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Abstract—We present new preliminary results of a discontinu-
ous Galerkin (DG) scheme applied to deterministic computations
of the transients for the Boltzmann-Poisson (BP) system describ-
ing electron transport in semiconductor devices. Very recently
in [1], [2], [3], results for one and two dimensional devices
were obtained in the case of silicon semiconductor assuming
the non-parabolic band approximation. Here, more general band
structures are considered. Preliminary benchmark numerical
tests on Kane and Brunetti et al. band models are reported.

I. INTRODUCTION

In modern highly integrated devices, the charge carrier
transport can be described by the semiclassical Boltzmann-
Poisson (BP) system.
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Time-dependent solutions of the above system contain all the
information on the transient of the carrier distribution.

In Eq. (1), f represents the electron probability density
function in phase space k at the physical location x and
time t. The electric field is denoted by E and ε is the
energy-band function. Physical constants ~ and q are the
Planck constant divided by 2π and the positive electric charge,
respectively. The collision operator Q(f) describes electron-
phonon interactions where the most important ones in Si are
due to scattering with lattice vibrations of the crystal, which
are modeled by acoustic and optical non-polar modes with a
single frequency ωp, i.e.

Q(f) =
∫
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[
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]
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where S(k, k′) is defined by

S(k, k′) = (nq + 1)K δ(ε(k′)− ε(k) + ~ωp)
+ nq K δ(ε(k′)− ε(k)− ~ωp) + K0 δ(ε(k′)− ε(k)) ,

and K, K0 are constants. The phonon occupation factor is
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where kB is the Boltzmann constant and TL = 300◦K is the
constant lattice temperature. The symbol δ indicates the usual
Dirac distribution. In Eq. (2), ε0 is the dielectric constant in a
vacuum, εr(x) labels the relative dielectric function depending
on the material, ρ(t,x) is the electron density, and ND(x) is
the doping. Eq. (1) can be easily generalized to more valleys
by replacing f with an array and including the intervalley
scattering terms in the collisional operator.

After the pioneer work [4], in recent years, deterministic
solvers to the BP system were proposed [1]-[3], [5], [6],
[7], [8]. These methods provide accurate results which, in
general, agree well with those obtained from Monte Carlo
(DSMC) simulations, often at a fractional computational time.
Moreover, they can resolve transient details for the electron
probability density function f , which are difficult to compute
with DSMC simulators.

In all of the aforementioned deterministic solvers, the
energy-band function ε(k) is given analytically, either by the
parabolic band approximation or by the Kane non-parabolic
band model. The analytical band makes use of the explicit
dependence of the carrier energy on the quasimomentum,
which significantly simplifies all expressions as well as imple-
mentation of these techniques. However, the physical details
of the band structure are partly or totally ignored, which
hinders the application to transport of hot carriers in high-field
phenomena with highly anisotropic band structure. Full band
models, on the other hand, can guarantee accurate physical
pictures of the energy-band function. They are widely used in
DSMC simulators, but only recently the transport Boltzmann
equation was considered [9], [10], where approximate solu-
tions were found by means of spherical harmonics expansion
of the distribution function f . Since only a few terms of the
expansion are usually employed, high accuracy is not always
achieved [11]. Our model and simulation [1]-[3] do not involve
any asymptotics to approximate the BP system.

II. NUMERICAL ALGORITHM

We propose a discontinuous Galerkin (DG) solver to full
band BP models. It is a generalization of the scheme for the
Kane non-parabolic band relations developed in [1]-[3]. The



DG scheme is a conservative scheme that has the advantage
of flexibility for arbitrarily unstructured meshes and the full
potential for arbitrary hp-adaptivity. In this paper, we adapt
this solver to treat the full band case. The main advantage
of this solver is that the direct evaluation of the Dirac delta
function can be avoided. Hence, an accurate yet high-order
simulation with comparable computational cost to the analytic
band cases is possible.

A. Change of Variables

Unlike [3], the coordinate transform proposed in [12], which
is based on the analytic band relation, can no longer be used.
However, it is still desired to use the spherical coordinate
systems compared to the cartesian coordinates in k space
because of the much higher resolution demands near the point
k = 0 and the consideration that away from the origin large
cells are sufficient for describing the tail of the distribution
function accurately. We remark that the new coordinate does
not require symmetry of the problem, so the anisotropic band
case can be computed without additional difficulty.

