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GLOBAL WELL-POSEDNESS OF A BINARY-TERNARY BOLTZMANN
EQUATION

IOAKEIM AMPATZOGLOU, IRENE M. GAMBA, NATASA PAVLOVIC, AND MAJA TASKOVIC

ABSTRACT. In this paper we show global well-posedness near vacuum for the binary-ternary
Boltzmann equation. The binary-ternary Boltzmann equation provides a correction term to the
classical Boltzmann equation, taking into account both binary and ternary interactions of par-
ticles, and may serve as a more accurate description model for denser gases in non-equilibrium.
Well-posedness of the classical Boltzmann equation and, independently, the purely ternary Boltz-
mann equation follow as special cases. To prove global well-posedness, we use a Kaniel-Shinbrot
iteration and related work to approximate the solution of the nonlinear equation by monotone
sequences of supersolutions and subsolutions. This analysis required establishing new convolution
type estimates to control the contribution of the ternary collisional operator to the model. We
show that the ternary operator allows consideration of softer potentials than the one binary op-
erator, consequently our solution to the ternary correction of the Boltzmann equation preserves
all the properties of the binary interactions solution. These results are novel for collisional opera-
tors of monoatomic gases with either hard or soft potentials that model both binary and ternary
interactions.

1. INTRODUCTION

We study global in time well-posedness near vacuum of the Cauchy problem for an extension of
the classical Boltzmann transport equation (BTE) for monoatomic binary interactions gases that
includes ternary interactions. This equation, which can be viewed as a model of a denser gas
dynamics, has been recently introduced by two of the authors in [5], who rigorously derived, from
finitely many particle dynamics, the purely ternary model for the case of hard potential interactions
zone for short times. Moreover, it is seen in [3] that the ternary collisional operator derived in [5] has
the same conservation laws and entropy production properties as the classical binary operator, which
justifies that the introduced ternary term can serve as a higher order correction to the Boltzmann
equation. Such rigorous derivation of the full binary-ternary model is a work in progress [4]. Let us
also mention that Maxwell models with multiple particle interactions have been studied in [7] [§],
for the space homogeneous case via Fourier Transform methods.

In this paper, we provide the first rigorous analytical result that shows global in time existence
and uniqueness of mild solutions near vacuum to the binary-ternary model and the purely ternary
model on its own. By mild solutions we mean that the z-space dependence of the solution is
evaluated along the characteristic curves given by the Hamiltonian evolution of the particle system
in between collisions (denoted by f#, being introduced in Subsection22]). The analytical techniques
we use are inspired by the works [T4] 13} [6l 19, 20, [I6] and the more recent work of [II, 2]. These
techniques rely on finding convergent supersolutions and subsolutions to the strong form of (L.T])
in the associated strong topology of space-velocity Maxwellian weighted in L*°-functions.

The binary-ternary Boltzmann transport equation we focus on is given by
atf+vva:QQ(f7f)+Q3(f7fvf)7 (t,:c,v)E(O,oo)dex]Rd, (1 1)
F0) = fo, (z,v) R xR, '
and describes the evolution of the probability density f of a dilute gas in non-equilibrium in R?,
d > 2, given an initial condition f, : R x R? — R, when both binary and ternary interactions

among particles can occur. The operator Q2(f, f) is the classical binary collisional operator, which
1
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expresses binary elastic interactions between particles, and is of quadratic order, while the operator
Qs(f, f, f) is the ternary collisional operator which expresses ternary interactions among particles,
and is of cubic order. For the exact forms of the operators Q2(f, f), Qs(f, f, f) used in this paper,
see (2.I)), (2.I4) respectively. We should mention that the purely ternary model, rigorously derived
for short times in [5], is given by

8tf+v'vﬂcf:Q3(f7f7f)7 (t7x7v)€(0700)><Rd><Rd7 (12)
f0) = fo, (z,v) € R xR? '
We refer to (L2) as the ternary Boltzmann transport equation.
For the classical Boltzmann transport equation
Of+v-Vaof =Qa(f, f), (t,x,v) € (0,00) x RY x RY, (1.3)
F(0) = fo, (z,0) €R? xR, '

one way to obtain global well-posedness near vacuum is by utilizing an iterative scheme which con-
structs monotone sequences of supersolutions and subsolutions that converge to the global solution
of (3). This has been carried out for the first time by Illner and Shinbrot [13], who were motivated
by the work of Kaniel and Shinbrot [I4], who in turn showed local in time well-posedness for ([L3])
following this program. Later, this work was extended to include wider range of potentials and
to relax assumptions on initial data by Bellomo and Toscani [6] , Toscani [19] 20] and Palczewski
and Toscani [I6]. Alonso and Gamba [2] used Kaniel-Shinbrot iteration to derive distributional
and classical solutions to (3] for soft potentials for large initial data near two sufficiently close
Maxwellians in position and velocity space, while Alonso [I] used this technique to study the in-
elastic Boltzmann equation for hard spheres. Strain [I8] remarks that the estimates he derives can
be combined with the Kaniel-Shinbrot iteration to obtain existence of unique mild solution for the
relativistic Boltzmann equation.

Kaniel-Shinbrot iteration is also an important tool for proving non-negativity of solutions, see
for example [I7, [10, O]. Also, when initial data has decay in the direction of x — v as opposed to x
and v separately, Kaniel-Shinbrot iteration can be used to construct solutions with infinite energy,

see for example [15] 24] 23].

Certain problems have been solved by considering modifications of the Kaniel-Shinbrot iteration.
For example, Bellomo and Toscani [21] adapted the iteration to the Boltzmann-Enskog equation.
Ha, Noh and Yun [I2] and Ha and Noh [II] also modified the iteration to prove global existence
of mild solutions to the Boltzmann system for gas mixtures in the elastic and the inelastic cases
respectively. Also, Wei and Zhang [22] used another modified iteration to obtain eternal solutions
for the Boltzmann equation.

The goal of this paper is to establish global existence and uniqueness of a mild solution near
vacuum to the binary-ternary Boltzmann equation (IT)) in spaces of non-negative functions bounded
by a Maxwellian. Moreover, solution of ([L2]) follows as a special case. Inspired by [13| 14 2], we
devise an iterative scheme which constructs monotone sequences of supersolutions and subsolutions
to (LI). For small enough initial data, the beginning condition of the iteration holds globally in
time and the two sequences can be shown to converge to the same limit, namely a function f which
solves equation (I in a mild sense. This strategy requires new ideas given the fact that ternary
interactions are also taken into account in (LIJ).
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In particular, due to the presence of the ternary correction term, one needs to properly adapt
the iteration, so that the corresponding supersolutions and subsolutions remain monotone and
convergent. One of the main tools is stated in Lemma which provides important exponentially
weighted convolution estimates. This Lemma not only recovers the estimates developed in [2]
for the binary interaction case, but also develops a new approach in order to treat the ternary
interaction case. Lemma [3.2]is crucially used to obtain uniform in time, space-velocity L'-bounds
that control the ternary gain and loss terms (L™ L' estimates). In fact, using Lemma [3.2] one first
obtains asymmetric estimates (see Lemma[B.3]) because of the asymmetry introduced by the ternary
collisional operator which is not present in the binary case. However, to obtain convergence, it is
essential to have symmetry with respect to the inputs of the gain and loss operators. We were
able to achieve this symmetrization in Proposition [3.4l Finally, we also use Lemma B.2] to prove a
global estimate for the time average of the gain and loss operators along the characteristics of the
Hamiltonian, see Proposition B With this, we were able to extend the argument for controlling
the binary time integrals of both, gain and loss terms, (see [2]), to the ternary case by invoking
properties of ternary interactions and a 2d-analog of the time integration bound for a traveling
Maxwellian.

With these tools in hand, for small initial data, the constructed iteration scheme is proved to
converge to the unique, global in time mild solution of (). For more details see Section M and
Section [B

Organization of the paper. In Section 2] we review the binary and ternary collisional operators
and decompose them into gain and loss forms. We then introduce some necessary notation and
state our main result (Theorem 2I0). In Section Bl we prove the convolution estimate and derive
essential bounds for the gain and loss operators. In Section [, we inductively construct monotone
sequences of supersolutions and subsolutions which are shown to converge to a common limit which
solves the binary-ternary Boltzmann equation (I]), as long as a beginning condition is satisfied.
Finally, in Section [§] we provide the proof of our main result (Theorem 21I0]).
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2. TOWARDS THE STATEMENT OF THE MAIN RESULT

The goal of this section is to present the precise statement of the main result of this paper. In
order to do so, we first review the collisional operators and decompose them to gain and loss form
in Subsection 2.1l introduce necessary notation and the notion of a solution in Subsection 2.2] and
then state the main result in Subsection (Theorem [Z10).

2.1. Collisional operators.

2.1.1. Binary collisional operator. The binary collisional operator is given by

Q2(f, f)(t,x,v) = / Ba(u,w) (f(t,:c,v/)f(t,x,v{) - f(t,:c,v)f(t,:c,vl)) dw dvy, (2.1)

gd—1xRd
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where
ui=v — v, (2.2)

is the relative velocity of a pair of interacting particles centered at z,z; € RY, with velocities
v,v1 € R? before the binary interaction with respect to the impact direction

11— T d—1
wi= |z — x| €5 23
and
=4 (W uw, v = - (W u)w, (2.4)

are the outgoing velocities after the binary interaction.

One can easily verify the binary energy-momentum conservation system is satisfied

v v =4, (2.5)
o] + o1 |* = [ol* + [0 |*. (2.6)

Either [24) or (2H)-(286) imply
[v/| = |u|, where v :=v] —v'. (2.7)

In addition, equation (Z4) yields the specular reflection with respect to the impact direction w
wou' = —w-u. (2.8)

In fact it is not hard to show that, given v,v; € R?, expression (Z4) gives the general solution of the
system (2.3)-(28), parametrized by w € S¥~!. The factor B, in the integrand of ([Z1J) is referred as
the binary interaction differential cross-section which depends on relative velocity « and the impact
direction w. It expresses the transition probability of binary interactions, and we assume it is of
the form

Ba(u,w) = |u|b2 (- w), 72 € (—d+1,1], (2.9)
where 4@ = % e 8?7 is the relative velocity direction and by : [~1,1] — [0, oc) is the binary angular
transition probability density. It is worth mentioning that the case v2 € (0, 1] corresponds to hard
potentials, the case v2 € (—d + 1,0) corresponds to soft potentials and the case v2 = 0 corresponds
to Maxwell molecules.

