made precise in Section 2. Because we do not allow fully asym-
metric initial data, our results do not establish uniqueness of the limiting cylinder
for general MCF neckpinch singularities (a conjecture that we learned of from Klaus

INote that what we call the “inner region” in this paper is called the “intermediate region”
in [1] and [2].
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Ecker). However, our results do provide rigorous evidence in favor of the heuris-
tic expectation that rotational symmetry is stable in a suitable (quasi-isometric)
sense. In light of the observation [6] of Colding-Minicozzi that shrinking spheres
and cylinders are the only generic MCF singularity models, our work indicates that
the rotationally-symmetric neckpinch is in fact a “universal” singularity profile.

Our analysis consists of two largely independent parts, both of which are or-
ganized as bootstrap machines. The first machine takes as its input certain (weak)
estimates that follow from our assumptions on the initial data; by parabolic regu-
larization for quasilinear equations, we may assume that these hold for a sufficiently
short time interval. These estimates are detailed in Section 4. The output of the
machine consists of improved a priori estimates for the same time interval, which
may then be propagated forward in time. The machine is constructed in Sec-
tions 4-7. Its construction employs Lyapunov functionals and Sobolev embedding
arguments near the center of the neck, where the most critical analysis is needed,
together with maximum-principle arguments away from the developing singularity.

The second bootstrap machine takes for its input similar (weak) conditions
detailed in Section 8, along with the improved a priori estimates output by the
first machine. It further improves those estimates by showing that for correct
choices of adaptive scaling parameters, it is possible to decompose a solution into an
asymptotically dominant profile and a far smaller “remainder” term. The methods
employed here are close to those used in [9], and are collected in Sections 8-11.

Connecting the two machines yields a (non-circular) sequence of arguments that
establishes finite-time extinction of the unrescaled solution, its singular collapse,
the nature of the singular set, and the solution’s asymptotic behavior in a space-
time neighborhood of the singularity. Thus when combined, these two bootstrap
arguments imply our main theorem. We prove this in Section 12.

As we recall in Section 2, MCF of a normal graph over a 2-dimensional cylinder
is determined up to tangential diffeomorphisms by a radius function u(z,6,t) > 0.
The assumptions of the theorem are satisfied by any smooth reflection-symmetric
and m-periodic initial surface ug(z,0) = wu(x,0,0) that is a sufficiently small per-
turbation of the surfaces studied in [9].

Main Theorem. Let u(z,0,t) be a solution of MCF whose initial surface satisfies
the Main Assumptions stated in Section 2 for sufficiently small 0 < bg,co < 1.
Then there exists a time T < oo such that u(z,0,t) develops a neckpinch singularity
at time T, with uw(0,-,T) = 0. There exist functions A(t), b(t), c(t), and ¢(x,0,t)
such that with y(z,t) := \(t) "'z, one has

R L)

where ast NT,
At) =14 o(D)]AoVT —t,

b(t) = |1+ O((~ log(T — ))~#)| (~ log(T — 1)),
ct)y=1+ [1 + O((—log(T — t))*l)} (—log(T —t))~*.
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The solution is asymptotically rotationally symmetric near the neckpinch singularity
in the precise sense that, with v(y,0,7) :== \(t) " 'u(z,0,t), the estimates

V2|99 6| + 0719, 000| +v (08l +v 19, 9ad| 4+ v 10,05 8|+ 0?96l = O(b(t) )

and
|¢(y797t)3‘ _ O(b(t)%)
(1+y%)2 (I+y

all hold uniformly ast /' T.

2. Basic evolution equations

In this paper, we study the evolution of graphs over a cylinder S' x R embedded
in R%. In coordinates (x,y,2) for R3, we take as an initial datum a surface M,
around the z-axis, given by a map /y? + 22 = up(x, ), where 6 denotes the angle
from the ray y > 0 in the (y,z)-plane. Then for as long as the flow remains a
graph, all M, are given by /y? + 22 = u(z,0,t). It follows from equations (A.3)
and (A.4), derived in Appendix A, that u evolves by

2 2 2
21 Gu= [+ (222)2)92y 4 L Oeu) g2y, 2%@0% — ol
1+ (Bpu)? + (222)2
with initial condition u(z, 8,0) = ug(z, 9).

Analysis of rotationally symmetric neckpinch formation [9] leads one to expect
that solutions of (A.3) will become singular in finite time, resembling spatially
homogeneous ODE solutions /2(T — t) in an suitable space-time neighborhood of
the developing singularity.

Accordingly, we apply adaptive rescaling, transforming the original space-time
variables x and t into rescaled blowup variables

(2.2) y(x,t) == X" ()w = wo(t)]

and
(2.3) 7(t) ::/O A"%(s)ds,

respectively, where x((¢) marks the center of the neck. What distinguishes this
approach from standard parabolic rescaling (see, e.g., [3] or [2]) is that we do not fix
A(t) but instead consider it as a free parameter to be determined from the evolution
of u in equation (2.1).” By [9], one expects that A ~ /T —t and 7 ~ — log(T —t),
where T' > 0 is the singularity time. (We confirm this in Section 12 below.)

Consider a solution u(z,0,t) of (2.1) with initial condition ug(z, ). We define
a rescaled radius v(y, 6, 7) by

(2.4) v(y(z,t),0,7(t) := X" (t) u(z, 0,1).

Then v initially satisfies v(y, 6,0) = vo(y, §), where vo(y,0) := Ay 'uo(Aoy, 0), with
Ao the initial value of the scaling parameter .
In commuting (y, 6, 7) variables, the quantity v evolves by

(2.5) Orv = Ay +av —v 1,

S

2For fully general neckpinches, one would also regard zo(t) as a free parameter; below, we
impose reflection symmetry to fix zo(t) = 0.
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where A, is the quasilinear elliptic operator
(2.6) Ay := Fi(p,q)0; + v > Fa(p,q)0; + v~ "Fs(p, q)0,09 + v >Fu(p, )99 — ayd,

with v-dependent coefficients defined with respect to

(2.7) a:=—A0A, p:=0yv, and gq:= v 10,
by
1+ ¢? 1+ p?
Fi(p, 7 F(pq) = —2L
1(p q) 1+p2+q2 2(p q) 1+p2+q2
(2.8)
2pq q
Fi(p, . o S Fyp,q) = — o2
3(p, q) T2 4 (P, q) T g

In order to state our assumptions precisely, we introduce some further notation.
We denote the formal solution of the adiabatic approximation to equation (2.5) by

2 + sy?
2.9 Vi s = ,
29) )=

where r and s are positive parameters. We introduce a step function *

19—0 2 if sy? < 20,
(2.10) 9(y, s) =

4 if sy? > 20.
We define a norm || - ||im,n by

[@llmn =L +5*) " F 0P|, -

We also introduce a Hilbert space L2 = L?(S! x R;df o dy) with norm | - |, whose
weighted measure is defined with respect to ¥ > 1 (to be fixed below) by

(2.11) oly) = (S+y?)" 5.

Here are our assumptions. We state them for vg(y,0) = v(y,6,0), but they
easily translate to ug(z,8) = u(x,,0) using the relation ug(x,0) = \v(\y ', 0).

Main Assumptions. There exist small positive constants by, cg such that:

[A1] The initial surface is a graph over S' x R determined by a smooth function
vo(y, ) > 0 with the symmetries vo(y, 0) = vo(—y,0) = vo(y, 8 + 7).

[A2] The initial surface satisfies vo(y, ) > g(y, bo).

[A3] The initial surface is a small deformation of a formal solution V,, 5, in the
sense that for (m,n) € {(3,0), (11/10,0), (2,1), (1,1)}, one has

v Tt
HUO aoyb()”myn <0 .

[A4] The parameter ag = a(0) obeys the bound |ag — 1/2| < ¢o.
30ne motivation for this choice of g may be found in the results of [9], which prove that

v=(1+0(1))y/2+b(r)y? as T — oo for the rotationally symmetric MCF neckpinch. For another
motivation, see Remark 3.2 below.
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[A5] The initial surface obeys the further derivative bounds:
2 on0,2<min<s Vo 10y Ogvol < by,
1 1 3
bovg * |0y vo| + b3 |95 w0l + 9ol < b5,

10,03v0| + v 0 vol < co.
4
[A6] b5 10,v0lle + 195v0llo + 3220, 4<msnzs 1v0 "0y O volls < b
Our method works because MCF preserves the symmetries in Assumption [Al].

Lemma 2.1. If vy has the symmetries vo(y,0) = vo(—y,0) = vo(y,0+ ), then the
solution v of equation (2.5) shares the same symmetries, v(y,0,7) = v(—y,0,7) =
v(y,0 +m, 1), for as long as it remains a graph.

PrOOF. If v(y, 0, 7) solves equation (2.5), so do v(—y,0,7) and v(y,0 + 7, 7).
Thus the result follows from local well-posedness of the equation. O
3. Implied evolution equations

Recall from equation (2.5) in Section 2 that 9,v = A,v+av—v~!, where 4, is
the quasilinear operator defined in equation (2.6), with coefficients Fy introduced
in definitions (2.7)—(2.8). Our goal in this section is to derive evolution equations
for quantities of the form

(3.1) Ve =0 (O O v),
defined with respect to integers m,n > 0 and a real number k£ > 0.
Lemma 3.1. The quantity vy, n 1 evolves by
(3.2) OrUm.n b = {Aq, +(k+Dv 2= (m+k— 1)a} Umnk + Emonk,
where*
(33)  Emmk = —kv 0 ai(Aov) + 0ROy, Ao — o RO 0F, v 2w
PROOF. Define A, := A, + ayd,. Expanding
OrVmmge =0 "0 05 (07v) — kv Om n k070
and using equation (2.5), one obtains
OrVUmm.k = vik%”ﬁg(flvv) + avm ok — kvilvmm,k(Avv) — akVmnk + k:v”vmm’k
= {AU + (k=12 - a)} U,k + [vikﬁzjn@g, /L)]v - kvilvmm?k(Avv).
To complete the proof, one calculates that
[v—kazj"ag, —aydy| = —cw_k(m—l— kv—lyayv)ayag.
|

A useful feature of the calculation above is its linear reaction term, which
shows one sense in which the evolution equation for vy, ,  “improves” as m and k
increase. More precisely, one has the following, which partly explains our choice of
step function g in equation (2.10) above.

4See (3.6)—(3.7) below for a working decomposition of By k-
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Remark 3.2. Suppose 0 <e < (1+k)~'. Ifa > 15 and v > /2, then

1 —
a(l—k—m)+ (k+ 1) 2 < —T€m+(1+5k‘),

which is negative whenever m > 3. If instead one has v > 4, then

2 2 16 16’

which is negative whenever m + k > 1.

a(lkm)+(k+1)02§1€(m1)<1€+ 1>k+1

Corollary 3.3. The quantity vfmn’k evolves by
002 = A, ) +2[(k+1)v2 = (m+k—1)d VR ok

m,n,k m,n,k

(3.4)
_Bm,n,k + 2Em,n,k’vm,n,ka

where By, p i = Av(vfnm,k) — 20,k AoV n ks Satisfies

(3.5) Bk 2 i+ g [0tk + Vi1 kra] 2 0.

PROOF. Recall the useful identity vd2v = 102(v?) — (9,v)?. Using this, the

result follows by Cauchy—Schwarz when one computes that

Bm,n,k = 2[F1 (ayrUm,n,k)2 + '0721'72(aﬂjm,n,k)2 + rU?lFS(ayUm,n,k)(aevm,n,k)]-

Remark 3.4. Once one has suitable first-order estimates for v, one can bound
1+ p? + ¢? from above, whereupon By, n 1 contributes valuable higher-order terms
of the form —e(v2, 1 1+ Vo ni1.x41) to the evolution equation satisfied by vy n k-

In the bootstrapping arguments we make in this paper, we frequently derive
estimates for the nonlinear commutators (“error terms”) E,, , j defined in equa-

tion (3.3). In so doing, we find it convenient to use the decomposition

5
(36) Em,n,k: = Z Em,n,k‘,éa
=0

where the individual terms E,, ,, i ¢ are defined by
Emnko = —kv g, k(Ao + aydyv),
Em,n,k,l = v’kaglé)g(Flagv) — Flajvm,n,k,
Ennk2 = v’kagfag(v’ngﬁgv) — v 2 F03Vm ks

(3.7)
Ernks = v’ka?’f&‘g(v’ngayagv) - v’ngayagvmvn,b
Emnka = v OO0 2F40pv) — v 2 F40pvm n k.,
Ernnks = —v*k(‘?l’/”ag(vfl) — v*2vm’n,k.

In estimating the terms E,, , 1 ¢, the following simple observation will be used

many times, often implicitly. We omit its easy proof.
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Lemma 3.5. For any 4,7 > 0 and £ = 1,...,4, there exist constants C; ;o such
that

10,07 Fe(p, @) < Cije
for all p,qg € R.
We also freely use the following facts, usually without comment.

Remark 3.6. The quantity E,, , xo vanishes whenever k£ = 0.

Remark 3.7. The quantity E,, , x5 vanishes whenever m +n < 1.

4. The first bootstrap machine

4.1. Input. Here are the conditions that constitute the input to our first boot-
strap machine, whose structure we describe below. By standard regularity theory
for quasilinear parabolic equations, if the initial data satisfy the Main Assumptions
in Section 2 for by and c¢( sufficiently small, then the solution will satisfy the prop-
erties below up to a short time 73 > 0. (Note that to obtain some of the derivative
bounds below, one uses the general interpolation result, Lemma B.2.)

Some of these properties are global, while others are local in nature. In these
conditions, and in many of the arguments that follow, we separately treat the inner
region {By? < 20} and the outer region {By? > 20}, both defined with respect to

(4.1) B(r) = (k+7)7",
where k = k(bg,co) > 1. Note that our Main Assumptions imply that slightly
stronger conditions hold for the inner region. This is unsurprising: it is natural
to expect that the solution of equation (2.5) is sufficiently close in that region to
the solution V%ﬁ of the equation %y(’?yV — %V + V! = 0 that is an adiabatic
approximation of (2.5) there. (Compare [2] and [9].)
Here are the global conditions:’
[CO] For T € [0,71], the solution has the uniform lower bound v(-,-,7) > k1.
[C1] For 7 € [0, 7], the solution satisfies the first-order estimates
|0yv] < Bivz, |Ogv] < B3v2, and |Opv| < .
[C2] For 7 € [0, 7], the solution satisfies the second-order estimates
020 < B%,  19,00v] S BEu, 19,000 S 1, and |9Fv] S B2,
[C3] For 7 € [0, 7] the solution satisfies the third-order decay estimates
030 < B and v T"[OORu| < BF
for m +n = 3 with n > 1, as well as the “smallness estimate” that
573 (10501 +105060]) +10,05v] + v 1050 S (Bo + 20)
for some &g = £¢(bg, co) < 1.°
[Ca] For 7 € [0, 71], the parameter a satisfies ‘
1

1
R _1< < — _1.
5 K _a_2—|—/f

5NoTATION: In the remainder of this paper, we write ¢ < 9 if there exists a uniform constant
C > 0 such that ¢ < Cv, and we define (z) := /1 + |z|2.

6The smallness estimate will only be used in the proof of Theorem 4.7.

7Proposition 8.3 will establish that a is a C! function of time.
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To state the remaining global conditions, we decompose the solution into 6-
independent and #-dependent parts vy, va, respectively, defined by

1 2
(42) Ul(y77—) = %/ v(yaeaT) df and v?(y7077—) = ’U(y,@,’]’) - vl(y77—)'
0

We denote the norm in the Hilbert space L2 introduced in definition (2.11) by || ||+,

and the inner product by
.t)ei= [ | wvdsoa.
R Js!

Our remaining inputs are:

[Cs] For 7 € [0,71], one has Sobolev bounds [[v™"9;'0gv|, < oo whenever
4<m+n<T.

[Cr] There exists 0 < § < 1 such that the scale-invariant bound |va| < dvy
holds everywhere for 7 € [0, 71].

[Cg] For 7 € [0,7], one has (y)~!|d,v| < £33

Remark 4.1. Note that our global gradient Condition [Cg] posits the 3 decay rate

of the formal solution V(y,7) = \/2 + By? but with a large constant $7 > 1. The
effect of our bootstrap argument will be to sharpen that constant.

Remark 8.1 (below) shows that Condition [Cb] in Section 8, which is directly
implied by our Main Assumptions, in turn implies that [Cg] holds, along with extra
properties that are local to the inner region:

[COi] For 7 € [0,71] and By? < 20, the quantity v is uniformly bounded from
above and below, so that for Sy? < 20, one has bounds

SVE= g(3,8) < vy, ) < Co

[C1i] For 7 € [0, 71] and By? < 20, the solution satisfies the stronger first-order
estimates

|0yv] < B7v7  and |0gv| < K30,

4.2. Output. The output of this machine consists of the following estimates,
which collectively improve Conditions [CO]-[C3], [Cs], [Cr], [Cg], and [COi]-[C1i]:

v(y,0,7) > g(y,B), v=0(y)) as [y| — oc;
vTHO,] S BE, [0y ST, vT2(0pv] S B, v o] S KT E
Blo2v| + v~ 1|0, 09v] + v 2|0Fv| S B
18, 09v] + v=|030] S (Bo + 20) 7
BE[03v] + v 020 + v2|0,03v] +v3|0Fv| < BE;

B2 (0] +19;pv]) + 10,050] + v~ |95v] S (Bo + <o) .

Here, Sy = (0) and ¢ are independent of 7. So these improvements will allow us
to propagate the assumptions above forward in time. (See Section 12 below.)
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4.3. Structure. Here is how we establish these stronger estimates.

We first derive improved estimates for v and its first derivatives in the outer
region, using our Main Assumptions and their implications [Ca] and [CO]-[C2] for v
and its first and second derivatives, and using the stronger estimates [C0i]-[C1i] that
hold on the boundary circles By? = 20. The reason why second-order conditions are
needed to prove improved first-order estimates is that the nonlinear terms in the
evolution equation for DN v (a spatial derivative of total order V) will in general
contain derivatives of order N + 1. This occurs because first derivatives of v appear
in the quasilinear operator A, that controls the evolution equations studied here.

=

Theorem 4.2. Suppose a solution v = v(y, 8, 7) of equation (2.5) satisfies Assump-
tion [A1] at T = 0, and Conditions [Ca] and [CO]-[C2] for By? > 20 and T € [0, ]
If Conditions [C0i]-[C1i] hold on the boundary of this region for T € [0,71], then
for the same time interval, the solution satisfies the following estimates throughout
the outer region {By? > 20}:

(4.3) v(y, ) >4,
(4.4) 0,v] S B2v2,
(4.5) Oyv] S 1,
(4.6) |Ggv] < Cor™ 2w,

where Cy depends only on the initial data and not on 1.

Note that estimate (4.5) provides C such that |0yv| < C in the outer region for
7 € [0,7]. By Condition [C0i], one has v(+y/20872) < ¢2 for some ¢ > 0. Hence
by quadrature, one obtains the immediate corollary that

(4.7 v=0((y)) as |yl — oo.
Theorem 4.2 is proved in Section 5.

