
Sharp Uniform Bounds for Steady Potential Fluid-Poisson SystemsIrene M. Gamba1Abstract. We consider steady potential hydrodynamic-Poisson system with a dissipationterm (viscosity) proportional to a small parameter � in a two or three dimensional boundeddomain. We show here that for any smooth solution of a boundary value problem whichsatis�es that the speed, denoted by jr'� j, has an upper coarse bound eK, uniform in theparameter �, then a sharper, correct uniform bound is obtained: the viscous speed jr'� jis bounded pointwise, at points x0 in the interior of the ow domain, by cavitation speed(given by Bernoulli's law at vacuum states) plus a term of O(��) � dist�2fx0; @
g thatdepends on eK. The exponent is � = 1 for the standard isentropic gas ow model and� = 12 for the potential hydrodynamic Poisson system. Both cases are considered to havea { pressure law with 1 <  < 2 in two space dimensions and 1 <  < 32 in three spacedimensions.These systems have cavitation speeds which take not necessarily constant values. Infact, for the potential hydrodynamic{Poisson systems, cavitation speed is a function thatdepends on the potential ow function and on the electric potential as well.In addition, we consider a two dimensional boundary value problem which has beenproved to have a smooth solution whose speed is uniformly bounded. In this case weshow that the pointwise sharper bound can be extended to the section of the boundary@
 n @3
, where @3
 called the outow boundary. The exponent � varies between 1 and1/8 depending on the location of x0 at the boundary and on the curvature of the boundaryat x0.In particular our estimates apply to classical viscous approximation to transonic owmodels (see [CF], [M1], [Se] and [Sy]).0. Introduction.The present paper deals with steady two and three dimensional uid level modelthat is an approximation to the equations of inviscid potential ow that changes type, i.e.equations that admits regions of ellipticity and hyperbolicity.These models also appear in higher hierarchies of macroscopic approximation ofparticle{charged systems in the modeling of electron{ion plasmas and semiconductor de-vices where the transport is induced by the superposition of an internal and an externallyapplied electric �eld.The resulting macroscopic approximation yields a uid level equation coupled witha Poisson equation for the corresponding electric potential. See, for instance, Anile andPennisi [AP], Azo� [Az], Baccarani and Woderman [BW], Blotekjaer [Bo], Jerome [J],1Courant Institute of Mathematical Sciences, New York University, 251 Mercer St., New York, NY10012. Partially supported by a CNRS Fellowship at the Laboratoire d'Analyse Numerique, UniversitePierre et Marie Curie, Paris IV, France. Typeset by AMS-TEX1



2Markowich, Ringhofer and Schmeiser [MR], Poupaud [Pp], on justi�cations for these mod-els. If no electric �eld is present, the system reduces to a two-dimensional steady irro-tational compressible viscous ow model in a \channel". This is just a special case ofthe uid-Poisson systems that yields a model viscous approximations to transonic ow ina channel. Classical references on this model can be found in Courant-Friedricks [CF],Morawetz [M1], Serrin [Se] and Synge [Sy].We recall that the transonic ow model is given by(0:1) div(�r') = 0; 12 jr'j2 + i(�) = Kwhere ' is the potential ow function, r' associated velocity �eld, and i(�) in the Bernoulliequation, represents the enthalpy function and it is usually a power law for the density �that satis�es i(�); i0(�) > 0. The constant K, the Bernoulli's constant, needs to be positive.Existence of physical meaningful solutions to system (0.1) remains an unsolved prob-lem. It is not even known what is the domain and boundary value problem that wouldyield an entropic weak solution.Hence, in an attempt to construct entropic solutions to system (0.1), viscous ap-proximation models are usually considered, with the hope that they can be solved andhave enough uniform bounds in the viscosity parameter in order to obtain compactnessres ults that would yield the existence of entropic solutions to the inviscid system (0.1) byvanishing viscosity methods.An very good approximation to transonic ow models (that is, steady potential ow)is given by div(�r') = 0(0:2) 12 jr'j2 � (K � i(�)) = � g(jr'j)�':(0:3) Equation (0.3) gives an streamline approximation of Bernoulli's law. See as referencesfor this viscous formulations and its justi�cations Courant and Friedrichs [CF], Serrin [Sn],Synge [Sy], Morawetz [M2]. For a survey on numerical simulations for transonic ow andapproximations see Jameson [Ja] and references therein.In a recent work in collaboration with C.S. Morawetz [GM], we posed and solveda boundary value problem to a class of potential uid-Poisson systems, which includessystem (0.2)-(0.3). There we show the existence of smooth strong solutions that ha veuniform bounds in the viscosity parameter. More precisely, we show that there is a oneparameter family of solutions ('� ; ��) which are in�nitely di�erentiable in the ow domain,with �� and jr'� j uniformly bounded in �, and strictly positive for � �xed.This is a �rst and fundamental step in order to achieve a convergence in � resultthat would yield a weak solution for the inviscid problem, as the one in (0.1) in standardgas dynamics or the larger class of problems for inviscid hydrodynamic{Poisson systems.



3In the case of 2{dimensional transonic ow, convergence of strong solutions of system(0.2){(0.3) to weak solutions of (0.1) have been outlined by Morawetz in [M1], [M2] usingmethods of compensated compactness presented by Murat [Mu], Tartar [Tt] and Di Perna[DP], G.Q.Chen [CG], for the initial value problem for the one-dimensional time dependentcompressible uid system of two equations, as in 1{dimensional isentropic gas dynamicswith a power pressure law. This problem has been solved by means of arti�cial viscosityand perturbations, for any positive initial density; see Lions, Perthame, Tadmor [LP] andLions, Perthame and Souganidis [LS].All these methods require uniform estimates in the parameters of the approximation.However, the bound for jr'� j obtained in [GM] is too coarse if the domain of the ow isnot a rectangle.Clearly, if we pursue a weak solution ('0; �0) of problem (0.1) which is a strong limitof some subsequence of solutions ('� ; ��) of (0.2){(0.3), then it is to be expected that asi(�0) and 12 jr'0j2 are numbers between 0 and K, and hence i(��) and 12 jr'� j2 shouldalso be between 0 and K up to, at most, an O(��)-correction.In fact, we have shown in [GM] that if the speed jr'� j is prescribed in a section ofthe boundary adjacent to two streamlines boundaries, then 0 < i(��) < K but(0:4) 0 < 12 jr'� j2 � sup 12 jr'� j2 � eK;where eK = (K +C�1=2)M , with M a constant that depends only on the ow domain andC depends on the boundary data and the ow domain.Therefore, it becomes essential to improve the last estimate (0.4) if one wants tostudy the limiting con�guration for either the transonic ow problem or the inviscid limitfor the potential hydrodynamic{Poisson model.The present paper shows that any smooth solutions (��; '�) of (0.2){(0.3), thatsatisfy estimate (0.4) (potential isentropic gas ow case), it also satis�es(0:5) 0 < 12 jr'�(x)j2 � K + C �(distfx; @
g)2 ;for any x in the interior of the 2 or 3 dimensional ow domain 
, and a growth condition onthe enthalpy function i(�), to be speci�ed below. In particular, if the enthalpy function isthe one associated with a {pressure law with 1 < , then the necessary growth conditionis satis�ed for 1 <  < 2 in the 2{dimensional case and 1 <  < 32 in the 3{dimensionalone. The constant C depends on 
; eK and the growth conditions for the functions i(�) andg(jr'(x)j) from (0.3).In addition, for the 2{dimensional case (where [GM] showed existence of solutionsfor a boundary value problem associated with (0.2){(0.3) that satis�ed estimate (0.4)) weextend estimate (0.5) to some boundary points x in @
n@3
, where @3
 denotes the sectionof the boundary of the ow domain 
 where the speed was prescribed. The parameter � isreplaced by �� for these boundary estimates and the exponent � depends on the location



4of x in @
 n @3
, and C denotes a number that depends on the local curvature of theboundary at the point x and the data of the boundary problem and the coarse bound eK.In fact C is bounded by a function of the Jacobian transformation that corresponds to theconformal map that takes 
 into a rectangle.We also prove here an estimate similar to (0.5) for the potential uid-Poisson systempresented below. In this case the estimate reads(0:6) 0 < 12 jr'�(x)j2 +R('�)� q�� � K + C �(distfx; @
g)2 ;also for any x in the interior of the 2 or 3 dimensional ow domain 
, and the samegrowth condition on the enthalpy function i(�) as in the gas ow case. Here the constantC depends on 
; eK, the growth conditions for the functions i(�) and g(jr'(x)j) and thebounds on R and �� (this are proven to be � independent bounds in the 2{dimensionalexistence theory).We point out that cavitation speed in isentropic gas ow is the constant value(2K)1=2. However, for the hydrodynamic uid{Poisson system, cavitation speed is notconstant any longer . It is the speed at vacuum state given by the model, i.e. jr'�(x)jreaches cavitation speed when takes the value ( 2(KR('�)� q��)(x))1=2. Hence, the con-vergence analysis in the limiting vanishing parameter � will also need estimate (0.6).The technique we use to prove (0.5) consists in showing that if the quantity ! =jr'� j22 �K becomes positive then it satis�es an elliptic di�erential inequality, which dependson �, that admits a comparison principle and whose positive solutions can be comparedwith and majorized by positives supersolutions of order C(x)��(distfx;@3
g)2 at the point x 2
n@3
.It appears that the estimate (0.5) will still hold even if the section @3
 of the bound-ary is taken to in�nity, as the conformal map that takes 
 into an in�nite strip tends tothe identity map at in�nity.We also remark that this estimate deteriorates as x is at ��=2-distance from theboundary section @
3, with � = 1; 12 , suggesting the possible formation of large boundarylayers near @
3, as expected from viscous approximations in bounded domains.In the following �rst section we present the potential uid-Poisson model and previousresults for the boundary value problem, then we outline the results proven in the nextsections.1. Presentation of the problem in the general caseThe viscous perturbation model to transonic ow equations ((� = 0)) or a compress-ible irrotational steady uid-Poisson system we consider is given bydiv(�r') = 0(1:1:1) ��' = ��(ln�)'jr'j2 = 1g(jr'j) � jr'j22 + i(�)�K + R(')� q��(1:1:2) �� = �(�� C(x))(1:1:3)



