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Let G be a unitary group over a totally real field, and X a Shimura variety
associated to G. For certain primes p of good reduction for X, we construct
cycles X7, ; on the characteristic p fiber of X. These cycles are defined as the
loci on which the Verschiebung map has small rank on particular pieces of the
Lie algebra of the universal abelian variety on X.

The geometry of these cycles turns out to be closely related to Shimura
varieties for a different unitary group G’, which is isomorphic to G at all finite
places but not isomorphic to G at archimedean places. More precisely, each
cycle X5, ; has a natural desingularization XTM-, which is “almost” isomorphic
to a scheme parametrizing certain subbundles of the Lie algebra of the universal
abelian variety over a Shimura variety X’ associated to G’.

We exploit this relationship to construct an injection of the étale cohomology
of X’ into that of X. This yields a geometric construction of “Jacquet-Langlands
transfers” of automorphic representations of G’ to automorphic representations
of G.

2000 MSC Classification: 11G18

1 Introduction

Suppose G and G’ are two algebraic groups over Q, isomorphic at all finite
places of Q but not necessarily isomorphic at infinity. The Jacquet-Langlands
correspondence predicts, in many cases, that there is a natural bijection be-
tween the automorphic representations of G and those for G’, such that if 7’ is
the representation of G’ corresponding to a representation 7 of G, then m, is
isomorphic to 7, for all finite places v.

This correspondence is proven in many cases by comparing the trace formulas
for G and G’. In this way one can conclude that there is an isomorphism between
suitable spaces of automorphic forms for G and G’ as abstract representations,
but not in any canonical fashion. One might therefore hope for a more natural
way of understanding this correspondence.
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For GLg, Serre [Se] was the first to suggest an alternative approach to
Jacquet-Langlands, in the context of modular forms mod p. By considering
modular forms as sections of a line bundle on a modular curve, and restricting
these sections to the supersingular locus of this curve in characteristic p, Serre
relates the space of modular forms mod p to a space of functions on this super-
singular locus; the latter can be interpreted as a space of “algebraic modular
forms” for the quaternion algebra B ramified at p and infinity. Ghitza has since
adapted this approach for symplectic groups [Ghl], [Gh2].

In contrast to the traditional approach to Jacquet-Langlands, the approach
of Serre and Ghitza yields canonical isomorphisms between spaces that arise
naturally from the geometry of Shimura varieties attached to the groups under
consideration (rather than simply a bijection of isomorphism classes of repre-
sentations.)

Another approach can be found in the work of Ribet ([Ri2], [Ril]). Ribet
finds a relationship between the reductions at various primes of two Shimura
curves associated to two different quaternion algebras over Q. He uses this
to obtain an explicit isomorphism between certain Hecke modules for the two
quaternion algebras, and thereby proves the Jacquet-Langlands correspondence
in that setting. This sharpening of the Jacquet-Langlands correspondence is a
key ingredient in his proof of level-lowering for classical modular forms.

More recently, work of the author in [He| adapts Ribet’s techniques to the
case of a unitary group G isomorphic (up to a factor of R*) to a product of
U(1,1)’s at infinity. As with Ribet’s approach, the key is to understand the
reduction of a Shimura variety X attached to G that has an analogue of T'y(p)
level structure at p. We obtain an explicit description of the global structure
of the special fiber in this setting: the irreducible components each are (nearly)
isomorphic to products of projective bundles over Shimura varieties X’ attached
to unitary groups G’ that are isomorphic to G at all finite places but not in
general isomorphic to G at infinity. Via the theory of vanishing cycles, one can
then relate the étale cohomology of X to the étale cohomology of the various X’
that arise; the upshot is that the highest weight quotient of the étale cohomology
of X can be interpreted in terms of a space of algebraic modular forms (over
Qp) for a unitary group G’ that is compact at infinity.

In this paper we present a different approach, that works for arbitrary uni-
tary groups, but proceeds by considering Shimura varieties at primes of good
reduction. Given a Shimura variety X arising from a unitary group G, and
a suitable prime p of good reduction, we consider cycles X ; on the charac-
teristic p fiber of X. (Here i is a positive integer and 7y determines a map
Pro 1 O — F,,, where F is the C'M-field arising in the definition of G.) Loosely
speaking, X ; is the locus of abelian varieties A (with Op-action) such that
the space Hom(ay, A[p])p,, of maps on which Of acts via p, has dimension
at least i larger than the “expected dimension”. Alternatively, X, ; can be
thought of as the locus of abelian varieties A such that

Ver : Lie(A(p))pm — Lie(A)y,,

has rank at least i less than the “expected rank”. Such cycles are closed strata



in the so-called “a-number” stratification of X, and their local structure has
been studied extensively.

Our approach requires an understanding of the global structure of these
strata in addition to the local structure. Questions of this nature are not nearly
as well-understood; fortunately in the cases we are interested in they can be
attacked by fairly standard techniques. We construct a natural desingularization
of each cycles )N(TM'. The geometry of this desingularization turns out to be
closely related to the geometry of a Shimura variety X’ arising from a different
unitary group G’. As in [He], G’ is isomorphic to G at finite places but not
at infinity. In particular, we construct a scheme (X’)7 defined naturally in
terms of the universal abelian variety over X', such that there exists a scheme
Xm,i, together with maps:

X7

Xro,i N (XI>7'0,i

that are bijections on points and isomorphisms on étale cohomology. Loosely
speaking, this says that X,,; and (X’)™ are “nearly” isomorphic. The fibers
of (X")™% over X’ are Grassmannians of various dimensions. (This generalizes
results of [He] for the case of U(2) Shimura varieties).

Rather attempting to establish a geometric Jacquet-Langlands correspon-
dence as in [He], by way of a suitable “Deligne-Rapoport model”, we use the
above construction to give an explicit injection of the étale cohomology of X'
into that of X. (Theorem 5.3.) The existence of this map follows from a gen-
eral construction in étale cohomology; its injectivity is more difficult to prove.
The key ingredients are the Leray spectral sequence for (X’)™* and the Thom-
Porteus formula, which allows us to compute the self-intersection of X, ;. This
argument is the main focus of sections 5 and 6.

We obtain cases of Jacquet-Langlands transfer as an easy corollary of the
existence of this injection. (Theorem 7.2) In particular we show that for every
cohomological automorphic representation 7' of G’, there is an automorphic
representation 7 of G such that  and 7’ agree at all finite places. Our approach
suffers from the limitation that it is only possible to transfer such representations
from one Shimura variety to another Shimura variety of higher dimension; going
in the other direction requires some way of controlling the image of the map
constructed in Theorem 5.3, which we do not yet have at our disposal.

This approach appears to cover some new cases of Jacquet-Langlands trans-
fer that have not yet appeared in the literature. In particular the traditional
trace formula approach to Jacquet-Langlands runs into difficulty with unitary
groups that are not compact at infinity. On the other hand, Harris and Labesse
([HL], particularly Theorems 2.1.2, 3.1.6, and Proposition 3.1.7) have used base
change techniques to establish rather general Jacquet-Langlands results for uni-
tary groups, but need the representation under consideration to be supercuspidal
at certain places.

It should also be noted that whereas traditional approaches to Jacquet-
Langlands yield a bijection of isomorphism classes of automorphic represen-
tations, our approach yields information about a natural map between spaces
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that arise naturally in geometry, and have considerable arithmetic interest. One
might therefore hope for arithmetic applications of this approach, in analogy
with the application of Ribet’s results on character groups to level-lowering.

2 Basic definitions and properties

We begin with the definition and basic properties of unitary Shimura varieties.
Fix a totally real field F'*, of degree d over Q. Let E be an imaginary
quadratic extension of Q, of discriminant D, and let x be a square root of D in
E. Let F be the field EFT.
Also fix a square root v/D of D in C. Then any embedding 7 : F* — R
induces two embeddings p,, q, : F' — C, via

prla+bz) = 7(a)+7(b)VD
¢r(a+bx) = 7(a)—7(b)VD.

Fix an integer n, and an n-dimensional F-vector space V, equipped with an
alternating, nondegenerate pairing (,) : V x V — Q. We require that

<OZJJ, y> = <JZ, ay>

for all a in F'.