In the second step, we derive estimates for second and third derivatives of v. It
is reasonable to expect that one could bound second derivatives without assump-
tions on third derivatives, thus allowing us to “close the loop” at two derivatives in
our bootstrap arguments. A reason for this expectation is that once one has suit-
able estimates on first derivatives, one can show that higher-order derivatives occur
in combinations ¢ - (DN*1v) — ¢ - (DN *+10)2) where |¢| < 9. Indeed, Theorem 4.2
suffices to bound the quantity ¥ > 0 from below. This expectation is correct in the
outer region, where one can obtain the needed second-derivative bounds using only
maximum-principle arguments. But in the inner region, more complicated machin-
ery is needed. To construct improved second-order estimates there, we introduce
and bound suitable Lyapunov functionals and then apply Sobolev embedding the-
orems. This method requires us to assume (and subsequently improve) pointwise
bounds on third-order derivatives and L2 bounds on derivatives of orders four and
five. What makes this method more effective than the maximum principle in the
inner region is the fact that the Lyapunov functionals allow integration by parts.

Remark 4.3. The main reason that integration improves our estimates is the fact
that for any smooth function f which is orthogonal to constants in La({y} x S'),
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our assumption of m-periodicity implies that

/ (9o f)*dO > 4/ f2de.
{y}xst {y}xst

Remark 4.4. Here is one reason why we need the pointwise estimates on third-
order derivatives in [C3]. (Another reason will become clear in Section 8.) In
estimating nonlinear terms in the evolution of the Lyapunov functionals introduced
below, one encounters quantities of the sort (D (F,), (D?v)(D"v)),, where the
coefficients Fy are given in definition (2.8). After integration by parts, one gets,
schematically, (DN=1(Fy), (D3v)(DVv) + (D?*v)(DN*1v)),. Such terms are com-
parable to (DY (v), (D3v)(DNv) + (D?v)(DN*+1v)),. So we need L> control on
third derivatives in order to impose only L2 assumptions on higher derivatives.

In Section 6.4, we prove the following result.

Theorem 4.5. Suppose that a solution v = v(y,0,7) of equation (2.5) satisfies
Assumption [A1] at T = 0, and Conditions [Caf, [CO]-[CS3], [Cs], [Cr], [Cg], and
[COi]-[C1i] for T € [0,71]. Then for the same time interval, the solution satisfies
the following pointwise bounds throughout the inner region {By* < 20}:

(4.8) B102v| + v 18, 0v] + v 2|030] < B
and
(4.9) B%1930] + v 1|020pv| + v 2], 03| + v 3 |9Fv| < B,

The fact that we do not achieve the expected 52 decay on the RHS of es-
timates (4.8)—(4.9) is due to our use of Sobolev embedding with respect to the
weighed measure introduced in equation (2.11).

Then using Theorem 4.5 to ensure that they hold on the boundary of the inner
region, we extend its estimates to the outer region.

Theorem 4.6. Suppose that a solution v = v(y,0,7) of equation (2.5) satisfies
Assumption [A1] at 7 = 0, and Conditions [Ca] and [CO]-[CS] for By* > 20 and
T € [0,71]. Then the estimates

(4.10) B102v| + v 18, 0pv] + v 2|930] < B
and
(4.11) B%1930] + v 1|020gv| +v2(9, 03| + v 3 |9Fu| S BB

hold throughout the entire outer region {By* > 20} during the same time interval,
provided that they hold on the boundary By? = 20.

As an easy corollary, we apply the interpolation result Lemma B.2 to get our
final first-order estimate claimed in subsection 4.2, namely
Ogv 1 Opv C 0%v
|02|§ 2|922|S 12max\922|
v (1=0)2 o3 (1—=190)26elp,2m] 07
(1+4)2 |05
X

<Cor——5
= 21— 6)% vefo,2n] 02

< C3%.

Theorem 4.6 is proved in Section 7.
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Finally, we improve the “smallness estimates” in Condition [C3], producing
improved bounds for |9,05v| and v~!|03v|; these serve as inputs to the second
bootstrap machine constructed in Section 8 below.

Theorem 4.7. Suppose that a solution v = v(y,0,7) of equation (2.5) satisfies
Assumption [A1] at T = 0, and Conditions [Ca], [CO-[CS], [Cs], [Cr], [Cyq], and
[C0i]-[C1i] for T € [0,71]. Then for the same time interval, the solution satisfies

8710 [(0)0)* + (97050)°] + (8,050)" +v™*(8v)* < (Bo +0) 0.

As an easy corollary, we apply Lemma B.2 to get our final second-order esti-
mates claimed in subsection 4.2, namely

10,89v] + v 1|03v| < (Bo + €0) 7.

Theorem 4.7 is proved in Section 7.3. Its proof completes our construction of
the first bootstrap machine.

5. Estimates of first-order derivatives

In this section, we prove the estimates that constitute Theorem 4.2. Our ar-
guments use a version of the parabolic maximum principle adapted to noncompact
domains, which we state as Proposition C.1 and prove in Appendix C.

We start with a simple observation illustrating how one applies Proposition C.1
to control inf v for large |y|.

Lemma 5.1. If there exist constants € > 0 and ¢ > supp<,<,, @ a2, and a contin-

uous function b(t) > 0 such that (a) vo(y,-) > c for [y| > b(0), (b) v(b(1),-,7) > ¢
for0 <7 <, and (c) v(-,-,7) > € for|y| > b(r) and 0 < 7 < 11, then

v(y7957-) >c
for |yl >b(1), 0 <6 <2m, and 0 <7 < 1q.

PrOOF. Apply the maximum principle in the form of Proposition C.1 to ¢ —v
in the region Q := {|y| > b(7)}, with D :== 9, — A, — B and B := a+ (cv)~!. By
(c), B is bounded from above. Computing D(c —v) = ¢ 1(1 — ac?) < 0 establishes
property (1). Hypotheses (a) and (b) ensure that property (11) is satisfied. Property
(mm1) follows from Conditions [CO0i] and [C1] by quadrature. Hence Proposition C.1
implies that v > c. O

‘We now establish the estimates that constitute Theorem 4.2.

PROOF OF ESTIMATE (4.3). We apply Lemma 5.1 in the outer region ﬁyz > 20.

Let ¢ = k71, ¢ = 4 (large enough by Condition [Ca]), and b(7) = /208(7)~L. Then
Assumption [A2] implies property (a); Condition [001] gives (b) and [CO] ylelds (©).
Thus Lemma 5.1 implies the estimate. (]

PROOF OF ESTIMATE (4.4). Set w := v, o1 = vféayv, using definition (3.1).
Then by equation (3.4) in Lemma 3.1, one has

Orw? = A, (w?) + (3v™? — a)w? — B,z +2wZE10
=0

1
3.0
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where the nonlinear commutator terms Ey o1 , are defined in equation (3.6) and
display (3.7).

We now calculate and estimate the nonlinear terms above. Observe, for exam-
ple, that

Eig1,:= v_%ay(Flazv) - Flag(v_%ayv)
_1 3 _s 3 _s
=@, [i73@30)] + B | S0t @i, - JoHo,0)
where ©
OyFy = (0,F0)(07v) + (04 F ) [v"0y0pv — v~ 2(9v) (8pv)].
By Lemma 3.5, there are uniform bounds \3;83Fg(p, q)] < Ci . Applying this

fact (which we freely use below without comment) one establishes by similar direct
computations that

Brogol S v 210,0/[|030] +v=2|0Fv] + v =0, 0p0] + 02|00 ]]

IR

Brosil S [d020] + o= #[a20]10,0] + v [0,0f]
Brosal S 31030l + 0 3 (9,0]1030] +10,060]106v]) +v=% (8,000

Brossl S [v721050110,060] + v~ 3(10,000] +10,09v]10,0] + |05 0] dgv])
+v72 (10, 0pv||0yv] + [0yv]?|0pv]) ]

1By g4l S [0721020]|0pv] + v~ 2 (|0,v]|8pv| + 8, pv]|0pv]) + v~ 3|9yv]|0pv[?].

IR ~
By Conditions [C1]-[C2], one has |dyv| < vif3, |8gv| < 0282, 020] < B3,

|0y0pv| S vB%, |0,0pv| < 1, and [03v] < v2B%. Combining these inequalities
and using estimate (4.3), one readily obtains

4
FE
wz 1,0,3,¢
=0

By Condition [Ca] and estimate (4.3), one has (3v™2 — a)w? < —1w? in the outer
region, for x large enough, whereupon completing the square shows that

2 < CB% ).

1
CB% |w| - g’ < 20238,

Now let I > 0 be a large constant to be chosen below. Using Corollary 3.3 to
estimate Bl,O,% and applying the estimates above, one obtains

8 8

We shall apply Proposition C.1. By taking x and I' large enough, we can ensure
that

2
0. (u? ~T9) < An(u? ~T9) - 5w ~ )+ 8+ 75t - 1) T3,

Oy (w? —TB) < Ay(w? —TB) — é(wQ —Tp),

which is property (1). Making I larger if necessary, we can by our Main Assumptions
ensure that w? < I'8 at 7 = 0, whereupon property (11) follows from Condition [C1i]

8Recall from definition (2.7) that p = dyv and ¢ = v~ 1pv.
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on the boundary. Property (111) is a consequence of Condition [CO0i] on the boundary
and Condition [C1] in the outer regon. Hence we have w? < '3 in the outer region
for 0 < 7 < 77 by the maximum principle. O

PROOF OF ESTIMATE (4.5). Arguing as in the proof of Corollary 3.3, one com-
putes from equation (3.4), equation (3.6), and definition (3.7), that

4
0-(0y0)* < Ay(0y0)* + 407 2(0y0)* + 4(9,0)* > E10,0,-
=1
By estimate (4.4) and the implications of Conditions [C1]-[C2] that |9pv| < v233,
|0gv] < v, |6§v| < B%, |0y0pv| < 06%7 |0y0pv] < 1, and |93v| < vgﬁg, one can
estimate that |Ey 00| < 8%, with |Ey 00| < B2 for £ = 2,3, 4.

Define w := (9,v)* + 1. Then by estimate (4.4) and Young’s inequality, one

has
Orw < Ay(w) + C182 + 2% [(9yv)* + 1]
< Av(w) + Cﬂgw

Let () solve the ODE ¢’ = C35 ¢ with initial condition ¢(0) = Cy, where Cy may
be chosen by our Main Assumptions so that w < Cy at 7 = 0. Then
Or(w— ) < Ay(w— )+ C’ﬁg(w — ).

Properties (1)—(11) of Proposition C.1 are clearly satisfied for this equation, while
property (111) follows from estimate (4.4). Hence we have w < ¢ by the maximum
principle. Because ¢ is uniformly bounded in time, the lemma follows. ([l

PROOF OF ESTIMATE (4.6). Let w := vg 11 = v~ 'dpv. By Corollary 3.3, w?
satisfies the differential inequality

Orw? < Ay(w?) + 4 2w? + 2

4
w E Eo1,1.0
=0

We proceed to bound the reaction terms. By Condition [C1], one has
v 2w? < B3

By Conditions [C1]-[C2], one has |Ey 1,1,0] S B15. By direct computation (compare
estimate (6.4) below), one has v=19gFy| < 2. Thus one gets |Eo11.1| S 52 and
|Eoa1el S B2 for ¢ = 2,3,4. By Condition [C1], one has |w| < 1, and thus
O-w? < Ay (w?) + CB? for some C < oo.

Now let ¢(7) solve ¢’ = C3% with ¢(0) = C.x~!. By our Main Assumptions,
w < p at 7 = 0 for C, > 0 sufficiently large and depending only on the initial data.
Because

Or(w? = ¢) < Av(w? — ),

the maximum principle implies that w? < ¢ for as long as the solution exists. [

The proof of Theorem 4.2 is now complete.
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6. Decay estimates in the inner region

In this section, we construct the machinery that will prove Theorem 4.5.
Given integers m,n > 0, we define functionals €y, ,, = Qo (7) by

0o 2m oo 27
(6.1) Qo = / / vfmn,n dfody = / / U72”|5;n831}|2 df o dy,
—00 JO —oo J0

where the notation v, , ; appears in equation (3.1), and ¢ = o(y) is defined in
equation (2.11). By Conditions [C2], [C3], and [Cs|, these functionals and their
7-derivatives are well defined if m +n < 5.

Our strategy to prove Theorem 4.5 consists of three steps. (1) We bound
weighted sums of Q,,,, with 2 < m +n < 3. (11) We bound weighted sums of
Qyn with 4 <m+n < 5. (111) We apply Sobolev embedding, using the facts that
ly| < B2 in the inner region, and that o ~ |y| =% as |y| — cc.

A consequence of this strategy is that we only need strong estimates for second-
order derivatives. It suffices to show that higher derivatives decay at the same
rates as those of second order, rather than at the faster rates one would expect
from parabolic smoothing. This somewhat reduces the work necessary to bound
derivatives of orders three through five.

6.1. Differential inequalities. We first derive differential inequalities satis-
fied by the squares of the second-order quantities appearing in Theorem 4.5. To
avoid later redundancy, these estimates are designed to be useful in both the inner
and outer regions. They could be obtained using the more general techniques de-
veloped in Appendix D and employed below to bound higher derivatives. We chose
to derive them explicitly here, both to obtain the sharpest results possible and to
help the reader by introducing our methods in as transparent a manner as we can.

Observe that Conditions [C0i] and [C1i] imply that inequalities (4.4)—(4.6) of
Theorem 4.2 hold in the inner region as well as the outer region. Thus we assume
in this subsection that those inequalities hold globally.

Lemma 6.1. There exist 0 < ¢ < C < 0o such that the quantity \8§v|2 satisfies
6‘T|8§v|2 < Av(|8gv\2) + X|8§v|2 -Y (|5‘Sv\2 + U*Q\E)i@gvﬁ)
+C (8% + B1020] + BHv219,080])
where in the inner region {By* < 20},

2
X=2v"%-a) and Y > )
1+e

while in the outer region,
1 3
X§§72a§71 and Y > ¢.

PROOF. Define w := 3,09 = 92v. Then by equation (3.4) and estimate (3.5),
one has
5

w E E20,0.0

{=1

Orw? < Ay(w?) + Xw? =Y (|05v]? + v72(0;0pv]%) + 2

i

L —2 — 2
where X :=2(v"" —a) and YV := 5.
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The estimates for X in the outer region follow from estimate (4.3) for v there,
and Condition [Ca).

Although we discarded analogous quantities B,, y, i in the proof of Theorem 4.2,
we retain them above to help us control third-order derivatives of v. By Corol-
lary 3.3, estimate (4.5) for p = 9,v, and estimate (4.6) for ¢ = v~'9pv, there exists
e > 0 such that By > 2¢ (|050|*> +v2|9205v|?) in the outer region. (Compare
Remark 3.4.)

In the inner region, one can do better. Condition [C0i] gives uniform bounds
for v there, whence Condition [C1i] implies that |p| = [9yv| < 8 = and similarly that
lql = [v™ 00| < 3% in the inner region. Hence

2 302 —2924 .12
By oo > (1+6 +E> (1050]° + v™210; D] )

in the inner region.
We next estimate the Es ¢ terms above. By Conditions [C1]-[C2] and esti-
mate (4.5), one has

(6.2) [0y Fel = [(9F2)(920) + (9 Fy) (v 0, 0pv — v 20,00v)| < B3
Next one calculates that
BZFg = (BI%F@)(@;U)Q + 2(6p8ng)(6§v)(v_18y89v — v 20,v09v)
+ (02F;) (v 0y0pv — v 20,v0pv)? + (0, F1) (O5v)
+ (0gF0)[v™ 102000 — 2020, 0gvdyv — v 20 v0pv + 20> (9yv)* D]

and uses Conditions [C1]-[C2] with inequalities (4.4)—(4.5) from Theorem 4.2 to
estimate

(6.3) 02Fy| < 8% + |030] + v 8200
Collecting the estimates above and using Condition [C2] again, one obtains
|Ba00.] = [(02F1)(02v) + 2(0,F1)(930)| S B + B3 (Jdyv| + v 1|02050]).
In similar fashion, one derives
|E002] S 6%+ B2 (1050] + v (05090]) + 520210, 050]
and 21 3 1
200 S BT + B2[050] + B2 v 0206v].
Noting that
Es004 = (6§F4)(v7289v) + (8yF4)(2v728y89v — 41}7381,1)391))
— Fy[4v™30,0pv0yv + 21)_3821)6911 — 6v~4(9,v)? ],
one applies Condition [C2] and estimate (4.4) to get
3 _
< B%+ B2(103v] + v 02 0gv)).
By estimate (4.4) again, one has
|E2)0,075| = 2@‘3(6yv)2 5 ,6

Collecting the estimates above and using Condition [C2], we conclude that

5
w E Es0.0,0

{=1

|E2.0,0,4

< Blw| + BT (1030] + v~ 920v] +v2]8,030]) .
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Using Remark 3.4 and completing squares to see that ﬂ%|6gv| —eldu]? < L%
and ﬂ%vfl\agagv\ — ev™?079v|* < ﬁﬁ%, we combine the estimates above to
obtain the lemma. (]

Lemma 6.2. There exist 0 < ¢ < C < oo such that the quantity v=2|0,0pv|?

satisfies

07 (v2|0,0v]?) < Ay (v™209,0pv|*) + X020, 0pv|* — Y (1)72\35391)\2 +v740,05v[?)
+C (64 + 62v_1|8y69v| + /33|62’U| + 52v_3|63v|) ,

where in the inner region {By* < 20},

2
1+¢’

X=220"2-a) and Y >
while in the outer region,
1

XgifZang and Y > ¢.

PROOF. Define w 1= v111 = vilﬁy()gv. Then by equation (3.4) and esti-
mate (3.5), one has

5
w E Eii1,

£=0

Orw? < Ay(w?) + Xuw? - Y (v_2|8§(997j|2 + 0740, 05v]%) +2

)

where X :=2(2v7%2—qa) and Y := ﬁ. The estimates for X in the outer region

follow from estimate (4.3) for v there, and Condition [Ca]. The estimates for Y are
the same as those in Lemma 6.1 above.

Using Condition [C2], it is easy to see that |Eq 11,0 S ﬂ%. We compute and
use Conditions [C1]-[C2] to estimate

(6.4) v 0 Fy| = v*1|(8ng)(0y09v) + (&,Fg)[vilégv — 0’2(89v)2]| < 6%.
As we did in the proof of Lemma 6.1, we next compute and estimate
(6.5) v 0,0 Fy| S B + v_1|6§69v| +v72|9,93v|.

Here we used inequality (4.4) as well.
Using the inequalities above and estimate (6.2), one sees, for example, that

E1717173 = (’UflayagFg)(Uilayagv)
+ (u—lang)(v—lajagv — v_28y80v0yv)
+ (8yF3)(v’26y6§v — Uigayagvag’u)
may be estimated by
v, S B% + 820 |0;dg0| + BE 0210, 050].
In like fashion, we derive the estimates
|Eya11] < BT + 5%|a§v| + 5%(v—1|a§aou| +v72(9,030|),
|Erel S 8%+ B2 (v 1105000] + v %10, 050]) + BEv%05v],

rdyds

|1 114l S8+ 5%(v71|8§89v| +v72|9,030|).
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We omit some details which are entirely analogous to those shown above. Finally,

Condition [C1] and estimate (4.4) give
B8] = 207°|0,0]8pv] < B

Lyt

Collecting the estimates above and using Condition [C2], we conclude that

5
w E Ei1110

£=0

< B2Jw| + B310%0] + B2(v=102050] + v210,030] + v |D3v]).