We assume that the binary angular transition probability density b2 satisfies the following prop-
erties

e by :[—1,1] — R is a measurable, non-negative probability density.
e by is even i.e.

bo(—2) = ba(z), Vzel-1,1], (2.10)
which, due to property from (2.8]), yields the binary micro-reversibility condition

bo(t' - w) =bo(it-w), VweS'' Vo,u eRY (2.11)
/
where @' = |U—| € S*7!' is the scattering direction. In addition, relations @), [3) and
u
(ZI0) yield

Bo(u',w) = Ba(u,w), VweS*', Vo,u € R (2.12)
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e The probability density is integrable on the sphere, i.e. for any fixed @ we have bs (i -w) €
LS, or equivalently ba(2)(1 — 22)“F> € LY([~1,1]), for 2 = @ - w, and

1 —
bzl o a1y =892 [ |ba(2)|(1 = 22) T dz < o0, (2.13)

—1

where [S?72| is the volume of the (d — 2)-dimensional sphere.

Remark 2.1. The integrability condition on by is weaker than the classical Grad cut-off assumption
which assumes bz is a bounded function of z = 4 -w. So our result is valid for a broader class of
angular transition probability measures.

Remark 2.2. One can see that the usual hard sphere model is a special case of the form ([Z3) for

[l

72:1, bz(z):7

2.1.2. Ternary collisional operator. The ternary collisional operator is given by (see [5] for details)

Q3(f7 f7 f)(t,:c,’u)

= / Bs(u,w) (f(t, z,0,07) f(t, z,0,01) f(t, 2, 0,02) = [(t2,0) f(t, 2, 00) f(E,2,02)) dwr dws dvy dos,
§2d—1 wR2d (214)

where

u = <”1 - ”) € R*, (2.15)

Vg — U

is the relative velocity of some colliding particles centered at z,z1,z2 € R?, with velocities v, v1,ve €
R? before the ternary interaction with respect to the impact directions vector

“ ! Tr—x 2d—1
<w2> Ve — @12 + [z — 222 <132—1:> (2.16)

w ( ) ( )
_ w1 (V1 —v) +we-(v2 —v
v =v+ 1T oo (w1 + wa2),
v = -t e oy, (2.17)
« w1 (v1—v)+wa-(v2 —v
e : (11—1-)W1-c2m(2 )w%

are the outgoing velocities of the particles after the ternary interaction. It can be easily seen that
if v*,vf,vs are given by (2ZI7), the ternary energy-momentum conservation system

v+l vy =v+ v+ g, (2.18)
o2 4 o5 + (03 = [of? + o1 + foa?, (2.19)

is satisfied. Expressions (2.I8)-(2I9) also imply the ternary velocities conservation law
[v* — v P 4 [v* —v3P 4 Jof —vs]? = v —vi]? + v — v > + o1 — w2, (2.20)

For the postcollisional relative velocity, we will write

* 'UT —v*
wr = <v; _v*>, (2.21)
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and let us also define the quantities

@] = /o = vi]2 + [v — a2 + o1 — v2]?, (2.22)

[a”| == V]or —vi 2 + v — v3]? + v} — v3]2. (2.23)
Then (Z20) can be written as
a| = |a*], (2.24)
which is the ternary analog of the binary expression (Z1). Defining

*

u u
==, a ==, 2.25
al & (225)
equality (220) implies @, @* € E**~! where
B> = {(v1,12) € R* : i P + o + |11 — e]? = 1}, (2.26)

is a (2d — 1)-dimensional ellipsoid. The vectors @, @* are the ternary analogs of the relative velocity
direction and the scattering direction of the binary interaction. Because of the assymetry of the
ternary interaction they are not unit vectors, they lie on the ellipsoid E?¢~! instead. However, for
convenience we will refer to @, @* as relative velocity direction and scattering direction respectively.

The collisional formulas ([2I7) also imply
w " =-w-a, (2.27)
which is the ternary analog to specular reflection with respect to the impact directions vector
w = (wi,w2) € $**71. Indeed, one has
wut=w (v —v)fwr (V3 -V ) =uew— 2u-w
which is equivalent to (Z21) due to ([Z23]).

The term Bs in the integrand of ([ZI4), depending on the relative velocity w € R** and the
impact directions vector w = (wi,w2) € S**7', is the ternary interaction differential cross-section,
which describes the transition probability of ternary interactions. Recalling |u| from (222 and
@ € E**! from (Z20), we assume Bs takes the form

Tz (el Fonon t foaf’) =~

Bs(u,w) = |u|™bs (@ - w,w1 - w2), 73 € (—2d+1,1], (2.28)

and b3 : [-1,1] x [-1,4] — [0,00) is the ternary angular transition probability density. Since w =

(w1, w2) € §**71 Cauchy-Schwartz inequality and (222) yield

@ w| < 3] o] = 2 <1 (2.29)

- lu| =
Moreover, for any w = (w1, ws2) € $?**~!, Cauchy-Schwartz inequality followed by Young’s inequal-
ity yield
2 2
+ 1
lwi - wa| < Jwi] - |wa| < M =
Therefore, for any w = (w1, w2) € S¥7! the expression bs (@ - w,ws - w2) is well defined.

In addition, we assume that bs satisfies the following properties

e bs:[—1,1] x [-1,4] — R is a measurable, non-negative probability density.
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e bs is even with respect to the first argument i.e.

ba(—z,w) = bs(z,w), V(zw) € [-1,1] x [—%7 %]. (2.30)
In addition, due to (227, the ternary micro-reversibility condition holds

by (" - w,wi -w2) =bs (G- w,wr -w2), Ywée S W, v, v € RY (2.31)

and relations (228)), (2.28) and (231) imply the total ternary collision kernel satisfies
Bi(u®,w) = B3(u,w), VweS* ' Vo,u1,v € RE (2.32)

e The probability density bs is integrable on 7! i.e.
03]l 11 (s2a-1) == sup / bs(v - w,wi - w2) dw < 0. (2.33)
§2d—1

uE]Efd71

Remark 2.3. One can see that the ternary operator introduced in [B] is a special case of (Z28) for
_ _1_ I
3 =1, b3(z,w)= Eﬁ
Remark 2.4. Throughout the paper we assume that at least one of ba, bs is not trivially zero;
however one of the two could be zero. If bs = 0, we recover the classical Boltzmann equation (L3)),
while if ba = 0 we recover the ternary Boltzmann equation [L2). As it will become clear, see for
instance (Z18), the dependence on the size of ba and bs is additive implying that the two collisional
operators can be studied separately.

2.1.3. Gain and loss operators. It turns out more convenient to study the more general collisional
operators

Q2(f,9)(t,z,v) :/ Ba(u,w) (f(t,x,v')g(t,:c,vi) — f(t,:c,v)g(t,x,vl)) dw dvy, (2.34)

Sd—1 xRd
Q3(f7 9, h)(t7 z, U) = / B B B3(u7 w) (f(t7 €T, U*)g(tv Z, 'U;lk)h(tv €T, U;) - f(tv Z, v)g(tv Z, vl)h(tv Z, 1)2))
§2d—1 wR2
dw1 dw2 d’Ul d’t)z,
(2.35)
Due to the assumptions ([ZI3), ([233), the binary-ternary operator Qs(f,g) + Qs(f,g,h) can be
decomposed into a gain and a loss term as follows

Qz(f,g)—FQa(f,g,h):G(f,g,h)—L(f,g,h), (236)
where
L(f7g7h):LQ(f7g)+L3(f7g7h)7 (237)
G(f7g7h):GQ(f7g)+G3(f7g7h) (238)
The binary gain and loss operators Gz, Ly are given respectively by
Ga(f,9)(t,xz,v) = / Ba(u,w) f(t,z,v")g(t, z,v1) dw dv, (2.39)
§d—1xRd
La(f,9)(t,xz,v) = / Ba(u,w) f(t,z,v)g(t,z,v1) dw dvr, (2.40)
Sd*lXRd

(2.41)
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and are clearly bilinear. The ternary gain and loss operators Lz, G3 are given respectively by

Gs(f,g,h)(t,z,v) = / Bs(u,w)f(t,z,v")g(t, z,v1)h(t, z,v5) dwi dws dvi dvs, (2.42)

§2d—1 wR2d

Ls(f,g,h)(t,z,v) = / Bs(u,w) f(t,x,v)g(t,x,v1)h(t,x,v2) dwi dws dvy dva, (2.43)

§2d—1 wR2d

and are clearly trilinear. Notice the loss term can be factorized as

L(f,g,h) = fR(g,h), (2.44)
where R is given by
R(g,h) = Ra(g) + Rs(g,h), (2.45)
R is the linear operator
Ra(g)(t,z,v) := / Ba(u,w)g(t,x,v1) dwdv1, (2.46)
S§d—1 xRd
and Rs is the bilinear operator
Rs(g,h)(t,z,v) :== / Bs(u,w)g(t,z,v1)h(t, z,v2) dwr dws dvy dvs. (2.47)
§2d—1 ywR2d

2.2. Some notation and the notion of a solution. Throughout the paper, the dimension d > 2,
the binary and ternary integrability assumptions (Z13), (Z33) respectively, and the cross-section
exponents

v2 € (—d+1,1], 3 € (—2d+1,1], (2.48)
appearing respectively in ([29), (Z28) will be fixed. Moreover, Cy denotes a general constant
depending on the dimension d and can change values.

2.2.1. Functional spaces. Let us introduce the functional spaces used in this paper. First, in order
to point out the dependence in positions and velocities, we will use the notation

L., = L"(R* x RY), (2.49)
LY, = L™ (R* x RY). (2.50)
We also define the sets of space-velocity functions
Fuw:={f:R*x R? 5 R, such that f is measurable}, (2.51)
Ff,:={f € Fuu: f(z,v) >0, for ae. (z,v) € R x R%}, (2.52)
Lyd =Ly, N Fy,. (2.53)

In general, for f,g € F, ., we write f > ¢ iff f(x,v) > g(z,v) for a.e. (z,v) € R* x R?. Same notation
will hold for equality as well.

Given a, > 0, we define the corresponding (non-normalized) Maxwellian M, 5 : R* x R? — (0, c0)
by

Mo p(z,v) = eIzl =817, (2.54)
We also define the corresponding Banach space of functions essentially bounded by M, s as
Mo ={f€Fou: Hf”Ma,['} < oo}, (255)

where
M s o= IF M pllLes, -
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We will write fo —2¥ f if
fo 25 f and su§||fn||Ma,B < 00. (2.56)
ne

It is clear that if f, ¥ f then fu € Mas for alln € Nand f € Mas. If ke N and fin —o f,
f2,n Ah)ﬁ fz,..., fk,n /\gﬁ fk, we WIH WI‘ite

(Frons oo Fon) 2 (f1, s Fi).

We also define the set of a.e. non-negative functions essentially bounded by M, s as

ML= MapsnF,. (2.57)

Given 0 < T < oo, we define the sets of time dependent functions
Fr:={f:[0,T) = Fun}, (2.58)
Fi=A{f:10,T) = F,}, (2.59)

and given f,g € Fr, we will write f > g iff f(¢) > g(¢) for all ¢ € [0, 7). Same notation will hold for
equalities as well.