Each embedding 7 : F* — R gives us a complex vector space V, = V&p+ . R.
The pairing (,) on V is the “imaginary part” of a unique Hermitian pairing [, ],
on V;; we denote the number of 1’s in the signature of [,]; by r-(V), and the
number of —1’s by s,.(V). If V is obvious from the context, we will often omit it,
and denote r, (V) and s,(V) by r, and s,. We fix a Op-lattice T inside V(A(’é),

such that A induces a map T — Hom(T,Z).

Let G be the algebraic group over Q such that for any Q-algebra R, G(R)
is the subgroup of Autp(V ®g R) consisting of all g such that there exists an r
in R* with (g, gy) = r(x,y) for all x and y in V ®g R. The discussion in the
previous paragraph shows that G(R) is the subgroup of

H GU(r;, s,)

7:F+—R

consisting of those tuples (g;),.p+_pg such that the “similitude ratio” of g, is
the same for all .

Now fix a compact open subgroup U of G(Aé), preserving T', and consider
the Shimura variety associated to G and U. If U is sufficiently small, this
variety can be thought of as a fine moduli space for abelian varieties with PEL
structures. We now describe such a model over a suitable ring of Witt vectors.

Fix a prime p split in E, such that the cokernel of the map T' — Hom(T, Z) is
supported away from p and such that U, is equal to the subgroup of all elements
of G(Qp) preserving T(Q,). Also fix a finite field ko of characteristic p large
enough to contain subfields isomorphic to each of the residue fields of Op/p,



and an identification of the Witt vectors W (kg) with a subring of C. This choice
of identification induces a bijection of the set of archimedean places of F' with
the set of algebra maps Op — W (ko). In an abuse of notation we will use the
symbols p, and ¢, to represent both the embeddings F' — C defined above, and
the maps O — W (ko) defined above.

Note that if S is a W (ko)-scheme, and M is a W (ko)-module with an action
of Op, then M splits as a direct sum

M:@Mpr S Mg,

where Op acts of M, (resp. M, ) by p; : Op — Wi(ko) (resp. ¢, : Op —
W (ko).)

Consider the functor that associates to each W(kg)-scheme S the set of
isomorphism classes of triples (A4, A, p) where:

1. A is an abelian scheme over S of dimension nd, with an action of Op

2. X is a polarization of A, of degree prime to p, such that the Rosati invo-
lution associated to A induces complex conjugation on O C End(A).

3. pis a U-orbit of isomorphisms T®) — T A, sending the Weil pairing
on Tj, A to a scalar multiple of the pairing (,) on 7). (Here T, A
denotes the product over all [ # p of the l-adic Tate modules of A, and
the superscript (p) denotes the non-pro-p part of T or Z.)

4. When considered as an endomorphism of Lie(A4/S), an element o of Op
has characteristic polynomial

1 @ p @)= ar(@)” ™.

7:F+—R

Since Lie(A/S) is an Op ® S-module, we can reprhrase the characteristic
polynomial condition as follows: For each 7: F™ — R, we have

rankg Lie(A4/S),, = r.(V)
rankg Lie(4/S),, = s (V).

If U is sufficiently small, this functor is represented by a smooth W (kg)-
scheme, which we denote Xy (V). It is a model for the Shimura variety associated
to G and U, over W (ko). Henceforth we will refer to such an object as a "unitary
Shimura variety’. Its dimension is given by the formula

dim Xy (V) = Z TrSr.

7:F+—R

Remark 2.1 The scheme Xy7(V) depends not only on U and V but on all of
the choices we have made in this section. To avoid clutter, we have chosen to
suppress most of these choices in our notation.



3 Dieudonné theory and points on Xy (V)

Let k be a perfect field containing ko, and let (A, A, p) be a k-valued point of
Xu (V). We begin by studying the (contravariant) Dieudonné modules of A[p)
and A[p™].

Let D4 denote the contravariant Dieudonné module of A[p™]. It is a free
W (k)-module of rank 2nd, equipped with endomorphisms F' and V', that satisfy
FV = VF = p. These endomorphisms do not commute with the action of
W (k), but instead satisfy:

Fa = o°F
Va = aV,

where oo € W (k), and the superscript o denotes the Witt vector Frobenius.
The Op-action on A induces an O action on D 4; we therefore have a direct
sum decomposition:

Da= P (Da)p, ®(Da)g,.

T:Ft—R

For 7 : FT™ — R, let p,, denote the map Or — W (kg) obtained by taking
the map Op — W (ko) corresponding to p, and composing it with the Witt
vector Frobenius. Define ¢, similarly. Then the o-linearity properties of F'
and V mean that they induce maps:

F:(DA)pT - (DA)paT
V:(Da)p,. — (Da)p,,

and similarly for the ¢,. Since FV = VF = p, we find that (D4),. and (Da),,.
have the same rank for all 7, as do (D4),, and (Da),, .-

If we fix a prime p of Op over p, then the Dieudonné module of A[p°] is the
direct sum of (D4),, for those p. (or possibly ¢,) for which the preimage of the
ideal (p) of W (ko) under the corresponding map Op — W (ko) is p. These form
a single orbit under the action of o described above, so they all have the same
rank. But since the height of A[p®°] is n times the residue class degree of p over
p, it follows that (Da4),, and (Da),, are free W (k)-modules of rank n for all 7.

Now consider the quotient D4 = D4 /pD4. It is canonically isomorphic to
the Dieudonné module of Alp]. The above discussion shows that for each T,
(Da)p, and (Da),, are n-dimensional k-vector spaces. Moreover, Oda [Od]
has shown that there is a natural isomorphism H{y(A/k) =2 D4, and that this
isomorphism identifies the Hodge flag Lie(A/k)* C H}y(A/k) with the subspace
VijA OfijA.

In particular, we have dimV((Da)y,,) = dimLie(A/k)% = r;. Since the
image of V is equal to the kernel of F' on D4, we also have dim F((D4),.) = s.

Thus, for each 7, (D4),, is an n-dimensional k-vector space with two dis-
tinguished subspaces, F, = F((D4) ) (of dimension s,-1,), and V, =
V((Da)p,.) (of dimension 7;.)

Po—1,



Fix a particular 79, and assume, for the rest of the paper, that r,-1,, < 7.
(If this does not hold, then s,-1,, < s;, and everything that follows will still
be true once one reverses the roles of p, and ¢,.) In this case, if F,, and V,,
are in general position with respect to each other, then their sum will span all
of (Da)r,. Of course, F,, and V,, need not be in general position with respect
to one another, which motivates the following definition:

Definition 3.1 Let i be an integer between 0 and min(ry,—1,,s;), inclusive. A
point (A, A, p) is (70, 4)-special if dim Fry+ V7, < n—i. A subspace H of (Da)p,,
is (10,1)-special if it has dimension n — i and contains both Fr, and V.

Note that (4, A, p) admits an H that is (79, 7)-special if and only if (A4, A, p)
itself is (79, 4)-special, and that such an H will be unique if and only if (4, A, p)
is (70, %)-special but not (79,7 + 1)-special.

Suppose we have (A, ), p), along with a (79,)-special H for this abelian
variety. Define a submodule My of D4 as follows:

1. (Mg), =H

Prg
2. (My)p, = (Da),, for T # 19

3. Mu)g, = (M H);-T, where L denotes orthogonal complement under the

perfect pairing (D4),, x (Da),. — k induced by the polarization .

It is clear that My is stable under W (k), O, F', and V. In particular, it is
a Dieudonné submodule of D 4. We thus obtain an exact sequence:

0—>MH—>5A—>§K—>O

where D is the Dieudonné module of a group scheme K over k. The surjection
D4 — D corresponds to an inclusion of K in A[p]; henceforth we identify K
with its image in A[p]. Since My is a maximal isotropic subspace of D4 under
the pairing induces by A, K is a maximal isotropic subgroup of A[p] (under the
WEeil pairing induced by \).

Let B=A/K, and let f : A — B denote the quotient map. Since K C A[p],
multiplication by p (considered as an endomorphism of A) factors through f.
In this way we obtain a map f’ such that ff' = f'f = p. Note that f/'(B[p]) is
equal to K.

Consider the polarization (f')VAf’ of B. For any «, 3 in B[p|, we have

(a, (f)YN'BYB = (', \f'B) a-

The right-hand side vanishes identically since K is isotropic and f'(B[p]) = K.
Thus B|p] lies in the kernel of (f')VAf’, and so there is a unique polarization \
of B such that p\' = (f')VAf’. (Note that A\’ can also be characterized as the
unique polarization of B such that pA = fY X f.) The degree of ) is easily seen
to be prime to p.