Using Remark 3.4 and completing squares to get 621;*1\8539@\ — 5v’2|8§89v|2 <
+B* and B*072|9,03v| — ev=4|9,03v|* < 154, we combine the estimates above to
obtain the lemma. g

Lemma 6.3. There ezist 0 < e < C < oo such that the quantity v=*|02v|? satisfies
0-(v495v[?) < Ay(v™HOFv]?) + Xv~*05v)* — Y (v 49,050 + v~ 6|95 v[?)
+C (8" + B o2(00] + B0 |02000])

where in the inner region {By? < 20},
2

X =2(3v"?%- d Y >
(3v a) an e

while in the outer region,

1
X§§72a§ff and Y > ¢.
8 2

PROOF. Define w := w22 = v 203v. Then by equation (3.4) and esti-
mate (3.5), one has
5
(97—w2 < Av(w2> + Xuw?—-Y (U—4|ayagv|2 + U_6|631}‘2) +2 U}ZEO’Q,Q’K R
£=0
where X :=2(3v™2—a) and YV := ﬁ. The estimates for X in the outer region

follow from estimate (4.3) for v there, and Condition [Ca]. The estimates for Y are
the same as those in Lemma 6.1.
To proceed, we compute

O Fr = (07 Fy)(0y00v)*
+ 2(0p04 F2) (0 0pv) v~ 03v — v~ 2(9gv)?]
+ (07 Fo) v 05v — v (9pv)?]?
+ (0pFp)(0y03v) + (0 Fr)0p[v ™ 0pv — v 2(9gv)?],
which we estimate in the form
(6.6) v 2|05 Fy| < 8% 4 v 20,050 + v 0.

By Conditions [C1]-[C2], it is easy to see that |Eg 22,0 < 870. Using [C1]-[C2],
estimate (6.4) for v™!|9pF1|, and estimate (6.6) for v=2|03 F}|, one can estimate

E0727271 = (vfzﬁgFl)(azv) + 2(’071891'71)(1]7185891})
it [28y(v_2)(ayagv) + 85(1}_2)8311]

|Eos2il S B + 820702050 + B0 2|0,030] + BEv3|050].
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Continuing in this fashion, one proceeds to estimate the remaining terms,
9 3 — —
|Eo2.2.2| S B2 + B2 (v72)0,050| +v~°|05v]) ,

- 3 _ 1 -
|Eo,2,2,3] < 8%+ B2072]0,050] + B2v % |95v],

1454

3 _ _
|Eop24] S B°+ B2 (v730,05v] + v 3|050])

|Eo2,.2,5] < B°.

Collecting the estimates above and using Condition [C2], we conclude that

5
w " Eopne| S B |w| + 2071 |020p0] + 52 (v72]8,030] +v 3|05 ]) .
{=0

The lemma again follows by recalling Remark 3.4 and completing the squares. [J

6.2. Lyapunov functionals of second and third order. In this subsection,
we derive differential inequalities satisfied by the €,,,, with 2 < m +n < 3. In
the next subsection, we treat the cases 4 < m +n < 5. Our arguments are slightly
different for m + n = 2 than they are for 3 < m +n < 5. But in all cases, we shall
exploit the fact that as 3 — oo, one has

(6.7) o1 020]| 0 = O(S7Y) and [0 10,0l = O(S77),

where o(y) := (£ 4 4?)~5 is defined in equation (2.11).

Remark 6.4. To derive good differential inequalities for the €, ,, we shall need
to use (6.7) by taking ¥ sufficiently large. See in particular the estimates derived
in display (6.8) below. On the other hand, the fact that one can make p arbitrarily

small in Lemmata 6.5-6.9 and 6.11-6.12 by making X large is an interesting feature
of the proof but is not needed for the arguments elsewhere in this paper.

To estimate the evolution of the second-order functionals Q,, ,, with m+n = 2,
we can recycle the estimates derived in Lemmata 6.1-6.3.

Lemma 6.5. There exist constants € > 0 and p = p(2) > 0, with p(X) \, 0 as
¥ — oo, such that

d 1 1 1 1 1
%91,1 < —e (1 + Qa1+ Qo)+ pp? (Qfl + 850+ Q3 +Qf 5 + Q(ig) .

PROOF. Let w :=v1,1,1 = v~ '9,0v. Condition [Cs| lets us apply dominated
convergence to compute %91,17 whence Lemma 3.1 gives

1d
5%91’1_/]1{/8110141}(“))(190(@
—I—// (2072 —a)w?dh o dy
R Jst

5
+// (ZELLLe)wd@Udy
R JS!

£=0
= .[1 +12+I3
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By Lemma 6.2 and its proof, one has

I < / / a)w d90dy+<—a>/ / w?df o dy
By2<20 Jst By?>20 JS!
and

Bl <8 [ [ (ul+ 8105l + 01030001 +07%10,550] +155v]) a0 7 dy.
R
Using Cauchy—Schwarz, the latter estimate becomes
1 1 1 1 1
13| < pB2 (0F, + BQYo + 03, + Q5 +94,)

To complete the proof, we will estimate Iy := I 1 + I; 2, where

Iiq = / / w (Flﬁiw + v_2F2892w + U_1F38y89w) df o dy,
R Js!

I o= / / w (v_2F439w — ayayw) df o dy.
R Jst

Because w and o are even functions of y, one may integrate by parts in y as well as
6, whereupon applying Cauchy—Schwarz pointwise (as in Corollary 3.3) shows that
Ii1 < I3+ I 4, where

—2 2
I3:=— // (90)” 19 5 ay.
’ st 1+p +q?

I 4= // 162 (cF1) +89( _2F2) +o0710 89( Fg)} df o dy.
st

One estimates (J,w)* > v3,; — CPw? and v *(Jpw)?® > vi,, — CB3w? using
Theorem 4.2 and Condition [C1i]. Using those facts and Condition [COi], one has
p? + ¢% < C everywhere and p? + ¢% < ¢ in the inner region. Hence

L <—e(Qa1+Q12)+CBN

—4(1 — 2¢) / / “2w? df o dy.
( (1+5> By2<20 Js!

To get the final term, we applied Condition [Cr] to the decomposition v = vy + v9
introduced in definition (4.2) and then exploited the key idea behind Remark 4.3.
Then combining Theorem 4.2 and Conditions [Cli] and [C2] with estimates (6.2)—
(6.5) and (6.7) lets us control the terms in Iy 4 using

(6.82) o O2(oFy)| < C (\agv\ + 0 020p0] + B% + BENE 4 z*l) ,
(6.8b) 03 (v=2F3)| < C (v=210,080] +v=*(0f0] + 5%,

6.8¢) o Y8,0(cv " F3)| < C (v—1|a§aov\ + 072|002 + B3 + ,3%2—%) .
Notice that here is where one needs ¥ to be sufficiently large. To control I; 2, one

integrates by parts in 6, combining Conditions [C1] and [Cli] with estimate (6.4)
to obtain

v 2 Fy(wdpw) dﬁody‘ < CBIQ ..
R JSt
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Finally, one uses the fact that y9,0 < 0 to get

—a// ywiyw dd o dy < gQl,l.
R Sl 2

The conclusion of the lemma follows by collecting the estimates above, using the
consequence of Condition [C2] that |w| < 82 pointwise. By Condition [Ca], the
coefficient multiplying €2; ; can be chosen to be less than % -3 < f% +(2x)"L. O

Lemma 6.6. There exist constants € > 0 and p = p(2) > 0, with p(X) \y 0 as
¥ — oo, such that

1

d 1 1 1
590,2 < —e(Qo2+ N2+ Qo)+ pp° (ﬁT’ 02 59 + Q7,5+ 95,3) .

PROOF. Because Remark 4.3 applies to vg 22 = v~ 837}, the proof is virtually
identical, mutatis mutandis to that of Lemma 6.5, when one takes as input the
estimates in Lemma 6.3. The final observation is that the coefficient multiplying

Q.2 can be chosen less than 2 65 < — 16 + (2k)~. We omit further details. O

Lemma 6.7. There exist constants € > 0 and p = p(X) > 0, with p(X) \, 0 as
¥ — o0, such that

d 1 1 L 11 1 1
00 < — Qoo+ Qo+ Naa) +p [+ BT + 8% (23, + 07, |-

PrOOF. The argument here contains two key differences from that used above.
The estimate for I> in Lemma 6.5 is replaced by

1
I < (16 - a) Qoo+ 2159,

where

I ::// 1)72102(190'(12/
Sl

/ (Oyv) 32 L, v)(Oyv) — 072(3511)07181,0 — 172831)} db o dy.
Sl

Note that 0=19,0| = O({y)~!) as |y| — co. Hence one may apply Condition [Cg]
and estimate (6.7) to see that

1 1 1
Lo < p (B4, +B305,)-

Remark 4.3 does not apply to the function 8511, so one gets only a weaker
estimate for I; 3, namely

1 1
Iis < —€(Qa0+ Q1) +p (52950 n B3Q§,1> .

The remainder of the proof goes through as in Lemma 6.5, using the pointwise
estimates derived in Lemma 6.1 Here the coefficient multiplying 23 o can be chosen
less than 15 — 2 < — 3 + (2x) 7. O

We use a modified technique to derive differential inequalities for €, , with
3 < m+mn < 5. This technique applies integration by parts to the nonlinear
commutators, using important but tedious estimates derived in Appendix D. In
the remainder of this subsection, we bound the functionals of order m +n = 3. We
treat the cases 4 < m +n <5 in Section 6.3 below.



22 ZHOU GANG, DAN KNOPF, AND ISRAEL MICHAEL SIGAL

Lemma 6.8. There exist constants 0 < ¢ < C < 0o and p = p(X) > 0, with
p(X) (0 as ¥ — oo, such that for allm +n = 3 with n > 1, one has

d
Egm,n S — £ (Qm,n + Qm+1,n + Qm,n—i—l) + CB% (92,1 + Q1,2 + Q0,3)

1 1 1 1 1 1

+pB% [ Qinn + B + Q31 + Q35+ Q75 + Qg4 -
PROOF. Let w := vy pp = v_”(‘?l’/”@gv. Then using dominated convergence
and Lemma 3.1, one obtains é diQ = I + Iz + I3, with terms I; defined below.
We closely follow Lemma 6.5 in estlmatmg the first two terms, 1ndlcat1ng why the

method used there applies here. We use a somewhat different method to estimate
the final term I3. For the first term, integration by parts yields

I = / / w (Flajw + viQFgagw + vingayagw + v 2F 00w — ay%w) df o dy
R Jst

a
< —¢ (Qm-l—l,n + Qm,n-‘rl) + (7 + 5) Qo — (4— 5)/ / “w? df o dy.
2 By?<20 Js!
Here we followed Lemma 6.5, estimating

(ayw)2 + (aaw) > vm+1 n,n + vm n+1ln+1 CﬁUJQ,

using Condition [C3] to bound the third-order derivatives in display (6.8) by Cg,
and again exploiting the idea behind Remark 4.3 to get the useful integral over the
inner region. By Lemma 3.1 and estimate (4.3), one has

I 7// [(n41)v™2 = 2aw?dh o dy
Sl
S(—)an+ 4—7 / / “2w? df o dy.
4 By2<20 Jst

In Appendix D, we estimate

5
I3 ::// Ennne | wddody

using integration by parts. By Lemma D.1 there, one has

1 1 1 1 1 1
T3] < pB2 [Qhn + B + Q5 + Q80 + Q5 + 954 | + CBY (Qa + D1z + Qog).
Collecting these estimates while recalling Condition [Ca] completes the proof. O

Lemma 6.9. There exist constants 0 < ¢ < C < o0 and p = p(X) > 0, with
p(X) (0 as ¥ — oo, such that

d 1 . L 1
EQ{S,O —5(930+Q40+Q31)+P5 [gf +B10QF o + Q3

o 3 i | + 080,08,

i+j=3

ProoF. We again write % dL:_Qg,o = I1 + I> + I3 as in the proof of Lemma 6.8.
The only differences from the proof there are (1) we use Lemma D.2 to estimate I3 =
Es 0, and (11) we cannot apply Remark 4.3 to extract a useful integral over the inner
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region from I;. However, that integral is not needed. Indeed, by Conditions [COi]

and [Cal, one has v=2 — 4% < 30 — 2 4 ¢ < 0. (Compare Remark 3.2.) Therefore,

3
_9 2 2a
12 = (’U — 2&)(11370,0) dﬁady S _79370.
R Jst 3

The remainder of the proof exactly follows that of Lemma 6.8. (Note that we deal
o1

with the term Cﬁ%Qg’OQQZ’O in the proof of Proposition 6.10 below). O

We are now ready to bound the Lyapunov functionals €, , with 2 < m+n < 3.

Proposition 6.10. Suppose that a solution v = v(y, 0, T) of equation (2.5) satisfies
Assumption [Al] at 7 =0, as well as [Caf, [CO]-[C3], [C0i]-[C1i], [Cy], [Cr], and
[Cs] for T € [0,71]. Then for the same time interval, one has

(6.9) B0+ Qi1+ Qoo + B0+ Qo1 + Q2+ Qs S B
PROOF. For R > 0 to be chosen, define
T := R (80 + Q11+ Qo2) + B0 + Q21 + Q2 + Qojs,

noting the S-weights on the first and fourth terms. Observe that % B < 0. Thus
by Lemmas 6.7 and 6.9, respectively, there exist €2,3 > 0 such that
2]

= ol

d 1 1 1
T (8%020) < —=2(8720) + pB” |(8202.0)F + (BQ0)F + 95, +

and

d 1 1 L 1
=(80) < — ea(80a0) + pB* [(BQa0)? + 87, + 01, + 0]
+ CB[(B,0) + B(22,1 + Q12 + Qo3)]

02
+ {2”(/393,0) - 263(,6292,0)} :

where one applies weighted Cauchy—Schwarz to 0(5292’0)% (593,0)% to obtain the
terms in bracesé
Set R = 563 . Then collecting the remaining estimates in Lemmata 6.5-6.8 and

applying Cauchy—Schwarz yet again proves that there exist £g > 0 and Cy < oo,
both independent of R, such that

d
T < —e0 + Co (RpB°T3 +p%6%),
whence it follows easily that T < 4. O

6.3. Lyapunov functionals of fourth and fifth order. In this subsection,
we derive differential inequalities satisfied by the €, , with 4 < m+n < 5. Asnoted
above, our estimates for them do not need to be sharp, which somewhat reduces
the technical work needed to bound the relevant nonlinear terms. This work, which
is done in Lemmata D.3-D.7 of Appendix D, is also substantially reduced by the
availability of Proposition 6.10.
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Lemma 6.11. There exist 0 < € < C < 0o such that whenever m +n =4,

d 1
EQm,n S — € (Qm,n + Qm+1,n + Qm,n+1) + Oﬁé Z Qi,j

4<itj<5
. 1
2
OB D>
4<itj<5
where r = % ifn=0 and r = 2 otherwise.

PRrROOF. Following the proof of Lemma 6.8, the result follows easily when one
observes that

/ / (n4+1)v 2= (m+n— 1)a}v,2n7n7n df o dy
R JS?

3 5
< (_a) Qo + <4_ﬂ>/ / v 2w?db o dy
8 2 2 By2§20 Sl

and applies the conclusion of Lemma D.6 from Appendix D. O
Lemma 6.12. There exist 0 < ¢ < C < 0o such that whenever m +n =5,

a

dTQm,n é — & (Qm,n + Qerl,n + Qm,nJrl) + Cﬁé Z Qi,j

4<i+5<6
2 3
voph [N
5<i+j<6

PROOF. The proof exactly parallels that of Lemma 6.8 when one observes that

5
/]R/Sl [v™2 = (m — 1)a]v,2n’070 dfody < —gﬂm,o

and applies Lemma D.7 from Appendix D. O
6.4. Estimates of second- and third-order derivatives.

PrOOF OF THEOREM 4.5. As indicated above, the proof is in three steps.
(STEP 1) This was accomplished in Proposition 6.10, where we proved that
B Qa0+ Q11+ Qo2+ B30 + Q21 + Qo+ Qs S B
(STEP 11) Define
Y= B5Qu0+ Qa1 + Qoo+ Qs+ Qo + Z Qi
m4+n=>5

noting the S-weight imposed on the first term. By Lemmas 6.11-6.12 and Cauchy—
Schwarz, there exist 0 < ¢ < C' < oo such that

d 2~ 3 4
— T < — .
T < 5T+C(ﬁ i 43 )
Assumption [A6] bounds Y at 7 = 0. It follows that T < 8%, namely that
5%94,0 + Q31+ Qo2+ Q3+ Qs+ Z Qnn S BL

m+n=>5
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(STEP 111) Now that we have L2 bounds on derivatives of orders two through
five, Sobolev embedding gives pointwise bounds on derivatives of orders two through
three. Because of the weighted norm || - ||, these pointwise bounds are not uniform
in y. Using the facts that o ~ (y)~% as |y| — oo and that |y| < 872 in the inner
region, one obtains

B2(050)° +v72(0,090)* + v (B5v)* < B

il

and
1

B(O20)? +v~2(8209v) + v~ 4(8,080)* + v O (Fju)? S B E
in the inner region. These inequalities are equivalent to estimates (4.8)—(4.9). O
7. Estimates in the outer region

7.1. Second-order decay estimates. As noted above, it is easy in the outer
region to “close the loop” by estimating second-order derivatives without needing
assumptions on higher derivatives.

PROOF OF ESTIMATE (4.10). By Lemmata 6.1-6.3 and Cauchy—Schwarz, there
exist constants C7, Cy, C3 such that in the outer region, one has

0: 020> < Ay (1070]?) — g|3§v|2 — e (|930]* + v™2[0200v)
+C1 (B2 + BHu 210,080 ),
and
1
07 (v2|0,09v]?) < Ay(v™2|0,0pv|*) — 51}_2'8?’800'2 —c (v_2|3§8911\2 + v 49,050]%)
+C2 (B + B0yv] + 20 % |050]) |
and
0-(v™*050[*) < Ay (v™*050]*) — gv_4|330\2 — e (vY0, 050" + v=°|9v]?)
+Cs (B + BPv 10, 0pv]) -

Define
T o= B21030f? +v72(0,d00]? + v *|3R0l?,

noting the S-weight imposed on the first term. Then because % B < 0, there exists

Co < oo such that
3

T+ Cof* + E,
where
E = (CQB3|8§’U| - 55|33v|2) + (Cgﬂ3v_1\8§890| - 57)_2|8§69’U|2)
+ (C’lﬁ%v’ﬂayagﬂ — 5v74|3y33v|2> + (025%*3|83v| — sv*6|85’v|2) .
Cauchy-Schwarz proves that E < 8%, Hence there exists C' < oo such that
0.1 - 1% < 4,(1 - 15%) - Sr - ra¥) + | Do Dot - 2 gk,

Choosing « and I' sufficiently large ensures both that the quantity in brackets above
is negative, and that T < B at 7 = 0. By Theorem 4.5, one has T < I‘ﬂ% on
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the rest of the parabolic boundary. Hence the result follows from the maximum
principle in the form of Proposition C.1. ([

7.2. Third-order decay estimates. In this subsection, we complete the
proof of Theorem 4.6 by establishing estimate (4.11) in the outer region.