5in a piecewise smooth domain 
 that can be conformally transformed into a rectangle witha C2 conformal transformation.This system with a boundary value problem associated with it has already beenintroduced in [GM] and we refer to the references therein on the justi�cations for thismodel.We have shown there the existence of solutions (�; ';�) in (C1;�(
) � C2;�(
) �W 2;p(
)) for a boundary value problem to be described below, if the function R(') satis�eskR(i)k � R, i = 0; 1; 2, independently of � and under the the following conditions for thefunction g, the enthalpy function i(�), and compatibility condition on the data:. The function g(jr'j) is such that the termF(jr'j2; QB(�; ';�)) = jr'j22 + i(�)�K + R(')� q�g(jr'j)jr'jis bounded in jr'j, where QB(�; ';�) denotes the cavitation speed given by Bernoulli'sequation.. The enthalpy function i(�) satis�es i(�); i0(�) > 0 and the growth condition(1:2) 1n� 1 i(�)� � i0(�) � 1n� 1k i(�) for some k; 0 < k < 1;where n = 2 or 3 denotes the space dimension.. For RL < R(') < RU , the Bernoulli constant K satis�es the compatibility condition(1:3) K � RU + q�L(K) > 0where �L(K) = inf@1
[@3
 �� sup
 jFxj2(sup
 C(x)+i�1(K�RL+q�U )), for �L(K) ��� � �U where �L(K;�U) are �-independent and depend on the domain 
 and the dataof the problem.Remark: Equations (1.1) correspond to dissipative approximation to a compressible owmodel that satis�es a -law: i(�) = �1��1, so condition (1.2) is satis�ed with k = 2� and 1 <  < 2, if n = 2 the space dimension and k = 3� 2 and 1 <  < 32 if n = 3.The function g imposes a growth condition for the dissipative term under very lowor very high speeds. This was found to be (see [GM]) a necessary condition to solvethe equations at the viscous level, where they neither cavitate nor stagnate in the 2{dimensional ow domain under consideration.Nevertheless a posteriori, after obtaining �-uniform bound for the speed jr'� j forthe boundary value problem posed in [GM], we can let g be one for values of speed belowthat �-uniform bound and to be like jr'j�2 near zero speed. In particular, our viscous



6approximation is the standard linear viscosity for moderate speeds but with a non-linearcorrection at very low and very high speeds.Thus, we shall assume here that g is a monotone increasing function and(1:4) g(jr'j) = �1 + jr'j22 ��=2 ; � � 1for su�ciently large values of jr'j22 .We point out that the compatibility condition (1.3) reduces to K > 0 for the ap-proximation to transonic ow model, which is the standard assumption on the Bernoulli'sconstant. In the case of uid-Poisson system under consideration, since i�1(�) has super-linear growth, then a K verifying (1.3) exists only if the data is chosen adequately.We take into consideration two possible boundary value problems in the case of 2{dimensional ow model. One of them is the one with data given in [GM], that is prescribingan inow boundary, two adjacent tangential ow boundaries (i.e. two walls), and in therest of it, we prescribe positive non-cavitating speed (i.e. the magnitude of velocity �eld).The other boundary value problem is the one that corresponds to prescribe an outowboundary condition (i.e the ow potential ' is constant) on the section where the speedwas prescribed in the above case.In fact, we consider some special 2{D ow domains: Let 
 be as in �gure 1 below
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r'�n=0, r��n=0

jr'j=g (Case I)or '=constant (Case II)�=
r'�n=0, r��n=0@1
 @4

'=0�=�0�= @3


Fig. 1 The ow domain 
 and boundary dataThat is , the boundary of 
 is the union of four smooth curves section that meet eachother at a right angle. Thus, there is a unique conformal transformation that takes 
 intoa rectangle R that keep �xed three points ( take any three of the angle points including thetwo that correspond to the inow boundary meeting the tangential ow ones.) In additionthe conformal map is smooth (C3).



7We denote the boundary sections as follows: @
1 the inow boundary section, @
2and @
4 the tangential ow boundary sections, and @
3 the remainder part of it.Hence the two boundary value problems under consideration have both same dataon the inow and tangential ow boundary sections, namely, the potential ow function' = constant on @1
, with (r' �nj@1
)(!1) < 0 and !1 is a corner point where @1
 meets@2
; r' � n = 0 on @�
 = @2
 [ @4
. As usual n denotes the outer unit normal.The density is prescribed at the inow boundary, i.e. at @1
, so that � = r(x) on@1
 and the electric potential � satis�es Dirichlet conditions, i.e. � =  on @1
[@3
 andr� � n = 0 on @�
.Thus the �rst boundary value problem prescribes jr'j = g(x) > 0, on @3
, and theother one just ' = constant on @3
 (i.e an outow boundary if this constant is larger thatthe one for the inow boundary.)We have shown in [GM] that for the �rst boundary value problem for system (1.1)where i(�) satis�es condition (1.2) and g satis�es (1.4), with � = 1, there exists a solution�� ; '� ;�� as stated above, such that there is a �0 = �0(kgkC1;
)(1:5) 0 < k� < jr'� j � eK; 0 < l� < �� < L�; for � � �0and jr�� j, j�� j �M� all in 
 with eK, L� and M� independent of �.In fact the upper bound eK for the speed is given in terms of cavitation speed andthe domain 
. That is, if F : 
 ! R is the conformal map that takes 
 into a rectangleR,(1:6) eK = fsup
 jK � R(') + q�j+ C �1=2g sup
 jFxjinf
 jFxj ; � � �0where jFxj is the Jacobian of the real valued transformation associated with F , �0 =�0(k; kgkC1; kFkC1;1(
)) and C = C(k; kgkC1, kFkC1;1(
),K; q; kRkC0;1(
), boundary data).Then, estimate (1.5) is not sharp, as it gives that the speed corresponding to theviscous ow is bounded by a term of order O(�1=2), away from a factor of cavitation speed.By cavitation speed we mean the value that corresponds to the inviscid speed given byBernoulli's law, that is setting density � = 0 in the inviscid model � � 0.The factor is sup
 jFxj � finf
 jFxjg�1 = expf osc(log jFxj)g and it is related to thegeometry of the domain, a sort of measure of how far is the ow domain from a rectangle,since osc(log jFxj) � sup
 jr(log jFxj)jdiam(
) � sup
 jDijF j(inf jFxj)�1diam(
):Unless the domain 
 is originally a rectangle (or �-close to a rectangle) the value ofeK is too coarse. As we anticipated in the introduction, we improve the value of eK.



8 The proof of the sharper estimate needs is the existence of an approximation '�solution to (1.1) under conditions (1.2), (1.3) and (1.4), such that jr'� j < eK, where eK isa �-uniform constant that depends on the data and the ow domain 
 (see [GM] for the2-dimensional case.)Remark: The existence of 3-dimensional solutions to system (1.1) is an openproblem. However, under the assumption of existence of solutions (�� ; '� ;��) to a 3{dimensional boundary value problem, where conditions (1.2), (1.3 ) and (1.4) are satis�edand jr'� j admits a �{uniform bound denoted by eK, then jr'� j satis�es a sharper point-wise bound \close" to cavitation speed in the interior of the ow domain.Hence, the following pointwise estimate will be proven for jr'�(x)j in the interior ofthe 2 or 3{ dimensional domain for any solution of a boundary value problem associatedwith system (1.1){(1.4) where estimates (1.5) is satis�ed:(1:7) jr'�(x0)j2 � 2(K � R('�(x0)) + q��(x0)) + C��(dist(x0; @
))2 for all � � �1where �1 and C both depend on k�1; eK;K; g; q; � the bounds of R and �. The parameter�1 depends on distfx0; @
g. The exponent � is 1 for the compressible gas model and 1=2for the uid Poisson system, but it is independent of the space dimension.Furthermore, in the 2{dimensional case, we can extend the pointwise estimate tothe boundary region wich includes the inow and tangential ow regions. Therefore, for
 � R2(1:8) jr'�(x0)j2 � 2(K � R('�(x0)) + q��(x0)) + C��(dist(x0; @3
))2 for all � � �1where � = 12 if the point x0 lies on the tangential boundary @�
 = @2
 [ @4
. � = 18 ifx0 lies on the inow boundary @1
 and � = 1 if @1
 is locally at around x0 ( i.e. �x = 0in a neighborhood of x0 relative to @1
). In all cases the constants �1 and C depend onk�1; g; eK;K;R; q; �, data, �x0 , with �x0 the local curvature of @
 at x0.Estimate (1.8) suggests the possible formation of large boundary layers near theoutow boundary @3
 at distances less of O(�1=2) away from the tangential boundary, andof order O(�1=4) near the tangential boundary. This behavior excludes velocity overshootsabove cavitation speed for the viscous solutions near shock formation for the limitingcon�guration, away from @3
.Maybe one of the most relevant aspects of this technique is that it works in 3-dimensions as well. Provided the existence of solutions with �-independent bounds up tothe boundary, these estimates seem not to depend on the conformal map but rather on the



9local parameterization of the boundary to a at one. As it was described above, we do notinclude here boundary estimates in the 3{dimensional case due to lack of knowledge of aboundary value problem that yield existence of solutions with a coarse �{uniform boundfor the speed. However estimate (1.7) holds under the assumption of existence of solutionswith �{independent bounds for the speed up to the boundary of the ow domain.Finally, in the 2{dimensional case the following conclusion holds. Assume existenceof smooth solutions for the second boundary value problem presented above where '� isprescribed on @3
 as an arbitrary constant above cavitation ratio (i.e. the ratio betweencavitation speed and the length of the shortest curve of those that de�ne the tangentialow walls for the domain 
). Assume that conditions (1.2), (1.3) and (1.4) (i.e. @3
 isnow an outow boundary). Then '� 2 C2;�(
) and 0 < k� � jr'� j < K� , but jr'� j cannot be �-uniformly bounded.We divide the rest of the paper into three sections. We prove in section 2 estimate(1.7) in the interior of 
 for the transonic ow model (i.e. � � 0, R � 0), most of therelevant features are already here.The third section extends the results to the full system (1.1), i.e. for potential uid-Poisson systems.Finally section 4 extends the estimates to the inow boundary @1
 and the tangentialboundary @�
 = @2
 [ @4
.2. The interior sharper estimate for the approximating model to transonic owwhen the speed admits a �-uniform coarse bound.Let !(x) = 12 jr'�(x)j2 �Kbe de�ned in 
, where '� is a solution for the boundary value problems associated withsystem (1.1), where � � R('�) � 0, as de�ned in the introduction.From the existence theory, ! is a C1;�(
) function where the C0 norm of ! dependson �. Our aim is to show in this section that for any point x0 2 
(2:1) !(x0) = jr'�(x)j22 �K � C(k�1; �; eK;K) �(distfx0; @
g)2 ; � � �0where �0 = �0(distfx0; @
g; k; �; eK;K); � the parameter in the function g from condition(1.4), and(2:2) jr'�(x)j � eK for � � �2( eK)with eK a constant independent of �.