Proposition 3.2 Suppose that oy # 179. Then



1. dimLie(B/k),, =rg + 1.

70

2. dimLie(B/k)pa_1TO =Tp—1g — 0.
3. dim Lie(B/k),, =7, for T not equal to Ty or o~ '7y.
4. dimLie(B/k),. =n — dimLie(B/k),, for all T.

Proof. The quotient map f : A — B induces a map Dg — Dy, where Dp
is the Dieudonné module of B[p]. The image of this map is precisely My. On
the level of p-divisible groups, therefore, f induces an inclusion of Dg into D4,
that identifies D with the submodule of D 4 consisting of those elements whose
images in D 4 lie in My,. We identify Dp with this submodule for the remainder
of the argument.

By the isomorphism between Dieudonné modules and DeRham cohomology,

dim Lie(B/k),, = dim V((Dp),,.)/p(Da)y..
On the other hand, we have:
1. (DB)p, = (Da)p, for T # 7.
2. (Da)p.,/(DB)p,, has dimension i.
3. V((Da)p,,)/p(Da),, has dimension r, for all 7.

Statements (1), (2), and (3) of the proposition follow immediately from the
above paragraph. Statement (4) follows from the existence of the prime-to-p
polarization A\’ on B. ]

Note that if 79 = 79, then the result above fails. (In particular, the proof
of the result shows in this case that dimLie(B/K),. = r, for all 7.) Since the
above proposition is crucial to our argument, we assume, for the remainder of
the paper, that oy # 79.

The upshot of the above proposition is that (B, \') is “nearly” a k-valued
point a unitary Shimura variety. It lacks only a level structure. We cannot
define such a level structure in terms of V, however, as r, (V) = r,, but
dim Lie(B/k)p,, = 77, +i. We thus invoke the following lemma, proven in
the appendix of [He]:

Lemma 3.3 There exists an n-dimensional F-vector space V', together with a
pairing (,) satisfying the conditions of section 2, such that:

1. ro (V') =1y +1.
2. Tafl‘ro(vl) =To-17y — 1.
3. 1-(V') = r, for T not equal to 7o or o~ 7.

4. There exists an isomorphism ¢ of V(Aé) with V’(Aé) that takes the pairing
(,) to a scalar multiple of (,)’.



We fix, once and for all, a V', (,) and ¢ as in the lemma. Let T = ¢(T),
and let G’ be the algebraic group such that for each Q-algebra R, G'(R) is the
subset of Auty(V’ ®g R) consisting of those automorphisms that send (,)" to a
scalar multiple of itself. Then ¢ induces an isomorphism G(Agé) = G’(Aé), and
this identifies U with a subgroup U’ of G'. If p is a U-level structure on (4, \),
then it follows from this construction that f o po ¢! is a U-level structure
on (B, )). In particular, (B, )\, fopo¢~1)is a k-valued point of the unitary
Shimura variety Xy associated to the subgroup U’ of G'.

The map that associates to each (A, A, p, V) the point (B, X, fopo¢~1)is
not in general a bijection. We will now proceed to remedy this, by describing
the extra information needed to recover (A, \, p, V) from (B, )\, fopo¢™1).

Definition 3.4 Let (B, XN, p") be a point on Xy: (k). A subspace W of (53)%0
is (9, 1)-constrained if it has dimension i and is contained in both V((ﬁB)pam)
and F((fB)PflTO)'

Lemma 3.5 Let (A, A\, p,V) be a point on Xy (k) together with a (79,1)-special
V, and let (B, X, fopo¢~1) be the corresponding point of Xy (k). Let

W =ker f: <§B)Pm — (514)%0'
Then W is (79, 1)-constrained.

Proof. Note that since f : (Dp)p, — (Da)p, is an isomorphism for 7 # 19, we
have that o _
W =ker f: @(DB);;T — @(DA)pT~

In particular W is stable under F' and V; but since F' and V send W to (51,070)
and (51,07170 ), and neither of these contain any nonzero element of W, we have
that W is killed by both F' and V. The result follows immediately. O
We have thus associated to each tuple (A, \,p,V) a tuple (B,X,fopo
¢~ 1, W). We now describe an inverse construction.
Let (B, N, p’) be a point in Xy (k), and let W be a (79, ¢)-constrained sub-
space of (@B)pm. Define a submodule Ny of Dy by:

L (Nw)p,, =W
2. (Nw), =0for 7 # 19
3. (Nw)q. = (NW),J{T for all 7.

It is clear that Ny is stable under F' and V, and is a maximal isotropic
submodule of Dg. The inclusion of Ny, in Dp fits into an exact sequence

0 — Nyw — Dp — D(K') — 0,

where D(K') is the Dieudonné module of a subgroup K’ of B.
Let A= B/K’, and let f': B — A be the natural quotient map. Then, just
as before, there is a natural polarization A on A such that pA = (f/)V N f'.



Lemma 3.6 The dimension of Lie(A/k),, (resp. Lie(A/k),, ) is v+ (resp. s;)
for all .

Proof. The proof of this lemma is identical to the proof of Lemma 3.3, and we
omit it. O

It follows that the triple (A, A, zlﬂ flop o@)is a k-valued point of Xy;. More-
over, define H by

H =ker f': (5,4);;,0 - (53)%0'

Then we have:
Lemma 3.7 The space H is (19, 1)-special.

Proof. Since the image of f' : Dy — Dg is Ny, and (NW)pTO has dimension
i, V has dimension n — i. The submodule My = ker f’ : D4 — Dp is stable
under F' and V, so in particular F((MH)pFlTO) is contained in (Mp),, . But

the former is all of F((D) A)Pa—lmv whereas the latter is just H. In particular
H contains F((Da)p,_, ). Similarly H contains V((Da)yp,. ), so H is (10,%)-
special. O

17 Porg

Theorem 3.8 The constructions above that associate to each (A, X\, p, H) the
corresponding (B, N, p', W) (and vice versa) are inverse to each other. In par-
ticular there is a natural bijection between the space of tuples (A, \, p, H) where
(A, N\, p) € Xy(k) and H is (79,1)-special, and the space of tuples (B, N, p', W)
where (B, XN, p') € Xy (k) and W is (70, 1)-constrained.

Proof. Fix aparticular (4, \, p, H), and let (B, X, p/, W) be the point associated
to it by the first construction above. Let (A", p”, H") be the point associated
to (B, X, p',W) by the second construction above.

We need to show that the tuples (A, X\, p, H) and (A", \’,p", H") are iso-
morphic. Let f: A — B be the map used in the construction of B from A, and
f': B — A” be the map used in the construction of A” from B. The composi-
tion f’f induces the zero map D4~ — D4, and hence its kernel contains A[p].
Degree considerations then show that the kernel is exactly A[p], so that % f'fis
an isomorphism of A with A”. It is easy to check that this isomorphism carries
A to A and p to p”’. We henceforth identify A with A” via this isomorphism.

Note now that by construction, we have

H" =%er f': (Da)p,, — (DB)p,,-
By our definition of f, we have that H = f((Dp),,,). Since
f(ﬁB) = ker fl : 5%1 — 53,

it follows that H = H'". Thus the second construction is a left inverse to the
first.

The proof that the second construction is a right inverse to the first is similar,
and will be omitted. ]
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4 Geometrizing the Construction

We now make our calculations with points in the previous section into a geo-
metric relationship between Xy and Xy, by realizing the bijection above as
arising from a map of varieties. We also study the relationship of these varieties
to Xy and Xys. We do so by systematically replacing the Dieudonné modules
appearing in the previous section with DeRham cohomology modules.

Definition 4.1 Let S be a ko-scheme, and (A, X, p) a point of Xy (S). A sub-
bundle H of Hpr(A/S)y,, is (10, 1)-special if H has rankn—i, and contains both
Lie(A/LS');T(J and Fr(H%)R(A(p)/S)pTO), where Fr denotes the relative Frobenius

A— AP,
This generalizes our previous notion for the case when S = Spec k, k perfect.

Lemma 4.2 Let (A, \, p) be a point of Xy(S). Then (A, A, p) admits a (70,7)-
special H if and only if the rank of

Ver : Lie(A(p)/S)pTO — Lie(A/S)y,,
is less than or equal to T,—1,, — .
Proof. The kernel of
Ver : Hh(A/S) — Hpp(A®)/5S)
is equal to the image of
Fr i Hh(AD)/S) - Hbp(A/S).