As we did in the previous section, we begin by deriving differential inequalities
satisfied by the squares of the quantities that appear in (4.11). These estimates do
not have to be sharp, because we only need relatively weak third-order estimates for
our application in Section 8. To keep the notation from becoming too cumbersome,
we consistently write (vy, k) for (v™"9;05v) in the remainder of this section.

Lemma 7.1. There exist 0 < € < C' < oo such that in the outer region,

7

Or(v300)° < Au((v3.0.0)) = 7(v5.0.0)" = & [(V4.00)" + (v3.1.1)7]

+C <ﬂ3 + B3 |(vs,00)| + B (v222)[ +8 U?n,n,n) :

m+n=3

Proor. Following the proof of Lemma 6.1, one applies Condition [Ca] and
estimates (4.3), (4.4), and (4.6) to equations (3.4)—(3.5) to bound the linear terms
above. So it suffices to derive a pointwise bound for |(vs.0.0) >o_; F3.0.0./-

For this, we can use some but not all of the estimates derived in Lemma D.2.
Four terms there were estimated using integration by parts. Here, we instead
combine the pointwise bounds derived in Lemma D.4 with estimates (6.1)—(6.3) to
obtain the bounds

(v3,00) (B3 F1) (v2.0.0)| S B |(v5.00)| (8% +1(va00)] + I(v51,1)])
and
(23,000 (B3F>) (v0,2.2)| S B |(03,0,0)] (B3 +1(0s,00)| +1(@s,1.1)])

with similar estimates holding for the contributions from F3 and Fy. Again using
estimates (6.1)—(6.3) instead of the method used in Lemma D.2, we obtain the
critical bound

3 6
[(v3,0,0) E3,0,0,5] < [(v3,0,0)] [(v2,0,0)(v1,0,1) + (v1,0,1)° | S 87 [(v3,0,0)]-

The result follows using Cauchy—Schwarz and our assumption |(vs,0,0)| < 8. O

Lemma 7.2. There ezist 0 < € < C' < 0o such that for m+n =3 withn > 1, one
estimates in the outer region that

5

a‘r(vm,n,n)2 S Av((vm,n,n)2) - Z(’Um,n,n)2 — € [(varl,n,n)z + (vm,n+1,n+1)2}

+ OB (|vmmnl + Blvsool + [vs11] + |v2,2.2] + [v1,3,3] + |vo,4.a])
3
+ OB [(v2,11)% + (v1,2,2)% + (v0,3,3)%].

PROOF. As in the proof of Lemma 7.1, we may apply Condition [Ca] and
estimates (4.3), (4.4), and (4.6) to equations (3.4)—(3.5) in order to bound the
linear terms above.

To derive a pointwise bound for |(Vymn.n) Z?:o Epnnonel, we use some but not
all of the estimates derived in Lemma D.1. To replace the estimates that were
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obtained there using integration by parts, we again combine the pointwise bounds
derived in Lemma D.4 with estimates (6.1)—(6.3), obtaining, for example,

_ z
‘(Um,n,n)(v ”3;"8;1171)(1)2’0’0” < B |(Um,n’n)| (ﬁQ + |(vm+1,n,n)| + |(”m’n+1,n+1)|) )

with stronger estimates holding for the contributions from Fy, ¢ = 2,3,4. Here,
the term |(Vm,n.n)Em.n.n,5| is easy to estimate. Thus the result again follows from
Cauchy—-Schwarz and our assumption that |(vm.n.n)| S B 3. O

Now we are ready to prove our third-order decay estimates in the outer region.
PROOF OF ESTIMATE (4.11). Define
2 2 2 2
T :=B(v3,00)” + (v21,1)" + (v1,22)” + (vo,33)"

Then, just as in the proof of estimate (4.10), it follows from Lemmas 7.1-7.2 and
Cauchy—Schwarz that

O-T < Ay(X) = X +Cy (5% + %)
7
8
By hypothesis, one has T < % on the parabolic boundary of the outer region.
Thus applying the parabolic maximum principle in the form of Proposition C.1,

exactly as in the proof of estimate (4.10), shows that T < BT throughout the
outer region for 7 € [0, 71]. O

< A, (Y) = =T + CBT.

This completes our proof of Theorem 4.6.

7.3. Third-order smallness estimates. Now we prove Theorem 4.7, whose
purpose is to bound |9,03v| and v~!|93v| for use in Section 8 below.’
Define

(7.1) T = (v 1950)2 + (8,030)% + BT [(820v)? + (930)?] .

The factor 5710 will be used in estimate (7.3) below. In this section, we prove:

Proposition 7.3. There exists a constant C' such that in the outer region By? > 20,
9;T < AT + CBH.

We claim that Theorem 4.7 is an easy corollary of this result. Indeed, by our
Main Assumptions, one has
T('a E 0) < ¢&o
for some g9 < 1. In the inner region By?> < 20, one combines the consequence
v < Cy of Condition [C0i] with the results of Theorem 4.5 to see that

1
Tlgy2<20 S B2.
Together, these estimates control T on the parabolic boundary of the outer region.
Thus by Proposition 7.3 and the parabolic maximum principle, one has

(- 7) s50+6%<7>+c/Tﬁ%<7>dT
0
< (g0 + Bo) ™0,

9Note that Lemma B.2 lets us control |8, 8gv| and v~! |0k v| for k = 1,2 by bounding |9,02v|
and v~1|93v], respectively.
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which proves Theorem 4.7.

PROOF OF PROPOSITION 7.3. We start by studying Ys := (9,03v)?, since it

forces us to define T as in (7.1). Apply Corollary 3.3 to obtain

(9TT2 = AUTQ + 21)_2TQ — B172’0 + 2E1’2,0(8y33v).
For the term 207275, we write v~19,0%v| < (v’2|ay892v|)%|8yagv|% and employ
Theorem 4.6 and the smallness estimate in Condition [C3] to estimate

2729,05v]* < B2

In this way, we derive the differential inequality
(72) 8TT2 S AUT2 — Bl72,0 + 2E17270(8y83v) —|— ﬁ% .
Next we consider the term El,g’o(ayagv). In the present situation, the difficulties
encountered are similar to those surmounted in the proof of Theorem 4.6; we handle
these in a similar manner.

We treat the highest-order terms first. Among the many terms that make
up Ei 20, some contain a factor (at most one) of 9,'0jv with m +n = 4. If
(m,n) = (2,2), (1,3), this factor is controlled by the favorable term —Bj 29 in
inequality (7.2). The difficult cases are (m,n) = (0,4), (3,1). There are only two
such terms in Ej 2 0(0,03v), namely

Dy = (6y6§v)(69F1)(8§’891})
= (0, 050)[(0pF1) (04 0pv) + (94 F1)(D69)] (9 0pv)
and
Dy = (9,05v) (0, F2) (v 204v)
= (0,050)[(0pF2) (0v) + (04 F2) 9y )] (v 0gv).

For D, combining Lemma B.2 with the smallness estimate in Condition [C3]
shows that the terms in brackets admit the estimate
(Bo +0) %
1+p2+¢2
Using Cauchy—Schwarz and the smallness assumption again, one thus obtains
B~16(930pv)?

1L+p?+¢?

|(0pF1)(9y09v) + (94F1)(9pq)| <

D] < (Bo +0) %0 | B16|0,030] +

(7.3) < (Bo + 50)1%5%‘1J + (Bo + 50)%5_%32,1,0»

where 3710 By 1 o appears in the evolution equation for 3~ 1 (9209v)? below.

For D5, we proceed differently. Here, the decay estimate comes from the terms
in brackets. By the estimates in Theorem 4.6 and the interpolation Lemma B.2,
one has

02l + 10,al _ gl
1+p2+q2 ~ 1+p2+q2

(8, F) (820) + (8, F2) (8y9)| <
Hence
(7.4) D] < (Bo +20) BT + iqB

where By 31 appears in the evolution equation for v2 (85’1))2 below.
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The remaining terms in inequality (7.2) are estimated by techniques very similar
to those employed in the proof of Theorem 4.6. Those methods may be used
because we have available the smallness estimates from Condition [C3]. Together
with estimate (7.3) and estimate (7.4), we apply these techniques here (omitting
further details) to obtain

Boso+ 57%32,1,0
14+p? +¢?

1
(7.5) 0-Ty < AT — 531,2,0 + + BT,

Now we turn to Y3 := B’%(ajagv)Z. We use Corollary 3.3 to write
0: s = AT +2 [0 = at B (9,871)| T — B8 By o+ 287 1 B 0(02090).

From this, we use the implication of Theorem 4.6 that U*Q(ajagvﬁ < A% and the
11

fact that 310 (0,87 10) = % b < % to derive the differential inequality
1
(7.6) 0: T3 <A, T3 — §T3 - B_%BZI,O + 25_%E2,1,0(8§390 + B%).

This differs from the corresponding inequality (7.2) for 9; Y2 in by the term —%Tg.

As in the derivation of inequality (7.5), there are two critical terms,

Wy = 715 (92850) (99 1) (v)
and .
Wy = B_TO(8;8911)(v_lﬁng)(v_layag’v),

which appear in 5*%E2,170(8§89v).

For W7, a suitable estimate for 0y F7, namely
(Bo + €0) %
14+p2+¢2’
follows from the smallness component of Condition [C3]. Applying Cauchy—Schwarz
then yields

|00 1| < 0pF11|0yOgv| + |04 F1||0pq| S

, (0200v)* + (9v)?
1+p?+¢?
(7.7) < (Bo+e0)® |Ys+ Bi%BS,O,O} ,

sl=

(W] < (Bo +€0) 571

where B_%Bg7070 appears in the evolution equation for ﬁ_% (821})2.
For Wa, we get good decay from the term v='9,Fy. By Theorem 4.6, one has

3
-1 B
O ol < —
|’U Yy 2|—1+p2+q27
and hence
820gv| [v™10,03v
(7.8) |Wa| S57%| il vy < B3 [Ys + Bi,2,0],

14+ p? +¢?
where B; 2 ¢ appears in inequality (7.5).

The remaining terms in inequality (7.6) are estimated by the same methods
we employed many times in previous sections. Combining these estimates with
inequalities (7.7)—(7.8) yields

1
(7.9) 9;Ys < A5~ 5f 0By + B2 Broo+ (fo+e0) %8 1 B3 00+ A1,
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where —%Tg was used to control various terms in Wy and W5s.

By similar techniques, we estimate that Tq := (v~'93v)% and Y4 := B 10 (03v)2

Y
satisfy the differential inequalities
1
(7.10) 0-T1 <A, — 530,3,1 + (Bo + 60)%31,2,0 + ﬁ%
and
1, _u FRUNESTY i
(7.11) 0Ty < ATy — 55 10 B300+ (Bo+¢€0)20 6 10810+ 10,

respectively. Adding equations (7.10), (7.5), (7.9), and (7.11) completes the proof.
O

8. The second bootstrap machine

In this section and those that follow, we describe the asymptotic behavior
of solutions. Specifically, we show that a solution v to equation (2.5), which is
a rescaling of a solution u to equation (2.1), may be decomposed into a slowly-
changing main component and a rapidly-decaying small component. We accomplish
this by building a second bootstrap machine, following [9].

8.1. Input. Our first input to this bootstrap machine is that u(z,t) is a so-
lution of equation (2.1) satisfying the following conditions:
[Cd] There exists tx > 0 such that for 0 < ¢ < tg, there exist C' functions
a(t) and b(t) such that u(x,6,t) admits the decomposition

(2 +b(t)y?

a(t)—i—l >2 +¢(y7677—)
2

(8.1) u(z,0,t) = A(t)o(y, 0,7) = A1)

with the L? orthogonality properties

_alt), 2 a(t) 2

¢('7'77—) Le 27 ) (1 _a(t)yz) e =Y ’
where a(t) := —A(t)OA(t), y := A" (t)x, and 7(t) := fot A"2(s) ds.
Proposition 8.3 will show that Condition [Cd] follows from our Main Assumptions.

To state the second set of inputs, we define estimating functions to control the
quantities ¢(y, 0, 7), a(t(7)), and b(t(r)) appearing in equation (8.1), namely:

(8:2) My n(T) = mage 5788 (1) |6, 7).
(83) A(T) s=max 572(7) |at(r) — 5 + b(e()|,
(8.4) B(T) =max 54 (r)|b(t(r)) — 5(r)].
where (m,n) € {(3,0), (11/10,0), (2,1), (1,1)}. Here we used the definitions
8l = [0} 350 and B(r) i= ———.
b(0)

By standard regularity theory for quasilinear parabolic equations, if the initial
data satisfy the Main Assumptions in Section 2 for by and c¢q sufficiently small,
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then (making t4 > 0 smaller if necessary) the solution will satisfy the second set
of inputs for this bootstrap argument, namely:

[Cb] For any 7 < 7(t4), one has

(8.5) A(T) + B(7) + [M(7)| < 872 (1),
where M denotes the vector
(8.6) M = (M), (i,5) € {(3,0), (11/10,0), (2,1), (1,1)}.

Remark 8.1. Condition [Cb] implies estimates on v and U_%ayv in the inner
region By? < 20, which in turn imply Condition [COi], the estimate |9,v] < Bzv?2
of Condition [C1i], and the estimate (y)~'|9,v| < B of Condition [Cg].

The final inputs to this bootstrap machine are the following estimates. They
follow from the outputs of the first bootstrap machine, as summarized in Section 4.2.
For any 7 € [0, 7(t4)], the estimates proved in Sections 4-7 show that v satisfies

(8.7) v(y,0,7) > 1

and that there exist constants ¢y < 1 and C, independent of 7(¢.), such that
(8.8) |0, v] <C;

(8.9) lv~toFv], 10,05v| <ey < 1;

(8.10) vHa,w| < CB3, 92| < OB, 93] < OB,

(8.11) v™218,03v], v1|0,9pv], v1|920pv], v2|0Fv| < OB,

8.2. Output. The main result of this section is:

Theorem 8.2. Suppose that Conditions [Cd] and [Cb] and estimates (8.7)—(8.11)
hold in an interval T € [0,71]. Then there exists C independent of 11 such that for
the same time interval, the parameters a and b and the function ¢ are such that

(8.12) A(T)+ B(t)+|M ()| < C.

This theorem will be reformulated into Propositions 9.1 and 9.2, and then
proved in Section 9.1.

8.3. Structure. Before giving the details of the second bootstrap argument,
we discuss the general strategy of its proof. The first observation is that our Main
Assumptions imply that there exist A(t) and b(t) such that the solution v(:,-,7)
remains close to the adiabatic approximation Vg (r))s(+(r)) defined in equation (2.9)
for at least a short time. Moreover, we can choose those parameters so that the
solution admits the decomposition in equation (8.1), subject to the orthogonality
stipulations of Condition [Cd].

It is shown in [9] that A(¢) and b(t) can be chosen so that Condition [Cd] is
satisfied. To state this precisely, we need some definitions. Given any time ¢y and
0 > 0, we define Iy, s := [to,to + 0]. We say that A\(t) is admissible on I, s if
A € C%(I1, 5, Ry ) and a(t) := —AO\ € [1/4,1]. Proposition 5.3 and Lemma 5.4 of
[9] imply the following result.

Proposition 8.3. Given t, > 0, fir tg € [0,t.) and A\g > 0. Then there exist
d,e >0 and a function A(t), admissible on I, 5, such that if
(1) (&)~ € CT ([0,t.), L=(S! x R)),
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(11) infu > 0, and
(1) [Jv(-, -, to) = Vag,boll3,0 < bo for some ag € [1/4,1] and by € (0,¢],
where v(y,0,7) = A(t) " u(A(t)x,0,t), then there exist

a(t(t)) € C* (It,.5, [1/4,1])  and b(7(t)) € C* (I1,.5, (0,¢])

such that the rescaled solution v(y,0,T) admits the decomposition and orthogonality
relations of Condition [Cd], with A(0) = Ao and a(7(t)) = —=A(£)O:A(¢).

The second bootstrap machine will establish that Vi (+))pt(r)) is the large,
slowly-changing part of the solution, while ¢ is the small, rapidly-decaying part.
The utility of the stipulated orthogonality will become clear in Section 11, when
we compute the linearization of an equation closely related to (2.5).

In what follows, we will usually convert from the time scale ¢ to 7. To study the
asymptotics of the solution, we derive equations for a,, b,, and ¢ in equations (9.3),
(9.8) and (9.9), respectively. Then we analyze those equations to show that

S MDA = A, and () "0l S 87
bt T
for (m,n) = (3,0), (11/10,0), (2,1) and (1, 2).

The first two estimates above are proved in Section 10. Their proofs are
straightforward generalizations of those in [9]. The third estimate, which estab-
lishes the fast decay of ¢, is the most critical. It is proved in Section 11. For
all three results, the crucial new ingredients from [9] are the f-derivative bounds
appearing in estimates (8.8)—(8.11), which follow from the first bootstrap machine
constructed in Sections 4-7.

1
+10

9. Evolution equations for the decomposition

Equation (2.5) is not self-adjoint with respect to its linearization, but it can be
made so by a suitable gauge transformation. By Condition [Cd] in Section 8, there
exists a (t-scale) time 0 < t4 < oo such that the gauge-fixed quantity

w(y,0,7) = v(y,0,7)e TV’

can be decomposed as

(9.1) w = wap(y) +&(y,0,7), with & L ¢oa, P2a-
Here
a % _ay2 d a % 2 ay?
[ _ 4 — F— — T4
92)  doai=(50) € F and goai= (go) (1—ay?)e

and the orthogonality is with respect to the L?(S* x R) inner product. The param-
eters a and b are O functions of ¢; the (almost stationary) part is

1 a,
Wap = 1/2+by?/a+ 3 e 1Y’

and the (rapidly-decaying) fluctuation is
_ay?

E:=e "1 .

To simplify notation, we will write a(7) and b(7) for a(t(7)) and b(¢(7)), respectively.
(This will not cause confusion, as the original functions a(t) and b(t) are not needed
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until Section 12.) In this section, we derive evolution equations for the parameters
a(7) and b(7), and the fluctuation £(y, 0, 7).

We substitute equation (9.1) into equation (2.5) to obtain the following equation
for &,

(93) aT§ = —L(a,b)f + F(a7b) + Nl(a'7bu 5) + N2(a7b7§) + N3(a7b7 g)u

where L(a,b) is the linear operator given by

a’?+ 0ra 3a lia 1
Liab)i=—0>+ ———? - -2 ___ __p?
(a7 ) ay + 4 Yy ) 2+by2 2867
and the functions F'(a,b) and N;(a,b,§), (i = 1,2,3), are given below. We define
1
1 _ﬁ 2+by2 2 y2 b3y4
9.4 F(a,b) .= = 4 r T —
(04)  Flab)= e (a+; Loyt - |
with
0r 1
Fl Zziall-f-a—*—‘y-b,
1
Iy ::—6Tb—b(a—2+b> - b,
(9.5) Nifa,b€) = — 12T 2 e
. 1\“, Y, T v 2 + by2 )
S
. N- b = —e 4 .
(9 6) 2(0’7 35) € 1+p2+q2 yv
The final term, N3, did not appear in [9]; it is
_ 1+ p? 1 _ay®
— 2 2
Ng(a,b,é) = (% m - 5 69116 4
_ay? _ 2pq
9.7 4 ——————0p0
(9.7) L L
,ﬁ -2 q
1 —————Oyv.
e +p2+q "

Now we derive differential equations for the parameters a and b. Taking in-
ner products on equation (9.3) with the functions ¢y, (k = 0,2), and using the
orthogonality conditions & L ¢g 4, ¢2,4 in (9.1), one obtains two equations:

1 1
(F(a,b),00) = —(& 0rdo,a) — <<22++b; - 2;(1) §7¢0,a>
(9.5) !
- Z <Nka ¢0,a> + % <£a y2¢0,a> P
k=1
1 1
(F(a, b), ¢2,a> - - <£; 8T¢2,CL> - < (22_:;):2 - 22—'_0‘) §7 ¢2,a>
(9.9)

M

<Nl~ca ¢2,a> + % <£a y2¢27a> .