10 We �rst state the following lemma, to be proven in the Appendix. It shows that if! > 0, then ! satis�es an elliptic di�erential inequality so that ! can not have an interiormaximum. This lemma is an extension to physical space from an estimate in the potentialow{stream function space for the 2{dimensional problem, introduced �rst by Morawetzin [M1] and later used in [GM ].This estimate was crucial for the derivation of the �{uniform bounds in [GM]. Itshows that the speed associated with solutions of the viscous isentropic gas ow system(1.1.1){(1.1.2) (for � � R � 0 ) can not have an interior maximum that takes values abovecavitation speed.Lemma 2.1. Let ! = jr'� j22 � K where '� is a solution of system (1.1.1{1.1.2) with� � 0 and R(') � 0. Then ! satis�es(2:3) �! � k2(n� 1)�2g2!2 + 1� r'r!g �1� �2 (! + i(�))(1 + ! +K)�� 2(n� 1)k jr!j2(! +K)on any open region of 
 where ! � 0. Here � is the parameter from (1.4) and 0 < k =k(i(�)) < 1 from condition (1.2).The proof of this lemma does not use the coarse bound eK on the quantity jr'j or!. It just uses the structure of the equations (1.1.1){(1.1.2) and conditions (1.2), (1.3)and (1.4). Its proof relies on the invariance of system (1.1) under orthonormal changeof coordinates, so that the velocity �eld r'� is estimated at every point in a system ofcoordinates that points in the direction of the gradient (i.e. in the direction of the ow).In fact the 2- -dimensional interpretation of this system of coordinates is the potentialow{stream function space, used in [M1] and [GM] to give a complete proof of existenceof a �{uniform coarse bound for the speed jr'� j.Furthermore, this lemma allows us to prove the sharper bound (2.1), in either twoor three space dimensions, whenever ! admits a �-uniform bound eK.Theorem 2.2. Sharper uniform bound for a solution with a coarse uniformbound. Let ! be �-uniformly bounded in 
 by a number eK, with 
 either a n = 2 or 3dimensional domain. Then there exist a �0 such that(2:4) !(x0) � C �(distfx0; @
g)2 for � � �0where C is a constant depending on k�1, �, eK and K and�0 = minn(distfx0; @
g)2 ;m; �2( eK)o, with the number m depending on k; �;K and eK.Proof: Take x0 in 
. If !(x0) � 0 then (2.4) is satis�ed. If !(x0) > 0, since ! is C1;�(
),then x0 belongs to the region where 0 < ! < eK, uniformly in � for a � � �2( eK) in 
: By



11Lemma 2.1, on any open region where ! > 0, ! solves a di�erential inequality (2.3). Thusestimating the right-hand side of (2.3) from below(2:5)�! � k2(n� 1)�2(1 + ! +K)�!2�2(! +K) 12 jr!j� (1 + ! +K)�2 �1� �2 ! + i(�)1 + ! +K �� 2(n� 1)k jr!j2(! +K) :Now, since i(�) � K then the right-hand side of (2.5) dominates the expression(2:6) k2(n� 1)�2(1 + eK +K)�!2 � 2( eK +K)1=2jr!j� �1 + �2 ( eK +K)�� 2(n� 1)k jr!j2K :Taking M = maxf2 eK; eK +K; 1g, combining (2.5) with (2.6), ! satis�es the di�er-ential inequality(2:7) �! � 12(n� 1)�2 k(2M)�!2 � 2�� M 32 jr!j � 2(n� 1)k jr!j2K ; for � � �2( eK);on any open region where ! is positive.Clearly (2.7) yields that ! can not have an strict positive interior maximum in 
as it gives an immediate contradiction otherwise. However, we want to say more aboutpositive !.In fact, we shall prove that any solution ! of (2.7), when evaluated at a point ofpositivity x0, is below a speci�c di�erentiable function f in a ball BR(x0) contained in 
.Moreover the radius R and the function f can be chosen so that(2:8) f(x0) � C(k�1; eK;K;�) �(distfx0; @
g)2and such that f(x0) is the minimum value of f in the ball BR(x0). That is to say, ! � fcan not have a positive maximum in B� (x0), with � � R, and f achieves its minimum atx0. Hence, this function f must be constructed as an upper barrier function for ! solutionof (2.7), with 0 < ! � eK, in the ball BR(x0). Therefore we state the following lemma.Lemma 2.3. Let x0 be in the interior of 
, a n = 2 or 3{dimensional domain. Thereexists a ball BR(x0) 2 
, a number �1 and a di�erentiable function f� in BR(x0) suchthat(2:9) minBr(x0) f�(x) = f�(x0) � C �(distfx0; @
g)2where f� is an upper barrier function for the solution of the di�erential inequality (2.7) inBR(x0), for � � �1 and the constant C = C(k�1; eK;K;�), the radius R



12= minfdistfx0; @
g;mg with m = m(k; eK;K;�) and the number �1 = R2. That is (drop-ping the superscript � from f), f� satis�es(2:10) �f < 12(n� 1)�2 k(2M)� f2 � jrf j� 2�M 32 � 2(n� 1)k jrf j2K for � � �1in the interior of BR(x0) and(2:11) f > eK on @BR(x0):We use this lemma to complete the proof of theorem 2.2.First, since ! � eK in 
 for �0 � minf�1; �2g, then ! � f < eK � eK = 0 on @BR(x0)for � � �0, and since ! � f is bounded in @BR(x0) then ! � f achieves its maximum at apoint, say ~x, in BR(x0).Suppose this maximum is positive, i.e. (!�f)(~x) > 0, �(!�f)(~x) � 0 and r! = rfat ~x. Then, by continuity, there is a ball Br(~x) � BR(x0) where ! � f > 0 in Br(~x) and,in particular, the di�erential inequality (2.7) for ! holds in Br(~x).Thus, combining the di�erential inequalities satis�ed by ! (2.7) and by f (2.10) inBr(~x) yield�! ��f � k2(n� 1) �2(2M)� (!2 � f2) + 2�M 32� (jr!j � jrf j)(2:12) + 2(n� 1)kK (jr!j2 � jrf j2) > 0; in Br(~x) for � � �0(�; k; eK;K):So evaluating (2.12) at ~x,�(! � f)(~x)� k2(n� 1)�2(2M)� (!2 � f2)(~x) > 0:Since !2 > f2 at ~x and , by condition (1.2) k is also positive, then �(! � f)(~x) ispositive, contradicting that ! � f has a maximum at ~x.Therefore !� f can not have a positive maximum at any point in BR(x0), so ! � fin BR(x0). In particular,(2:13) 0 < !(x0) � f(x0) � C �( distfx0; @
g)2for � � minn( distfx0; @
g)2 ;m(k; �;K; eK); �2( eK)o. The constant m andC = C(k�1; eK;K;�) are from (2.9).Hence, the proof of Theorem (2.2) is now completed.



13Proof of Lemma 2.3. We take the function(2:14) f(x) = g(jx� x0j) = g(r) = A�R2 � r2 in BR(x0)where R < R, where A;R and R are to be chosen so that (2.10) and (2.11) are satis�ed.First, in order to satisfy (2.11) we need A;R and R be chosen such thatg(R) = A�R2 � R2 > eK:Thus, taking(2:15) R = R+ �R and �R2 < 1 ;then(2:16) g(R) = A�R2 �R2 = A�2� + �2R2 > A3 > eKwhenever A > 3 eK.Next, we see that f(x) = g(jx� x0j) satis�es (2.10) for some choices of R and A:Since �f = g00(r) + 1r g0(r), denoting D = R2 � r2, with 0 < r < R, then D �R2 � R2 = 2� + �2R2 > 2�, so that by computing�f � 12(n� 1)�2 k(2M)� f2 + jrf j� 2�M 32 + 2(n� 1)k jrf j2K(2:17) = 4A�r2D3 � 2A�D2 � k2(n� 1)(2M)� A2D2 + 2ArD2 2�M 32 + 2(n� 1)kK A2�2D4 r2� � k2(n� 1)(2M)� A2D2 + 2AR2D2 + ARD2 2�M 32 + 2A2(n� 1)kKD2R2:Now, by (2.15) R2 � (2R)2, then the right-hand side of the above inequality ismajorized by(2:18) � �� k2(n� 1) (2M)� + 2(n� 1)kKR2� A2D2 + 8AR2D2 + 4�M 32A RD2 :Taking(2:19) R2 < 12 �kK4 k(2M)�� = m2(k;K; eK;�);



14(2.18) is majorized by AD2 � �k2(n� 1)(2M)�A+ 2R2 + 8�M 32R�where we recall k, from condition (1.2), 0 < k < 1.Thus, in order to get both (2.18) and so (2.17) negative, and simultaneously (2.16)satis�ed, choose any A such that,A > max�n 2�+4M�k �2R2 + 8�M 32R� ; 3 eK� :Therefore, f satis�es (2.10) and (2.11) with(2:20) R = min�distfx0; @
g; m	;for m de�ned in (2.19),(2:21) � � R2 = min� (distfx0; @
g)2 ; m2	and(2:22) C = C(k�1; �; eK;K) = max�2�+4M�k �2R2 + 8RM 32� ; 4 eK� :Hence f(x) = C ��R+ �R�2 � jx� x0j2is a barrier function for the solution of the di�erential inequality (2.7) in BR(x0) for R, �and C as in (2.20), (2.21) and (2.22) respectively, andf(x0) � C(k�1; �; eK;K) �(distfx0; @
g)2 ;so (2.9) holds.Lemma 2.3 is now proven.3. Sharper interior estimates for steady uid-Poisson systems.In this section we need to re�ne the argument presented in the previous one. Theestimate takes into consideration the e�ects of coupling the electric potential and therelaxation term.Let (�; ';�) be a solution of system (1.1) with boundary data prescribed as in sec-tion 1, where the function R(') satis�ed kR(i)k � R, i = 0; 1; 2, independently of �.