Since the dual of the map Ver : Lie(A®) /S) — Lie(A/S) is the restriction of
the map Ver : Hj (AP /S) — H},L(A/S) to the submodule Lie(A®) /S)* of
H} (AP /S), the rank of the map

Ver : Lie(A®)/S), ~— Lie(4/S),..

is less than or equal to r,-1,, — 4 if and only if the rank of the intersection of
the subsheaves Lie(A/S);‘,T0 and Fr(H%,R(A(p)/S)pTO) of H}p(A®P) has rank at
least r, — 7,-1,, + 4. This is true if and only if their sum has rank at most
n — i, which in turn is true if and only if there exists an subbundle H of rank
n — ¢ containing both of them. m]

Let A denote the universal abelian variety on Xy. We let (X7), ; denote the
subscheme of Xy on which the map Ver : Lie(A(p)/XU)pT0 — Lie(A/Xv)p.,,
has rank less than or equal to r,-1,, —i. The closed points on (X ), are
precisely the (79, 7)-special points in the language of the preceding section. (In
particular, the results of the previous section show that (X)-, ; is nonempty.)

Let )N(Uﬁo,i denote the kg-scheme parametrizing tuples (A4, A, p, H), where
(A, A\ p) € Xy(S) and H is a (79, i)-special subspace of Hpp(A/S),, . There is

a natural map Xy, -, ; — Xy, whose image is contained in (Xy)r, ;-

11



Our first goal is to understand the map XU,TM» — Xy. We will do so by
constructing a local model for this map.

For 7 # 79, let M, = G(r;,n)r, be the Grassmannian parametrizing r,-
planes in F}. Define M, to be the Schubert cycle in G(r,,n) parametrizing
Tr-planes in F) that intersect the span of the first n — r,-1, basis vectors in
[} in a subspace of dimension at least 7, — ry-1,, +i.

Finally, define ./\;ITO to be the moduli space parametrizing pairs (V, H), where
V' is a subspace of I} of dimension rr,, and H is a subspace of F}; of dimension
n — ¢ containing both V' and the span of the first n — r,-1,, basis vectors in
F. There is a natural map /\;lT0 — M, that forgets H; this map is generically
one-to-one.

On the other hand, we have a natural map M,, — G(n—i, n)r, that forgets
V. The fibers of this map over a given H are simply G(r,,, H). It follows that
MTO is smooth; it is a natural desingularization of M.

For 7 # 19, set M, = M,. Let M be the product (over ) of the M, for
all 7, and let M be the product of the M, for all 7. We have a natural map
M — M.

Theorem 4.3 The map M — M is a local model for the map XU’TM- —
(XU)r,i, in the sense that for any field k, and every x € (Xy)r,.i(k), there
is a point p of M(k) and étale neighborhoods U, of x and U, of p such that
the base change of Xy — (XU)ro,i to Uy is isomorphic to the base change of
M — M to U,.

To prove this, we first introduce two new schemes (X U)jfoz and X lﬁ .- Lhe
former parametrizes tuples (A, A, p, {e; - }), where ¢ runs from 1 to n for each
7: FT — R, and the set {e1 r,...,€, -} is a basis for HLz(A),, for all T, such
that the subset {eq r,, .. "e"—%—lmvm} of {e1,7y,--.,€nr} is a basis for the
subbundle Fr(HfDR(A(p))pTO) of Hhg(A)p,, - The latter parametrizes the same
data, plus a (79,%)-special subbundle H of Hjyg(A),,, -

Clearly (XU):M- and f(;}m,i possess natural maps to (Xy)r,; and )N(UJOJ,
respectively, by forgetting the e; . They also possess natural maps to M and
M, which we will now construct.

Given an S-valued point (A, X, p, {e; +}) of (Xv),,i, the basis e; » allows us
to identify Hjg(A)p, with O%. Then the subbundle Lie(A/S); of Hig(A),,
gives us a corresponding subbundle V' of O%, and hence a point of M. We thus
obtain a map (XU);“O,Z- — M. If in addition we have a (79, )-special subbundle
H of Hpg(A),, , then the pair (Lie(A)*, H) corresponds to a point of M., We
therefore obtain a map XJ roi M. These fit into a commutative diagram:

Xvms <= Xfn, — M
l ! !
(Xt)ri — Xu)f, — M

The left-hand horizontal maps are clearly smooth. We will show the right-
hand horizontal maps are also smooth.

12



The right-hand square in the above diagram is cartesian, so it suffices to
show that the map (Xy)} ; — M is smooth. There is a standard way to
do this using the crystalline deformation theory of abelian varieties. We first
summarize the necessary facts:

Let S be a scheme, and S’ a thickening of S equipped with divided powers.
Let Cg/ denote the category of abelian varieties over S’, and Cg denote the
category of abelian varieties over S. For A an object of Cg/, let A denote its
base change to Cg.

Fix an A in Cg/, and consider the module H! _(A/S)s/. This is a locally
free Og/-module, and we have a canonical isomorphism:

H

cris

(A/S)s = Hpp(A/S").
Moreover, we have a natural submodule
Lie(A/S")* c Hpr(A/S").

The preceding isomorphism thus gives us a subbundle of H’, (A/S)g: that lifts
the subbundle Lie(A4/S)* of HLR(A/S). -

Knowing this lift allows us to recover A from A. More precisely, let (Cg
denote the category of pairs (4,w), where A is an object of Cs and w is a
subbundle of H!,_(A/S)s: that lifts Lie(A/S)*. Then the construction outlined

cris

above gives us a functor from Cg/ to (C:g.

Theorem 4.4 (Grothendieck) The functor Cs/ — C% defined above is an
equivalence of categories.

Proof.  The proof is sketched in [Gr], pp. 116-118. A complete proof can be
found in [MM]. O

+

2.0 — M is smooth.

Proposition 4.5 The map (Xy)

Proof. Let R’ be a ring, and I an ideal of R such that I? = {0}. Let R be the
ring R'/I. Tt suffices to show for any diagram

SpecR  — (Xp)i,
! l
SpecR' — M

there is a map Spec R’ — (XU)jol

In terms of the moduli, such a diagram consists of the following data:

1. an R-valued point (A4, \, p) of (Xy)T

T0,%?

2. for each 7, bases e; » of Hyr (A/R),,, such that the set 1 r,,...,es _,
is a basis for the submodule Fr(Hbg (AP /R), ) of Hj\g(A/R)

T, 70

Pro>
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3. For each 7, a rank r, subbundle V; of (R')" whose reduction modulo I
is the subbundle of R™ that corresponds to the subbundle Lie(A/R); of
H}:(A/R),. under the identification of the latter with R" induced by
the e; ». The bundle V;, has the additional property that its intersection
with the span of the first s -1, standard basis vectors of (R’)™ has rank
at least ry) —ro-1,, + 0.

For each 7 and 4, let &, ; be a lift of e, ; to (H._(A/R)r/)p,. (If 7 =10 and

i < 84-17,, then we require that é, lies in the subbundle Fr(H2, (AP /R)g:),,
of (HL,.(A/R)r)y, )

Under this choice of basis, each V. corresponds to a subbundle w,  of
(HL..(A/R)R')p, that lifts the subbundle Lie(A/R)% _ of Hig(A/R),,. Define
Wy, = wp{ for all 7, where L denotes orthogonal complement with respect to
the pairing

(H (A/R) R )p, x (HL(A/R)R)q, — R

induced by A.
By crystalline deformation theory7 this defines a lift of A to an abelian scheme
over Spec R'. The relation wy = w - implies that A lifts to a prime-to-p polar-

ization of this lift as well. We thus obtam a point (4, \, p) of Xy7(R'). Moreover,
since the rank of the intersection of V;, with the span of the first s,-1,, basis
vectors of (R’)™ has rank at least . — r,-1, + 4, the same can be said for the
intersection of w, with Fr(H_, (A/R)r)p,, , and hence also for the intersection

of Lie(A/R');  with Fr(Hpg (A/R)p,,). Thus (4, X, p) lies in (Xp)r, - Finally,
the basis é,, corresponds to a basis of Hf (A/R'),. for each 7, and these bases,
together with the point (A A ,p) define the required point of (XU)T0 ;- |

It is easy to see (for instance, by computing the dimension of the tangent
space to a fiber) that the smooth maps (XU)TO ; — (Xu)r,i and (XU)T0 , — M
have the same relative dimension. Thus if z is a point of (Xy)q ., T is a
lift of 2 to (Xy)I ., and p is the image of 2+ in M, the complete local ring

O( Xv)t st is simultaneously a power series ring over (9( Xt7)rg,i,x a0 a power

TZ’

series rlng over O M,p, in the same number of variables.