=~
Il
—
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Note that the terms on the right-hand sides of equations (9.8)—(9.9) depend on &,
while F'(a,b) depends on a,, b, a, band y.

We now show that Theorem 8.2 is a consequence of the following two results.

Proposition 9.1. Suppose Conditions [Cd] and [Cb] and estimates (8.8)—(8.11)
hold. Then there exists a nondecreasing polynomial P(M,A) of A and the compo-
nents of M such that

(9.10) B(r) <1+ P(M(7), A(1))
and
(9.11) A(r) < A(0) + BT5(0)P (M (1), A(T)) .

This will be proved in Section 10.

Proposition 9.2. Suppose Conditions [Cd] and [Cb] and estimates (8.8)—(8.11)
hold. Then the function ¢ satisfies the estimates

(9.12) Ms0(7) S Mz o(0) + 825 (0)P (M(7), A(7))

(913) M o(r) S M (0) + 1+ €M o + Mso(r) + 875 (0)P (M(7), A(r)),
(9.14) M1 (1) S Ma2,1(0) + M o(r) + 875 (0)P (M(7), A(7)),

and

(9.15) M1 (1) < Myo(0) + Mso(7) + Ma1(7) + 870 (0)P (M(7), A(7)) ,

for any T € [0,7(tx)], where P(M, A) is a nondecreasing polynomial of A and the
components of M.

This will be proved in Section 11.

These two propositions imply Theorem 8.2, as we now show.

PROOF OF THEOREM 8.2. Observe that M3 () and M 1(7) are present on
the right-hand sides of equations (9.13)—(9.15). To remove these, we use esti-
mates (9.12) and (9.14) to recast estimates (9.10), (9.11), and (9.12)—(9.15) as

A(T) + M (7)] SA(0) + [M(0)] + B39 (0)P (|M(7)], A(7))

B(r) S1+ P (IM(7)], A(7)) ,
with P being some polynomial. By the boundedness of |M(0)|, A(0) and the
smallness of 3y, we obtain the desired estimate (8.12). O
10. Estimates to control the parameters a and b
We start by stating a preliminary estimate, which is proved later in this section.
Lemma 10.1. The functions I'y and Ty appearing in definition (9.4) satisfy
(10.1) [Tul, [Ta| € 57 P(M, A).

Now we use estimate (10.1) to prove Proposition 9.1.
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PROOF OF PROPOSITION 9.1. We start by proving estimate (9.10).
Recall that I'; and I's are defined in terms of a,, b, a and b. Thus we begin
by rewriting I'; in estimate (10.1) as

0.0+ 6| S b

1 27

3¢ + b‘ + B P(M,A).

The first term on the RHS is bounded by b3%A < 32 A by definition of A. Hence
(10.2) 0.6+ b2| < BT P(M, A).

Divide estimate (10.2) by b?, and use the inequality 8 < b implied by the condition
B < B’%, to obtain

(10.3)

1
Ory — 1‘ < B P(M, A).
Then use the fact that 3 satisfies —9;57' 4+ 1 =0 to get

1 1
o (3-3)

Integrating this estimate over [0, 7] and using the facts that b < 8 and 8(0) = b(0),
we obtain

538 - b| < g* / " B8 ()P (M(s), A(s)) ds < B2 P (M(r), A(r),

which together with the definitions of 5 and B implies estimate (9.10).
Now we turn to estimate (9.11). To facilitate later discussions, we define

< B15 P(M, A).

1
(10.4) Fi=a—5+b.

Differentiating I" with respect to 7, writing 9,b and 9,a in terms of I'; and I's, and
using estimate (10.1), we obtain

1
a.T + <a+2+b)F:—b2+Rb,

where R, obeys the bound
[Ro| < BT P(M, A).
Let pu = elo a(9)+3+b(s)ds  Thep the equation above implies that

,uF:FO—/ ub2d3—|—/ uRp ds.
0 0

We now use the inequality b < 8 and the bound for R, to estimate over [0, 7] < [0, 7]
that i i
Dl Sp'To+pt / pB%ds + pt [/ B dS} P(M, A).
0 0
For our purposes, it is sufficient to use the weaker inequality

0] < ' 0(0) + ! / s ds [1+ BT (0) P, 4)]

The conditions A(7), B(r) < S~ (7) imply that a + 14b > 1 Thus, it is

not difficult to show that 8~2u~T'(0) < A(0) and S~ 2u~" [ 1B*ds are bounded.
Hence we have

A< AW0) + 1+ BT (0)P(M, A),



36 ZHOU GANG, DAN KNOPF, AND ISRAEL MICHAEL SIGAL

which is estimate (9.11).
This completes the proof of Proposition 9.1. ([

Now we present:

Proor oF LEMMA 10.1. We begin by analyzing equations (9.8)—(9.9). For
notational purpose, we denote the terms on their right-hand sides by G; and Ga,
namely

(105) <F(a»b)7 ¢O,a> = Gl»
(10'6) <F(a?b)a ¢2,a> = Ga.

We start by bounding the terms in G; and G5. Using estimates (8.11) and
(4.7), both of which follow from the first bootstrap machine, one finds for k = 0,2
that

|<1}71F36y89U7 ¢k,a>| + |<v72F489v, ¢k7a>|
S lo™0p0] (10720, 0p0] + [v>00]) S BT5.

For the term (v™2F203v, ¢iq), We integrate by parts in 0 to generate sufficient
decay estimates, obtaining

2 2
(o)

€
L+p*+¢?

1 2 2pq0,0gv — 2(1 H(v10%v — 2¢? a
= 20*3i( )2 + v 2 pqdydgv — 2(1 + p*) (v 05v — 2¢ )agv,e’ﬂ’z
14+ p2+¢2 (1+p%+ ¢2)2

S B,

In the last step, we applied estimate (8.11). By similar methods, i.e. integration by
parts, we get

=

1+ p? o
’<v_2+p v, (ay® — 1) 6_492> <8

1+p?+¢?

For the terms N7 and Ny, we have
(N1 dra) S 1) Nilloo < MZo8%,  (k=0,2).

Then we use the estimate |[92v] < B of (8.10) to obtain
(N2, nall [0) 20050l < ()00l 1850l
16 2 13
S (B+MaaB%) 8%, (h=0,2).

In estimating (y) 38,0, we used v = /2 + by?/a + 1 + ¢5¥" and the facts a ~ 3,
b =~ (3 implied by the consequences A, B < =20 of estimate (8.5) and the definition
of ngo in (82)

A
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We collect the estimates above, using our conditions on A(7) and B(7), to get
(10.7) G1,Ga < 10:alB2 My + B3 (1+ MZ, + M32,).

Now we turn to the terms on the left-hand sides of equations (10.5)—(10.6).
We decompose the function F(a,b) defined in equation (9.4) into components ap-
proximately parallel or orthogonal to ¢g, and @24, plus a term of order b3, as

follows:
1
2+by2 21 _ay?
Fla.b) = — + | T
(a,b) (a+; 26 1+ 27

Consequently, one has

|<F(a‘v b)a ¢O,a>‘ Z

L ay? —1 B b3y
R+o2] | Za2+by?] 2+ b0y2)? ]

1
ry+ %Ié — b (71| + [Ta]) — b°

and
[(F(a,b), 62,0) Z [T2| = [b](IT1| + [T2]) — b7,
which together with estimate (10.7) imply that
[Tul, [Ta] € 85 (14 M3, + M) +[0,al8°Mso.
To control the term |0-a| on the RHS, we use the definitions of T'; and 9;a to obtain
|0ral S 01|+ B2A.
Hence we have
ITy|, Ta| S 8% (14 M3, + MZ,) + B*AMs,.

This together with the condition |M(7)| < 8710 (7) implies estimate (10.1). O
To facilitate later discussions, we state some other useful estimates for F'.
Corollary 10.2. If (m,n) € {(3,0),(11/10,0), (2,1), (1,1)} and A(7), B(r) <

B’%(T), then
m+n+1

(10.8) He#F(mb)H < 8™ (7)P(M, A).

m,n

ProOOF. In what follows, we only prove the case (m,n) = (11/10,0). The
proofs of the remaining cases are similar (see [9]), hence omitted.
Recalling definition (9.4) for F', one observes that

oy _
H<y> i — <b 2
(24 by?)2 llee

Thus the estimates for I'y and I'y in (10.1) imply that

‘QD
gle

=

<

1

_u (24 by?\? y? —35 Y

bt () rarag || s ome s b < 0¥ pon ),
2

oo

By similar reasoning, one has

< 8.

-4 byt <2+by2>%
Y@t by a+3

Combining the estimates above, we complete the estimate for (m,n) = (11/10,0).
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11. Estimates to control the fluctuation ¢

In this section, we prove the estimates that make up Proposition 9.2.

Recall the evolution equation (9.3) satisfied by £(y, 6, 7). We begin our analysis
by reparameterizing & so that critical terms in the resulting (new) evolution equation
have time—independent coefﬁaentb

Recall that 7(t fo s)ds for any 7 > 0, and a(7) := —A(#(7)) O A(¢(7)).
Let ¢(7) be the inverse functlon to 7(t), and pick T > 0. We approximate A(t(7))
on the interval 0 < 7 < T by a new trajectory A (¢(7)), chosen so that A\ (¢(T)) =
A(T)) and a := —A1(t(7)) O A1 (¢(7)) = a(T) is constant.

Then we introduce new independent variables z(z,t) := A{*(t)x and o(t) :=
fot A 2(s) ds, together with a new function (2, 6, o) defined by

(11.1) M (e n(2,0,0) == At)e TV (y, 0,7) = At)(y, 0, 7).
One should keep in mind that the variables z and y, o, T and t are related by
2= ,\/\1((? y, o fo A 2(s)ds, and T = fo s)ds.

For any 7 = f ) \- 2(s )ds with ¢(7) < t(T) or equivalently 7 < T, we define

a new function o( f Hr) )\ s)ds. Observing that the function o is invertible,
we denote its inverse by 7(0).
The new function 7 satisfies the equation

9on = —Lan(o) +Wa,b)n(o) + F(a,b)(0)
+N1 (a7 b, 77) + N (a7 b, 77) + N3 (a7 b, 77)7

where the operator £, is linear,

(11.2)

Lo = Lo+V,
with L, and V defined as
2
2 ¥ 2 3a 1
La = 82 + 4 y4 2 289,
2a
V=
2+ B(1(0))22’
respectively. The quantity W(a,b) is a small linear factor of order O(3), namely
A2 (a+3) 2a
11.3 W(a,b) :=— = 2
() =N 2oy T 2 A
_{ /\2} (a+1) N 20 —a—1%
- AT 240(r(0)y? 2+ B(7(0))2?
1 Z[b(7(0)) — B(7(0))]
+la+5
( 2) (2+b((0))y?) (2 + B(7(0))2)

(
1 W — 22Jb(r(0))
*(“ ><2+b<<>> D@+ A(r(0))22)°

The function F(a,b) is a variant of F'(a,b) from definition (9.4), namely

2 a2

(11.4) F(a,b):=e 1% ¢ TF(a b).
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The nonlinear terms Ny, (k = 1,2,3), are defined using (9.5)—(9.7) by

A (o3 a

Ni(a,b,n) = Tle_zzgezyle(%bvg)a
Al _a,2 a2

(115) Na(a,bn) = Stem etV No(ab,),
A a2 a2

Ns3(a,b,n) = 76 1% e1Y N3(a,b,§),

with 7 and y expressed in terms of o and z. Note that N3 was not needed in [9].

Analysis of equation (11.2) will provide estimates for 7, but what we actually
need are estimates for £. To provide this link, we prove in the next proposition that
the new trajectory is a good approximation of the old one.

Proposition 11.1. For any 7 < T, if A(7) < B‘ﬁ(r), then

Q@v»—qswv>

for some constant ¢ independent of 7. For (m,n) = (3,0), (11/10,0), (2,1), (1,1),
one has

(1L.7) ‘

(11.6)

2

77('7'70)

Lz

< BEFE (17(0)) My, (7(0)).

‘m,n

PrOOF. We start by deriving a convenient expression for 2(¢(7)) — 1. By

A1
properties of A and A1, we have

(11.8) 0~ (;\l(t(r)) - 1> = 2a(T) (;\(t(r)) - 1) + G(71),
where

1
A AN? A A D\
G.—a—a+(a—a)<>\1—1> [(/\1> +)\T+1 —l—a()\l—l) [)\14-2]

We use the fact that %(t(r)) —1=0 when 7 =T to rewrite equation (11.8) as

(11.9) %(t(f)) —1=- /T e~ I 20 At G (s) ds.

In what follows, we rely on equation (11.9) to prove estimate (11.6).
We start by analyzing the integrand on the RHS. The definition of A(7) and
the condition A(r) < 720 (7) together imply that

() - 3| 5 80).

and hence that

1
(11.10) o(r) = al < [a(r) = g+ |a = 3| < 500
in the time interval 7 € [0,7]. Thus
A oa P A
11.11 G| < RN RN RN
A 2o (5 -1) 5 -] ofR-
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We claim that inequalities (11.10)—(11.11
Indeed, define an estimating function A(7) b

are sufficient to prove estimate (11.6).

A(T) == sup B7Y(s)

7<s<T

A
i) -1).
B~

Then (11.9) and the conditions A(7), B(r) < 20 (r) imply that 2a > 1 5 and hence

ha
that \ -
‘)\1<t(7—)) — 1’ < / e~ 3(T=7) [ﬁ(s) + B2(s)A*(1) + ,Bz(s)A(T)] ds
S B+ BIN) + B PNE) + BIALR).
Therefore,
570 [ 0(r) — 1| £ 14 BON() + BN + BTG

Now we use the facts that 5(7) and A(7) are decreasing functions to obtain

A(7) S 1+ B(T)A (1) + B2(T)A% (1) + B(T)A(T),
which together with A(7) = 0 implies that A(7) < 1 for any time 7 € [0,7].
Combining this with the definition of A(7) gives estimate (11.6). O

In the rest of this section, we study the linear operator £,. By Lemma 2.1, it
suffices to consider its spectrum acting on {w : R x S* : (z,@) = w(z,0+m)}.
Due to the presence of the quadratic term iaz{ the operator £, has a discrete

spectrum. For 822 < 1, it is close to the harmonic oscillator Hamiltonian

1
(11.12) Lo —a:=—0%+ ZO‘Q 2 570@ B 789

The spectrum of the operator L, — « is
(11.13) spec(Lo — ) = {na+2k*> :n=-2,-1,0,1,...; k=0,1,2,...}.
Thus it is essential that we can solve the evolution equation (11.2) on the subspace

orthogonal to the first three eigenvectors of L,. These eigenvectors, normalized,
are

1
a\N1 _a.2
¢0a Z:<§)46 4Za
(0% i 2
(11.14) b1,0(2) = (2—) Va ze 17
1
$2,a(2) == ( )4 (1 —azQ)e_%zz.

We define the orthogonal projection Fn onto the space spanned by the first n
eigenvectors of L, by

n—1

(11.15) Pow:= Y (0, ¢ma),

m=0

and the orthogonal projection

(11.16) Pow:=1-Pow, (n=1,23).
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The following proposition provides useful decay estimates for the propagators gen-
erated by —L,, and —£L,,.

Proposition 11.2. Ifg: R xS! — R is a function satisfying g(y,0) = g(y,0 + )
for ally € R and § € S, then for any times T > o > 0, one has

(11.17) H(z)fne%zzefLa”PQ'lgHOO S e(lfn)O‘UH(z)fne%ZQgHoo
with 2 > n > 1. Moreover,

(11.18) H(z}fle%ZQefLa”Pf‘gHOO < H(z}fne%ZQgHOO;
and there exist constants 7,0 > 0 such that if B(0) < §, then

(11.19)
|| <Z>_"€%22P7‘3Un(7', O_)@(T—O’)%agp’r?guoo 5 e—(7+(n—3)a)(7—0) H<Z>—ne%zzg”m7

where Uy, (1,0) denotes the propagator generated by the operator —P%[L, + %03]2,
(n=1,2,3).

PROOF. What makes estimates (11.17)—(11.19) different from the correspond-
ing results in the earlier paper [9] is the presence of the operator 87, which has
discrete spectrum {0,4,8,---} in the space {h : S' — R : h(#) = h(§ + 7)}. (Com-
pare Remark 4.3.)

The general strategy in the present situation is to decompose the function
g: R xS — R according to the spectrum of d5. One then obtains the desired
estimate by studying the terms of this decomposition. If a real-valued function g
satisfies g(y,0) = g(y,0 + ), then it admits the decomposition

oo

9,0 = > aiy),

k=—o0

with g (y) == 5= 0277 e~ 20 g(y,0) df. By the definition of P, in equation (11.16),

one has (1 — P,)e?* g, (y) = 0 if k # 0, and hence
Pog = Pago+ Y _ **g,.
k0
Moreover,

270 Pg = Pogo +¢37% ) e?iMg,
k#£0
Now apply these observations to the propagator acting on g to obtain

<z>_”e%22 PYU, (7, 0)6(7_0)%3g Py
(11.20) = (2)""e T P2, (7,0)P%go

+ <Z>7HG%Z20(T,J)6(T70)%83 Zem’kegk’

k0
where U is generated by the operator
1 a? 3o 2a
|z v ) I R B . S
{ ot 269} [ %+ 4° 2 24 p(1(0))2?
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For the first term on the RHS, we apply results proved in [9] to obtain

(121)  |[(2)7e% P (7 0)Prgo| | § e 9=

(&)t g

(oo}

For the second term on the RHS, we apply the Trotter formula to see that

5

U(r,0) < e” (902450 —5a)

The latter harmonic oscillator be bounded by the non-decaying estimate ¢2*(7—7)
in suitable normed spaces (for details see [7, 9]). Thus one has

(11.22) <Z>_n€%220(7, a)e(r—g)%ag Ze%kegk

k0

(2) —ne%zze(r—a)%é)g § e2ikagk
0

o0

< 6204(7—0)

oo

For the last term above, one may apply the maximum principle to see that

1 2 . .
(11.23) e27% Z 20, | < max Z ¥k 1 <2 max |g|
120 0€[0,2m) k20 0€0,2m)
for any ¢ > 0; and for 0 > 1
(1124) 6%083 Z€2ik9‘gk‘ _ Z 6720”6262’”90,9[(:
k#0 k#0
Se~ 7 max|gy|
:e—QUi max | <g e2ki9>9|
27k ’

<e % max lg|.
Collecting the estimates above, we conclude that
(11.25) <Z>_”e%Z2U(T7U)e(7_”)%6g Zemkagk Se (7o) ‘<z>_n€%229 ‘

00 oo

k0

This together with equation (11.20) and estimate (11.21) implies inequality (11.19).
The proofs of estimates (11.17)—(11.18) are similar modifications of those de-
tailed in [7, 9], hence are omitted here. O

11.1. Proof of estimate (9.12). In this section, we prove estimate (9.12) for
the function Mj . Fix a (7-scale) time 7. Then the estimates of Proposition 11.1
hold for 7 < T. We start by estimating n defined in equation (11.1). We observe
that 7 is not orthogonal to the first three eigenvectors of the operator L,,. Therefore,
we derive an equation for Pg'n, namely

6
(11.26) 05 (Psn) = —P§LaPin+ Y DY) (0)
k=1
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where DY), = DIV, (o), with k = 1,2,3,4,5,6, (m,n) = (3,0), (2,0), (2,1), (1,1),
are defined as '°
DY, = —Pave $00[et  + PAVPIe 12 001y

m,n

= —PVe -%22[ - Pmaﬂe%*m

m2+5( (U))
and
D@ = poe= 5 gne s Wy,
D), = Pae” 1% 90 [T F(a, b)),
DW .= poe=iz 3"[6% N 1(a, b, a,m)],
D), = Pae” 590Ny,
DO = Poe” 9715 Ny).
Define
t(T)
(11.27) S::/ A 2(s) ds.
0

Then by Duhamel’s principle, we may rewrite equation (11.26) as
6 S

(1128)  PEu(s) = PRUSS.0)PEn0) + Y [ PEUM(S, )P D (o) do
— Jo

where Us(7,0) is defined in Proposition 11.2 and satisfies estimate (11.19). It
follows that

ot oo

B3(T) e Psn(S) 3.0

a2

S e BT e n(0) 15,0

6 s
a2
HOY [t Do) den
k=170

For the terms D:(a]fo) with & = 1,2,3,4,5, on the RHS of equation (11.26), one has
the following estimates.