Finally, we define the following subsets of functional spaces

C°([0,7), Ly ) == C°([0,T), Li.,) N Ff, (2.60)
Lioe([0,T), Ly78) := Lioe([0,T), Ly ) N Ff (2.61)
L([0,T), Ly ) := L>([0,T), Ly..,) N Fof, (2.62)

and given a, 8 > 0, we define the Banach space of time dependent functions uniformly essentially
bounded by M, s

L¥([0,T), Ma,p) :={f € Fr : [[[flllec < o0}, (2.63)
with norm
1 flllee = sup [IF(#)llat,,s- (2.64)
t€(0,T)
Notice that in definition ([Z.63]), the supremum is taken with respect to all ¢ € [0, 7). We also write
L=([0,7), M{ g) = L=(10,T), Mas) N Ty (2.65)
2.2.2. Transport operator. We now introduce the transport operator which will be crucial to define
mild solutions to (ILI)). Let us recall from (Z351)-(2352) the sets of functions
Frw:={f:R*xR? 5 R, such that f is measurable},
Ef, = {f € Fu,: f(z,v) >0, for a.e. (z,0) € R? x R?}.
Consider a positive time 0 < 7' < oo (we can have T' = oo) and recall from (Z58)-(2Z59) the sets
of time dependent functions
Fr:={f:[0,T) = Frn},
Ff={f:[0,T) = F},}.

Given f € Fr, we define f# € Fr by
@t z,v) = ft,z + to,v), (2.66)
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and f~# € Fr by
F#(t,z,0) = f(t, @ — to,v).
Clearly, the operators # : Fr — Fr and —# : Fr — Fr are linear and invertible and in particular

#) = —#.

Remark 2.5. Let f,g € Fr. Since the maps (z,v) — (x +tv,v) and (z,v) — (z —tv,v) are measure-
preserving, for all t € [0,T), we have

f2geff>2g" e >g"
In particular
feFtefer of*ecrt (2.67)

Remark 2.6. Let f,g € Fr. Since the maps (z,v) — (x+tv,v) and (xz,v) = (xr — tv,v) are measure-
preserving, for all t € [0,T), we have

I Olles, = 1@l = 15 F @l Ve 0,T), (2.68)
Relation (ZG10)-268) and linearity of the transport operator imply
FeC®(0,7), L) < fFec(0,7), L)) & f7 € C(0,T),Ly}). (2.69)

Throughout the manuscript, we will often define f# € Fr directly, implying that f is defined by
f=*"

2.2.3. Transported gain and loss operators. In order to define mild solutions to (L)) , it is important
to understand the action of the transport operator on the gain and loss operators. More specifically,
given f,g,h € Fr, for the gain operators we write

G (f.9)(t,z,0) = (G2 (f,9)" (t,x,v) = / B (u,w) f(t, 2+ tv,v")g(t, @ + tv,0]) dw dvr,

Sd—1 xRd

G?(ﬂ%h)(tﬂvw) = (G3 (f7g7h))# (t7:c,v)

= / Bs(u,w) f(t,z + tv,v")g(t, 2 + tv,v])h(t,  + tv, v5) dwi dws dvy dvs,
§2d—1 ywR2d

G (f,9.0)(t,x,v) = GF (f.9)(t,x,v) + GF (f,9.h)(t, 2, ), (2.70)
and for the loss operators we write
L:2#(f7 g)(t7 x, U) = (L2 (f7 g))# (t7 €Z, ’U) = /d B BQ(U7 w)f(tv T+ tvv U)g(t, T+ tvv 1)1) dw dvlv
Sd—1 xR

LY (f,9,h)(t,2,0) = (Ls (f,9,h)" (t,2,0)
= /Szdil . Bs(u,w) f(t,x +tv,v)g(t, x + tv,v1)h(t,z + tv, v2) dwi dws dvy dvz,
LY (f.9,h)(t, 2, 0) = LY (£, 9)(t, 2, 0) + LE (£,9, h)(t, 2, v). (2.71)
Under this notation, it is straightforward to verify that
LE(f.9:)(®) = fF(ORY (9)(®),
LY (f,9,h)(t) = f*(ORY (9,h)
L*(f,9,0)(t) = f* (1) R* (g, h)

h)(t) (2.72)
h)(t)

)
)
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where

Rf(g)(tﬂcm) L= (R2 (g))# (t71}7’l}) = / BZ(%W)g(tyx + t'U7’Ul) dw dv1,

gd—1xRd

RY (g,h)(t,z,v) : = (R3 (9,h)" (t,z,v)
= / Bs(u,w)g(t,x + tv,v1)h(t, z + tv,v2) dwi dws dvy dva,
§2d—1yR2d

R#(g, h)(t,xz,v): = R#(g)(t,x,v) + Rf(g, h)(t, x,v). (2.73)

2.2.4. Notion of a mild solution. Using (230, the binary-ternary Boltzmann equation (LI)) is
written as follows

{&f +u-Vof =G, £, f) = LU, £, ), (t,z,0) € (0,00) x R x RY,

2.74
f(0)=fo, (x,v) € R xR, (2.74)

where the gain term G(f, f, f) and the loss term L(f, f, f) are given by (Z.38))-(237)) respectively.

Here is where the importance of the transport operator will become clear. Indeed, using the
chain rule, the initial value problem (2774) can be formally written as

{8tf# FLF(fF ) = G*(f, £, f),  (t,z,v) € (0,00) x R? x R,

2.75
#0) = fo, (z,v) € R*x R% (2.75)

Motivated by [2.75]), we aim to define solutions of () up to time 0 < T' < oo, with respect to
a given Maxwellian M, g, where a, 8 > 0.

Definition 2.7. Let 0 < T < o0, o, 8 > 0 and fo € M} ;. A mild solution to (L) in [0,T), with
initial data fo € M, ,, is a function f € Ff such that

(i) f#€C%([0,7), LyH) N L=([0,T), M} ,),

(i) L#(f, f, 1), G*(f, f, f) € L=([0,T), L),
(iii) f* is weakly differentiable and satisfies

dr# # _
{WjLL (f1.)=G*(f, 1. 1), (2.76)
F7(0) = fo.

Remark 2.8. The differential equation of (Z710) is interpreted as an equality of distributions since
all terms involved belong to L},.([0,T),LY7).

Remark 2.9. Remarks 22228 imply that a mild solution f to (L)) belongs to C°([0,T), LYT).

2.3. Statement of the main result. Now we are ready to state the main result of the paper.

Theorem 2.10. Let 0 < T < oo, a, 8> 0. Then for any initial data fo € M} , with

ol/? )
[ follme s < : 2.77
B 48K/3(1+ al/4 ) (
2,/6K;
where
_ 1 _ 1
K= b - a2y - b - R 2.

5 = Ca|llb2]|z1(ga-1)(8 + d+’yz—1)+” 3l 21 (s2a-1y (87 + 2d+73—1) >0, (2.78)
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and Cq is an appropriate constant depending on the dimension d, the binary-ternary Boltzmann
equation () has a unique mild solution f satisfying the bound

B 1/4
1- \/1 — 48Kpa 12 (1 + 7o) follata

17#]lleo < (2.79)

24Ksa-1/2 (1 + 2\(%%)
B

Remark 2.11. As we will see, the uniqueness claimed above holds in the class of solutions of (LT
satisfying (279).

Remark 2.12. According to the assumptions on bz, bs made in Remark[2-), Theorem 210 applies
as well to the end point cases where either by = 0 or bs = 0 (but not both). In the case by =0, one
recovers the solution of the classical Boltzmann equation (L3) constructed in [13], while in the case
bs = 0, one obtains well-posedness of the ternary Boltzmann equation ([[L2)), introduced in [5].

3. PROPERTIES OF THE TRANSPORTED GAIN AND LOSS OPERATORS

In this section, we investigate properties of the transported gain and loss operators which will
be important for proving global well-posedness of (L.

3.1. Monotonicity and L'-norms. As we will see, the transported gain and loss operators are
monotone increasing when acting on non-negative functions. These monotonicity properties will
allow us to construct monotone sequences of supersolutions and subsolutions to (LI]). Moreover,
we show that the L'-norm of the gain is equal to the L'-norm of the loss. This equality will allow
us to reduce estimates on the norm of the gain term to estimating the norm of the loss term. In
the following, saying that an operator is bilinear/trilinear, we mean it is linear in each argument,
and saying it is monotone increasing, we mean it is increasing in each argument.

Proposition 3.1. Let 0 < T < oco. Then the following hold

(i) RY : Ff — Fi is linear and monotone increasing.
(ii) L¥,G¥ RY : Ff x Ff — F} are bilinear and monotone increasing.
(i) LY, GF : Ff x Ff x Ff — Ff are trilinear and monotone increasing.
(iv) L# ,G* : Ff x Ff x Ff — Ff and R* . Ff x Ff — Ff are monotone increasing.
(v) For any f,g,h € F}, the following identities hold
1GE ()1, = IEE () Olsy  Vee 0,T),
3 » 9, Ll = 3 59, Ll 5 B .
IGE (fo9: 0Oy, = ILF (9.0 (D)lley . VEE[0,T) (3.1)

||G#(f7g7h)(t)”Léw = |‘L#(f7g7h)(t)|llz}vm7 vt € [07T)

Proof. Parts (i)-(iv) are immediate by linearity of the integral, positivity of the functions considered

and relation ([2.67]).
Let us now prove (v). We first prove ([B.1) for the binary case. By (ZG8]), we have

IGE (£ 90Ol , = 1G2(£9)Dlles ., ILEF DOl , = [L2(f. )l . Ve € [0,T).
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Therefore, for any ¢ € [0,7), using ([Z12)) and involutionary substitution (v’,v}) — (v,v1), we obtain

IGE (F.9) D1y, = 1G2(f,9) (D)2 |

= / Bo(u,w) f(t, z,v")g(t, z,v}) dw dvy dv dz
R3d xsd—1

= / Ba(u',w) f(t,z,v")g(t, z,v1) dw dvi dv dx
R3d xsd—1

= / By (u,w) f(t,z,v)g(t, z,v1) dw dvi dv dz
R3d xsd—1

I 9Oy, = ILE () (Olss .
We now prove [B.I) for the ternary case. By (Z68]), we have
IGY (f,9. )@z, = 1Gs(frg:R) Oy o IEF (F,9,h) ()]l

x,v x,v x,v

= |‘L3(f7g7h)(t)”[/;’v7 vt € [OvT)

Therefore, for any ¢ € [0,7), using (Z32) and the involutionary substitution (v*,vi,vs) — (v,v1,v2),
we obtain

IGE (£9.0)(Dllzs = 1Gs (9. )(O) 01

= / Bs(u,w) f(t,z,v")g(t,z,v])h(t,z,v5) dwr dws dvi dvs dv dx
RAd y52d—1

= / Bs(u™,w)f(t, z,v")g(t, z,v])h(t, z,v5) dwi dws dvy dvs dv dz
R4d x§2d—1

= / Bs(u,w) f(t,z,v)g(t,x,v1)h(t, x,v2) dwi dws dv1 dve dv dz
R4d x§2d—1

= 1Ls(f, 9, M) Dy, = ILF (f,9, ) @)y -
We finally prove (31 for the mixed case. By positivity, for any ¢ € [0,T), we have
IG* (9, O)lzy , = IGE (£,9)0) + GE (0, D)lls, = I1GF (£,9)Oler, +IGT (f.9,m)Dl1s s
IL#(£.0.0) (Ol , = ILE(F. 90O + LEF 0Ol , = ILE () Ollss, + ILE(F g, Ol -
Equality (31 for the mixed case immediately follows from the corresponding binary and ternary
equalities. O

3.2. Convolution estimates. We now present a general convolution-type result, which will be
essential for the control of the binary and the ternary collisional operators. These estimates will be
of fundamental importance in the proof of the L*L" estimates (see Subsection [B.3]) and the global
estimate on the time average of the transported gain and loss operators appearing in Proposition
B which in turn will be crucial for the proof of global well-posedness of (II]). For the binary case
one can find similar convolution estimates in [14] [I3] [2]. Here, our contribution is the derivation of
these estimates for the ternary case, since this is the first time global well-posedness is studied for
such a ternary correction of the Boltzmann equation. The estimates of the ternary term illustrate
that consideration of softer potentials is allowed for the ternary collisional operator.