Corollary 4.6 of [dJ] then implies that O(x,), . and O, are isomorphic.
More precisely, the proof of this corollary shows that there is a map @ Mp —
O(Xu)io ot whose composition with the map C’)(X et O(Xu)m ,z s an

isomorphism, and whose composition with the map O(XU)fo.wﬁ — OM,p is the

identity on @M,p.
It follows by Artin approximation ([Ar], especially Corollary 2.5) that there
are étale neighborhoods Uy, U,+, and U, of z, T, and p respectively, a diagram

U, — U,.+ — U
! 1 1
(Xt)ri — Xo)b, — M

14



in which both squares are Cartesian, and a section U, — U,+ whose composition
with the map U,+ — U, is an isomorphism, and whose composition with the
map U,+ — U, is the identity on Uy,

Define

Up = X7, X(Xt)rg,i U
UEJr = XJTOJ X(XU)iO‘i Ux+,
Up = ./\;l X M Up.

We obtain from the section U, — U,+ a map U, — U,+ whose composition
with the natural map U,+ — U, is an isomorphism. This yields a commutative
square

U, = U,
! l
U, = U,

and thus establishes Theorem 4.3.

Theorem 4.3 implies that the singularities of (Xy )5, look (étale locally)
like products of an affine space with a singularity of the Schubert cycle M.
Moreover, XU,TQ,i is a natural desingularization of (Xy7), ;. For j > 0, the fiber
of the map Xy i — (Xuv)r,i over a point of (Xu)r,i+; \ (Xt7)rg,itj+1 15 a
Grassmannian parametrizing j-planes in an i 4+ j-dimensional space.

The points of X, U,r.i over a perfect field k correspond to tuples (4, A, p, H),
where (A, A, p) is a k-valued point of Xy, and H is a (79, i)-special subspace of
D(A[p])p,,- In order to geometrize the construction in the previous section, we
would like to have a map from XUJO,Z- to Xy+. Unfortunately, XUWO’Z» does not
admit such a map. We must therefore introduce another moduli problem:

Definition 4.6 Let S be a ko-scheme, (A, X\, p) a point of Xy (S), and (B, N, p')
a point of Xy/(S). A (70,1)-special isogeny f : (A, \,p) — (B, X,p') is an Op-
isogeny f : A — B, of degree p™®, such that:

1. pA= fYXNf,

2. the U’-level structure p’ on B corresponds to f o p under the identification
of T with T fized in the previous section,

3. for each T # Ty, the map f induces an isomorphism of Hip(B/S),. with
HER(A)S),., and

4. the image of Hpg(B/S),, in Hpg(A/S),, under f has rank n —i. (Tt
is necessarily a subbundle of Hiyg (A/S)p, )

We denote by )A(U,TM the scheme parametrizing tuples (A, X, p, B, X', p', f), where
(A, N\, p) is a point of (Xy), (B, XN, p') is a point of Xy, and f is a (10, 1)-special
isogeny from (A, A, p) to (B, N, p').

15



If (A, )\, p, B,N,p,F) is a point of Xy, (S), then f(HbR(B/S)p,,) is a
(70,7)-special subbundle of Hj (A/S),, . Indeed, we know that the kernel of

U H%)R(B/S)pro - H]%R(A/S)pro

has rank 7. The subbundle Lie(B/S);jTO of Hhr(B/S)p,, has rank r., 4 i, and
Lie(A/S)p,, has rank r7,. As f maps the former to the latter, f(H}DR(B/S)pTO)
must contain Lie(A/ S);;TO. An identical argument shows that f(Hpg(B/S)p,,)
contains Fr(HAg (AP /S )p,)- The morphism of functors that associates the tu-
ple (A, X, p, f(HBR(B/S)p,,)) to the tuple (A, X, p, B, X', ', f) therefore induces
amap Xy, i — Xv,mi-

Proposition 4.7 The map )A(U,TM — )N(UJM- is a bijection on k-valued points
for any perfect field k.

Proof. The construction in the previous section associates to every (A, A, p)
in Xy (k), and every (7o0,)-special subspace H of D(A[p]),, (or equivalently of
Hhg(A/k)p,, ) a (B, N, p') and a (79, i)-special isogeny f : (A, X, p) = (B, X, p').
This construction is inverse to the map

XU,T[),i(k) - XU,To,i(k)

constructed above. R ) m|
This has strong consequences for the geometry of the map Xy -,; — Xv r,i-
In particular we have the following result:

Proposition 4.8 Let Y and Z be schemes of finite type over a perfect field k
of characteristic p, such that Z is normal and Y is reduced. Let f 1Y — Z be
a proper map that is a bijection on points. Then there is a map f' : Zyr — Y
such that

I Zy — 2
is the rth power of the Frobenius. (In particular f is an isomorphism on étale
cohomology. )

This is proven in [He], Proposition 4.8.

Remark 4.9 One might wonder if the map X Ui — X U,7o.,i is actually an iso-
morphism, but in fact a straightforward calculation, using Theorem 4.4, shows
that it often fails to be an isomorphism on tangent spaces.

The scheme )A(UJOJ admits an obvious map to Xy-. In fact, as one expects
from the previous section, it admits a map to a scheme (Xy/)™"* parametrizing
(70, 1)-constrained subspaces. More precisely:

Definition 4.10 Let S be a ko-scheme, and (B, XN, p') a point of Xy/(S). A
subbundle W of .FI%,R(B/S)I,T0 is (70, 1)-constrained if it has rank i and is con-
tained in both Lie(B/S); — and Fr(Hll)R(B(p)/S)pm). We denote by (X )™
the scheme parametrizing tuples (B, X', p', W), where (B, X, p') is a point of Xy
and W is a (10,1)-constrained subbundle of Hpyg(B/S)p, -

16



Proposition 4.11 Let (A, \,p, B, N, 0, f) be an element of XU,TM(S), and let
W be the kernel of the map

f Hor(B/S)p,, — Hpr(A/S)p,, -
Then W is a (10,1)-constrained subbundle of Hpg(B/S),, .

Proof. The rank of W is clearly 4, so it suffices to show that W is contained
in Lie(B/S); ~and Fr(HLg (B®)/S), ). The former has rank r,, + i, whereas
Lie(A/S);T0 has rank r,,. Thus the kernel of the map

[ Lie(B/S), ~— Lie(A/S),

has dimension at least i. Since this kernel is contained in W, it must be equal
to W, and hence W is contained in Lie(B/S); . The proof of containment in
Fr(H}DR(B/S)pTO) is similar. ad

We thus have a map Xy ., ; — (Xp/)™¢ that takes (A, \, p, B, X, 0/, f) to
(B,X,p', W), with W as above. For any perfect field k of characteristic p,

composing the map R _
Xuro,i(k) — (Xur)™" (k)

with the bijection

yields the bijection ~ ‘
X z,i(k) = (Xu)™ " (k)

constructed in the previous section. In particular the map XUJM- — ( Xy )Tt
is a bijection on points.

Lemma 4.12 The scheme (Xy:)™% is smooth over ky.

Proof. The dimension of (Xg/)™ is equal to that of XU,TM, and hence to that
of M. Thus (Xy)™* has dimension equal to

(Z TrS7) — (i 4+ Try — To-17,)-

We must show that the dimension of the tangent space to (Xy/)™ at any
k-valued point x is equal to this number. Let (B, N, p’,W) be the moduli
object corresponding to x, and let S = Spec k[e]/€2. Then, by Grothendieck’s
theorem, specifying a tangent vector to (Xy )™ at z is equivalent to specifying
the following data:

1. For each 7, a lift w,,of Lie(B/k)%_from H}g (B/k),, to (HL, (B/k)s)p. ,
and

2. a lift W of W to a subspace of (H!

wie(B/k)s)p,, that is contained in wp,
and in Fr(H}, (B® /k)s),., -
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The space of possible lifts of W that are contained in Fr(HClriS(B(p)/k)s)pT0
has dimension is,-1,,. (Recall that Lie(B/k); | has dimension r,-1,, — 1,

so that Fr(H]l)R(B(p))/k)pT0 and Fr(Hclm(B(p)/lf)s)pT0 have dimension s,-1,, +
i.) Once we have fixed such a lift, the space of w, = containing that lift has
dimension 77, (s7, — 1), as Lie(B/k); has dimension 7, + i.