15Again, we have shown in [GM], for � = 1 in condition (1.4), that �L(K) � �� � �U ,jr�� j � M� and 0 < k� < j�� j < L = i�1(K�), where �L(K;�U), �U ;M� and i�1(K�)are �-independent and depend on the domain 
 and the data of the problem. In additionif RL < R(') < RU and K the Bernoulli constant satisfy the compatibility condition (1.3),namely(3:1) K � RU + q�L(K) > 0 ;then it is shown in [GM] that(3:2) i(�) � K� = K � RL + q�U :The aim of this section is to improve the interior bound for jr'� j under the assump-tion that jr'� j admits a coarse uniform global bound eK for the boundary value problemsproposed in section 1, for some �xed � in condition (1.4).As in the previous section we use a lemma, which is proved in the appendix showingthat the quantity ! = jr'� j22 � K + R('�) � q�� satis�es a di�erential inequality. Thiswill provide a maximum principle for values of ! that are above the cavitation speed (i.e.! > 0).Lemma 3.1. Let !� = jr'� j22 � K + R('�) � q�� , where '� and �� are solutions ofsystem (1.1.1{1.1.3). Let W denote(3:3) W = !� +K � R('�) + q�� = jr'� j22then (dropping � for convenience) ! satis�es the di�erential inequality�! � k2(n� 1)�2 !2g2 � 2(n� 1)k jr!j2(K � RU + q�L)(3:4) � jr!j� 4(n� 1)kR(K � RU + q�L)�1=2 + 4(n� 1)k qM(K � RU + q�L)+1� jr'jg �1� �2 ! + i(�)1 +W ��� 1� g ��Rjr'j2 + qM jr'j��1� �2 ! + i(�)(1 +W )�+ R(! + i(�))�� 4(n� 1)k  �R+ qM(2(K � RU + q�L))1=2!2 � q�i�1(K�)on any open region of 
 where ! > 0, where � is the parameter from (1.4) and k = k(i(�))from (1.2).We can now prove the following theorem given a sharper bound for ! provided that! admits a global coarse bound.



16Theorem 3.2. Sharper uniform bound for a solution of the hydrodynamic-Poisson system with a coarse bound. Let !� = jr'� j22 � K + R('�) � 2�� be �-uniformly bounded in 
 by a number eK for any value of � � �2 = �2( eK), then there existsa �0 such that(3:5) !(x0) � C�1=2(distfx0; @
g)2 ; � � �0where C = C(k�1; �; eK;K;R;RU ;M;�L; K�) and�0 = minn(distfx0; @
g)4 ;m(k; �;K; eK;R;RU ;RL;M;�L;�U); �2( eK)o.Proof: Dropping the superscript �, let sup
 jr'j22 � eK uniformly in � for � � �2( eK),then ! � eK + K + RU � q�L. Also, since W = ! + K � R(') + q� = jr'j22 , then1 < 1 +W � 1 + eK.Then, from Lemma 3.1, on any open set where ! is positive , combining conditions(1.3), (1.4) and (3.2) on the di�erential inequality (3.4), it can be seen that ! satis�es�! � k2(n� 1)�2 !2(1 + eK)� � 2(n� 1)k jr!j2(K � RU + q�L)� 1� jr!j � 4�(n� 1)k � qMK � RU + q�L + R(K � RU + q�L)�1=2�+ eK1=2 �1 + �2 ( eK +K�)�i� 1� n(R eK2 + qM eK)�1 + �2 ( eK +K�)�+ ( eK +K�)Ro� 4(n� 1)k  �R+ qM(2(K � RU + q�L))1=2!2 � q�i�1(K�)or, equivalently, in a more compact form,(3:6)�! � k2(n� 1)(1 + eK)� !2�2 � 2(n� 1)k jr!j2(K � RU + q�L)� 1� jr!j(�A1+A2)� 1� (A3+�A4);on any open set where ! > 0, where Ai = Ai(k; �; eK;K;R;RL;RU ;�L;�U ; K�) are given



17by A1 = 4(n� 1)k � qMK � RU + q�L + R(K � RU + q�L)��1=2A2 = eK1=2 �1 + �2 ( eK +K�)�(3:7) A3 = (R eK2 + qM eK)�1 + �2 ( eK +K�)�+ ( eK +K�)RA4 = 4(n� 1)k  �R+ qM(2(K � RU + q�L))1=2!2 + q�i�1(K�)The remainder of the proof of this theorem is identical to the one of Theorem 2.2.Indeed, here also it can be shown that for any x0 2 
 where !(x0) > 0, there is a ball ofradius r with Br(x0) � 
, and there is a �0, such that ! is below a di�erentiable positivefunction f� in Br(x0) for all � � �0 and(3:8) f�(x0) = �1=2 C(k; eK;�;K;R;RU ;RL;M;�U ;�L; K�)( distfx0; @
g)2is the minimum value of f in Br(x0). That is to say, ! � f does not have a positivemaximum in Br(x0).Therefore, the proof of the following lemma completes the proof of Theorem 3.2.Lemma 3.3. Let x0 be in the interior of 
, then there exists a Br(x0) � 
, a �1 > 0 anda di�erentiable function f� in Br(x0) such that, for � � �1minBr(x0) f�(x) = f�(x0) � C �1=2( distfx0; @
g)2and f� is a barrier function for the solution of the di�erential inequality (3.6) in Br(x0).That means (dropping the superscript � from f)(3:9)�f < k2(n� 1)(1 + eK)� f2�2 � 2(n� 1)k jrf j2(K � RU + q�L)� 1� jr!j(�A1+A2)+ 1� (A3+�A4)in the interior of Br(x0) and(3:10) f > eK +K � RU + q�L on @Br(x0):The radius r is given byr = min f distfx0; @
g;m(k; �;K; eK;R;RU ;M;�U ; K�)g



18and the constant C is a C = C(k�1; �; eK;K;R;RU ;M;�U ; K�) and �1 � r4:Proof: Again the proof is very similar to the one of Lemma 2.3. However in this casef looses a half power in �, because the inequality (3.6), or the consequent one (3.9) hasthe extra term 1� (A3 + �A4) due to the coupling with the Poisson equation and the e�ectof the relaxation term R('). Notice that if R;RL;RU ;M;�L;�u and q are set to zerothen we recover the conditions of Theorem 2.2 and Lemma 2.3, since K� = K whenK � RU + q�L = K (and (3.9) and (3.10) became (2.10) and (2.11) respectively).Here, let(3:11) f(x) = g(jx� x0j) = g(t) = A�1=2r2 � t2where r = r + �1=2r , and r to be �xed.Now, in order to satisfy (3.10) setg(r) = A�1=2r2 � r2 > eK +K � RU + q�Lthen, A and r must satisfyA�1=22�1=2 + �r2 > A2 + �1=2r2 > A3 > eK +K � RU + q�Lwhich holds whenever(3:12) �1=2 < r2and(3:13) A > 3( eK +K � RU + q�L) > 0:In addition recasting (3.9), we need to show(3:14) P(f) = �f �Af2�2 +Bjrf j2 + 1� jrf jC+ 1�D < 0where A = k2(n�1)(1+ eK)� , B = 2(n�1)k(K�RU+q�L) , C = �A1 + A2 and D = A3 + �A4.Setting D = r2� t2, 0 � t � r as in Lemma 2.3, and computing the operator (3.14) actingon f yieldsP(f) = �2A�1=2D2 + 4A�1=2t2D3 �A A2�D2 +BA2�D4 t2 + C�1=2 A2D2 t+ 1�D



19which is majorized by(3:15) P(f) � 4A�1=2 r2D3 �A A2�D2 +BA2� r2D4 + C�1=2 A2D2 r + 1�D:Now since D = r2 � t2 � r2 � r2 = 2�1=2 + �r2 > 2�1=2, then 2�1=2D < 1, so that the RHSof (3.15) is dominated by(3:16) 4 AD2 r2 � A� A2D2 + B4 A2D2 r2 + C�1=2 A2D2 r + 1�D:To see that there is an A and r such that (3.16) is strictly negative, multiply (3.16)by �D2A (A will be chosen positive), then(3:17) P(f) � 4�r2 �AA+DD2A + �1=2(�1=2Br + C)Ar:Since D � r2 < (2r)2, and using condition (3.13) for A, we see that (3.17) is domi-nated by(3:18) �AA+ 4 Dr23 eK +K � RU + q�L + �1=2(�1=2Br + C)Ar + 4�r2:Now if �1=2 < r2 < 1, then for any � � �1�1=2(�1=2Br + C)Ar � r(B+ C)A;then (3.18) is dominated by(3:19) P(f) � (�A+ r(B+ C))A+ 4D3( eK +K � RU + q�L) + 4:Now, we choose r so small that r � m with(3:20) m = min� A2(B+ C) ; 1� :Then (3.19) yields(3:21) P(f) � �A2 A+ 4D3( eK +K � RU + q�L) + 4 < 0whenever(3:22) A > 8A  D3( eK +K � RU + q�L) + 1! :