Lemma 3.2. Let 8> 0, q2 € (—d, 1] and g3 € (—2d,1]. Then the following hold

(i) For any v € R, we have

/Rd ful2e 1" vy < K g, (14 0], (3:2)
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where w=v; —v, ¢ = max{0, 2}, K3 ,, is given by

—)1
d—|—q2) a2<0(g2) |,

and Cq is an appropriate constant depending on the dimension d.

=~ _ _d+1 _
K3 g, :Od{(lﬂﬁ Y2 BT Y gyso(ge) + (B2

(ii) For any v € R, we have

— _ 2 2 ~ +
/ | e PR duy duy < K g, (14 0]),
Rr2d
where |a| is given by @22), ¢f := max{0,q3}, K3, is given by

~3 —d _2d+1 —d 1
K,B,qs =Cq (1+/8 + 8 2 )]lq3>0(tJ3)+(,3 +2d—+qg)]lq3§0(q3) s

and Cq is an appropriate constant depending on the dimension d.

Proof. We will rely on the elementary estimate
/ 6*5\“1\2 dvr < Cfdﬂfdﬂ7
RrRd
and, given ¢ € (0, 1], on the estimate

/ |v1|qe*/3\v1\2 dvr < |B§l| _|_/ |U1|qe*5\v1\2 dvi
Rd |lvp|>1
< |BY| +/ jor]e P11 g,
Jvp|>1

< Cu(l+ BT,
where |B{| denotes the volume of the d-dimensional unit ball.
(i) We take separate cases for ¢ € (—d, 1]
e ¢> € (0,1]: Since ¢z € (0, 1], we have
u™ = v —v1|* < (Jo] + [ [)™ < [o]* + Jor|*2.
Therefore

/ |U|q2e*/3|v1\2 dv, S/ (|’U|Q2 +|v1|q2)e*5\v1|2 dv;
Rd Rd

<Ca(1 48724851+ u|®),

where to obtain (B8], we use the estimates (B.6)-([B71) for ¢ = go.
o ¢ € (—d,0]: Since g2 <0, estimate ([B.6]) implies

_ 2 o 2
/ v —v1|Pe Bloal™ gy, < / e Pl oy —|—/ [v —v1|* dvy
R4 lv—vy[>1 lv—vy|<1

g 4 / 1yl dy

ly|<1

1
= Cuf™? + Cd/ rd=ite gr
0

_ 1
:Cd<g d/2+—d+q2>’

(3.8)
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since we have assumed g2 > —d.
(i) We take separate cases for g3 € (—2d, 1]

e g3 € (0,1]: Since g3 € (0,1], we have

la|® = (|v _ v1|2 Tl— v2|2 + oy — v2|2)CI3/2

<29 (Juf + Jor |* + Joa*) ™2
<2([ol® A for ] 4 Jv2] ).
Therefore, Fubini’s Theorem and estimates (3.06)-(@.1) applied for ¢ = g3 imply

2 2 2 2
/ |ﬁ|q3e—ﬁ(\v1\ +|vz| )dvl dvs < 2/ (Jv]% + |v1]% + |vz|q3)675(\v1\ +|va| )dv1 dvs
R2d R2d

< G147+ 877 )1+ ol). (3.10)
e g3 € (—2d,0]: Recalling (Z22) and using the fact that g3 < 0, Fubini’s Theorem and estimates
B.6)-B.2) imply

_ B 5 5 _ 2 2
/ | e B P4 gy gy S/ 13 =B P21 gy
RrR2d R2d

2 2
< / e~ PUvIP+1021%) g0 dn _|_/ |u|® dvy dvs
[u|>1

Jul<1

< Cu7° +/ [u|% dvy dvs

[ul<1

=Cyf % + / ly|® dy
ly|<1

1
< Cdﬁid + Cd/ p2d=1tas g,
0

— —d 1
¢, (/a + 2d+q3), (3.11)

since we have assumed g3 > —2d.
Combining (B3)-BI0) and BIII), we obtain [B:2)-(B4). O

3.3. L>~L"' estimates. Here we prove uniform in time, space-velocity L' estimates on the trans-
ported gain and loss operators. These estimates will be of fundamental importance for the con-
vergence of the iteration to the global solution. As we will see, the ternary collisional operator
introduces some asymmetry which is not present in the binary case. For this reason, when we use
Lemma [32] we first obtain estimates in asymmetric form (see Lemma[B3)). However, we will need a
symmetric version of this estimate which we derive in Proposition3.4l To achieve that, we crucially
rely on properties of the ternary interactions.

Recall from (Z48)) the fixed cross-section exponents v2 € (—d + 1,1] and 3 € (—=2d + 1,1]. For
convenience, we define the function

+ +
Praovs (V) =1+ |v|72 + |’U|’Y3 : (312)

Notice that, given a > 0, 8 > 0, we have
pm,-mMa,ﬁ S L,lm,. (313)
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Using Lemma for g2 = 72 and g3 = 73, we obtain some the assymetric estimates mentioned
above.

Lemma 3.3. Let 0 < T < oo and a, 3> 0. Then there is a constant Cg > 0 such that the following
hold

(i) For any g,h € Fy., with g# ,h# € L>([0,T),M{ z), and any t € [0,T), we have

o

0< R¥(9)(t) < Clllg¥|llooParnss (3.14)
< R¥(g,1)(t) < Clllg* oo 1# ][ coPranas (3.15)
< R*(g,))() < Calllg¥[l1oo (1 + 1A*[[]o0)pra,ms- (3.16)

(i) For any f,g,h € Ff, with f#,g% h# € L>*([0,T), M} ,), and t € [0,T), we have

Q,

1LY (£, 9) DIy s 1GE (£ 9)Dles, < Colllg™ oo I/ * (P2l » (3.17)
1LY (fr9:B) Oy o NG (9, Dlzs, < Colllg™ oI [[oo |77 )Pzl » (3.18)
IL#(f,9: ROy, 1GF (9, ) D)lls , < Colllg™ oo (14 BF[[|o) L/ * (P2 sl - (3.19)
Moreover,

L#(f,9,h), G*(f,g.h) € L7([0,T),L;.}). (3-20)

Proof. We prove each claim separately.

Proof of (i): Positivity follows immediately by the monotonicity of R¥, RY , R* on F; (see
Proposition B)). Since g#,n* € L>([0,T), M, ), for any ¢ € [0,T), we have

—alz—tv]*=pv|?

0 < g(t,z,v) <|llg”]||e for a.e. (z,v) € R x RY,

(3.21)
0 < h(t,z,v) < [[|B#||lsce @281 for ae. (z,v) € R x R%

Recalling the fact that R* (g, h) = RY (9) + R¥ (g, h), it suffices to prove the estimates (B.14)-([B.15).

Let us first prove [BI4). For a.e. (z,v) € R* estimate (3.2I) and part (%) of Lemma B2 applied
for g2 = 2 and ¢3 = 73, imply

Ra(g)(t,z,v) < Hb2HL1(sd*1>/ lu[2g(t, 2, v1) dvy
Rd
—Blv 2
< ”b2”L1(sd71)|||g#|||oo/d lu2e#1"1 quy
R

.
< Calllg™ Moo (1 + [0]2)
< Cplllg™ looPrz s (v)- (3.22)

Since the right hand side of (322 does not depend on z, we obtain (3.14]).
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Let us now prove ([B.15). For a.e. (z,v) € R*, estimate ([B2])) and part (i) of Lemma 3.2 applied
for g2 = 72 and g3 = vs, imply

Ra(g,h)(t,2,0) < [[Ball 2y / [l g(t, 2, v1)h(t, 2, v2) dos dus
R2d
~ —B(lv1 |2 +|va|?
< Wl o lllg e l# e [ e 204020 o
R

.
< Cslllg™ Moo 1™ [l oo (1 + o))
< Gslllg™ [Noo 1™ [l so Pz s (v)- (3.23)

Since the right hand side of ([B:23)) does not depend on z, we obtain (313]).
Estimate ([3.I6) follows by the fact that R (g,h) = RY (9) + R¥ (g,h).