We assume that the typical values for length, time and volt-
age are `∗ = 10−6 m, t∗ = 10−12 s and V∗ = 1 Volt, respec-
tively. The following dimensionless quantities and change of
variables are introduced for general three-dimensional device.
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The spherical coordinates map the k-domain Ωk onto the set
Ω of the (r, µ, ϕ) space. Now, the new unknown function Φ is
obtained by the f multiplied by the Jacobian of transformation

Φ(t, x, y, z, r, µ, ϕ) =
1
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and it satisfies the following equation
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where

S(r, µ, ϕ, r′, µ′, ϕ′) = c+ δ(E(r′, µ′, ϕ′)− E(r, µ, ϕ) + αp)
+c− δ(E(r′, µ′, ϕ′)− E(r, µ, ϕ)− αp)
+c0 δ(E(r′, µ′, ϕ′)− E(r, µ, ϕ)),

is the scattering kernel. The constants are listed below
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The dimensionless Poisson equation is
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B. DG Formulation

The DG scheme for Eq. (4) is similar to its counterpart in
[3] except for terms involving the energy band. When solving
Eq. (4), the solution within each computational element of the
(x, y, z, r, µ, ϕ) domain is assumed to be a polynomial (linear
in our computation) in the (x, y, z) and (r, µ, ϕ) variables
having unknown time-dependent coefficients. The resulting



equations are ordinary differential equations for those coef-
ficients which can be solved by a suitable Runge-Kutta time
discretization. Eq. (6) is solved by the local DG (LDG) method
proposed in [13]. We refer to [3] for more details about the
treatment of different boundary conditions for various devices.

The drift terms a1, a2, a3 and the collision term (5) involve
the numerical band data. A smooth interpolant of E on each
computational element indexed by α in (r, µ, ϕ) space is
generated as follows,

E(r, µ, ϕ) = E(rα, µα, ϕα) + Aα,r (r − rα)
+Aα,µ (µ− µα) + Aα,ϕ (ϕ− ϕα) ,

where the coefficients E(rα, µα, ϕα), Aα,r, Aα,µ, Aα,ϕ are
pre-computed based on the numerical band input. The point
(rα, µα, ϕα) is the center of the cell α. A similar expression
is used to approximate the the group velocity in each cell.
This simple description enables us to compute the collision
and the drift terms effectively and is accurate enough for our
application.

III. NUMERICAL RESULTS

We present some preliminary results based on the Kane
band model and Brunetti et al. band model [14]. The Kane
dispersion relation is given by,

ε(1 + αKε) =
~2k2

2m∗ , (7)

where αK is the non-parabolicity factor and m∗ the effective
electron mass. The Brunetti et al. model used a non parabolic
approximation for energy less then 1.75eV and a simple
parabolic function for high energy. Now, the approach used
in [1]-[3], [5]-[7], [12], where a transformation of variables
allows a simple treatment of the kernel of the collision
operator, is not available, since the electron energy function is
not a monotone function of ‖k‖2. Figure 1 shows a comparison
of the two band models. We benchmark the scheme on the test
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Fig. 1. Comparison of the Kane and Brunetti band models. r versus electron
energy (in eV ).

case of Si n+−n−n+ diode with channel length of 400nm.

Details about the configuration of the device can be found in
[6]. The results are obtained by using the analytic formula (7)
and the discrete band data respectively. The discrete band data
is obtained as follows. The Kane band model can be rewritten
in the new set of coordinates (r, µ, ϕ) as

E(r) =
2 r

1 +
√

1 + 4 α̂K r
, α̂K = αK kBTL .

After a first-order Taylor expansion, the discrete version of the
model is

E(r, µ, ϕ) = E(rα) + Aα,r (r − rα),

where

E(rα) =
2 rα

1 +
√

1 + 4 α̂K rα

, Aα,r =
1√

1 + 4 α̂Krα

.

We then use the algorithm described in Section II to com-
pare the results computed in [3] for the analytic band. In
Figure 2, we plot the velocity and energy for the diodes at
t = 0.5ps, when the device is still in transient state. Results
for density of charge coincide in all the cases. They show the
good agreement between the analytical and numerical Kane
electron energy model for higher order moments. In particular,
the results for numerical and analytical Kane band model
benchmark our solver, justifying our approach of treating the
full band models.

The discrete Brunetti et al. band can be computed similarly
by a first-order Taylor expansion. In Figure 3, we compare
the results at t = 4ps, when the device has reached steady
states. The discrepancies in Figures 2 and 3 for mean velocities
and kinetic energies with respect to the Kane and Brunetti et
al. model in the channel region are expected, since the band
energy above 1.75eV differ significantly as can be seen in
Figure 1.

IV. CONCLUSION

We propose a DG algorithm for full-band BP models.
Benchmark test cases based on the Kane and Brunetti band
models are given. Future work includes implementing the
scheme for anisotropic band and numerical band data.
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