20 From (3.14) we have D = A3+ �A4 � A3+A4; A = k2(n�1)(1+ eK)� , B = 2(n�1)k (K �RU + q�L)�1; and C = �A1 + A2 � A1 +A2. So using (3.12){(3.13), the function(3:23) f(x) = k�1A�1=2r2 � (x� x0)2 r = r + � 12rsatis�es (3.9) and (3.10). Therefore, we choose(3:24) A = max(4( eK +K � RU + q�L); 8k (1 + eK)� A3 + A43( eK +K � RU + q�L) + 1!) ;and(3:25) r � min f distfx0; @
g; mg ;m from (3.20) and, � � �0 = minn( distfx0; @
g)4 ; m4; �2o :Thus from the dependence of A;B;C and D if we write C = A from (3.24) thenC = C(k�1; �;K; eK;R;RU ;M;�L; K�) and(3:27) m = mfk; �;K; eK;R;RU ;M;�L; K�gfrom (3.20), With these choices we get(3:28) f(x0) � C �1=2( distfx0; @
g)2 ; for � � �0where(3:29) �0 = minf( distfx0; @
g)4 ;m; �2gwith �2 = �2( eK), the one from the coarse bound.The proof of Lemma 3.3 is now completed, yielding the completion of the proof forTheorem 3.24. Sharper estimates at the boundary.As it has been shown in [GM], if the domain does not have locally \at" (zerocurvature) boundaries, then, the domain 
 is conformally transformed into 
F , a rectangle,such that the tangential ow walls are transformed into opposite walls of 
F . Since the ow



21equation maintains its structure under conformal transformations then system (1.1){(1.4)is transformed into system
(4:1) i) x0 = F (x); F : 
! 
Fii) �0'0 = �r0ln�0r'0iii) �0'0 = jF�1x j2� [(jr0'0j jFxj)2 �K + i(�0) + R('0)� q�0]g (jr'0j jFxj)iv) �0�0 = �jF�1x j2(�0 � C 0(x0))where �0'0 = �'jF�1x j2 and rx0'0 = jF�1x jr' and jFxj and jF�1x j denote the Jacobianof the associated with the real valued local change of coordinates that correspond to theconformal map that takes 
 into the rectangle 
F .In order to obtain a pointwise estimate for jr0'0j at x00 2 @1
F , the inow boundary,we also use the comparison techniques developed in sections 2 and 3, but now the compar-ison is done with f� in a neighborhood Br(�)(x0), where the radius r(�) depends on � aswell. This introduces no new di�culty, and it allows us to construct � dependent barrierfunctions for an appropriate di�erential inequality satis�ed by a quantity ! that corre-sponds to cavitation speed, (i.e. ! = (jr0'0j jFxj)2 �K + R('0) � q�0) in neighborhoodsN(x0; �) depending on x0 and �.We �rst consider the tangential ow boundary, later the inow boundary. At theboundary section @3
F the speed is prescribed.4.1. Estimates at the tangential ow boundaries.As in previous sections, we start with a lemma, proved in the appendix, showingthat the quantity ! = (jr0'0� j jFxj)22 �K + R('0�)� q�0� satis�es a di�erential inequalityleading to a maximum principle for values of ! above cavitation speed (i.e. ! > 0).Lemma 4.1. Let ! = (jr0'0j jFxj)22 � K + R('0) � q�0. Let W = ! + K � R('0) + q�0,then in the neighborhood N0 where equations (4.1. i{iv) are valid, ! satis�es�! � 12�2 k!2(1 +W )� � 4kMjFxj4 jr!j2 � jr!j� �2W 1=2jFxj � 1(1 +W )�=2 � �2 ! + i(�)(1 +W )�=2+1�+� �2��rjFxj�4��+ 8kM �jFxj�4(RM+ qM) + (K � RU + q�L + !) ��rjFxj�4������ 1� �2W 1=2 (! +K�)(1 +W )�=2 ��rjFxj�4��+ R(! +K�)(1 +W )�=2�� 4kM ��rjFxj�2��2 (! + (K � RU + q�L))2(4:2) � 4kM (RM+ qM)2jFxj�4 � q�K� � W�jFxj2jFxj2� ��rjFxj�4���RM+ qM + 8kM (RM+ qM)(! +K � RU + q�L)�



22on any open region of 
F\N where ! > 0. HereM = p2maxN jFxj�4(K�RU+q�L) > 0, �the parameter of the function g from condition (1.4) and k = k(i(�)) from condition (1.2),K� comes from (3.2), K satis�es K�RU+q�L > 0 from the compatibility condition (3.1),and M here denotes k��kC0;1(
)jFxj�1.Next, as in previous sections we are in conditions to prove the following theoremthat yields sharper uniform bounds for the speed on any point of the tangential boundary@�
 = @2
 [ @4
 it already has a global coarse �-uniform bound in 
.Remark. It is worth to remark at this point that if the boundary is locally at in Nthen jFxj = 1 = jFxj�1 and rjFxj = 0 = �jFxj, so that the di�erential inequality (a.30)is identical to (a.19). On the other hand, if R = RU = RL = M = �U = �L = 0 thenK = K� then (a.30) corresponds to the di�erential inequality that is satis�ed by the speedabove cavitation values (i.e. jr'j22 � K) for the viscous approximation to transonic ow.Theorem 4.2. Sharper uniform estimates on the tangential ow boundaries. Letx0 belong to the interior of @�
 = @2
 [ @4
 relatively to @
, and let !� = jr'� j22 �K +R('�)� q�� , where ('� ; ��;��) solves the boundary value problem presented in section 1associated with (1.1){(1.4). Let eK be an �-uniform upper bound for jr'� j22 valid for all� � �2( eK). Then there exists�0 = minn(distfx0; @
n@�
g)4 ;m(k; �; eK;K;RU ;RL;R;M;�U ;�L); �2( eK)o, such that(4:3) !(x0) � C �1=2(distfx0; @
n@�
g)2where C = C(k�1; �; eK;K;R;RU ;M;�L; K�; �x0) where �x0 = kFxkC1(N(x0)) and jFxjdenotes the Jacobian of the transformation that recti�es (locally) the boundary at x0, withthat jFxj > c > 0 uniformly up to the boundary, and N is a neighborhood of x0.Proof: Let x0 be in the interior of @�
 relatively to @
, then let N be a neighborhood ofx0 and F jN: N ! N0 the local change of variables de�ned on N by the conformal map Fthat takes 
 into the rectangle 
F . Clearly N0 is a neighborhood of x00 = F (x0), and thetransformed maps ('0� ; �0� ;�0�) solve the transformed boundary value problem associatedwith (4.1) i{iv).Thus, the quantity !F de�ned as(4:4) !F = jr'0� j2jFxj22 �K + R('0�)� q�0� � eK �K + RU � q�Land(4:5) W = !F +K � R('0�) + q�0� = jr'0� j2jFxj22 � eK:



23Now, since the transformation takes the condition r' � n(x) = 0 into r'0 � n0(x0) = 0for x0 2 N0 where now N0 \ 
F is \at" ( or a section of a segment in our 2-dimensionalcon�guration,) then the quantity !F satis�es(4:6) r!F � n0 = r(jr'0� j2jFxj2)2 � n0 + R0r'0 � n0 + qr�0 � n0 = 0:Thus, we may reect !F evenly with respect to N0 \ 
F to de�ne !eF in N0. Fromstandard elliptic theory and extension of their solutions across \at" boundaries by evenreections, it follows that !eF is exactly (jr0'0�e j jF ex j)22 � K + R('0�e) � q�0�e where('0�e ; �0�e ;�0�e) solve locally the reected problem associated with (4.1) i{iv) in N0 whenreecting across at sections of the tangential ow boundary. This is achieved by reectingjFxj evenly, and recalling that r'0� �n = 0 on N0\
F provide the necessary compatibilitycondition in order to obtain regular solutions. In addition, the reected solutions inheritall the bounds and regularity of the original one.Therefore, ! = !eF satis�es a di�erential inequality (4.2) on any open region where! > 0 where W = !eF +K � R('e) + q�e.Thus, ! � eK +K +RU � q�L and 1 �W � eK in N, so the right-hand side of (4.2)dominates the one given byk(1 + eK)� !22�2 � 4kM maxN jFxj�4jr!j2� jr!j� � eK1=2maxN jFxj�1 �1 + �2 eK �K + RU � q�L +K��(4:7) + � �maxN ��rjFxj�4��+ 8kM (maxN jFxj�4(RM+ qM) + eKmaxN jrjFxj�4j)��� 1� �maxN jrjFxj�4j2 eK1=2 + R�� eK �K + RU � q�L +K���� 4kM (maxN jrjFxj�2j2 eK2 + (RM+ qM)2maxN jFxj�4) + q�K� + eKmaxN �jFxj2jFxj2+maxN jrjFxj�4j((RM+ qM) 1 + 8 eKkM!) :As in Theorem 3.2 we write expression (4.7) as(4:8) k(1 + eK)� !22�2 � 4kM maxN jFxj�4jr!j2 � 1� jr!j(�A1 + A2)� 1� (A3 + �A4)



24where A1 = maxN ��rjFxj�4��+ 8kM (maxN jFxj�4(RM+ qM) + eKmaxN ��rjFxj�4��);A2 = eK1=2 �1 + �2 eK �K + RU � q�L +K�� ;A3 = �maxN ��rjFxj�4�� 2 eK1=2 + R�� eK + RU � RL + q(��L +�U )� ;A4 = 4kM �maxN ��rjFxj�2��2 eK2 +maxN jFxj�4(RM+ qM)2�+ q�K�;(4:9) + maxN ���jFxj2��jFxj2 eK +maxN ��rjFxj�4��  (RM+ qM) 1 + 8 eKkM!! :Thus, ! = !eF � eK �K + RU � q�L satis�es the di�erential inequality(4:10) �! �A!2�2 +Bjr!j2 + 1�Cjr!j+ 1�D � 0on any open region of N where ! > 0, and(4:11) A = k2(1 + eK)� ; B = 4kp2(K � RU + q�L) :C = �A1 +A2 and D = A3 + �A4where Ai; i = 1; 4 de�ned in (4.9).Note that the di�erential inequality has exactly the same structure as the corre-sponding one for the interior estimate of the uid Poisson systems (see (3.6)). Then theproof of this theorem is completed by just pointing out two facts:i) We can construct a barrier function f in order to get control of ! at x00 2 N0. Thisargument is like that of Lemma 3.3, now �0, C and R depend on kFxkC1(N) and kF�1x kC1(N).Thus, the analogue of Lemma 3.3 is now asLemma 4.3. Let x00 2 @�
F \N0. Then there exists a Br(x00) � N0, a �0 and a di�eren-tiable function f� in Br(x00) such that for � � �0 with the following properties: �rst(4:12) minBr(x0) f�(x0) = f�(x00) � C �1=2( distfx00; @
Fn@�
F g)2 ;and second f� is a barrier function for the solution of the di�erential inequality (4.10)in Br(x0). That means f� is a supersolution of the operator associated with (4.10) andf > eK +K � RU + q�L on @Br(x00). Moreover we may taker = minf distfx00; @
Fn@�
Fg; m(k; �;K; eK;R;RU ;RL;M;�U ;�L; kF�1x kC1(N0)g