On the other hand, Lie(B/k;);jo_

of possible Wp, 1, has dimension (ry-1,, — )(Sg-1,, + ¢). For 7 not equal to

oo has dimension r,-1,, — %, so the space

either 7y or o~ 17y, the space of possible wp, has dimension r;s;.
Summing these, we find that the tangent space at x has dimension

(Z TTST) - Z(Z + Trog — 7‘0*17'0)7

as desired. O

Corollary 4.13 The map )A({jf‘TM — (Xy/)™ induces an isomorphism on étale
cohomology.

Proof. This is immediate from Proposition 4.8. O

In summary, we have constructed a cycle (Xy)r,.; on Xy, and a natural
desingularization XU,T@,i' The geometry of this desingularization is closely re-
lated to that of Xy; in particular there is a scheme (X)) defined in terms

of the universal abelian variety on Xy, that is “nearly isomorphic” to XUJM-,

red

in the sense that there exists a scheme X7 o

and a diagram:

Xvroi = X75ei — (Xur) ™
in which both maps are bijections on points and isomorphisms on étale coho-
mology. In particular the étale cohomology groups of Xy -, ; and (Xy/)™* are
naturally isomorphic via these maps.

5 Cohomology

We now explore the implications of the previous section for the étale cohomology
of Shimura varieties. Let N = ) _r.s; be the dimension of Xy, and r =
i(t + 17y — Ty-1r,) be the codimension of (Xy)r, - Then Xy has dimension
N — 2r. For the purposes of this section, we consider Xy, Xy, etc. as schemes
over F,.

Fix an / different from p, and let £ be a finite dimensional Q,-representation
of G(Aé). As in [HT], IIL.2, this determines a lisse Q-sheaf £¢ on Xy, Let

&' be the representation of G’ (Aé) induced by ¢ and our fixed isomorphism of
G’(Aé) with G(Aé). Then we also have a lisse shAeaf Leon Xy If 7 (resp. 7)
denotes the map X3¢ . — Xy (resp. the map X3¢ . — Xyp/), then there is a

U,ro,i U,ro,i
natural isomorphism 7*L¢ = (7/)*Ler.
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We will construct, for each j, a map
}Iéjt()(Ul7 E&/) — Hgt+2r(XU, Ef(?"))

Note that this takes the middle degree cohomology of Xy to the middle degree
cohomology of Xy;.

In order to construct this map, let us consider the following situation. Let
X and Y be smooth over F,, of dimensions N and N — r, respectively. Let F
be a lisse sheaf on X, and 7 : Y — X a proper map of F,-schemes.

Let 0x and 0y denote the structure maps

O0x: X — Spech

0y : Y — SpecF,,.

We have natural isomorphisms:
ROy Qe = Qe[2N](N)

RO, Qp = Qu2(N — 7)](N —r).

Since RO, = R7' RO, it follows that R7'Q, = Q[—27](—7).

It follows that for any lisse sheaf F on X, Rx'F is naturally isomorphic
to m*F[—2r]|(—r); this isomorphism is simply the tensor product of the above
isomorphism with F.

Since 7 is proper, we have m = m,. We thus have a unit map

RTF*RTF!]: —F
and therefore a morphism
R m*F — F[2r](r)
in the derived category of sheaves on X. This induces a map
Vet HL,(Y, 7" F) = H) (X, Rm,n* F) — HLT" (X, F(r)).

Note that if X and Y are proper, v, is simply the Poincaré dual of the
natural map H2""*""/(X, F) — H2""*"~I(Y,7*F), suitably Tate twisted. On
the other hand, if 7 is a closed immersion, v, is simply the Gysin map.

This construction is compatible with cycle maps in the following sense: we
have a commutative diagram

AI(Y) - AT (X)
! !
H2(Y,Qu(2))) — HYT2r(X,Qu(2) + 2r))

where the vertical maps are cycle class maps and the map A7(Y) — AI+7(X)
is the proper pushforward m, of cycles on Y to cycles on X.

Although the map v is difficult to describe directly, we do have the following
result:
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Lemma 5.1 Let ¢, denote the class of H2"(Y,Qq(r)) associated to the cycle
class T, [Y] € AT(Y), where [Y] denotes the fundamental class of Y in A°(Y)
and T denotes the refined Gysin homomorphism A™(X) — A"(Y) of [Fu], Def-
inition 8.1.2. Let nr be the composition of v, with the natural map

HIF2(X, F(r)) — HIP2 (Y, n F(r))
Then ng is given by cup product with the cohomology class ¢ .
Proof. The map nr is induced by the morphism (in the derived category)
Erp ot F — w* Fl=2r|(r)
that is the composition of the sequence of morphisms:
™ F — 7m*Rm.n*F

— R, F[2r](r)

—  w*F2r](r).
If we identify 7*F with 7*F ® Q, the map {# is simply id ®{g,. It follows that
if a € HL(Y,7*F), and b € H’ (Y,Qy), then nz(a Ub) = a Ung,(b). Taking

b =1 we see that nr(a) = aUng,(1). It thus remains to compute 7g, (1).
We have a commutative diagram:

AY) I3 AT(X) L AT(Y)
| | !
H(Y,Q)) — HI(X,Qe(r) — HI(Y,Qr))

in which the vertical arrows associate cohomology classes to cycles. Note that
the composition of the two bottom maps is the map H2 (Y, Q) — H2" (Y, Qq(r))
induced by ng,. Since [Y] € A°(Y) maps to 1 € H2(Y,Qy), the commutativity
of the above diagram implies that 7g, (1) is the cohomology class associated to
7' [Y], as claimed. O

Remark 5.2 If 7 is a closed immersion, the class 7'm.[Y] is simply the self-
intersection of Y in X, considered as a cycle of codimension r on Y.

We now return to the situation considered at the beginning of this section.
The map 7’ induces a map

HI(Xur, Ler) — HL(XgL o, (7)) Ler).

U,7o,1

Composing this with the map
vi  H(X5, 077 Le) — HIP (Xu, Le(r)),

U,70,%>
we obtain maps: _ 4
H}(Xyr, Ler) — HE (Xu, Le(r)).-

It is easy to verify that these maps are compatible with the action of prime-to-p
Hecke operators on these cohomology spaces.
Our main result is then:
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Theorem 5.3 The maps:
HI,(Xur, Ler) — HL (Xu, Le(r))
are injective.

The proof of this will occupy the remainder of this section, and the next.
Consider the class ¢z € H (X35, 5, Qe(r)). The map X5 o — (Xpr)™*
constructed in the previous section allows us to view this as a cohomology class

on (XU/)TO’i.
The Leray spectral sequence for the natural map

' (XU/)TO’i s XU/
is a spectral sequence
Ey* = Hi(Xyr, R'7,Q0) — HL(Xu) ™, Qo).

It degenerates at Fo by weight considerations. In particular this yields a sur-
jection 4
HE (Xur)™", Q) — H(Xvr, R Q).

Denote this surjection by a.

Let V be the complement of the (possibly empty) cycle (Xy/)r,.1, and let
V70:% be the preimage of V in X7, Then V™ is a Grassmannian bundle over
V, with fibers isomorphic to G(i,2i + 177, —75-1,,). These fibers have dimension
T.

Consider the map

R m.Qe — juj R m.Q,

where j is the inclusion of V' in Xys. Note that by the proper base change
theorem, the stalk of j* R*"7.Q at a point x of V is isomorphic to H2"(Z,,Qy),
where Z, = (7/)~!(z), and is therefore one-dimensional. The map

HZ (Xu)™", Qo) — H2' (Zs, Qu)

given by applying « and then passing to the stalk at z is the same as the map
induced by the inclusion of Z in (X)),

Let W denote the universal (7o, %)-constrained bundle on (X/)™%. It has
rank ¢, and its restriction W, to Z, for any point x of V' can be identified with
the tautological subbundle on G(i,2i + ry, — ry—15,).