Proof of (ii): We first prove the claim for the loss operators. Positivity follows immediately
from the monotonicity of L¥,L¥, L# on F; . Estimates B.17)-BI9) follow directly from 272)
and part (i). Moreover, estimate (BI9) implies B20) since f#,g# n#* e L>([0,T), M, ;) and
Pv2vsMa,p € Lflb,v by (B:BD

For the gain operators, positivity follows immediately from the monotonicity of G¥,G¥,G# on
Fi. Estimates (317)-3I9) and (320) come from (3] and the estimates for the loss operators. [J

Notice that bounds BI7)-BI9) are only with respect to the first argument f. Although this
is not an issue in the binary case where the gain and loss collisional operators are symmetric with
respect to the inputs in the L'-norm, this is not the case for the ternary operators. In order to treat
this assymetry, we need to derive estimates with respect to all three inputs of the ternary gain and
loss collisional operators. This is achieved in the following result

Proposition 3.4. Let 0 < T < oo and o, > 0. Consider fi,f2, fs € Ff with fi, 7, ¥ <
Lee(]o, T),./\/l;ﬁ). Then, there is a constant Cz > 0 such that, for any permutation = : {1,2,3} —
{1, 2,3}, the following estimates hold for any t € [0,T)

1L (Fr 1) O llea o 1GE (22Ol < Colll 7 Moo |7 OPra o 21 (3.24)
1LE (s Fo B Oa o 1GE (o for F)Ollas, < Colll 7 ool oo 15 (P s L2 (3.25)
1L (o Fo B) O, 1GH (1o for F)Ollas, < Colll oo (L4 L o)A (Dprans s - (3.26)

x,v

Proof. By 1)), triangle inequality and part (i) of Lemma B3] the proof of (3:24)-@B20) for the
loss term reduces to showing the following estimates

1LE (F1, ), < ColllF# ool Prano s (3.27)
IL# (fu, fos f)Ollss | < Cal FE MoelFE ool 7P o2 (3.28)
IL# (fu, fon ) Ollss | < Cal FE MoelFE ool 7P ol - (3.29)

o Proof of (B27)): Performing the involutionary change of variables (v,v1) — (v1,v) and using (210,
for any ¢ € [0,T), we have

L2 (fr, f2) Oy, = 1L2(fos 1)y, = LT (frs f2) Oy, = 1LY (F2, 1)y -
The claim comes from part (ii) of Lemma B3]
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e Proof of (B28)): Here the proof is subtler because the inner product @ - w is not symmetric
upon renaming the velocities. However, we will strongly rely on the fact that the expression
[al® = v — v + v — va2|* + o1 — v2]?,
given in ([2:22]) is symmetric with respect to the inputs v, v1, va.
Since f, fi € L=([0,T), M, ,), for any t € [0,T) and a.e. (z,v) € R* x R%, we have
0 < filt,@,0) S [1FF llooe™ T < e, vi e 1,3}, (3.30)

Using (2.68)), the change of variables (v,v1) — (vi,v), bound [B30), part (%) of Lemma 3.2 and the
fact that p,,,, is invariant in space, we obtain

LY (frs fos ) @)llzy , = I Ls(frs fo, f3) I,

x,v

< lball L1 (g2a-1y /RM [a|™ | f1(t, @, 0)|[f2(t, 2, v1)|| f3(t, @, v2)| dvr dva dv dz

= [1bsl L1 (s2a-1) /RM(W — w1 P o = ol 4 Jor — w2 )2 fut, @, )| fa (s @, 00) || f3 (E 2, v2) | oy vz do da
= b3l L1 (s2a-1) /RMUU — 01?4 o = v2* + o1 — 022 | fa(t, 2, 0) [ fa(t w01 || fa (4, @, 02) | dus dva do da
< 163l p1 (g2a-1y /RM ™[ f2(t, 2, 0) || f1(t, 2, v1) || f3(t, @, v2) | dvr dva dov da

= 163l L1 (s2a-1) /Rded |f2(t79371))|/de [a]®|f1(t, @, v1)|| fs (¢, 2, v2)| dv1 dvz dv do

< Hb3HL1(S2d*1)|||f#|||00|||ff|||00/

R4 x

< Calll 7 Mool 115 Moo L f2(O)Pra sl s,

= Ol Moc 113 11001 (f2(0) )*lls
Bl HleolllJ3 llleol[{J2{8)Py2,vs) " lIL]

= Gl Mec 11 oo 15 ()P s -

|fo(t, z,0)| / s e P+ g s du da
R4 R2d

e Proof of (329): Follows in a similar way to the proof of (3.28).

Estimates (3.24))-([3.20) for the loss operators follow. Estimates for the gain operators follow from
BI) and the estimates for the loss operators. The proof is complete. O

Proposition B.4] also implies an L'-continuity result for the transported gain and loss operators

Corollary 3.5. Let 0 < T < oo and o, B > 0. Fori € {1,2,3}, consider some sequences (fin)n C Fir

and fi € Ff such that ffn(t) Moy f7(@) for all t € [0,T). Then, for all t € [0,T), the following
convergence holds

1

(E* (Frons Foums Jon) (0, GF (s o o) (®)) 3 (L7 (s s £2)(0, G (1, s F)(0)) 1 a5 1= .
(3.31)

Proof. Fix t € [0,T). Since f7 (t) Moy f# (), for any i € {1,2,3}, we have

T =55 FED, sup{IFA WL P01} < OMas, (3:32)
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for some constant C' > 0. Thus
fin(t) =5 fi(t), Slég{lfi,n(t)L Ifi(®)]} < CM T (). (3.33)

Let us first prove (B3] for the loss case. By (Z37) and triangle inequality, it suffices to prove

HL:2#(f1;n7 f2,n)(t) - L:2#(f17 f2)(t)HLéw ”i;o 07 (334)
1LY (frins foms f3n)(8) = L (f1, f2, f3) (@) 2r, =5 0. (3.35)

e Proof of ([334): Using bilinearity of L¥, bound ([(33) and monotonicity of L}, we have

ILE (frin, o) () = LF (1, f2) D)y, <
<NEE (fron = f1s fon) Oy, + ILE (F1, fom = F2)(O)21
< COILE (frm = Fu ME) By, + CIULE(MIE, fom — £2) )11,

x,v

< Co (I () = ST O)pras lor, + Cal(f3 (8) = S5 (O)Prains s ), (3.36)

where to obtain the last inequality we use ([.24) from Proposition B4l and |[Ma.slm, 5, = 1.

By (832) and the Dominated Convergence Theorem, each of the terms in (330) goes to zero as
n — oo and (B34 is proved.

e Proof of ([3.35): Using trilinearity of L, bound [@.33)) and monotonicity of L¥, we have

ILE (fro, fam, o) (8) = LE (1, fo, f3) Oy,
SNLY (frn = fus foms fon) @y, + I1LF (1, fom = fos fsn) @)llzy , + 1LY (frs fo, fom = f3)llen

S CIL (frn = o MOE, MIE)Y Oy, + CILE (MIE, fon — fo, MIE) @)l

+CNLE (ML E ML, fan = f3)lla

(o3}

< Gl () = ST )Pz ler, + Call (fF,(8) = fF (D)Pracs iz,
+ Csll (£ () = T )Pzl ) (3.37)

where to obtain the last inequality we use (3.20) from Proposition B4l and ||Ma s|m, ; = 1. By
B32) and the Dominated Convergence Theorem, each of the terms in ([B37) goes to zero as n — oo

and (333) is proved. Combining ([B.34)-([B.33]), we obtain ([B31]).

The gain operator convergence follows with a similar argument. 0

3.4. A global estimate on the time average of the transported gain and loss operators.
Here, we prove Proposition 3.7, which provides upper global bounds for the time average of the
transported operators. These estimates will be essential to prove that the necessary beginning
condition ([@49)) for the convergence of the iteration holds globally in time for small enough initial
data (see Section [l). For the binary case and soft potentials, these bounds were established in [2].
However, the presence of the ternary collisional operator requires new treatment which strongly
relies on the properties of ternary interactions.

Before stating Proposition 3.7, we provide the following auxiliary estimate for the time integral
of a traveling Maxwellian which will be used in the proof of the result for n = d in the binary case
and n = 2d in the ternary case.
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Lemma 3.6. Let n € N, xo,uo € R™, with uo #0 and o > 0. Then, the following estimate holds

oo
/ efoz\ac(,f-ru(,\2 dr < ?a71/2|u0|71.
0

Proof. By triangle inequality, we have
2 2
|7 |uo| — |@o| | < |wo — Tuo| = e~ elromTuol™ o pmalriuol=lzol” = yr >,

Therefore integrating in 7, we obtain
oo - - P oo - - 2 - - oo 2 T - -
/ —aleo—Tuol dTg/ e ruol=leoD? g < =121 1/ o dy§§a 1201,
0 0 0

and the estimate is proved. O

We now state and prove Proposition .7 Given f € L>([0,T), Ma,g), recall from (Z64) the norm

£ lllee = sup [IF(#)lla,,s-
€[0,T)

=
Proposition 3.7. Let 0 < T < oo and a,8 > 0. Then, for all f,g,h € Fr with f# g% h* €
L*>([0,T), Ma,p), the following bounds hold for any t € [0,T)

e For the binary operators

t t
/O \LE (£, 9)(7)| dr, /O GE (£,9)(1)|dr < Ksa™ > Ma sl f*|l|oc |97 |- (3.38)
e For the ternary operators
t t
/0 \LE (£, g,h)(7)| dr, /0 GF (£,9,m)(7)| dr < Kga™ > Ma,s|[1f# ]| 197 oo [[17 oo (3.39)

e For the mixed operators

/OIL#(fygyh)l(T)dﬂ /0IG#(f7g7h)(T)|dTSKsafl/QMa,alllf#llloollIg#llloo(l+IIIh#IIIoo)y (3.40)

where

1

KB:Od|:”b2||L1(Sd—l)(Bid/2+ +2d+"}/3_1) .

1 _
7_1) + 163l 1 (5241 (B ¢ (3.41)

d+ 72

Proof. We prove each of the estimates separately.

Proof of (838): As mentioned above, these bounds were established for the soft potential case in
[2]. Here we also treat the hard potential case. Since L¥,G¥ are bilinear, we may assume without

loss of generality that
11/ oo = 1197 l]oo = 1. (3.42)

Let us first prove it for the loss term. For any ¢ € [0,7) and a.e. (z,v) € R*?, relation (3.22)), followed
by an application of Lemma for n = d, zo = x, uo = u, the fact that —d +1 < 42 < 1, and an
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application of part (i) of Lemma for g2 = v2 — 1 imply
t t
LT (f,9)(r,2,v)| dr < [|ba]| 1 (ga— [ul | f (7,2 4+ Tv,0)[|g(T, 2 + Tv,v1)| dv1 dT
e |
0 0
t
—lzrsay [ [ 15 (o, ollg (o = o), o) derdo dr
0 JRd
' —ala-+r(v—v1)[2—Bloy |2
< Pl oy Maslar) [ [ pumesies oot go, gy
0 Rd

oo
< ||b2||L1(Sd*1)Ma,B(x7U)/ |U|W2675W2/ e~le=mel g oy
Rd 0

[ o —Blv 2
< belar iy o 2 M) [l e oy

|
RA

™ =~ —
< ol g1 g1y ST R a0 M, 0)

_ _ 1
< Callball 1 ga1ya 2 (ﬂ a2, 1>Ma75(x71})7 (3.43)

d—+y2 —

where Cy is an appropriate constant depending on the dimension d. To obtain [B.43]), we used ([B.3])
and the fact that g» = 2 — 1 < 0. Estimate (338) for the loss term follows.