25and �0 = minfr4; �2( eK)g:Also denoting by �x0 = kFxkC1(N) = kF�1x kC1(N0), the constant C depends onC = C(k�1; �;K; eK;R;RU ;RL;M;�U ;�L; �x0):Proof. From (3.24) and (3.25) of the proof of Lemma 3.3, it follows that the parametersin Lemma 4.3 are(4:13) �0 = min(( distfx00; @
Fn@�
F g)4 ;� AB+ C�4 ; �2( eK)) ;with A;B and C from (4.11), and(4:14) C = max(4( eK +K � RU + q�L); 8k (1 + eK)� (A3 + A4)3( eK +K � RU + q�L) + 1!) ;with A3 and A4 from (4.9), and for distfx00; @N0g > distfx00; @
Fn@�
F g(4:15) r = min f distfx00; @
Fn@�
F g; mg ; with m = min� AB+ C ; 1� ;A;B and C from (4.11). The rest of the proof is identical to that of Lemma 3.3ii) The comparison theorem presented in section 2 shows that !eF � f can not have apositive maximum in Br(x0). Thus, for � � �0, (�0 being given by (4.13))� jr'j22 �K + R(')� q�� (x0) = !F (x00) = !eF (x00) � f(x00) = C �1=2( distfx00; @
Fn@�
Fg)2 :Therefore for x0 in the tangential boundary of the original domain(4:16) jr'j22 (x0) � K � R(')(x0) + q�(x0) + C �1=2( distfF (x0); @
Fn@�
F g)2where � � �0, �0 from (4.13) and C is given by (4.14).Since distfF (x0); @
Fn@�
Fg � jFxj�1 distfx0; @
n@�
g, (4.3) follows for C =CjFxj�1. The proof of Theorem 4.2 is now complete.4.2. The inow boundary region @1
.



26 The boundary condition ' = constant on @1
 and (r' � nj@1
)(x0) < 0 combinedwith the existence theory yields that r' �n < 0 and r' � � = 0 along @1
, where n and �are the outer unit normal and unit tangent directions to @1
.Similarly on the transformed domain 
F , 0 > r' � n = r'0jFxj � n0 = �'0x0 jFxj asn0 = (�1; 0) on @1
F and '0y0 = '0y0y0 = 0 on @1
F .Computing ! = !F as ! = (jr0'0j jFxj)22 �K + R('0) � q�0, we get (after droppingthe primes) r! � n = �'x'xxjFxj2 � R0 � 'x + q�x � '2xjFxj2 jrlnjFxj jwith 'x positive.We analyze this with the equation(4:17) �' = 1� ! + i(�)g(!) ;in which g(!) = (1 + ! + K � R(') + q�)�=2 for ! > 0, to set the following boundarycondition for ! at the inow boundary @1
r! � n = �2� (! +K � R(') + q�)1=2�! + i(�)g(!) + �R0(')�(4:18) + q�x + 2(! +K � R(') + q�)jrlnjFxj j:Using that jr�j �M , jR0j � R, and using the L1-bounds for R(') and � we can see thatthe normal derivative of ! at the boundary @1
F on a region where ! > 0 is bounded byr! � n � �p2� (K � RU + q�L)1=2(! + i(�)� �R) + qM(4:19) + 2( eK +K � RL + q�U )max@1
 jrlnjFxj j� p2(K � RU + q�L)1=2R+ qM+ 2( eK +K � RL + q�U )max@1
 jr log jFxj j= eA( eK;K;RL;�U ; kFxkC1(@1
));since the compatibility condition (3.1) on the data implies K � RL + q�U > 0.Once again a comparison estimate for ! can be obtained at the boundary. Howeverthis time it is necessary to use the maximum principle at the boundary.Theorem 4.4. Sharper uniform estimate at the inow boundary Let x0 2 @1
and let !� be �-uniformly bounded in 
 by a number eK for, � � �2( eK).Then, there is a �0 = minnm(k; �; eK;K;R;Ru;RL;M;�U ;�L; kFxkC1(N)); �2( eK)osuch that(4:20) !(x0) � C �1=8; � � �0



27with C = C(k�1; �; eK;K;R;RU ;RL;M;�U ;�L; kFxkC1(N)).Remark. The exponent 1/8 of � is obtained from the construction of an upper barrierfunction described below. We shall see that for \at" boundaries @1
, the exponent canbe chosen 1.Proof of Theorem 4.4. In order to get control on boundary points, we need to constructan upper barrier function f� at x00 2 @1
F , such that it is not only a supersolution for thedi�erential inequality (4.10) but also has a strictly larger normal derivative than A fromcondition (4.19). The following lemma yields such a barrier function.First, see that if x00 is an endpoint of @1
F , then reecting evenly with respect to thesection of @�
F that contains x00, both the domain and the solution of system 4.1 i){iv),makes x00 an interior point of the inow boundary for the reected problem (see that theboundary value problem is compatible for such reection and regularity [G3] and [GM]).Lemma 4.5. Let x00 2 @1
F (if x00 is an endpoint we work with the even extension of thedomain and equation), then there exists a�0 = �0(�; k; eK;K;R;RL;RU ;M;�U ;�L; kFxkC1(N)); and, a neighborhood N0(�; x00) of x00for every � � �0 and a di�erential function f� in N0(�; x00), � � �0, such that(4:21) f�(x00) � C �1=8 � � �1and f� is an upper barrier function for the solution ! of (4.10) in N0(�; x00)\
F . That isf� satis�es (dropping the supraindex �)i) f is a supersolution of the di�erential operatorassociated with (4.10) in the interior of N0(x00; �) \ 
F ;(4:22) ii) f > eK +K � RU + q�L in 
F \ @N0(x00; �) ;iii) rf � n > ~A( eK;K;RL;RU ;�L;�U ; kFxkC1(N)) in @
F [N0(x00; �):for � � �0 and C = (�; k�1; eK;R;RU ;RL;M;�U ;�L; kFxjjC1(N))g.Furthermore, N0(x00; �) = B �1=82 (x00):We postpone the proof of this lemma until the end of Theorem 4.4.We are now in conditions to show that !F � f can not have a positive maximumin N0(x00; �) \ 
F where x00 is a point where !(x0) = !F (x00) > 0. Let �0 be the numberobtained in Lemma 4.5. Since ! � eK + K � RU + q�L for � � �2, then by (4.22) ii)!F � f < 0 on 
F \ @N0(x00; �) for � � �0. In addition, for � � �0 combining (4.20) with(4.22) iii) yields that r(!F � f) � n < 0 on @
F \ N0(x00; �), so that !F � f is increasinginwards across the boundary.Therefore, !F�f can not have a maximum in @(
F \N0(x00; �)), � � �0. An identicalargument as the one used in Theorem 2.2 to ruled out an interior maximum shows that



28if !F satis�es the inequality (4.9) and f satis�es (4.22) i) in 
F \ N0(x00; �) then !F � fcan not have a positive maximum in the interior of 
F [N0(x00; �), for � � �0. Therefore!F � f � 0 in N0(x00; �) \ 
F . In particular(4:23) !(x0) = !F (x00) � f(x00) � C�1=8:for � � �0.The proof of Theorem 4.4 is completed.Remark. The proof of Lemma 4.5 needs that the neighborhoods N0(x00; �) depend on �.This condition was not necessary for the interior estimates.Proof of Lemma 4.5. In order to construct a function f� that satis�es (4.22) i), ii) andiii), one could use the one constructed in Lemma 4.3 (settling R =M = �L = �U = RL =RU = 0 the approximation to transonic ow). Such an f� would satisfy (4.22) i) and ii),but if f� is radial with respect to x00 and rf(x00) = 0 then rf � n(x00) = 0, so that thecondition iii) is not satis�ed. However a modi�cation can be done to f�(r), by adding alinear function and reducing the neighborhood to the possible lowest order of � such thatf� remains positive in N0�;x00 \ @
F and satis�es conditions (4.22).Let A = A(A;B; C;D) be the constant of condition (3.24), and R the one fromcondition (3.20), i.e. R � m = minn AB+C ; 1o where A;B;C and D are the parame-ters from (4.11). Note that we are assuming here, without loss of generalization, thatdistfx00; @
Fn(@�
F [ @1
F )g = distfx00; @3
F g � 1 .Let x00 = (x1; x2) 2 @1
F and x 2 B� (x00), we take a positive(4:24:1) f�(x) = A�1=2R2 � r2 + B((x� x00) � n+ �1=8) = g�(r) + B(x1 � x) + B�1=8
(4:24:2) r = jx� x00j � � = �1=82 ; and R = � + �1=2� :Clearly, since (x� x00) � n = x1 � x1, rB((x� x00) � n+ �1=8) � n = B, so(4:25) rf� � nj@1
F\B� (x0) = rg�(r) � n+ B = 2A�1=2rR2 � r2 � n���@1
F\B� +Bso that condition 4.22 iii) will be satis�ed if(4:26) B > �2A�1=2rR2 � r2 � n���@1
F\B� (x0) + ~A