Lemma 11.3. If A(1), B(7) < B*%(T) and if 0 < S, equivalently 7 < T, then

(11.29)

3
(11.30) S lle®= DY) (0) 130 S B (7(0)) P(M(T), A(T)),

k=1
(11.31) 1e%=* PEDS () 15,0 < lle ™t Ni(a,0,€)[s.0 < 8% (1) P(M (7)),
(11.32) 1e= PEDE)(0) 5.0 < Nl Na(a,b,€)[s.0 < 8% (1) P(M (7)),
and
(11.33) o3 PO (0) 130 < lle™* Na(a,b.6) 30 < 55 (7).

10Recall definitions (11.3)~(11.5) and (11.16).
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PROOF. We first prove the most involved estimate, namely (11.33). Its first
inequality is a consequence of the fact that )‘71 —1=0(B) proved in estimate (11.6).
Because estimates of this type will appear many times below, we provide a detailed
proof (only) here. Unwrapping the definitions of the functions involved, one finds
that

(11.34) le#=* P DS (0) 13,0 < lle = D (o) 13,0
< (=) 3e 4" Ny(a, b, €)(7(0)) |
< (1) 27" Na(a,b,€)(7(0) [l
= [le¥¥" N3(a,b,€)]3.0.

To prove the second inequality in estimate (11.33), we write the new term N3 as
(11.35) N3 := N3 1+ N3z,
with

_i

N3 := [v_Q - %] (OFv)e 1

)

and

2 2

_ q 2 _ay”®

i 2 4

N3 v 1+q2+p2( hv)e
Ca? 2pq L q

+e v —————=(990,v) + e+ v ———(0gv).
1+p2+q2(9y) 1+p2+q2(9)

We shall only prove estimate (11.33) for N3 i; the result for N3, is easier, when
one recalls from estimate (8.11) that v=20%v, v™19p0,v = O(B%). For the term
v~20yv above, we apply the interpolation result in Lemma B.2 to inequality (8.11)
to get

(11.36) v 20pv| $ max |[v205v| < B
0e(0,27]

Then by estimate (4.7) that (y)~'v < 1 and estimate (8.11), we obtain
1
7° |72 = 3] 8ol < o210l 5 5%,

which gives the desired result.

Now consider inequality (11.30). For k = 1, we use the identity P§(1—P§) =0

to rewrite Pngé,l()) as

PED(0) = Py 5 2 blr(@) 20 - o).

Then direct computation gives the desired estimate,

1b(7(0))22
o
<SbE(7(0)]e?* n(0)]3.0
< BA(7(0) M3 0(T).

o2 1
le%** Pg D) (0)13,0 < max
z€R

()72 (1 = Py (o)
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Here we used the fact that |b(7)| < 28(7), which is implied by B(r) < -1 (),
and the fact for any m > 1, one has

(11.37) e (1 = P)gllm-10 S lle¥* gllm.o

by definition (11.15) of the orthogonal projections P, =1 — P2,

Now we estimate Dé’fg for k = 2, 3. By estimate (11.37) and direct computation,
we have

z k 22 a2
an “Pe DY (0) 30 < et F(a,b)(0) |30 + [l Wn(0)3,0-
k=2

By estimate (11.6) that 4t — 1 = O(3), one then obtains
le% =5 (0)lls0 S I1F (a,0)(7(0)) 5.0 < B*P(M(T), A(T)),

where F'(a,b) is defined in equation (9.4) and estimated in (10.8). Recalling defini-
tion (11.3) for W = O(f3), one has

a2 i3
| S Wlleolle* nllso < 8% Ms,o.

The first inequalities in estimates (11.31)—(11.32) are derived in almost exactly the
same way as estimate (11.34); so we omit further details here.
The proof of the second inequality in estimate (11.31) makes it necessary to

prove a bound for ||(y)10e%¥"¢||o. Specifically,

14z) D53 (0)lloo S I1(y)~*e Y Ni(7(0) o

HOO

_g a,?2 1 a,?2
S Il(y) e €||°°H2+byze4y 5Hoo

3 a,?2? 1
= [0 e

11

By the fact that 1+b —L < B~ (y)~ 1 and the definitions of M3, and Myy/10,0, We
obtain the desired estimate (11.31).
Next we turn to the second inequality in (11.32). Compute directly to obtain

(11.38) ()24 Na(a,0,6)] < 1050l |(y) ™0yl
By estimate (8.10), the first term on the RHS is bounded by [0zv] < 3. For the

second term, we recall that v = /2 4+ by?/a + 5 Ly f So by direct computation,

one has
ay?
[(y) "t Oyv] S b+ (y)~Hoye T ¢
< b+ b1 M,
S B+ Myy).

Feed these estimates into inequality (11.38) to obtain (11.32).
Collecting the estimates above completes the proof of the lemma. ([l

Now we resume our study of equation (11.28). For its first term, we use the
slow decay of 3(7) and estimate (11.7) to get

(11.39) e S B7E(T)[le T2 n(0) |50 S B2 (0)]|T5 1(0) 5.0 S Ms,0(0).
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For its second term, we use the bounds for Dé’fg from Lemma 11.3 and the integral
estimate (11.41) proved in Lemma 11.4 below to obtain

6 S
> [ 1A Do) do
k=10

(11.40) < VOS e 5983 () () do | P(M(T), A(T))

< B9 (T)P(M(T), A(T)).
By estimate (11.45), proved in Lemma 11.5 below, we have [e% P§n(S)|ls0 =
lo(-,T)|3,0, which together with (11.39) and (11.40) implies that
TG Tllso £ Mao(0) + 575 (T)P(M(T), A(T)),
where P is a nondecreasing polynomial. By definition (8.2) of M3, we obtain
Mso(T) S Ms,0(0) + 870 (0) P(M(T), A(T))-

Since T' was arbitrary, estimate (9.12) will follow, once we provide a proof of in-
equalities (11.41) and (11.45) used above.

Here is the first of the two promised lemmas.

Lemma 11.4. For any c1,co > 0, there exists a constant c¢(c1,ce) such that

s
(11.41) /0 e~ 1579 ge2(r(5)) ds < e(eq, e2) B (T).

PRrROOF. The estimate is based on a simpler observation: there exists C'(cq, ¢2)
such that for any S > 0, one has

S _—ci1(S—s)
(11.42) / ¢ as < Slenca)
o o= S T
This is proved by separately considering the regions s € [0,%] and s € [£, 5], and

comparing the sizes of e —c1(5-%) and (1+s)02 there.

The proof of inequality (11.41) is comphcated by the presence of the two time
scales o and 7, which are related by o(t fo s)ds and 7 = fo s)ds. In
what follows, we prove the desired estlmate by comparmg these two tlme scales.

By estimate (11.6), one has % ~ 1 and thus

1
(11.43) 4o > 7(0) > 1%
This implies that < 4 , which in turn gives

1, + (o) —
s
_ C(Cla 62)
(11.44) / A5 (r(s)) ds < T
0 (3 + S)e
Recall that 7(S) = T and use estimate (11.43) again to obtain
i 1 < 1 .
(pg +9)2 7 (55 + 1)
This together with inequality (11.44) implies the desired estimate. a
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a 2
The next lemma relates ¢ := e ¢ and 7 at times 0 = S and 7 =T.

Lemma 11.5. If m+n <3 and £ > 0, then
—L az? e} o " —LAan
(11.45) ()t T P (0. + 52) m(zS) = )~ 0o(y, T).

PROOF. By definition of the various quantities in equation (11.1), one has
M (HT)) = AHT)), a(T) = «, and hence z = y and €52 (2, S) = ¢(y,T). Then
because €17 (0, + %,z)(f%z2 = 0,, we have
(11.46)

a2 o\ _p ey ey _a@y?

(o)~ P (0.4 52) n(z0,9) = () e T PN 0ro(y, 0.7).
Integrating by parts and using the orthogonality conditions £(-,7) L ¢ q(r) for
k=0,1,2, with ¢y , defined in equation (9.2), one gets

_a(n)y?

e P 000 ) L drain,  (0<k<2-n),
which shows that

o(T) —aDy? _amy®
Pl 5 050(y,0,T) = e~ 076(y,0,T)
if m 4+ n < 3. This together with equation (11.46) implies identity (11.45). O

Our proof of estimate (9.12) is complete.

11.2. Proof of estimate (9.13). In this section, we prove estimate (9.13) for
the function Mi;/109,0. To begin, we use equation (11.2) to compute that Ps'n(co)
evolves by

6
(11.47) 05 (Psn) = —La P — PsVny + P8 > DY)
k=2

where the functions Dé’fg and the operator L, (which differs from £, by the absence
of the potential V) are defined immediately after equations (11.26) and (11.2),

respectively. Our first step is to obtain the following bounds.
Lemma 11.6. If A(7), B(r) < 719(7), then
(11.48) le= V(o)1 o < B3 (7(0)) M o(T),

5
(11.49) S lle®= D) (0)]|11 o < BT (r)P(M(T), A(T)),

10>

@2 ﬁ 13
(11.50) (e PeDY (o)1 o < e Na(a,b,€)l| 1 o < B (1) (1 + oM o),

11
10
where €y is the small constant that appears in estimate (8.9).

PROOF. We start by proving inequality (11.48). By Condition [Cb], we have
% < % and hence
1

2) 1 —10 22) 7 20 (1(0)){(z)”
WS<Z> (1+b(r(0))z%) * S B2 (7(0))(2) ",

.

1

ol

‘w
-
o
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which, together with estimate (11.7) and the definition of V following equation (11.2),
yields

S|yt

< B (r(0) e n(0) 13,0

< B (1(0)) Ms,0(T).

a2
1% V(@) o

This gives inequality (11.48).

The proof of inequality (11.49) is almost identical to that of (11.30), thus is
omitted here. (It may be compared with the corresponding part of [9].)

Now we turn to inequality (11.50). As in equation (11.35), we decompose the
new term N3 into two parts, N3 = N3 1 + N3 2. We only prove estimate (11.33) for
N3 1; the estimate for V3 o are easier and use the sufficiently fast decay estimates
for v=202v, v 10pdyv, v 20ev = O(B) found in (8.11) and (11.36).

By direct computation, we find that

ay? 1 v/2
<y>_%eTN3,1 = V2+u (y)~ 1 {\/5 - v}v_lagv.

2w
The lower bound v > 1 from (8.7) and condition [Cb] imply that
ay? 1
(11.51) () H e Noa| S () |[V2 = o] w050l

For the term v/2 — v, we use the decomposition v = ef¥’w in equation (9.1) to
write

2 b2 a
V2 —v=1v2- +Zf — iV
a+ 3

2

1\ 2 by? 2 a—1% o
:_<a+) ., V2 ! a2
\/§+\/2+by \/a+%1+\/a+%

2
Substitute this into estimate (11.51) to obtain

(12 b 2 112
) e Naa| S )1 | = + 1 - 20 + e ¢l | v 50
V2 + by?
=:Cy + Cy + Cs.

To conclude, we shall estimate the three components on the RHS.
The estimate for C is the most involved. By direct computation, we obtain

Cy < b2 (y) " v 2.

Using the estimates v=1|0%v| < € from (8.9), v™2|93v| < 416 from (8.11), and
S < 1 from (4.7), the consequence S = b of Condition [Cb] for B, and Holder’s
inequality, we get

11.52 C1 S b% [v72]93v I v o2 i < e%b%.
~ 0 (] = €o
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For Cy, we use the fact a—1 = O(b)+0(82A) from estimate (8.3) and Condition [Cb]
to obtain
(11.53) Cs < €ofs.
For C5, we use definition (8.2) of M 1 to get
(11.54) Cs < coMy 1375
Collecting inequalities (11.52)—(11.54) completes the estimate for
11 ay?

H<y>_T°€TN3,1

HOO

O

Now fix a (7-scale) time T. To conclude our proof of estimate (9.13), we
continue to study equation (11.47), which may by Duhamel’s principle be rewritten
in the form

S 6
Pas) = b Spg0) + [ et rg | < v+ 3 D) do
0 k=2

where S = S(¢(T)) is defined in equation (11.27). By estimate (11.17) for e =L« Pg,
one has

(11.55) ] e Pen(9)|| S Ko+ Kyt Ko,
10°
where
Ko:=e 6%2277(0) 4 o
10°
s a 2
K ::/ e ST V(o) do,
0 1,0
6 S )
K ;:Z/ e 5=l do.
k=270 100

Next, we estimate the K,, for n =0,1,2.
(K0) Estimate (11.7) and the slow decay of /5 yield

13 _ 13 a2 13
(11.56) Ko £ 685000, 585 @y,

0(0)-

(K1) Estimate (11.48) and the integral inequality (11.41) imply that
S « -
(11.57) K1 < [ / e_o‘(s_")ﬂég(T(U))dal Ms,o(T) < B (1) Mso(T).
0
(K2) The estimates of Dg’fg, (k=2...6), implied by (11.49) yield the bounds

o(T)] do

11
10°

S
K> < / o= [83 (o)) P(M(T), A(D) + B co My,
(11.58) 0

< BHT)P(M(T), A(T)) + B eg M o(T).
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Collecting estimates (11.55)—(11.58), one obtains

B (T)||e%%" Psn(r(S))

(11.59) 100
< M 6(0) + Mz o(T) + €oMus o+ 1+ 870 (0)P(M(T), A(T)).

Equation (11.45) shows that

FRDD) .0 = 575 (T) e Pn(s)

b

11
100

which together with estimate (11.59) and the definition of My /19,0 implies that
My o(T) S My o(0) + Mao(T) + oMy o(7) + 57 (0) P(M(T), A(T)).

Since the time T was arbitrary, the proof of estimate (9.13) is complete.

11.3. Proof of estimate (9.15). In this section, we prove estimate (9.15) for
the function M; ;. Observe that for any smooth function g, one has

(11.60) e F 0, (e%zzg) = (@ + %z)g.

Thus it follows from equation (11.2) that the function P{*(0, + §z)n evolves by

6
(11.61) 0, [Pf (az + %z)n} = —P*(La + )Py (az + %z)n +3 oM+ D
k=2
where DE { is defined immediately after equation (11.26), and

Di=—Pp(0.+5 )Vn

= —PPOVIn = PRV [0+ 2]

The key observation here is that applying the operator 0, + §z gives an equation
with an improved linear part.

Fix a (7-scale) time T'. Then Duhamel’s principle lets us rewrite equation (11.61)
as

(0%
Py (@ + =

; z)n(S) — pre~(Lata)S pa (az + %z)n(O)

(11.62) s 6
+ / Ppe~(Lata)(S=0) po [ZD(") +D} do,
0

n=2

where Ppe~(Fat)S P2 i5 defined in equation (11.15) and estimated in (11.18). For
the remaining terms on the RHS, we derive the following estimates.

Lemma 11.7. If A(7), B(r) < 8~ 20(7), then:
(11.63) ¥ D(0)]|, o S B (7(0)) [Ma,o(T) + Ma1(T)],

Z D(k)

k=2,3

(11.64)
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ay?

(11-65) He%ZQDM)Hlo ~ He * Nl(a b 5 Hl,l

1L 6
S BY[May + Mo + B3 (M?—},,o + M1,1M%,o),

(11.66) ||e%Z2Dfi||1,o He * NQ(a b,¢) ||1,1 S B (r),
aen e D@l § [ N, <57

PROOF. We first prove estimate (11.63). Direct computation leads to

a,2 o ;e%zﬁ !
e POIS TGen22" 1 BT s

<b3(2) et | + 073 (2) 20Ty

To control the RHS, we apply inequality (11.7) to obtain the desired estimate.

The proof of inequality (11.64) is very similar to the corresponding part of
Lemma 11.3, hence is omitted.

The first inequalities in estimates (11.65)—(11.67) can be proved by the same
method as estimate (11.34). So in what follows, we only prove the second ones.

Consider the second inequality in estimate (11.65) — an estimate which was
not necessary in [9]. By direct computation, we obtain

Oyv a+ i

. 12(a+ 3)b
(611}25)24—* (a’ 2)y(€
02 2+ by? v (24 by?)?
2 a+§

02+ by?
=: A; + Ay + As.

0.5

8, N (a, b, €) = e

G

To bound A; and Az, we note that [v=19,v] < Bz by (8.10), and use the conse-
quences |\/2bnyz| < B2 and |a| < 1 of (8.5) in Condition [Cb] to obtain

— 1 — 1 a2 1,_3 11 a,2 \2
)7 Ar] + 142D S 0% () 7 s (5T S 003 ()Tt e)
It follows that
(11.68) ()" (A1 + Ag)|| . ST (y) " Tt e| < BEME, .

It is not hard to bound As via the observation

_2a+lg2 a .2 11 _ 11 a,2 _ a,?2
e <M G IS e [ R N [V XSS T
< ﬁ%MLlM%,(y

When combined with estimate (11.68), this implies (11.65).
To derive the second inequality in estimate (11.66), we recall that p = 9yv and
g = v~ '9pv and then compute that
2p? (pBQU + qu 19, 09v — v 1oyv) _, p28§’v + 2p(3§v)2
(1+p°+¢?) v 1+p? + ¢

a, [ew No(a,b 5)}
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Recall that we need to bound (y)~'d, [e%yzNQ(a, b, f)} To control (y)~1|9,v|, we
use Condition [Cb] for Mj 1, which implies that

(11.69) (1+ [y~ o0l < 26.

To see this, we write v = /2 + by?/a + % + ¢ and use the fact that

(y) "0yl < BH My < B.
This observation, together with estimates (8.10)—(8.11) for |07 v[, (n = 2,3), and
v~1|0,0gv| yields the second inequality in estimate (11.66).