Denote by ¢;(W) the top Chern class of W, and consider the class C' defined
by

C = (—1)"¢; (W) Frmo "ot

For z in V, the intersection C' N Z, is (—1)"¢;(W,) "0 "' which is the
class of a point on Z,.

Consider the class in H>"((Xy/)™% Qq(r)) arising from the cycle class C.
For each x in V, its restriction to H2"(Z,,Q(r)) is the fundamental class
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of H?"(Z,,Qq(r)). Thus the image under « of this class is an element of
H2(Xyr, R?" 7, Qu(r)) that generates each stalk of j* R*" 7/ Qy(r) as a Qq-vector
space. It follows that j,j*R2"7’Q(r) is isomorphic to the constant sheaf Qy,
and that the map

R 7 Qu(r) — juj” R mQe(r) = Qo
is split. In particular we obtain, for each j, a surjection
B; « HL(Xy:, R 7'.Qq) — HI(Xpr, Qu(—r)).
Also note that by the projection formula,
R (n")" Ler = R¥w.Q ®q, Ler,

and therefore L¢(—r) is a direct summand of R* 7/ (7')*Le. We therefore
obtain for each j a surjection

ﬂjé/ : Hg(XU/,R2r7Ti(7T/)*,C§/) — Héjt(XU/,,Cgl(fT)).

The Leray spectral sequence induces an increasing filtration Fil7*(L¢/) on

HY,((Xy )™, (7')* Ler), such that
Fll;n(ﬁf/)/Fﬂ;n_l(ﬁg/) = H(ZL(XU/, Rjimﬂ'; (ﬂ'/)*ﬁg/).

Let b be a class in HY,(Xy/, Ler), and let ¢ be a class in H2"(Xpr, Qq(r)).
Then (7/)*b is a class in Fﬂ?. The product cUb then lies in Fﬂ?:%(ﬁg(r)), and
hence maps onto HZ™"(Xyr, R¥ 7, (7')*Le(r)). This in turn maps via ;e
onto Héjt(XU/, [,5/).

We thus obtain a map from HY, (Xy/, L) to itself. It can be described in
terms of ¢ in the following way: «(c) is an element of H2" (X, R*"w,Qu(r));
this maps onto HS (Xy,Qe) via By. Thus So(a(c)) is a class of H)(Xyr, Qy);
the endomorphism of HZ, (X, L¢) described above is simply multiplication by

this class.
The upshot of all of this is:

Proposition 5.4 If, for a particular choice of Xy, 19, and i, the corresponding
Boa(cs) is nonvanishing, then Theorem 5.3 holds for Xy, 19, and i (and all L¢).

Proof. Consider the map
H (Xyr, Ler) — HEPN(Xpr) ™ (') Lo (7))
that is obtained from the map
H] (Xvr, Ler) — HIP (Xy, Le(r))
of Theorem 5.3 by composing with the natural map

HIF2 (Xu, Le(r)) — HIT (Xigs, 007" Le(r),

U,7o,i7
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and identifying HZ " (Xp2 ., 7*Le(r)) with HLP"((Xpr)™, (7')*Ler (). To
establish Theorem 5.3, it suffices to show this map is injective.

By Lemma 5.1, this map takes an element b of H/, (Xy+, L) to ¢z U 7*b.
This lies in Fil?"(ﬁgl (r)), and maps via (3;¢ to the element Gy(a(cz))b of

H.,(Xy:, Le). This element is clearly nonzero if b is. O

é

6 The Thom-Porteus formula

In this section we complete the proof of Theorem 5.3 by computing Spa(cz). The
key ingredient is the Thom-Porteus formula, which will give us an expression
for the cycle class of Xy 7,,; (in the Chow ring of X/) in terms of a polynomial
in Chern classes of bundles on Xy.

Before we state this formula we will need a bit of notation. For X a scheme,

let A*(X) = @,A"(X) denote the Chow ring of X. For an element ¢ in A*(X)

we denote by Aép ) (¢) the determinant of the p by p matrix

Cq Cq+1 -+ Cgip-1
Cq—1 Cq <o Cq+p—2
Cq—p+1  Cq—pt+2 - -- Cq

Here c, is the rth graded part of ¢; the determinant A((f )(c) therefore lies in
API(X).
Then the Thom-Porteus formula states:

Theorem 6.1 ([Fu], 14.1V.4) Let X be a Cohen-Macaulay scheme, purely of
dimension N, and ¢ : E — F a map of vector bundles on X. Let Dy(s) denote
the subscheme of X defined by the condition ranks < k. Suppose that Dy(s)
has the “expected codimension”; that is, that the codimension of Dy (<) is equal
to (e — k)(f — k) where e and f are the ranks of E and F. Then, as elements
of A==k (X)), we have:

[Di(6)] = AFTY (e(F)e(B) ™).
We apply this to Xy -, ;. For each 7, let &; denote the bundle Lie(A/ Xy )5 .
Proposition 6.2 As elements of A"(Xy), we have:

(i4rmg =751 0 )

[XU77'07i] = Az (c(gTo)_lc(F:bsgaflro))a
where F,,, is the absolute Frobenius.

Proof. The cycle Xy -, is the locus where the map
Ver : &, — Lie(AP) /Xy)

*
Pry
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has rank less than (or equal to) r,-1,, —¢. It has the expected codimension
(equal to ), so the Thom-Porteus formula yields:

(i+rs —To—1r ) _ . *
Xvmil = A7 70 (e(Ex) " e(Lie(AP) /Xu); )
The result then follows from the isomorphism:
Lie(A®)/Xy),, = F, Lie(A/Xv), | =F}, £,
O
This allows us to express 7'7,[X {75, in terms of Chern classes of bundles
on )A(Uedmz In particular we have:
e[ X075 i) = [Xvimo.il-

Since for any bundle F on Xy we have #'c(F) = c¢(7#*F) (see [Fu], Theorem 6.3
and the paragraph before example 8.1.1), it follows that we have:
(i+7rg —ra_lTO)

/ﬁ-'ﬁ-* [Xzfe,c‘lro,i] - A

3

(c(éTo)ilc(F* écf*lro))a

abs

where &, is the restriction of &, to )A({Jedml

The next step is to express this in terms of classes of bundles pulled back from
(Xy+)™% Let ¢« denote the natural purely inseparable map )A(Ue"TOz — (Xy)To8,
and recall that W denotes the tautological (rank ) bundle on (Xg)™".

Let B be the universal abelian variety on Xy, and let £ be the bundle

Lie(B/XU/)pT .
Proposition 6.3 There are exact sequences:
0— W — (7)*E, — £y — 0

0— F*

abs(’ﬁ—/)*g;' — F g‘g—l-,-o — W — 0.

—l7rg abs

Proof. Let A be the restriction of A to X% . and B be the pullback of B to

U,To,%?

X Ui Lhe universal isogeny A — B then induces a map

Lie(B/X;d ) — &,

U,70,i/pr
The kernel of this map is ¢*W; counting dimensions after pulling back to any
closed point shows it is surjective. The first exact sequence above then follows
from the isomorphism
s (13 ) Vred ~ (Al\x ol
Lie(B/X, ) = (7)€L,

U,70,t

For the second exact sequence, consider the commutative diagram:

*
Fabs

(H%)R(B/X[}C,io,i)pdflro) - H%)R(B/Xﬁ),io,i)pﬂ'o

1 1
Fa*bs(H]IDR(A/XFUe,(‘il'o,i)pgflTO) - H%)R(A/Xbeﬁro,’i)pfo
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where the vertical maps are induced by the universal isogeny A— 5’, and the
horizontal maps are induced by relative Frobenius.

Note that the left-hand vertical map is an isomorphism. Thus the kernel of
the bottom map (which is equal to F* E, ~1,,) is isomorphic to the kernel of

abs

the composition of the upper horizontal map and the right-hand vertical map.

The kernel of the former is F; Lle(B/X{]edTO Z)p iy the kernel of the latter is
*W. We thus obtain an exact sequence:
0— F_ Lie(B/X{j'dTO, )p L= Fa*bsc‘f,,qm — W — 0.

70

(Exactness on the right follows by pulling back to closed points and counting
dimensions.) The second exact sequence again follows from the isomorphism

Lie(B/ Xt ;) = (') Lie(B/Xp).