To prove (3.38) for the gain term, we will use the identity
e+ 7(0 = o) + |z +7(0 = o) * = o’ + |z + (v = v) (3.44)
which follows from the binary conservation of momentum and energy

/ /
v +vy =0+ v,

o2 + 01 * = o] + Jvr °. (3.45)
For any t € [0,T) and a.e. (z,v) € R* (342) and [B.44)-([B.45) imply
t t
/0 GE (f,9)(r,2,0)|dr < /o /§d e [u| b2 (4 - w) | f (7, 2 + Tv,0)||g(T, 2 + Tv,v1)| dw dv1 dT
X
t
= /o /sd o [u[2bo (10 - )| f# (1,2 + (v — '), 0)||g7 (7, & + 7(v — v}), v1)| dw dvy dT
X
t
< / / |u|W2 bz(ﬁ . w)e*a(\fwr‘r(v*v,)\2+|CE+T(U*U£)\z)e*ﬁ(\ﬂl\zﬂv{|2) dw dvy dr
“ Jo Jsd-1xpd

— 1Bl 1 si—1) M (2, 0) /t/ ju[2eelet TPl gy g (3.46)
0 JR4
Combining (B:46) with an identical argument to the one used for the loss term, we obtain

t
/ (GF (£.9)(r,x,v)| dr < Callbal| 1 ga-1y0 ™/ (5*‘“% : 1>Ma,ﬁ(x,v>, (3.47)
0

d+ 2 —
and estimate ([338) for the gain term follows.

Proof of [3.39): Since L ,G¥ is trilinear, we may assume without loss of generality that

11/ Mee = g™ lloo = A" |l]ec = 1. (3.48)
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Let us first prove ([339) for the loss term. For any ¢ € [0,7) and a.e. (z,v) € R*?, (348) implies

¢
[ et g minevldr <
0
¢
< Hb3||L1(§2d—l)/ / [a| | f(r,z + 7v,0)||g(T, x + TV, V1) ||L(T, T + TV, V2)| dv1 dva dT
0 R2d

t
— 1ol 1 a1, / / @2 |1 (7, )l (o + 70 — o), o) [ (7, 2+ 7 (0 — 02), 02) | dn dos dir
0 R2d

¢
< HbBHLl(S?d*l)Ma,B(ﬂ?,'U)/ / |1~L|“/3e*a(\I+T(U*v1)\2+\w+‘r(vaz)\2)e*ﬁ(\vl\zﬂvz\z) dvy dvg dr
0 R2d
(3.49)

(e o)
< Pollorgray Mo s(ayo) [ [t [7 eote=m ar oy o,
R2d 0

where in ([3:49) we use the notation

T = (:c) € R2d,
x

Notice that by triangle inequality and Young’s inequality, we have
[a)* = v —vif* + o — v + [v1 — v

<o —vif* + o — vzl + (Jv — vi| + [v = v2])

v — v
! )eR”.

V2 — U

<3(lv - 0af? + o — vaf?)
= 3Jul>. (3.50)

Therefore, an application of Lemma B0 for n = 2d, zo = @, uo = u, followed by (B3.50), the fact that

—2d + 1 < 3 < 1, and an application of part (i) of Lemma B2l for g3 = v3 — 1 yield
/ L dvi dvo

t _ 2 2
JIEE G gm0l dr < [ballos gy Maplve) [ [apoe 2
0 R 0

~ _ _ 2 2
< Hb3HL1(S2d—1)§a71/2Ma’ﬁ($7U)/ |a|"? ju| e AU P21 gy oy
R2d

Var a1 -
6%‘ 1/2Maﬁ(x7v)/ @[ te B+ gy
R2d

S Hb3HL1(S2d*1)
V3T ~ _

< Hbi’rHLl(stl)TKgnsfla V2 Mo p(x,v)

—1/2 [ 5—d 1

< Callbs|| 1 g2a-1y (5 + m) Ma,5(z,v),
where Cy is an appropriate constant depending on the dimension d. To obtain (3X1]), we used (B35
and the fact that ¢s = y3 — 1 < 0. Estimate (3.39) for the loss term follows.

To prove ([339) for the gain term, we will use the identity

e+ 7w —v)+lz+1@0 =)+ |z +7w—-03)?=|z* + |z +7(v—v1)

(3.51)

>+ |z +7(v—)]?, (3.52)
following from the ternary conservation of momentum and energy

vY vl +vs = v+ v + v,
WP+ 01 + s * = o] + o |* + [va . (3.53)
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For any t € [0,7) and a.e. (z,v) € R*, by (34]) and [B52)-[B.53), we obtain
t
|16t .m0 dr
0
t
= / / ] b3 (@ + w, w1 - w2)| (7, @+ Tv,07)||g(7, 2 + TV, 07) [|A(T, T + TV, 03)|
0 §2d—1 wR2d
X dwl dwz dv1 dvz dr
t
N / / (@263 (@ - @, w1 - w2) | [ (2 + 7(0 = 07),07)lg7 (7, + 7 (v = v]), 07))|
0 §2d—1 wR2d
X |h# (1,2 + 7(v — v3), v3)| dwy dws dvy dv dr
< /t/ 8] b (@ - w, w1 - e~ X IFHTEm P AT @D P o r (o)1) =B 1+ 1405 12)
“Jo Js2d—1yRr2d ’
X dw1 dws dvy dvs dT

‘ ~ —a(|T+T(v—v 2 T+T(V—V 2 — v 2 U 2
_ ||ballL1<szd—1)Ma,ﬁ(rc7v)/ /M ja[13 ¢— (= me) P Hatr (02 ?) =80 P H021) gy g, dr
0 JR

< ||b3||L1(S2d*1)Ma»5(x7fU)/ |’7|7367/8(‘U1‘2HU2‘2)/ el dr du dos. (3.54)
R2d 0
Combining ([354) with an identical argument to the one used for the loss case, we obtain
‘ - - 1
/0 |G§é(f,g, h)(T)|dr < Cd||b3||L1(SQd*1)a 1/2 (,3 4y m) Mo, p(,v), (355)

and estimate ([339) for the gain term follows.

Proof of 340): It follows directly from (B38])-(B39). O

4. THE KANIEL-SHINBROT ITERATION SCHEME AND THE ASSOCIATED LINEAR PROBLEM

In this section, we present the Kaniel-Shinbrot iteration scheme which will then be used as the
heart of the construction of a global solution in Section Bl This scheme is motivated by the works
of I3, I4]. However the presence of the ternary collisional operator, in addition to the binary
collisional operator, required a modification of the original construction.

In particular, we outline the construction of the Kaniel-Shinbrot iteration that we will use in
this paper. Formally speaking, given an initial data fo, we construct an increasing sequence (I )nen
and a decreasing sequence (un)nen, With i, < uy, through the iteration

dl,, B
E +v- Vzln = G(lnfh ln717 lnfl) - L(l’nm'u?’bfly u”*1)7 (41)
1.(0) = fo,
%—Fv Vaun = G(u U Un—1) — L(tn,l ln—1)
dt xzUn — n—1,Un—1,Un—1 nyln—1,tn—-1), (42)

Un (0) = f().
We will see that that the sequences [,,, u, converge to the same limit, namely a function f, which
will be the solution of the binary-ternary Boltzmann equation (ITJ).

To make things rigorous, we first study an associated linear problem, and then inductively apply
these results, together with the estimates derived in Section[3] to establish that the Kaniel-Shinbrot
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iteration converges to a solution of (II), provided that an appropriate beginning condition is
satisfied. This solution will be unique in the class of functions uniformly bounded by a Maxwellian.

4.1. The associated linear problem. Here, we prove well-posedness for a linear problem associ-
ated to the iteration scheme ([@I)-([£2). More precisely, given some functions of time g, h, we show
well-posedness up to time 0 < 7' < co of the linear problem

{&f+thf—h—LU44% (t,z,v) € (0,T) x RY x R?,

F(0) = fo, (z,v) €R? x RY (4.3)

Definition 4.1. Let0 < T < o0, a, 8> 0, fo € Ly, g% € L>([0,T), M} ;) and h* € L},.([0,T), Ly}).
We say that a function f € Fi with

(i) f7 € C([0,T), La7y),

(“) L fvgvg € Lloc([o T) Lalc;t)
(iii) f* is weakly differentiable and satisfies

ar*
{ dt +L#(fvgvg)_h# (44)
F#(0) = fo,

is a mild solution of @3) in [0,T) with initial data fo € Ly .

Remark 4.2. The differential equation of ([@4) is interpreted as an equality of distributions since
all terms involved belong to L},.([0,T), LY.

Remark 4.3. Remarks 22328 imply that a mild solution f to [@3) belongs to C°([0,T), LLT).

For technical reasons, we first prove well-posedness of ([£3]) under the additional assumptions
foe MLy, 0<h*(t)<Ce " Mag, WVtel0,T), (4.5)

for some constant C > 0. Clearly if (X)) holds, then fo € Ly} and h* € L}, ([0, T), L), thus (@3H)
is a stronger assumption than those appearing in Definition Il This additional assumption will
be removed later using an approximation argument.

Lemma 4.4. Let 0 < T < oo and a, B > 0. Consider fo,h satisfying @) and g* € L>([0,T), M} ,).
Then, there exists a mild solution f of [@3) with f# ¢ L>=([0,T), M7 ;). Moreover, Hf#(~)|\L;v 18
absolutely continuous and satisfies

1F# Ol /HL# 1,99l dr = folloy

x,v

/Ot IW* (), dr, Ve [0,T). (4.6)

Proof. Since g# € L>([0,T), MY ,), part (i) of Lemma [3.3] implies

0 < R*(g,9)(t) < Cslllg” Illoo (1 + lg™ lloc)Przinas ¥t € [0,T), (4.7)
for some constant Cz > 0 depending on 8. We define f by

t t t
0 = oo (- [ R in) + [ 1# e (- [ #*@ae)de) ar 101 @3
0 0 T
By @3), @), and the fact fo € M ,, f# is well-defined and satisfies the bound

0< f* ) < fo +/0 W (r) dr < <|\fo||Ma,B 4 c@) Mas, VEET), (4.9)
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thus f > 0 and
e r=(o,1), M} ). (4.10)
Let us now show that f# € C°([0,T),Ly}). For any t,s € [0,T), expression ([&J) yields
0= 101 = | [pew (- [ # @) + [0 e (- [ R G000 ) ar]
0 T

0

X [exp (— /: R*(g,9)(0) da> - 1] +/: h# (1) exp <— /Tt R*(g,9)(o) da> dr

therefore by (@), [@7), we may find a positive constants Cy, 4, > 0 such that
|f#(t) _f#(8)| < Cfo.9.nMa (1 —eicf(”g‘h‘tis‘pw‘“) + Crognlt — s|Map, Vt€[0,T). (411)

Using the elementary inequality 1 —e™® < z, for all x > 0, we obtain

)

|f#(t) - f#(5)| < 2C%g,g.n|t = 8|Pravs Mays,  VEE[0,T). (412)
Integrating ([@12]), we obtain
Hf#(t)_f#(s)HL;’v < 2Ofoyg,h|t_'9|7 Vi, s € [OvT)v (413)

SINCe Py 0sMag € Lib. We conclude that f# € C°([0,T), LLT), therefore f € C°([0,T),LyY). In
particular, bound (£I3)) implies that f is actually Lipschitz continuous.