29where ~A is the constant from (4.19).In order to satisfy 4.22 ii) we �rst see that if r = � = �1=82 then, for x = x � nf�(x)���@B� = hg�(r) +B(x1 � x)i����@B� (x00) + B�1=8 > g�(�)� B2 �1=8(4:27) = A�1=2(� + �1=2� )2 � �2 � B2 �1=4 > A�1=22�1=2 + ��2 � B2 �1=8 == A2 + �1=2 � B2 �1=8 > A3 � B2 �1=8:Hence, 4.22 ii) is equivalent to show that A is large enough and � small enough such thatfor � = jx� x00j(4:28) f�(�) > A3 � B2 �1=8 > eK +K � RU + q�L:so (4.22) (ii) holds for N0(x00; �) = B� (x00) = B �1=82 (x00).Finally in order to show that f� is a supersolution of di�erential operator P (!) givenby the di�erential inequality (4.10), i.e.(4:29) P (!) = �! � A�2!2 + Bjr!j2 + C� jr!j+ 1�Dwhere A;B; C and D are given by (4.11), it is enough to show that P (f�) < 0 for � � ~�,in B� (x00), ~� to be chosen.For � = R2 , using Lemma 4.3 and the given choices of A, R and �0 respectively, itfollows that P (g�(r)) < 0 in B� (x0) for � � �0, �0 from (4.13).Therefore, in order to show that f� satis�es P (f�) < 0, we compute1) �f� = �(g� +B(x1 � x) +B�1=8) = �g�(4:30) 2) rf� = rg� � B:P (f�) can be computed asP (f�) = �g� � A�2 [g� + B(x1 � x) + B�1=8]2(4:31) +Bjrg� �Bj2 + C� jrg� � Bj+ 1�Dand estimated byP (f�) � P (g�)� A�2 2g�B(x1 � x+ �1=8)� A�2 (B(x1 � x) + �1=8)2(4:32) + B2Bjrg�j+ BB2 + 1� (CB +D):



30Then, we need to choose a large enough A and B and small enough �0 and show that theright-hand side of (4.32) is strictly negative.From (4.24) g�(r) = A�1=2R2�r2 and r � � = �1=82 with � < �0 the one from condition(4.13) then, R2 � r2 = �� + �1=2� �2 � r2 = (�1=8 + 2�3=8)2 � r2;then �1=42 � R2 � r2 � 9�1=4, for � < 1. Then(4:33) Bg�(x� x1 + �1=8)���x2B �1=82 (x00) � 2BA�1=29�1=4 (�jx� x1j+ �1=8) > AB9 (�3=8)2for jx� x1j < �1=82 . Also,(4:34) jrg� j � A�1=2R2 � r2 < A�1=2+1=8�1=4 = A�5=8�1=4 = A�3=8:Therefore, using P (g�) < 0 and jx � x1j < �1=82 , (4.32) combined with (4.33) and(4.34) yield the inequalityP (f�) < � A�2 �AB9 �3=8 + B2�1=4�+BBA�3=8 + BB2 + 1� (CB +D) <(4:35) < � A�2�1=4 (AB +B2) + BAB�3=8 + BB2 + 1� (CB +D):So that, P (f�) < 0 i��AB(A+ B) + BAB�2+1=8 + �7=4BB2 + �3=4(CB +D) <(4:36) �AB(A+ B) + B(AB + B2)�7=4 + (CB +D) < 0Therefore since A;B; C and D are given and A is a constant that takes the form of (3.24)and � < �0 from condition (4.13). Then we must chose a larger A, smaller �0 (if necessary)and a positive B such that (4.26), (4.28) and (4.36) hold simultaneously (so that 4.22 i),ii), iii) hold simultaneously, and hence, completing the proof of Lemma 4.5). Thus, from(4.26) B must be large enough such that(4:37) B > �2A�1=2rR2 � r2 � n���@1
F\B� (x00) + ~A:Since jrg�j@1
F\B� (x0) > �2A�1=2rR2�r2 � nj@1
F\B� (x00) and � = �1=82 , from estimate (4.34) onjrg�j combined with (4.37) yields that B must be large enough so that(4:38) B > 2A�3=8 + ~A:



31From (4.28),(4:39) A3 > eK +K � RU + q�L + B2 �1=8:Setting A = B in (4.36), (4.38) and (4.39), choose B large enough so thatB > maxf2B�3=8 + ~A; 3( eK +K � RU + q�L) +B 32�1=8g(4:40) and 2B2 > (2BB2�7=4 + CB +D) 1A :Next, let ~� be such that,(4:41) ~� < min(4�8=3; 3�2; �4BA ��4=7 ; �0)with �0 of (4.13), then, for � < ~�, the inequalities (4.38), (4.39) and (4.40) hold if B islarge enough such thatB > maxn2~A; 6( eK +K � RU + q�L)o and B2 > (CB +D) 14A :Clearly taking B large enough as(4:42) A = B > max8<:2~A; 6( eK +K � RU + q�L);  � C4A�2 + D4A!1=2 + C4A ; C9=;where ~A is from (4.19), A;B;C andD from (4.11) and C the one from lemma 3.3. Thereforethe function(4:43) f�(x) = A �1=22�1=4(x� x00)2 +B((x� x00) � n+ �1=8)where A is given by (4.42), for � < �0 = ~� from (4.41), satis�es Lemma 4.5 if N0(x00; �) =B �1=82 (x00), where (renaming A by C)(4:44) C = C(�; k�1; eK;R;RL;RU ;M;�U ;�L; kFxkC2(N))�1 = ~�(�; k; eK;R;RL;RU ;M;�U ;�L; kFxkC2(N)):Therefore (4.21) holds for C and �1 given by (4.44). The proof of Lemma 4.5 is nowcompleted.



32Remark. (Sharper estimate for locally at boundaries). For the transonic ow approxi-mation, if @1
 is locally at about x0 then condition (4.19) simply states that(4:45) r! � n � 0:In this case it is possible to �nd an upper barrier function that yields a betterapproximation to cavitation speed. Taking(4:46) f�(x) = A�(R+ �R )2 � (x� x1)2 ; x 2 BR(x1)where distfx0; x1g = R2 , and the point x1 in the interior of 
 and belonging to theorthogonal line to @1
 that passes through x0, R satis�es as in Lemma 2.3 that � � �1 �R2. Thus, since rf� � n = �g0(r)r (r cos �)with � measured zero from the inward normal direction at x0, 3�4 < � < 5�4 , then(4:47) rf� � n = jg0(r)j j cos �j � A�r2R j cos �j � A�j cos �jfor all points r on @1
\BR(x1), as R2 < r < 34R and 3�4 < � < 5�4 , � � �1, the right-handside of (4.47) remains always positive. So 4.22 iii) is satis�ed. In addition if B and � < �1where B and �1 are the constants from Lemma 2.3, then 4.22 i) and ii) are also satis�edso Lemma 4.5 holds.



33AppendixProof of Lemma 2.1. Let n = 2 or 3, the dimension of the space.Combining (1.1.1) and (1.1.2) (as � = 0, R � 0 and equation 1.1.3 is dropped), weget that (�; ') solve the equation( a.1) �' = 1� 1g(jr'j) � jr'j22 �K + i(�)� = 1� 1g(jr'j)(! + i(�)):Since we want to �nd a di�erential operator for !, we �rst compute the Laplacian ofjr'j22 �K, i.e.��12 jr'j2 �K� = �12('2x + '2y) = div (r' � r('xi)) = nXi=1 jr'xi j2 +r' ��(r')= nXi; j=1'2xi xj +r'r(�') = kHess(')k2 +r'r(�'):( a.2)Setting t2 = 2(! +K) = jr'j2, the term r'r(�') can be written as( a.3) 1�r'r� 1g(t)(! + i(�))� = 1�r'r� 1g(t)� (! + i(�)) + r'�g(t)(r! +ri(�)):Sincer'�ri(�) = i0(�)�r'rln� = �i0(�) ��' = � 1�g(t) i0(�) � (!+i(�)):Combining(a.3) with (a.2) and this computation yields( a.4) �! = nXi j=1'2xi xj � 1� g0(t)g2(t) r'rt (! + i(�))� i0(�) ��2 g2(t) (! + i(�)) + r'r!� g(t) :Now we want to show that the right-hand side of (a.4) is bigger than( a.5) k2(n� 1)�2g2 !2 + r'r!�g h1� �2 (! + i(�))1 + ! +K i� 2(n� 1)k jr!j2(! +K)where k is from condition (1.2).This would involve only algebraic computations (no further di�erentiation are needed).Since all the quantities under consideration are independent of the choice of orthonormalcoordinates, at any given point x0, we may assume that r'(x0) points in the e1 direction(i.e. 'y(x0) = 'z(x0) = 0). First, the quantity( a.6) nXi; j=1'2xi xj (x0) = nXi; j=1'2ei ej (x0) � nXi=1 '2ei ei(x0) :



34Next, we need to estimatePni=1 '2ei ei(x0) from below in terms of �'. Therefore we write,for n = 2 or 3(�'� 'e1e1)2 = nXi;j=2'eiei'ejej �� nXi;j=2�12'2eiei + 12'2ejej� � (n� 1) nXi=2 '2eiei :( a.7)Since n � 2,(�')2 � 2�''e1e1 � (�'� 'e1e1)2 � (�'� 'e1e1)2 + '2e1e1 � (n� 1) nXi=1 '2eiei :Therefore, combining (a.6), (a.7) and this last inequality, gives the estimate for thekHess(')k2 in terms of �! and the second pure derivative of ' in the direction of thegradiant, namely( a.8) nXi; j=1'2xi xj (x0) � � 1n� 1(�')2 � 2n� 1 'e1 e1 �'� (x0):We are now in conditions to estimate �! at the point x0, where !(x0) > 0. Com-bining (a.1), (a.4) with (a.8), and 2trt = 2r!,�! � 1n� 1 (! + i(�))2�2 g2(t) � � i0(�)�2 g2(t)(! + i(�))� 2n� 1'e1 e1 (! + i(�))� g(t)� 1� g0(t)g2(t) (! + i(�))2t r'r! + r'r!� g(t) :(a.9) The �rst two terms of (a.9) can be combined into(! + i(�))�2 g2(t) � 1n� 1(! + i(�))� � i0(�)� �(! + i(�))�2 g2(t) 1n� 1(! + ki(�) ) � kn� 1 (! + i(�))2�2 g2(t) ;(a.10)with 1n�1 i(�)� � i0(�) � 1n�1 k i(�) and 0 < k < 1, both by condition (1.2).Next we estimate the third term of the right hand side of (a.9) using Schwartzinequality(a.11) 2n� 1'e1 e1 (! + i(�))� g(t) � 2n� 1 p'2e1 e1 + 2n� 1p�1 (! + i(�))2�2 g(t)2 :