Now we turn to (11.67). Asin equation (11.35), we decompose the new term Nj
into two parts, writing N3 = N3 1 + N3 2. We will prove estimate (11.33) for N3 1;
the proof for Nj 5 follows readily from the decay estimates for v=205v, v"'9y9yv,
v~20yv, and their y-derivatives provided by estimates (8.11) and (11.36). By direct
computation, we have

ay? 172
(11.70) 0y [e " Noa] = —2070,008v + ; [ﬁ ~1]0,03v.
For the first term on the RHS, we use estimates (8.10)—(8.11) to obtain
(11.71) v=310,003v] = v 1B,v] v 2|9,vdFv] < B

Estimating the second term on the RHS requires more work. We start by writing
in the the more convenient form,

W~ [~ 1]0ua8e] = ]2 +1] |-~ 1] 19,050

10
1 1T

S w7- -1 0,05

~ (v™210,3801) 10,5801 [y~ 10— 1)) ™.
It follows from estimates (8.11) and (8.9) that the first two factors on the RHS
here can be bounded by ﬂ%e(}% . To bound the final factor, we recall that v =
\/2+by?/a+ % + e%yzf. By definitions (8.2) and (8.3) for My;,19,0 and A, respec-
tively, we have
(11.72) (y) "1 |v = 1] S B7 + F0[A+ My 10,0]-

Collecting the estimates above and using the consequences A, My1/10,0 S B0 of
Condition [Cb], we obtain

(11.73) (y)~!

When combined with inequalities (11.70)—(11.71), this implies the desired estimate.
Finally, (11.67) follows easily from the estimates obtained earlier in the lemma;
so we omit further details. O

2 5
[7 - 1] 0,02v| < Bttt < Bt
. :

Now we return to equation (11.62). Applying the norm || - |10 = [[{¥) 7' - [l
to both sides yields

(11.74) ‘

e%zzPla <8Z + %Z)??(S)H <Y+ Ys 4+ Y5,
1,0
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where

a2
Yi=e e n(0)]1,

s 6,
Y, = / 5= 5715 DY () 1.0 do,
0 k=2

S 2
Y3 ::/ e 5= D(0) |10 do.
0

By inequalities (11.63)—(11.67) and the integral estimate (11.41), one has
s
/ e~ (57935 4o
0

Similar reasoning yields

(11.75) Y5 <

~

P(M(T), A(T)) 5 B (T)P(M(T), A(T)).

(11.76) ¥ $ A1 (T) [ My oT) + Mo (T)].

Estimate (11.7) and the slow decay of 8 imply that

(11.77) Y1 S e o, 0)l1 S B (T)(T) M, (0).
Now collecting estimates (11.74)—(11.77), we obtain

e 55 o+ ),

< M11(0) + Mz o(T) + My (T) + 875 (0)P(M(T), A(T)).

By equation (11.45), one has ||eaTZ2P1a(8Z + S2)n(S)ll1,0 = [|[¢(T)]|1,1- Thus by
definition of M; ;, one obtains

My 1(T) S M1 (0) + My o(T) + Mo 1 (T) + 35 (0)P(M (T), A(T)).

Because T was arbitrary, this proves estimate (9.15).

11.4. Proof of estimate (9.14). In this section, we prove estimate (9.14) for
Ms 1 and thereby complete our proof of Proposition 9.2.

The same method used to derive equation (11.61) shows that Pg'(0. + §2)n
evolves by

(A178) 0, [Pg (0 + 5 =)n] = —P5 (Lot )5 (0. 4 S2)n + kzﬁj_l D§Y) + Ds,

where Dgfl), (k=1,...,6), are defined immediately after equation (11.26), and
Dy := —P§no, V.

We fix a (7-scale) time T and apply Duhamel’s principle to rewrite equa-
tion (11.78) in the form

(0%
(11.79) P2 (az n %z)n(S) — PSU(S,0)e =S Py (az + §z)n(o)

S 6
+ / P;UQ(S,a)e—MS—ﬂ)P;{Zpg’ff+D7] do,
0

n=1
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where Us is defined in Proposition 11.2 and satisfies estimate (11.19). Terms on
the RHS may be estimated as follows.

Lemma 11.8. If A(7), B(r) < 8~ (7), then

(11.80) [e%% Deto), | < 8% (@) Ma (7).

and
6

(11.81) \ S DY (o) 05/3%<7<a>>P<M<T>,A<T>>.
k=1 2,

The proof is similar to but easier than that of Lemma 11.7, hence is omitted.

Continuing, we apply the || - |20 = [|{(z) 72 - ||co norm to equation (11.79),
obtaining
(11.82) ‘e%ZQPQ"(aZ—k%z)n(S)HQO <Y1+ Vs + Y,
where
vii= e ed )]

az?

e 1 D;kl) (U)H2 . do,

)

S 6
Yy = / = 3|

S
YE;:Z/ e~ V(8—0)
0

By estimate (11.81) and the integral inequality (11.41), we have

S P
[ esnghar
0

(XZ2
eTD7(J)H . do.

2,

(11.83) Yy <

~

P(M(T), A(T)) £ 8% (T)P(M(T), A(T)).

By similar reasoning, we get

(11.84) Ys S B3 (T) Ms o(T).

Estimate (11.7) and the slow decay of 8 imply that

(11.85) Y1 S e, 0) 2 S 85 (T)(T) Mz (0).

Collecting estimates (11.82)—(11.85), we conclude that

@

@) [ B (0. 4+ 52 )n(S)|, | S Mo (0)+ M o(T) + 8% () P(M(T), AT)).

Then we use equation (11.45) to rewrite the LHS, yielding
z2

e P (0. + S2)n(S)] 20 = 16(T) 2.1

Because T was arbitrary, estimate (9.14) follows by recalling the definition of Mj .
This completes our proof of Proposition 9.2 and hence of Theorem 8.2.
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12. Proof of the Main Theorem

The proof is almost identical to that in [9]. We provide a sketch below.

PROOF OF MAIN THEOREM. For by, ¢y small enough, our Main Assumptions
(see Section 2) imply that there exists 71 > 0 such that the the necessary conditions
— including the hypotheses of Proposition 8.3 — for starting both bootstrap ma-
chines (see Sections 4.1 and 8.1) are satisfied for 7(¢) € [0, 71]. The outputs of both
machines then show that the Main Assumptions hold at 71, with smaller constants.
So one can iterate this procedure to a larger interval [0, 2.

We now return to the original time scale t. The iteration above produces t* < T,
where T' < oo denotes the maximal existence time of the solution, and a function
A(t), admissible on [0,¢*), such that Theorems 4.2, 4.5, 4.6, 4.7, and 8.2 hold on
[0,t*). Observe that if the iteration cannot be continued past ¢t*, then either t* =T
or A(t*) = 0. Hence either (1) t* < T but A(t*) =0, or (11) t* =T = oo, or (III)
t* =T < 0.

We first claim that case (I) cannot occur. Indeed, if A(t*) = 0, then it follows
from Theorem 8.2 that

2

0<ul0.9.) <X Wi esmm)

+ cgi(T(t))] 0

as t /' t*, which implies that T' < t*.
We next show that case (1I) cannot occur. Indeed, by Theorem 8.2, one has

(121) a(t) = 5 = =b(t) + O(F*(7(1))) and b(t) = B(r()[1 + 082 (r(t)];
where 7(t) = fot A7%(s)ds. So |a(t) — 3] = O(B(7)). To obtain a contradiction,
suppose T' = co. Then because A = —a/A < 0, we have 7 — oo as t — oo, and

hence |a(t) — | — 0. Because A?(t) = A3 — 2 j;f a(s) ds, it follows that there exists
T < oo with A(T) = 0. Our proof for case (1) forces T < T < oo, proving the claim.

Therefore, case (iii) is the only possibility. This means that there exists A(t),
admissible on [0,T) with T' < oo, such that Theorems 4.2, 4.5, 4.6, 4.7, and 8.2
hold for ¢ € [0,T), with A(¢t) \yOast " T.

We establish the asymptotic behaviors of A(t), b(t), and c(t) := 3 + a(t) as
follows. Equation (12.1) shows that that b(t) — 0 and a(t) — 3 as t / T. Hence
ast /T, one has

At)=(14+o)VT —t and 7(t) = (1+0(1))(—log(T — 1)),
as well as

B(r(t) = (1 +o(1))(~log(T —t))~".
This concludes the proof. O

Appendix A. Mean curvature flow of normal graphs

Here we derive the basic formulas that describe MCF of a normal graph over
a cylinder. Although these equations are familiar to experts, we include the short
derivation for the convenience of the reader, and to make the paper self-contained.
Write points in R"*2 as (w,z) = (w?,...,w"*,z). The round cylinder S” x R
is naturally embedded as "+ = {(w,z) : |w|* = 1} € R""2. Let M; denote a
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smooth family of smooth surfaces determined by u : €**1 x [0,T) — R, , namely
M, = {(u(w,z, )yw,z) : (w,z) € " t€[0,T)}.

For most of the derivation, we suppress time dependence. In what follows, we sum
over repeated indices and restrict Roman indices to the range 1...n.

For (w,x) € C" 1 let (e1,...,en,€n11 = a%) denote an orthonormal basis of
Tiw,2)C" T C Tl o)R™ 2, with (eq,...,€,) tangent to S™ x {z}. Let D denote
covariant differentiation on €”*1, and let V denote covariant differentiation on a
round S” of radius one. If

F:(w,z)~ (u(w,z)w, ),
then, recalling that 1 <4 < n, one has
D;F = (Vu)w + ue;,
Dy i1 F = (Opu)w + €pq1.
It follows that the Riemannian metric g induced on M has components
gij = (DiF, D;F) = u®§;; + V,uVu,
Gint1 = (DiF, Dy 1 F) = 0,uViu,
Int1nt1 = (Dps1F, Dy F) = 1+ (0yu)?.

Note that in this Appendix (but nowhere else in this paper) the symbol (-, -) denotes
the pointwise Euclidean inner product of R"*2.
An outward normal to M is

N =ww — Vue; — u(Opu)eniq.
Noting that
(A1) IN|? = [14 (0pu)?|u® + |Vul?,
we denote the outward unit normal by v = |N|~!N. Straightforward calculations
show that
|IN|Djv =2(Vu)w + ue; — V;Vu — (0,uVjju+ uV,;0,u)ent1 + {-- -},
IN|D,,11v = (0pu)w — VO,u — [(9,u)? + udulenss + {--- }v,

where the terms in braces are easy to compute but irrelevant for what follows. One
thus finds that the components of the second fundamental form h are

hij = (D;F,D;v) = [N|"(gi; + ViuVu — uV;V;u),
Rint1 = (DiF, Dpy1v) = |N|7 (gins1 — uVi0pu),
hn+1 n+l = <Dn+1F7 Dn+1y> = |]\/v|_1 (9n+1 n+l — [(696“)2 + uaiu}) .

The standard trick to compute the mean curvature H = try(h) of M is as fol-
lows. Fix any point of the graph and rotate the local orthonormal frame (eq, ..., e,)
so that all V,;u vanish except perhaps V,u. In these coordinates, one may identify
g and h with block matrices

wl,_1 O 1 (uW?l,_1 —uVVu 0
o= ("5 p) e =g (S Qs

respectively, where
P _ u? +|Vul?  0,uV,u
27\ ouvVau 1+ (Opu)?



NECKPINCH DYNAMICS FOR ASYMMETRIC SURFACES 57

and
Q5 = u? +2|Vul]? —uV,Vyu  0,uVau —uV,0,u
2= O,uV,u —uV,,0,u —ud?u )
Computing tr(g~'h) and recasting the resulting terms in invariant notation, one
obtains the coordinate-independent formula

(A.2)
H =

nIN12 = u{Q;;ViVu + (v* + |Vul?)2u — 20,u(Vu, Vo,u) — u=*|Vul? }
N3 ’
where @ is the quasilinear elliptic operator on S defined below in equation (A.4).
Now we reintroduce time. It is a standard fact that MCF of M; is equivalent

(modulo time-dependent reparameterization by tangential diffeomorphisms) to the
evolution equation

u? H(N,w) Hu
—ou=-Hyw)=——"-=——,
[N [V [V
namely to d;u = —|N|Hu~!. By equations (A.1) and (A.2), this is the quasilinear
parabolic PDE
Qi ViVju+ (u? + | Vul?)02u — 20,u(Vu, Voyu) — u™Vul? n

[Vul? + [1 4+ (Ou)?]u? u’
where @ is the elliptic operator on S™ with coefficients
(A4) Qij = [1 + u72|Vu|2 + (3mu)2}5” - U72VZ‘UVJ"LL.

Appendix B. Interpolation estimates

Here, we state and prove various interpolation inequalities used in this paper.
We begin with an elementary embedding result.

Lemma B.1. Let g : [0,27] — R be a smooth periodic function satisfying the
condition fo% g(0)dl = 0. Then for any n € ZT, the following inequalities hold:

1
max |g(0)| < b1 /27r|6” 1 do ’ < > max |0y ¢
X = | = = X .
oetoan IV =9 on 0 09 =3 gciomn 09

PRrOOF. We provide a detailed proof for n = 1; the cases n > 2 are similar.
Recall that the Fourier decomposition g(0) = >_>° ame™ and the Plancherel

m=—oo
equality - fo% |0pg|>d0 = >°7°___ m?2|a;,|? hold for determined complex coeffi-

cients a,,. The key fact that g L 1 forces ag = 0. Using Holder and weighted
Cauchy—Schwarz, this fact allows us to obtain

oo (oo}

1 -2, -1 21 |2
ETNUOIESD SIES S ED DITIRR T S
m=—o0 m##0 m=—00
forany e > 0. If 0 <e?:=Y"_ _ m?|am|?, this becomes

€ e (7 5
0)| < = 241l =-(=+1 —€.
ol 19(0) < 5 %:O'm' + 2(3 + ><25

The result follows. g

The main result of this appendix is the following easy corollary.
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Lemma B.2. Let v satisfy Assumption [Cr], so that |va| < dvy with respect to the
decomposition v = vy + va given in definition (4.2). Then for any k > 0, m > 0,
and n > 1, one has

1 2 2
—kjam an —2k|gm an+1, 12 —k|am an+1
0y 0pv| S | — 9,0, dé| < a,'0 .
vHopopl 5 - [ v epertioPas] S max v-toyopti
PrOOF. By Lemma B.1, one has

1
1 27 2
—k|am aqn —k m an+1_2 —k m an-+1
vy "0 0| Sw — oroyTul*dl| <w max |00 w|.
1 I y Y0 ‘f\/ 1 |:27T/0 ‘ y 0 ‘ = Y1 9ef0,2r | y 0 |

]
The result follows from this and the fact that (1 — §)vy < v < (14 §)v;. O

Appendix C. A parabolic maximum principle for noncompact domains

Parabolic maximum principles do not in general hold in noncompact domains
without a growth restriction, even for the linear heat equation in Euclidean space.
Here we extend Lemma 7.1 in [9], adding #-dependence and allowing exponential
growth at infinity. This maximum principle is designed to apply to quantities
(v=k0r 93 v)" in a time-dependent region {5(7)y? > c}. (See Remark C.2 below.)

Proposition C.1. Given T > 0 and a continuous function b(t), define
Q:={(y,0,7) e R xS x (0,T] : |y| > b(7)}.
Let
D :=0; — (Alﬁz + A205 + 2A30,09 + As0p + Asy0, + B)

be a differential operator with continuous coefficients in €.

(0) Suppose that Ay, As, and B are uniformly bounded from above in €, and
the operator D is parabolic in the sense that A1Ay >0 and A1 Ay > A2

(1) Suppose that u € C*1(Q) N C°(Q) is a D-subsolution, namely that
(C.1) (0r — A18§ — Ag0f — 2A30,09 — Ay0p — Asydy, — B)u <0 in Q.

(11) Suppose that u satisfies the parabolic boundary conditions
(C2)  u(y,0,0) <0 if |yl >0(0);  wu(y,0,7) <0 if [y =b(r) and 7 <T.
(11r) Suppose that in €2,

(C.3) lu| < e’ for some a > 0.
Then v <0 in €.

PROOF. Because B is bounded above, we may w.l.o.g. assume that B < 0.
—CT

Otherwise, for C' > 0 sufficiently large, it suffices to prove the result for @ := e~ “"u,
which satisfies (0, — Alag — Agag — 2A30,09 — A0y — Asy0y — (B —C))a < 0.

For 0 < v < 1/4 to be chosen, define

h(y, 7)== (Tp — T)_l/Qe"yz(TO_T)fl,
where Ty < T is also to be chosen below, such that 0 < Ty < y/a. For & > 0, define
w(ya 03 T) = u(ya 0; T) - €[h(ya T) + T]'

Let Ty := lg—OTO. We claim that w < 0 for 7 € [0,71]. To prove the claim,

note that w(-,-,0) < 75T0_1/2 < 0 and w(y,0,7) - —o0 as |y| — oo, uniformly for
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T € [0,T1]. So if the claim is false, there is a first time 7 € (0,7}1] and a point (y, 6)
with |y| > b(7), where 0 = w(y, 0, 7) = maxo<r<- w(-,-, 7). At (y,6,7), one has

(C4)  0<dru—e(@:-h+1) < —e{(d; — A10] — Asydy)h — B(h+ 1)+ 1}.
But

(0r — Ala§ — Asy0y)h = 2(Toh7') {1 — 4y A; + 2vy? {171)4’}? — A5} } )
By condition (0), one can choose 0 < v < (441)~!. Then choose Tj small enough
so that A5 < (1— 47A1)T0_1. These choices ensure that (9, — Alaj — Asy0y)h > 0,
whence inequality (C.4) implies that 0 < —¢, because we are assuming B < 0. This
contradiction proves the claim.

Now letting e N\, 0 shows that u < 0 for 7 € [0,71]. The theorem follows by
repeating this argument on successive time intervals, [T}, min{27}, T'}], etc. O

Remark C.2. In our applications, we only need to verify conditions (1)—(111),
ie. (C.1)~(C.3), in Proposition C.1, along with an upper bound for B. Indeed,
parabolicity and an upper bound for A; follow easily from definition (2.8). Con-
dition [Ca] bounds a from above. Condition [CO] implies upper bounds for v=2.

Hence condition (0) will always be satisfied by the operators in (2.5) and (3.4).

Appendix D. Estimates of higher-order derivatives

Recall that we defined vy, 1 in equation (3.1) and E,, 4, ¢ in definition (3.7).
In this section, we estimate the nonlinear commutators (“error terms”)

5
Em,n = / / Z Em,n,n,Z Um,n,n dfo dy
RJSE \e=o

that appear in the evolution equations satisfied by the Lyapunov functionals €2, ,,
considered in Section 6 and defined in equation (6.1). We treat the cases that
3 < m+mn < 5 here, because the corresponding quantities were estimated for
m +n = 2 in the proofs of Lemmas 6.1-6.3 in Section 6.1. In the proofs in this
Appendix, we use the fact that Assumptions [C0i]-[C1i] allow us to assume that
estimates (4.4)—(4.6) of Theorem 4.2 hold globally.