Since f#,g% € L>(0,T), M} ,), part (i) of Lemma 3.3 implies
L#(f,9,9) € L([0,T), L)) C Lioe([0,T), Ly). (4.14)

Finally, by (@3), @I4), representation (LJ)) and the Dominated Convergence Theorem, we
conclude that f# is weakly differentiable and satisfies

dar* _
{W—"—L#(gﬂgmg)_h#v (415)
F#(0) = fo,

thus it is a mild solution of (@3]

Integrating ([@I5]), the Fundamental Theorem of Calculus and the fact that f# € C°([0,7), LLY),
L*(f.9,9) and h* € Lioo([0,T), Ly}), imply

f#(t)+/0 L#(f7g7g)(7')d7':fo+/ h#(r)dr, Yte[0,T). (4.16)

0

Using non-negativity of all terms involved in ([@I6) and Fubini’s Theorem, we obtain (6] and
absolute continuity of || f(¢)||.: , follows. The proof is complete. O

Since the gain operator does not satisfy (&3]), it will be convenient to relax assumption (LH) to
fo€ Ly, h* € L, ([0,T),Ly}). As in [I4], the idea is to approximate fo, h* in the L} ,-norm with
a monotone sequence of solutions occurring from a repeated application of Lemma 4l We obtain
the following well-posedness result

Proposition 4.5. Let 0 < T < oo and o, 8 > 0. Consider fo € Ly}, g% € L>([0,T),M? ;) and
h# € L1,.([0,T),LYF). Then, there exists a unique mild solution f of @3). In particular f# is
given by
t t t
F(t) = foexp (— | #* 0.9 da) + [ e (— [ #* 0.9 da) dr, te(0,T). (4.17)
0

0 T
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Proof. Existence: Given n € N, let us define

if fo < nMa.s,
fo 1= 3 S0 oS nMas (4.18)
nMa g, if fo>nMag,

and

s {110 10 <oy a9
ne™" My g, if W#(t) > ne™ Mag.
It is clear that fon,h, satisfy condition [H) for all n € N and that
0< fon /" fo asn— oo, (4.20)
Vie[0,T): 0<hi®t) "h*(t) asn— . (4.21)

Then the Monotone Convergence Theorem yields that
lonllzy , A lfollzy,, asn— oo, (4.22)
vee[0,7): (hE @)y, /I8 Oy, asn— oo (4.23)

Moreover, since fo € L}, and h* € L},.([0,T),Ly}), relations (L20)-(@2I) and the Dominated
Convergence Theorem yield

Ll
forn —3 fo, asmn— oo, (4.24)
1
for a.e. t€[0,T): h¥(t) =2 Loy =8 n#(t), asn — oo, (4.25)
t t
Vie[0,T): / Wt ar =3 [ dr as o oo (4.26)
0 0

Let f, € Ff be the mild solution to the problem

%4_ -Vafn :hn_L(f7L7g7g)7 (427)
fn( ) Jon,

constructed in Lemma 4] Let us note that Lemma [£4] is applicable for all n € N since fo.n,hn
satisfy ([@H). Hence, f7 satisfies

fn( )7f0,n7

and is given by the formula

FE#) = fonexp (— /Ot R*(g,9)(0) da) +/Ot i () exp (- /t R*(g,9)(0) da) dr, tel0,T). (4.29)
Also by (&0, given t € [0,T), we have the bound

sup |7 (013, < sup (Hfo,nIIL; / I @)l ) <Uply, + | I ()lay dr < oo, (4.30)

where to obtain the last bound we use [@22)-(23), the fact that R*(g,g) > 0 (by monotonicity of
R* and g > 0), fo € Ly, and h* € Li,.([0,T), Ly5).
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Since the sequences (fo,n)n, (h¥(t))n are increasing and non-negative for all ¢ € [0,7), formula
([@29) implies that the sequence (f¥(t)), is increasing for all ¢ € [0,T). Let us define

FA() = lim ().

Clearly f > 0. By the Monotone Convergence Theorem and bound (30) we obtain that f#(t) €
Ly, Vte[0,T). Then, the Dominated Convergence Theorem implies
Ll
Vee[0,T):  fE) 2 fE(t), asn - oo (4.31)
Moreover, we have

VEe(0,T): L7 (fu,9,9)(t) = f ()R (9,9)(t) 7 [ () R7(9,9)(8) = L (f,9,9)(t), asn — oo,
(4.32)
since R* (g, ¢)(t) > 0 by monotonicity of R* and the fact that g > 0. By the Monotone Convergence
Theorem, we obtain

t t
vt e [0,T): / IL# (fus 9,9) (7| zy , dr // IL#(f,9:9)()lzy , d7, asn— oo, (4.33)
0 0
Therefore, for any t € [0,T), equation (L6, implies
t t
[ IE# (0.9l dr = sup [1L# (s 000) ey, a7 (434)
0 n 0
t
<sup (Wosley,, + [ 10E (0l )
neN ’ 0 ’
t
<Mollsy, + [ IOl dr < o (4.35)
PR ,
since fo € L}, and h¥* € L},.([0,T),Ly7), thus
L*(f,9,9)(t) € Ly, forae. te[0,T), (4.36)
L#(£,9,9) € Lioe([0,T), L33 (4.37)

By [@32), (£30) and the Dominated Convergence Theorem, for a.e. t € [0,T), we have

# Loy -
L7 (fn.9,9)(8) = L7 (f,9.9)(t), asn — oo, (4.38)
and by ([@37) and another application of the Dominated Convergence Theorem, we obtain
t L,l t
| 1 Unganar =3 [ 14109 veeo.) (4.39)
0 0

Since f7 satisfies ([Z28)), the Fundamental Theorem of Calculus and the fact that 7 € C°((0,T), L),
L#(fn,9,9) and h¥ € Li,.([0,T), Ly5) imply

) +/t L#(fn,9,9)(7)dT = fon +/t hi(r)dr, Vte[0,T), VneN. (4.40)
0 0
Using (£31), @E39), (£24), and ({24), we let n — oo in (@A) to obtain
(@) +/ L*(f,9,9)(7) d7 = fo +/ h#(r)dr, Vte[0,T), VneN, (4.41)
0 0

thus f# € C°([0,7), L), f# is weakly differentiable and satisfies (). We conclude that f is a
mild solution of [@3)). Moreover, since g > 0, we may take the limit as n — oo in both sides of

(#29) to obtain (ZI17).
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Uniqueness: Since the problem is linear it suffices to show that if f is a solution of (3] with
fo=0and h =0, then f=0.

Assume f is a mild solution of (@3) with fo = 0 and h = 0 i.e. f >0, f# € C°([0,7),LL}),
L#(f,9,9) € Li,.([0,T),Ly¥) and f# is weakly differentiable and satisfies

dr# _
F#(0) = 0.

Then ([£42), the Fundamental Theorem of Calculus and the facts f# € C°([0,T), Ly}), L*(f,9,9) €
Lioe([0,T), Lg}) imply

0 =- [ P Goomir=- [ FOR G vieo.T) (4.43)
We claim the following
Claim: For any compact set K C R* x R?, we have | f# ey ) =0, Vte[0,T).
Proof of the claim: Fix any compact set K C R? x R?. By ([#43)), Fubini’s Theorem, part (i)

of Lemma B3 and the fact that p., -, is continuous, we obtain

t
17Oy, 00 < [ 17 OR @00y e d
t
< Collg oo+ 19¥1ll) [ 1200 SOl a0
0

t
§CK,,B|||9#|||00(1+|||9#|||00)/0 17 )lzy o) dr- (4.44)
Since f# € C°([0,T), Ly%), the map ¢ € [0,7) = [|[f#(t)ll.1  (x) € [0,00) is continuous, thus (E244)
and Gronwall’s inequality imply that
1F#Olles ) =0, VEE[O,T).
The claim is proved.

Consider now a sequence of compact sets (Km)m  R? x R*. By the claim above, and the
Monotone Convergence Theorem, we have

IFF Oy, = Jm 1 Olles e, =0, VEE[0,T).

Since f# > 0, we obtain f# =0 and hence f = 0. Uniqueness is proved. O

The following comparison Corollary comes immediately by the monotonicity of R* and repre-

sentation ([{.IT).

Corollary 4.6. Let 0 < T < oo and a, > 0. Consider fo1, fo2 € Ly, g1,92 € L=([0,T), MY )
and hi,he € Li,.([0,T), LyT) with

foa < foz, gf > g, W <hi.
Let f;, i € {1,2} be the corresponding unique solution of ([@E3)) with fo = fo:, g :== g; and h = h,.
Then fi1 < fo.

Proof. We have g7 > g% = g1 > go. By monotonicity of R# we obtain R* (g1, g1) > R* (g2, g2). The
claim then comes immediately by representation (Z17). O
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4.2. The Kaniel-Shinbrot iteration. Now, we will use well-posedness of the associated linear
problem and the estimates developed in Section [l to prove convergence of the Kaniel-Shinbrot
iteration to the unique solution of (II)) in the class of functions bounded by a Maxwellian, if an
appropriate beginning condition is satisfied.

Let 0 < T < oo and «, 8 > 0. Consider a function f, € MZ,B and a pair of functions (17, u{) €
MLy x ME . By part (i) of LemmalZ3 we have that G¥(lo, lo, lo), G¥ (uo, u0,u0) € L=([0,T), Ly F).
Applying Proposition [0 with h being either G(lo, lo,lo) or G(uo,uo,u0), we find unique functions
l1,u1 such that [, is the mild solution of

dly
L1 Vel = Glo, lo, lo) — L1y, uo, uo),
il +v- Vil = G(lo, lo, lo) (I1,u0,u0) (4.45)
ll(O) = f07
and w; is the mild solution of
du1 _
W +ov-Veur = G(U(), uO,U()) — L(ul, lo, l()), (446)
u1(0) = fo.
We obtain the following result
Theorem 4.7. Let 0 < T < o0, a, 3> 0 and
_ —d/2 1 —d 1
Ko = Cal el a1y (8™ + g5 + Wolluseaa (8~ + 57—,
be the constant given in BAL). Consider fo € M ;5 and (IF ,ul) € ML ; x M ; with
ud | Mas < Aasss (4.47)
where
l/? /4
Ao =ming —, ——— 5. 4.48
B {241{5 N (4.48)

Let 1,ur be the mild solutions to [@AR) and (EA6) respectively, and assume that the following
beginning condition holds

0<I1F <if@)<u¥(t)<ud, Vtel0,T). (4.49)

Then we conclude the following

(i) There are unique sequences (In)n, (un)n such that, for any n € N, l,,u, are the mild solution
to @), (A2) respectively. Moreover, for any n € N, we have

0<IF <) <..<IF@)<ul(t)<..<uf@t)<uf, vielo,T). (4.50)

(i) For all t € [0,T), the sequences (17 (1)), , (uf(t)), converge in Ma,p. Let us define

#(t):= lim 1#(t), «*():= lim «*(t), te[0,7T).

n— o0 n—o0

Then, we conclude that
# u# € ¢°([0,7), Ly H) n L= ([0,T), M ),
L# (L, ), L# (u, 1,0), G¥ (1,1,1), G¥ (u,u,u) € L2([0,T), L),
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and the following integral equations are satisfied
l#(t)—&-/t L#(Lu,u)(r)dT:fo—i—/t G#(1,1,1)(r)dr, Vtelo,T), (4.51)
0 0
u#(t)—&—/t L#(w,n(r)df:fﬁ/t G* (u,u,u)(t)dr, Vte[0,T). (4.52)
0 0

(iii) The limits l,u coincide i.e. u=1.