35Taking p�1 = k2 , k from condition (1.2) and combining (a.9), (a.10) and (a.11) thefollowing estimate holds at every point x0(a.12) �! � k2(n� 1) (! + i(�))2�2 g(t)2 � 4(n� 1)k'2e1 e1 + r'r!� � 1g(t) � g0(t)g2(t) (! + i(�))2t � :Next we write 'e1 e1 in terms of ! and r! at the point x0 usingr! = r� jr'j22 +K� = r' � r('xi) = 'e1'e1 e1 ;so that r!r' = '2e1'e1 e1 :Therefore jr! � r'j2 = ('2e1'e1 e1)2 and( a.13) '2e1 e1(x0) = jr! � r'j2jr'j4 (x0) � jr!j22(! +K) (x0):From (a.12) and (a.13)( a.14) �! � k2(n� 1)�2g2 (!+ i(�))2+ r'r!� �1g � g0g2 ! + i(�)2t �� 2(n� 1)k jr!j2(! +K) :Next, we need to compute � 1g � g0g2 !+i(�)2t � in detail, as we look at the behavior ofg(jr'j) for ! > 0 (i.e. jr'j2 > 2K).Since g(jr'j) = �1+ jr'j22 ��=2 = (1+!+K)�=2, we can estimate the terms of (a.14)that contain g(t) simply by computing g0(t) = �2 �1 + t22 ��=2�1 2t, so that( a.15) 1g � g0g2 ! + i(�)2t = 1g �1� �2 ! + i(�)1 + ! +K� :Finally , combining (a.14) with (a.15) yields the inequality( a.16) �! � k2(n� 1)�2g2!2 + 1� r'r!g �1� �2 ! + i(�)1 + ! +K �� 2(n� 1)k jr!j2(! +K) :So Lemma 2.1 is now proven.Proof of Lemma 3.1.This proof is rather similar to the one of Lemma 2.1. Let n = 2 or 3 be the dimensionof the space.



36 As in (a.2) and (a.4) and (a.8) ! satis�es�! � 1(n� 1)�2 1g2(t)(! + i(�))2 � 2(n� 1)� 'e1 e1g(t) (! + i(�))( a.17) +r'r� 1�g(t)(! + i(�))�+�(R(')� q�)where t2 = jr'j2 = 2(!+K �R(') + q�). Since g(t) = �1+ jr'j22 ��=2 for ! > 0 then wewrite g(t) = (1 + ! +K � R(') + q�)�=2 = (1 +W )�=2.Recalling that C(x) is positive and, by (3.2) � � i�1(K�)�(R(')� q�) = R00�'� q�(�� C(x))( a.18) = R00 1�g(t)(! + i(�))� q��+ q�C(x) �� R (! + i(�))�g(t) � q�i�1(K�):Then, combining (a.18) with equivalent estimates to (a.10) and (a.11), the right-handside of (a.17) dominates12(n� 1)�2 kn g2(t) (! + i(�))2 � 4(n� 1)k'2e1 e1 + r'r!�g(t)( a.19) + r'rg�1(t)� (! + i(�)) + RL (! + i(�))g(t) � q�i�1(K�):Next, the second and third term are estimated as in Lemma 2.1. In a local coordinatesystem where 'ei = 0; i > 1,r! = 'e1r'e1 + R0(')r'� qr�:Computing 'e1 e1 as in (a.13)( a.20) 'e1 e1'2e1 = r!r'� R0(')jr'j2 + qr�r':Thus, for ! � 0, jr'j = p2(! +K � R(') + q�)1=2 � p2(K � RU + q�L)1=2 > 0and � 4(n� 1)k'2e1 e1 �( a.21) � 4(n� 1)k � jr!jp2(K � RU + q�L)1=2 � R+ qMp2(K � RU + q�L)1=2�2 :



37As in (a.15) computer'r!rg(t) + r'rg�1(t)� (! + i(�))= r'r!� � 1g(t) + g0(t)g2(t) ! + i(�)2t �( a.22) = 1� r'r!g �1� �2 ! + i(�)1 +W �+ 1� �R0jr'j2 + qr�r'g(t) �1� �2 ! + i(�)1 +W � :Therefore, combining (a.17) with (a.19), (a.20), (a.21) and (a.22) the following in-equality holds�! � 1�2 k2(n� 1)�2g2(W )!2( a.23) � 2(n� 1)k jr!j2(K � RU + q�L) � 4(n� 1)k qM jr!jK � RU + q�L� 4(n� 1)k 8<: Rr!(2(K � RU + q�L))1=2 + �R+ qM(2(K � RU + q�L))1=2!29=;1� g �r'r! � Rjr'j2 � qM jr'j��1� �2 ! + i(�)1 +W �� 1�R (! + i(�))g� q�i�1(K�);so recombining it yields Lemma 3.1.Proof of Lemma 4.1.Again this proof is similar to the previous lemmas in this appendix, but it contains themodi�cation due to the local transformation that \attens" the boundary. For conveniencethe drop the subscripts � and primes.For ! = (jr'j jFxj)22 � K + R(') � q� as in (a.2) and (a.4) and (a.17) compute�(! � jFxj�2) as on one hand( a.24) �(!jFxj�2) = �!jFxj�2 + 2r!rjFxj�2 + !�jF j�2and, on the other hand, is( a.25) �(!jFxj�2) = �� jr'j22 + (�K + R(')� q�)jFxj�2� :



38 As in the two previous lemmas, we estimate( a.26) �(!jFxj�2) � (�')2 � 2'e1 e1�'+r'r�'+�((�K + R(')� q�)jFxj�2):Combining estimate (a.24) with estimate (a.26)�! � 1�2 [! + i(�)]2g2(t) � 2� 'e1 e1 (! + i(�))g +r'r(�')( a.27) � 2r!rjFxj�2jFxj2 � !�jFxj�2jFxj2 + (�K + R(')� q�)�jFxj�2jFxj2+ 2(rR(')� qr�)rjFxj�2jFxj2 + �R00 1� (! + i(�))g(t) + q�i�1(K�)� :Using equation 4.1 iii) to estimate r'r(�'),r'r(�') = r' � r��'jFxj2 � 1jFxj2�= r'r(�'jFxj2) +r' ��'2r(jFxj�2)( a.28) = r'� r�! + i(�)g(t) �+ 2r'� �! + i(�)g(t) �rjFxj�2:As in Lemma 2.1, the �rst term of (a.25) is estimated as in (a.3), and since( a.29) r' � ri(�) = � 1�g(t)(! + i(�))i0(�)�;combining (a.27) with (a.28) and (a.29) along with the condition on the enthalpy functionfor n = 2{space dimensions i(�)�i0(�)� = k i(�) with 0 < k < 1, i(�) � K� = K�RL+q�Uthe following estimate holds�! � 1�2 k2g2(t)(! + i(�))2 � 4k'2e1 e1 + r'� r!g(t) + r'� rg�1(t)(! + i(�))( a.30) + R00� ! + i(�)g(t) � q�K�+ �2r'jFxj� (! + i(�))g(t) jFxj�1 + 2r! + R0r'� qr�� rlnjFxjjFxj4�W �jFxj2jFxj2 :Estimating 'e1e1 as in (a.21), taking into consideration that r(!jFxj�2) = 'e1'e1e1+(R0(')'x � qr�)jFxj�2+ (K + R(')� q�)rjFxj�2 in a local coordinate system where'e2 = 0, then for ! � 0( a.31) jr'j = p2jFxj�2(! +K � R(') + q�)1=2 � p2maxN jFxj�2(K � RU + q�L)1=2;



39so that� 4k'2e1 e1 � �4k 1p2maxN jFxj�4(K � RU + q�L)( a.32) fjr(W jFxj�2)j+ (Rp2maxN jFxj�4(K � RU + q�L)� qM)jFxj�2+ (K � RU + q�L)rjFxj�2g2:LetM = p2maxN jFxj�4(K�RU+q�L) then combining (2.30) with (a.31) and (a.32)and g(W ) = (1 +W )�=2, if ! > 0�! � k2�2g2!2 � 2W 1=2jFxj jr!j� � 1(1 +W )�=2 � �2 ! + i(�)(1 +W )�=2+1�( a.33) � 4kM n�jr!jjFxj�2 + !jrjFxj�2j�2+2 �jr!j jFxj�2 + !jrFxj�2��(RM+ qM)jFxj�2 + (K � RU + q�L)jrjFxj�2j�+ �(RM+ qM)jFxj�2 + (K � RU + q�L)jrjFxj�2j�2o� R� ! +K�(1 +W )�=2 � q�K� �W �jFxj2jFxj2� �2W 1=2� ! +K�(1 +W )�=2 jFxj�1 + 2r! + RM + qM� jrjFxj�4j:Finally, reorganize the terms that contain jr!j and put them together as�! � 1�2 k2(1 +W )�!2 � 4kMjFxj4 jr!j2( a.34) � jr!j� �2W 1=2jFxj � 1(1 +W )�=2 � �2 (! + i(�))(1 +W )�=2+1�+ � �8!jrjFxj�4jkM + 8kM jFxj�4(RM+ qM)+2jrjFxj�4j 8kM(K � RU + q�L)jrjFxj�4j��� jrjFxj�4j� 8!kM (RM+ qM) 8kM(RM+ qM)(K � RU + q�L)+RM+ qM + 2� W 1=2(1 +W )�=2 (! +K�)�� 4kM jrjF�2x j j2(! + (K � RU + q�L))2� 4kM(RM+ qM)2jFxj�4 � R� ! +K�(1 +W )�=2 � q�K� �W �jFxj2jFxj2 :
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