NOTATION: For brevity, we suppress irrelevant coefficients in this section, writ-
ing ~ to denote an equality that holds up to computable and uniformly bounded
constant coefficients. For example,

(a+b)?~a®+ab+b*> <a?+ b2
Lemma D.1. If the first-order inequalities (4.4)—(4.6) and Conditions [C2]-[C3]

hold, then there exist constants 0 < C' < oo and p = p(X) > 0, with p(X) \, 0 as
3 — 00, such that for allm +n =3 with n > 1, one has

1 1 1 1 1 1
B < pB? |Qinn + B0 + Q31 + Q35 + Q7 5 + 95,4] +CB (a1 + Q2+ Qs) -

Proor. We provide a detailed proof for Fs ;.
It is easy to see that |[(E211,0,v211)0]| S 5%92’1. In the rest of the proof, we

sy ds

will frequently use estimates (6.2)—(6.6), namely
O, S 8%, v opF < 8%
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and
05 Fel £ 8% + [(vs.00)| + |(v2,01)| S 5.
v 0,00 Fe| S B+ |(v200)] + [(v1,2,2)] S 82
V203 Fr| S B+ [(v1,22)] + [(vo,3.)] S B,
which hold under the hypotheses in place here. Direct computation establishes that
(E21,1,1,21,1)0 <v‘18§89F1, (v2,1,1)(v2,0,0)) 0
+ <3§F17 (v2.1.1)%)0 + (v™10,00 F1, (v3,0,0)(v2,1,1))e
+ {0y Fr, (v311)(v2,1,1))0 + (v 106 F1, (v40,0)(v2,1,1))0
+ (F1, (v3,1,1)(v2,1,1)(v1,0,1) + (U2,1,1)2[(U2,0,0) + (U1,0,1)2]>o-

Because we have stronger estimates for 9,0y F1 than we do for 6§F1, we transform
the first inner product above via integration by parts in y, yielding

<U_13§39F1, (v2,1,1)(v2,0,0))0 = (V10O F1, (v3,1,1)(v2,0,0) + (V3,0,0)(V2,1,1))0
+ (v 0,00 Fy, (v2,1,1)(v2,0,0)[(v1,01) + $72]),,

where the final term comes from (6.7). Because the measure of (S! x R;df o dy) is
finite, it then follows easily from the hypotheses of the lemma that

1 1 5 1
KE211,1,v211)0 <p [5395,0 +BQQ§,1 +B§Q§71} +Cﬁg(92,1 + Q19).

Integrating <v—1a§agF2, (v2,1,1)(vo,2,2))s by parts in 6, one obtains

<E2,1,1,27U2,1,1>a = <5§F2, (U2,2,2)(Uo,2,2)>a
+ (05 Fs, (v21,1)[(v0,3,3) + (v0,2,2)(v0,1,2)]) o
+ (v~ ayaQFZ; (02,1,1)[(1)1 2 2) (Uo 2 2)(711 0, 1)]>
Oy Fy, (v2,1,1)[(v1,3,3) + (v1,2,2)(v0,1,2) + (v0,3,3)(v1,0,1)]) 0
< y o, (U2,1,1)(U0,2,2)[(U1,1 1) (U1 0, 1)(1)0 1 2)]>
<07159F2, (Uz 1 1)[(02,2,2) + (U1 2 2)(711 0, 1)]
(v 19y Fy, (v2,1,1)(v0,2,2)[(v2,0,0) +
(
(
(
(
(

(Ul 3 3)(111 0,1

9

+ o+ + + + + o+

(
Fy, (v21,1)] )
Fy, (v2,11)( 1)
Fy, (v21 1)(710,3,3) (Uz 0,0)
Fy, ( )(v2,0,0) (
Fy, (v2,1,1)(vo,2,2) )

; \U2,1,1)\V0,2,2 (Ul 1,1 (?11 0, 1) + (01,0,1)2(?10,1,2)])0,

which shows that
5 1 1 7 1
(B2112,0211)0] <p [52 03, + 807, + 5292{1} + CB(Q2,1 + Qu2 + Qo a)-
An similar computation, again integrating by parts in 6, proves that

1 1 1
[(E21,1,3:v2,1,1)0] < p {5393271 + 5%95,2 + 5%92271} + CB(221 + Q12).
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Integrating by parts in 6 yet again, one calculates that

(E2,1,1,4,V2,1,1)0 = <3§F47 (v2,2,2)(vo,1,2) + (v2,1,1)[(vo,2,2) + (110,1,2)2]>a

+{(v 0y Fy, (v2,1,1)[(v1,1,1) + (v1,01)(v0,1,2)])o

0y Fy, (v2,1,1)[(v1,2,2) + (v1,1,1)(v1,0,1) + (v0,2,2)(V1,0,1)]) 0
v g Fy, (v2,11)[(v2,11) + (v2,0,0) (v0,1,2)]) o

v 39F4, (Uz 1 1)

_|_

4 V1,0, 1) (00,1,2)]%

(
Vo 2,2) (’Uo 1 2) ]>
)

V1,1 1) (1)1 0,1 (Uo 1 2)]>

+

(
(0
( (ve,

( [(v1,1,1)(v1,01) +
(Fy, (v2,1,1)(v2,0,0)[(

+(Fy, (v2,1,1) (v1,1,1)[(

yielding

5

1 1
[(E2,1,1,4,v2,1,1)0] < pB2 [92272 + 92271} + CB(Q2,1 + Q1 2).

Finally, one computes

E3 11,5 2~ (v2,0,0)(v0,1,2) + (v1,1,1)(v1,01) + (01,0,1)2(00,1,2),
yielding
[(E2,1,1,5,v2,1,1)0] < P52Q§71
The estimate for Es; follows when one combines the estimates above. (Note that

1
in this case, the term €2, is not needed.)

The proof for E 7 is entirely analogous, except that it suffices here to integrate
the leading term (v™20,03F1, (v1,2.2)(v2,0,0))o by parts in . A typical subsequent
term, also obtained by integrating by parts in 6, is

<E1,2,2,2, 1)1,2,2)0 = <12713 Op Fa, (Ul 3, 3)(00 2,2))0—

<U o 39F2, (Ul 2 2)[(110,3,3) + (%,2,2)(%,1,2)])0

<U_239F2, (Ul 2 2)[(01,2,2) + (00,2,2)(1)1,0,1)]>o

(OyFa, (v1,2,2)[(v0,4,4) + (v0,3,3)(v0,1,2)]) 0

<8 Fs, (Ul 2 2)[(7)0 2 2)2 + (Uo 2,2)(U0,1,2)2]>a

(v 09 Fy, (v122)[(v133) + (V12.2)(v012) + (V0.33)(v1,01)])0
<v 30F27 V1,2 2) 0,2 2)[(01 1 1) + (U1,0,1)(U0,1,2)]>a

(

(

+(

v1,0,1) + ('01,2,2)2[(”00,2,2) + (’Uo,1,2)2]>a

+
+
+
+
+
+
+ :
+ V1,1, 1) (U1 0 1)(”0,1,2)]>a

[

(
Fs, (vo,a,4)(v1,2,2)

I(

N(v1,1,1)(vo,1,2) + (vo,2,2)(v1,0,1)])0-

(
)
Fy, (v1,2,2)
)

(
[
Fs, (v1,2,2)(v0,2,2)[

(
(Uo,s,s
(

The weakest estimate for E; o again comes from its final term,

1
|(E1,2,2,5,v1,2,2)0| < PﬂQQfg

One estimates Ey 3 in exactly the same fashion. We omit further details. [

Our final third-order quantity satisfies a slightly different estimate.
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Lemma D.2. If the first-order inequalities (4.4)—(4.6) and Conditions [C2]-[C3]
hold, then there exist constants 0 < C' < oo and p = p(X) > 0, with p(X) \, 0 as
¥ — o0, such that

31 1 1 1 11
Byo < p8% Q4+ 8700, + 0f + Qb +C8 | D @iy | +0B205,05,.
i+j=3
PrRoOF. Note that Es3 0,0 = 0. Integrating by parts in y, one calculates that

(E3,0,0,1, (v3,0,0))0 =~ <3§F1, (v4,0,0)(v2,0,0) + (v3,0,0)[(v3,0,0) + 2~ (112 0,0))o
+ (0y F1, (v4,0,0)(v3,0,0)) 0>

where the £~ factor comes from (6.7). Thus,

1 1
[(F3,0,0,15 (v3,00))0] < p ﬁ%QZ,o + ﬁ%QiO} + CB8s,0.
Again integrating by parts in y, one estimates the quantity
<E3,0,0,37 (713,0,0)>a ~ <3§F37 (7)4,0,0)(111,1,1»0
+(92Fy, (v3,0,0)[(v2,1,1) + (V1,1,1) (W1,0.1) + 7% (01,11)])e
+ (0y F3, (v3,0,0)[(v3,1,1) + (v2,1,1)(v1,0,1)]) o
+ (0y F3, (v3,0,0)[(v2,0,0) + (v1,0, 1) J(v1,1,1))0
+ (Fs, (v3,1,1)(v1,0,1) + (v2,1,1)[(v2,0,0) + (v1 ,0,1) Do
+ (F3, [(v3,0,0) + (v2,0,0)(v1,0,1) + (v1,0 1)3}(711,1,1»
by
(B30, (v300))a] < p 8307, + 81T, + BY Q50| + CB (R0 + 021).

The terms (E30,0,2,(v3,0,0))0 and (Es30.0.4, (V3,0,0))s have similar expansions and
obey similar bounds; we omit the details. The critical final term,

(F3,0,0,5: (V3,00))0 = ((v2,00)(v1,01) + (v1,01)%, (v3,00))ers

is estimated by
1 1 1 3 1
[(E3,0,0,5, (v3,00))0| < CB2Q3 Q3+ pB2Q3

(Note that we deal with the term CB%Q;()QQ?O in the proof of Proposition 6.10.) O

The next three lemmas prepare us to estimate Fy, , for 4 <m +n < 5.

Lemma D.3. If the first-order inequalities (4.4)—(4.6) and Conditions [C2]-[C3]
hold, then one may estimate derivatives of p := Jyv by

0,0 S B, v dep| S B2,
02p| < B, v Y0,00p| S BE, v2|03p| < B2,

v"M0 Pl S (Umgimm)| for 3 <m+n <4,



NECKPINCH DYNAMICS FOR ASYMMETRIC SURFACES 63

and of ¢ := v~ 19v by
v "0y 0gq] S B% for 1<m+n<2,

“_n|8;nag(1\ S ‘U’m,n+1,n+1‘ + 52 for m+4+n=3,

2

1029) S 1(van,0)] + BF(va0,0)] + BF|(v3,1,1)] + BT,

21

v H8309q] < |(vs2,2)] + B (v3,1,0)| + B2 |(va2,2)] + BT,

21

_ 3 1 21
v 2107054 < |(va,38) 4 B2 |(v2,2,2)] + B2 |(v1,3,3)] + B0,
—319 231 < 3 1 3
v 210y 05q] S N(v1a,4) + B2 |(v133)| + B2[(vo,4,4)] + B,

v Y03a] S (o) + B2 |(vo,0,0)| + 2.

PrOOF. The estimates for v="|9,"0p| are easy and are left to the reader.
The estimates for v’”|81’1"8(§’q| are obtained by computing and verifying all
fourteen cases directly. For example, one has

0207059 ~ (v2,3,3) + (v2,.2,2) (v0,1,2) + (v1,3,3)(v1,0,1)
+ (v2,1,1)[(vo,2,2) + (00,1,2) |+ (v12,2)[(v1,1,1) + (v1,0,1)(v0,1,2)
+ (v0,3,3)[(v2,0,0) + (v1,0, D)%+ (v2,0,0)[(v0,2,2) (vo,1,2) + (v0,1,2)
(Ul 1 1)[(01,1 1)(110 1 2) (’00,2,2)(01,0,1) + (Ul,O,l)(UO,1,2)2]

+ (v1,0,1) (v0,1,2)°".

The remaining calculations are similar and unenlightening, hence omitted. (Il

]
]

Our next results extend estimates (6.2)—(6.6) to higher derivatives v="|0;" 0y Fy|.

Lemma D.4. If the first-order inequalities (4.4)—(4.6) and Conditions [C2]-[C3]
hold, then third derivatives of the coefficients Fy introduced in definition (2.8) may
be estimated by

O3 Fe] < (va)| + (vs,1.0)| + BE,
and form+n =3 withn > 1, by
v_n‘a;nagFf‘ S HWmt1.n0)] + 1(Vmnt1,041)] + 52'
PROOF. After a wee bit of calculus, one computes, for example, that
10y Fel < (10yp] + 18yal)® + (10yp| + 10,4])(195p] + |05a]) + 105p] + |0,4]

and

10500 Fe| < (10yp] + 10ya])*(106p] + |eal) + (|0yp] + |0,41)(10,96p] + [0, adl)

+ (196p] + 1964 (105p] + 1054l) + 10506p] + 9504l

and then applies Lemma D.3. The remaining inequalities are derived similarly. [
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Lemma D.5. If the first-order inequalities (4.4)—(4.6) and Conditions [C2]-[C3]
hold, then fourth derivatives of the coefficients Fy introduced in definition (2.8) may
be estimated by

3 1
105 Fe| < 1(v5,0,0)] + [(va,1,0)] + B5 |(va0,0)] + B2 [(vs,1,0)] + 5%,

o209 Fo| S |(van1)| + [(vs2,2)] + B2 |(va0,0)] + B3 (v3,1,0)] + B2 [(v2,2,0)] + BT

21
0

(v2,2,2)] + B%|(v1,3,3)] + B

_ 3 3
v 20205 Fy| < |(vs,2,2)] + |(va2,3,3)| + B2 (vs,1,1)] + B35
_ 3 3 1 13
020,05 Fo| S |(v2,3,3)] + |(v1,4,4)] 4+ B2 |(v2,2,2)] + B7 |(v1,3,3)] + B7 [(v4,0,0)] + B,

v 05l S (vraa)l + [(vos,5) + B2 (|(v1,33)] + |(vo,0.0)]) + B°.
PROOF. One proceeds as in Lemma D.4, calculating, for example, that
0500 Fo| < 10;500p] + 10,004
+ (19,p] + 19,a)) (196p] + |06al)
+ (10500p| + 10;004|) (18] + [9yal)
+ (10,901 +19,9041)(|0;p] + |05 + [9yp|* + |0,4]*)
+ (10501 + 10541)(|0ypl19pp| + [9yal[Dpal)
+ (10yp] +19y4l)* (196p| + |90al),

and then applying Lemma D.3. The other estimates are obtained in like fashion. [J

We are now prepared to bound the “error terms” F,, ,, of orders four and five.
As indicated in Section 6.3, our work below is considerably simplified because these
estimates do not need to be sharp, and because they can use Proposition 6.10.

Lemma D.6. If the first-order inequalities (4.4)—(4.6), Conditions [C2]-[C3], and
L2 inequalities (6.9) hold, then there exists 0 < C < oo such that for allm+n = 4,
one has

Enn<Op | S 0z | +csi | 3 oy,

4<i+5<5 4<i+5<5

where r = % ifn =0 and r =2 otherwise.

PROOF. It is easy to see that [(En .00, Umnn)ol S B%men.

In the remainder of the proof, we write DFF, to denote any sum of terms
v’jB;BgFg with i + j = k; and we write D*v to denote any sum of terms V4 4,5 of
total weight i + j = k. For example, D?v =~ (va,0,0) + (v1.1.1) + (v0.2.2)-

For ¢ = 1,2, 3, carefully adapting the proof of Lemma D.1 to the case that
m + n = 4 shows that after integration by parts,'' one obtains an estimate of the

H1n contrast to the proof of Lemma D.1, the choice of variable with which to integrate does
not matter here unless n = 0, because our estimates do not need to be sharp.
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following form,

(Bt Vmsninal S (DPFel,[D%] [D*0] 4 v (D] +573))
+{(ID*Fyl. [vm ]| D% + | D?0] [ D" o)),
+(IDFl. [vmnnl(ID*0] + | D%0] [DYe] +D*0]2)
+{ID Fil, [vmn al(ID%0] + | D*] [DYo] + [D] | D)),
+ [0l [D%0] [DY] + [D*0] D] 4 | Do),

Examination of the terms above using our hypotheses and Lemma D.4 shows that
any terms which are quadratic in derivatives of orders four or five are multiplied by
factors whose decay is at least of order 3. Any derivatives of orders four or five
that do not occur in quadratic combinations appear with factors whose decay is at
least of order 8", where r = % if n =0 and r = 2 otherwise. A similar but simpler
estimate holds for |(Ey, n.n.4; Um.nn)el-

For the critical final term, one uses estimate (6.9) to see that

(Em.nms Umnn)el = (|Vmnnl, [ID*0] [D'0| +|D?v|(| D?v| + |D'0|?) + [D'v|*)4
1
SCB Q% n.
The result follows. O

Lemma D.7. If the first-order inequalities (4.4)—~(4.6), Conditions [C2]-[C3], and
L? inequalities (6.9) hold, then there exists 0 < C' < oo such that for allm+mn =5,
one has

Enn<cgt | S oz | +csi [ 3 o

5<i+5<6 4<itj<6

PRrROOF. It is clear that [(Ey nn0, Umnn)ol S B%men.
As in the proof of Lemma D.6, we write DFF, to denote any sum of terms
v 0,0y Fy with i + j = k; and we write D*v to denote any sum of terms v; ; ; of
total weight ¢ + j = k.
For ¢ = 1,2, 3, adapting the proof of Lemma D.1 to the case that m +n =5
shows that before integration by parts, one has
‘<Em,n,n,fa vm,n,n>a| 5 <|D5FZ|; |Um,n,n”D2U|>o'
+ (DY, [0m,nnl (| D] + |D*0] | D))
+{| D Fel, [vm,n,nl (|D*0] + |DP0| Dol + |D*0]?))
+ ([ D2Fyl, [v,n,n| (|D°0] + [D*| D ol + |D?0] |D?0]))
+ (D Fel, [vm,n,nl (| D] + [DP0| Dol + |DYo] |D*0| + | D?0[?)),
+¢ ,(ID%| D] +|D%0[ |D?v| + |D*| D)),

‘Um,n,n

Integrating by parts proves that the first inner product on the RHS above may be
bounded by

(ID*Ful, [om,nnlID*0])o S ([D*Eel, |D%0] [D?0] + [Umnn] (| DP0] + £72)),.
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Integrating by parts is also necessary to show that the third inner product on the
RHS above may be bounded by

(| D Fol, [Vl (|D*0] + | D3] |D0]| + | D?0]?)),
< (|D?Fy, [D%|(|D*| + [D?v[ | D*o| + [D*0]?)),
+ (ID2Fy|, [vmn,n|(1D%0] + [D*0| D o] + | D3| D)),
+ (|ID*Ful, [ nl (| D*0] + [ D3] | D] + |D20[?)S %),

Examination of all the terms above using our hypotheses and Lemmas D.4-D.5
proves that any terms that are quadratic in derivatives of orders four, five, or six
are multiplied by factors whose decay is at least of order 3, Any derivatives of
orders five or six not occuring in quadratic combinations appear with factors whose
decay is at least of order (3 5. (Derivatives of order four only occur in quadratic
combinations.) A similar but simpler estimate holds for |(E, n.n.4; Vm.nn)ol-

For the critical final term, one uses estimate (6.9) to see that

{5 Vm,nin)ol 2 ([Vmnnls [D*0] [DYo] + |D*0|(|D*0] + |D'v[*))o
+ ([vmn,nl, [D*0|(|D*0] [DYo] + [ D'0]’) + |D'o]?)

21 1 1
SCBOQEL+CB2 [ Y Quy
4<i+5<5

The result follows. O

9
[10]
(11]

(12]
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