(iv) Let us define f :=1=wu. Then f is the unique mild solution of the binary-ternary Boltzmann
equation (1) in [0,T), with initial data fo € M;r 5 satisfying

1 Mlloe < Nl a5 (4.53)
Remark 4.8. The uniqueness claimed above holds in the class of solutions satisfying [E5H3).
Proof. (i): We will construct sequences (In)n, (un)n satisfying (£I)-(@350) inductively.
e n=1: I, us satisfy (&) for k = 1 by assumption. Moreover ([L350) reduces for k = 1 to the

assumption (9.
e Assume we have constructed l1, ..., ln—1,u1, ..., un—1 satisfying (@I]) and
W< <. <1 ) <o () <. <uf@) <uf, vielo,T). (4.54)

Let I, u, be the mild solutions of ([@I), (£2) for k = n respectively , given by Proposition
Having in mind (@54), in order to prove (£X50), it suffices to show

Gy () SUE@) <uff () <ufi_y (), VEe[o,T). (4.55)

Fix any ¢ € [0,7). Then ([@354) and Proposition 3.1 which gives monotonicity of G#, yield
that for any ¢ € [0,T), we have
G (ln—2,ln—2,ln—2)t) < G*(ln_1,ln_1,1n_1)(t)
< G (Un—1,Un—1,Un—1)(t) (4.56)
< G#(Unfz,unfz,unfz ().

Using ([@54), [E50) and Corollary [0 with
gf& = U‘ff% 92# = ufflv h# = G#(ln*% ln*27 ln*2)7 h;# = G#(ln*h lnflv lnfl)v

)
)

hi =
n—17 1
G#(ln—1,ln—-1,ln-1), h¥ = G*(Un—1,Un—1,un—1), we obtain I¥ < ¥, and using it for g7 =
lffla gj: = lffzu hf: = G#(unfhunfhunfl), h;# = G#(Un727unf27un72)7 we obtain uf <
u? . Condition ([@55)) is proved and the claim follows.

we obtain 1# | < 1#. Similarly, using Corollary for ¢ = u? |, gf =17

(ii): To prove convergence, notice that (Z50) implies that, for any ¢ € [0,T), the sequence (17 (t))x
is increasing and upper bounded and the sequence (u¥ (t)),, is decreasing and lower bounded, thus
they are convergent. Let us define

#(t) .= lim 17(t), «¥(t):= lim «¥(t), te[0,T).

n—o00 n—o0o

Since uf € M ,, estimate [@B50) actually implies that the convergence takes place in M, 5 and
that 1#,u# € L>=([0,T), M/ ;). Thus relations (B.20) from Lemma B.3 imply that

L*(Lu,u), L#(u,0,1), G*(1,1,1), G (u,u,u) € L0, T), Ly). (4.57)
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Moreover, since for any ¢ € [0,T) we have

U uft o)) 22 (F ) ), (W) I (1 1)),

n—1'n—1

as n — oo, Corollary [3.5] implies that for any ¢ € [0,T), we have
Ll Ll
L (L tin—1, un—1)(t) =3 L#(Lu,u),  L# (un, o1, ln1)(t) =3 L# (u,1,1). (4.58)
Similarly, for any ¢ € [0, T), we obtain

1

Ll L,

G (ln—1,ln—1,ln-1)(t) =3 GF(1,1,1),  G*(tn—1,Un—1,un—1)(t) = G¥ (u,u,u). (4.59)
Moreover, by relation [50), monotonicity of L#,G#, and the fact that u] € M ;, Lemma
implies

L#(lrhunflyun*1)7G#(ln*17ln*17ln*1) e Loo([()? T)yLalc,v)v Vn 6 N7
L#(Unyln*hln*l)?G#(UTL*l:Unflvunfl) S Loo([()? T)yLalc,v)v Vn S N

Recalling Definition [Z7] the initial value problems (@II), [@2]) and the Fundamental Theorem of
Calculus imply that for all n € N we have

(4.60)

t t
zzf(t)+/ L#(zn,un,l,un,l)(f)dT:fo+/ G*(ln-1,ln—1,ln—1)(T)dr, Vte0,T), (4.61)

0 0

t t
uf(t)+/ L#(umzn,hzn,l)(f)dr:f0+/ G* (Un—1,Un—1,Un—1)(T)dr, ¥t €[0,T). (4.62)

0 0

Letting n — oo and using the Dominated Convergence Theorem, we obtain (L51)-([@52). The fact
that i#,u# € C°([0,T), L}, ,) easily follows from ([51)-(E52).

(ii): Since I < u¥ by ([50Q), letting n — oo, we obtain
0<I1F <i1*(t)<u”(t)<ud, Vtel0,T). (4.63)

Subtracting (£5])) from ([E52) and using ([E63) and the triangle inequality, we obtain

lu® (t) — 17 (t)] g/o |G (w, w, w)(T) — GF (L, L 1)(7)| + |L7 (1, w,w)(7) — L# (u,1,1)(7)| dr. (4.64)

Let us estimate the right hand side of ([@64]). Recalling (Z38) triangle inequality yields
t t
[ 16 ) - G# L mlar < [ 168 @ - G210 +16F (w,uu)(r) - G 0,10 dr
0 0
(4.65)

Bilinearity of G¥, triangle inequality, bound ([B38)) from Proposition B.7, and the right hand side
inequality of (A63) yield

/|G§(U7U)(T)—Gf(hl)(T)IdTS/ |G (u—Lw)(n)| +|GY (Lu—1)(7)| dr
0 0

—1/2
< Ko™ Magllu® = 1%l omyata ) (Il + 1177 o )

< 2K Mo pllufl g, ¥ — 1] (4.66)
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Trilinearity of G¥, triangle inequality, bound [@.39) from Proposition B.7, and the right hand

side of (LG3) yield
t t
[ 16t ) - GEaLOmIdr < [ 168 = L) +16 0 - L)) + 6F L u - D] dr
0 0
< Koo Ml = e (1 1+l oo 11 lo + 127 12
< 3Ksa 2 Maglluf [, s 11u® = %] (4.67)
Then estimates ([AG0)-(X67) yield
t
/0 |G* (u,u,u) (1) = G (1,1 D)(7) dr < 6K Ma s ([uff a5 + 1 3, o)l[0? = Il (4.68)
By a similar argument, using (3.38), (3:39) instead, we also have

t
/O L% (1w, u) (1) = L# (u, 1,1)(7) dr < 6K g0 Mas(ufl v 5 + l6f I, )l = T lleo. (4.69)

Combining ([A.64]), [A.68)-(4.69), we obtain
¥ () = 1 (8)] < 12Kp07"* Ma,p(uff [ Mo 5 + 1 13, llle? = o, VE€[0,T),
which is equivalent to
llu? = ¥ llee < 12K5a™ 2 (Juf [l a5 + I 13aq o) 11u® = ][] (4.70)
Notice though that ([@A47)-([@4]) yield
12650 2 (Juf lla,, o + i I3, ) < 1,

hence ([@T0) yields u = I.
(iv): To prove existence, let us define f by f# := 1% = u* € C°([0,T), Ly 5) N L>([0,T), M7 ).

Then, either ([@E]]) or [@52) implies
P+ [ FULn@ar=fo+ [ GHG L@ e,
0 0
therefore
dt
J7(0) = fo.

Recalling Definition 227 we conclude that f is a mild solution to the binary-ternary Boltzmann
equation (L)) with initial data fo. Bound (£53) directly follows from (EG3]).

Uniqueness of solutions satisfying ([@53]) follows similarly to the proof of (i4i) using a bilinearity-
trilinearity argument and PropositionB.7 Clearly, condition ({53)) is needed to have a contraction.
O

#
{i CLF(L D) = GF( D),

5. GLOBAL WELL-POSEDNESS NEAR VACUUM

In this final section, we prove the main result of this paper, stated in Theorem [2.10] which gives
global well-posedness of ([LI)) near vacuum in the interval [0,7), where 0 < T < oo. To prove this
result we will rely on the time average bound of the gain term from Proposition 3.7

Proof of Theorem [2.10|
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Consider fo € M7 ; satisfying Z77) and let us define Iff =0, uf = CourMa 5, where
1- \/1 — 48K sa1/2(1 + Z%)I\folwa,ﬁ
24Kza-1/2 (1 + 2\‘%%) 7

K is given by (ZT8). The reasoning behind defining Co.: will become clear in (B.8]). Notice that
due to [ZT7) uf is well defined. In order to conclude the proof, we will use Theorem 7l Recalling

Cout = (5.1)

at/? /4
from [@4Y), (&) and Z717) yield
[uf 1Mas = Cout < Aasp (5.2)

thus the conditions of Theorem 7] are satisfied. By Theorem (.7 it suffices to prove that the
beginning condition [49) for the approximating sequences generated by fo € M;r 5 and the pair
of functions (I, uf) € M} ; x M , is satisfied. Indeed, by the iteration scheme ([@ZH), we have

ﬂ-l—l#R#(u ug) =0

dt 1 0, %0) — Y,
#

dstl = G (uo, uo, uo),

ui (0) =17 (0) = fo,

therefore, we obtain

t
17 (t) = foexp (-/ R#(umuo)(r)dT), telo,T), (5.3)
0
t
u¥(t) = fo +/ G (uo, uo, uo) (1) dr, t€[0,T). (5.4)
0
Since uo > 0, formulas ([B.3)-(E4) together with Proposition BI] imply
0=1F <if@)<uf@®), vtelo,T). (5.5)
It remains to prove that
uf (t) <wud, Vtelo,T). (5.6)

By representation (5.4) and (340) from Proposition 3.1 we obtain

—1/2 2
uf (1) < 1foll M, s Mas + Kpa™ 2 Maglluf 3, , (1+ ud I 0)

1/4
< M, +Kpa (14 2 Cou | » T
< Magp [||f0||Ma,ﬁ s 2,/6Kz ' o0

where to obtain (5.7), we use the fact that uf = Cou:M, 5 and ([52). Recalling (5.1]), we notice that
Cout satisfies the equation

1/4
—1/2 o 2 _
HfOHMmB + 12K,805 <1 + 5 6Kﬁ> Cout - Cout7 (58)

thus (7)) implies
uf (t) < CousMap =ul, Vtel0,T).

Estimate (5.6)) is proved and the claim of Theorem .10 follows.
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