U,70,%

By the multiplicativity of the total Chern class, we have:

(14779 =751

Xl = A W e((#)EL) T e E () E) 1),

This means that ¢z, when considered as a cohomology class on (Xg/ )™, is the
cohomology class associated to the element:

(i+r7.0 —r

T W) ) () ) € AT((Xu) ™).

Consider fp(a(cz)). It is a section of the constant sheaf Q; on (Xy/). We
have shown that for any z in V, By(a(csz)). is obtained by pulling back cz
to an element of H2((7')~!(x), Qg( )), and applying the canonical isomor-
phism of this space with Q. In other words, Bp(a(cz)), is the element of
H2"((7")~Y(z),Qu(r)) obtained by intersecting

A

(i+r.,.0 —-r__1_)

A, T (e(W) (7)) Er) T e((T) F g ay)

with Z = (7/)~!(z) and then taking the associated cohomology class.

Any bundle pulled back from Xy via 7’ becomes the trivial bundle when
restricted to Z, and thus has trivial total Chern class in A*(Z). On the other
hand, Z is a Grassmannian of 4 planes in a 2i 4 r,, — r,-1,, dimensional space,
and W restricts to the tautological subbundle W on this Grassmannian.

Thus, Bo(a(cs)) is the cohomology class in H2"(Z,Qq(r)) associated to the
element

(7,'-"-7”70 “To—1r ) r
A *(c(Wz)?) € A7(2).

Proposition 6.4 Let [P] be the class of a point in A"™(Z). Then we have:

(i4reg—T,—1,) r 21 + Trg — To—1r,
Al D (e(W2)?) = (~1) ( | )[P].

2
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Proof. We have a tautological exact sequence:

2i+r70 —r

0—-Wz—-0,

1

o~ TOHQHO

of vector bundles on Z. Dualizing yields a sequence:

* 2idrrg —To-1, *
0—-Q"— 0, °* - W, —0.
. =20+Tr — T — . C . .
Let M be any endomorphism of IFPHT 07 o7 0 with distinct eigenvalues. We

2i+r70 —r

obtain a map ¢ys : @ — W3 by including @* in O,
endomorphism M, and then projecting to W7.

The subscheme Dg(sps) of points of Z on which ¢,/ is the zero map is easily
seen to be reduced, and equal to the union of those points of Z that correspond to
i4177, —7T5-1,,-dimensional subspaces of F‘i““o ~"77'70 that are stable under M.
Any such space is the direct sum of precisely 47, —r,-1,, of the 2i+r ; —r -1,
distinct eigenspaces of M. Thus we have:

Dafean) = (77 7T i)

0*17—0

, applying the

On the other hand, the Thom-Porteus formula tells us that we have:

(i+7‘.,.0 —r

Do(aan)] = A7 e(w)e@) ).
The result follows by putting these two together, and using the basic identities:
c(Wz)e(QF) =1,
¢j(Wz) = (1) ¢;(W3).
O

It follows that Bp(c(cz)) is a non-vanishing section of the constant sheaf Q
on Xy. Theorem 5.3 thus follows from Proposition 5.4.

7 Jacquet-Langlands correspondences

We now use the above characteristic p results to study the cohomology of
Shimura varieties in characteristic zero. As the Shimura varieties we consider
are not necessarily proper, we will first need some results beyond the standard
theory of vanishing cycles to accomplish this.

Let S = Spec W (F,); let s and n denote the closed point and a geometric
generic point of S, respectively. Let X be a smooth S-scheme, and let X be a

compactification of X with the following properties:

e X is smooth and proper over S,

e the complement X \ X is a divisor D with normal crossings, and
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e if Dq,...,D; are irreducible components of D, then the intersection D; N
.-+ N D; is either empty or smooth over S.

Under these hypotheses, we have:

Lemma 7.1 Let F be a lisse sheaf on X, and let F denote its restriction to X.
Then the specialization maps

HI(X,, Fy) — HL(X,, Fy)

é

are isomorphisms.

Proof. We work by induction on the number of irreducible components of D.
In the base case D is empty and the above result is immediate from the theory
of vanishing cycles.

Suppose the result is true for D having k components. Let X* = X \ (D; U
-+-UDy,), and let Dy | = Dj41\(D1U---UDy). Then the specialization maps:

Héjt(ijcﬂfn) - He]t(Xfafs)

Héjt((D]’:Jrl)U’fn) - Hgt((D’,§+1)s,fs)

are isomorphisms.
These fit into a Gysin sequence:

- Hgt((D]I:-&-l)mfn) - Héjt+2(X7l7€7~7:77) - H§f2(X7’,f+1,]-'n) -
! ! !
—  HL(DF,)sFs) — HLP(XEF) — HP(XHLF) —

and hence the result holds for X*+1 as well. |

Call such a compactification of X a good compactification. In [FC], Faltings-
Chai show that the toroidal compactifications of the moduli spaces of principally
polarized abelian varieties are good compactifications, and assert (with no de-
tails) that their methods carry over to arbitrary PEL Shimura varieties. As yet
unpublished work of Kai-Wen Lan ([La], Thm 6.4.1.1) shows that the unitary
Shimura varieties Xy admit good (toroidal) compactifications X ;. Moreover,
the sheaves L¢ extend to lisse sheaves on Xy. We thus have a natural isomor-
phism:

HI (X0 ) (Le)n) = HE((X0)ss (£e)s).

We can use this, together with Theorem 5.3, to “transfer” automorphic
representations from one algebraic group to another. Fix two places 79, 7 of
FT, with Ty < Tz, and fix an ¢ such that 1 < < min(rTé7 n—r7r,). Then there
exists a V' such that V'(Ag’) is isomorphic to V(Ag), but whose invariants at
infinity satisfy:

o r (V) =r, +1,

o ry (V') =1y —1i,
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o 7. (V') =r (V) for T outside {9, 7}

Fix such a V', and let G’ be the corresponding unitary group. Also fix an
identification of V(AZ’) with V'(AZ’); this yields an identification of G(AZ)
with G"(Ag).

Theorem 7.2 Let ' be an automorphic representation of G', and suppose that
there exists a representation &' of G'(AY) over Q, such that 7', is cohomological
for &. Suppose also that there exist good compactifications for unitary Shimura
varieties attached to G and G'. Then there exists an automorphic representation
7w of G such that m, = =, for all finite places v of Q, and such that T is
cohomological for the representation & of G(Ag’) that corresponds to £,

Proof.  Let U’ be a compact open subgroup of G'(Ag’), such that 7' has a
nonzero U'-fixed vector. Let U be the corresponding subgroup of G(AE}?).

Fix, for each p, an embedding of W (F,) as a subring of C. This determines
a Frobenius element Frob, of Gal(Q/Q), up to inertia. By Cebotarev, we can
find a p such that p is unramified in F' and split in E, such that U, is a maximal
compact subgroup of G(Q,), and such that Frob, ) = 7. Also choose an
auxiliary prime [ different from p.

Associated to these choices we have Shimura varieties Xy and Xpy: over
W (F,). Let N be an integer divisible by all the primes of bad reduction of Xy,
and let Ty be the Hecke algebra (over Q) of prime-to-Np Hecke operators for
G.

Let s : SpecF, — Spec W(F,) be the closed point of Spec W(F,). Theo-
rem 5.3 yields, for all j, an injection

H ((Xvr)s, (Ler)s) — HLF(Xv)ss (Le)s)

that is compatible with the action of the Hecke algebra T;;. This yields Ty-
equivariant injections

H (Xu+)n, (Ler)n) = HLZT (X)), (Le)n),

by the above lemma, where 7 is a geometric generic point of Spec W (F,).

The representation 7’ determines a maximal ideal m of Ty, and our hy-
potheses guarantee that for some j, HZ,((Xy+)y, (Le)n)m will be nonzero. Then
Hgfm((XU)n, (L¢)n)m is nonzero as well. There is therefore an automorphic
representation w of GG, such that:

® T is cohomological for &,
e 7 has a U-fixed vector, and

e for any Hecke operator in Ty;, the Hecke eigenvalue for 7 is the same as
that for 7’.
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It follows that 7, is isomorphic to 7 for any finite place v not dividing Np.
By Cebotarev, the Galois representations associated to = and 7’ coincide. It
then follows that m, = 7}, for all finite places v. O
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