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A MATTER OF PERSPECTIVE 

Institute Notes 
Lesson Pages Time TEKS 

Introductions  5 min.  

The Apple of Our Eye  5 min. 6a 

Envelope Tetrahedron  10 min.  

Finger Tetrahedron  5 min. 6 

A Vision of Geometry  25 min. 6 

MATERIALS AND SETUP 

Four apples, knife, 1 letter size envelope per person 

LEARNING STYLES 

Hands on 

MATH LINKS 

Symmetry, chirality, dimensionality 

LESSON OVERVIEW 

These lessons begin to establish the point of view of the TEXTEAM Geometry 

Institute. 

Introductions 

Trainers introduce themselves. If time allows, participants introduce themselves.  

The Apple of Our Eye 

An ordinary object is investigated to illustrate the pervasiveness of geometry. 

Looking at the world from different points of view can lead to seeing its underlying 

geometric structure. 

A Vision of Geometry 

Trainers discuss standard approaches to geometry, the participants’ vision of an ideal 

geometry class, and the point of view of this institute. 

Envelope Tetrahedron 
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Creating an interesting geometric object from an ordinary letter envelope is a 

metaphor for what can be accomplished in a geometry classroom - ideas can be presented 

in ways that will intrigue students, encourage them to experiment with geometry, and 

understand its internal structure and its connections to the real world.  

Finger Tetrahedron 

Creating a tetrahedron from the fingers of two hands is another way to emphasize the 

hands on approach to learning geometry. 

 

 

NOTES 
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DAY 1 AT A GLANCE 
Time Topic TEKS  

10 Introductions/ Apple of Our Eye 6a 

60 Boxing a Tetrahedron  5c,6a,8cd 

10 Reflections on Boxing a Tetrahedron  

25 A Vision of Geometry   

15 Envelope Tetrahedron, Finger Tetrahedron 6 

20 Technology Showcase 2a,5b,8c 

15 Slopes of Perpendicular Lines 2b,7abc,8c,9a 

20 Tiling the Plane 2b,3be,5ab,8c 

40 Wrap It Up 2b,6b 

40 Slices of Solids 2b,6a,9d 

40 Euler Characteristic & Platonic Solids 1b,5a,6abc,9d 

20 Where Do We Go From Here? 

Organization of the Notebook. 

 

15 Reflection & post it notes in text  

25 Technology Workshop  

5 Give assignment  

360   
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Day 1 Materials Needed 
 Sketchpad 

Sketches 

 Pythagoras’ Pentagons 

 Life’s Highway 

 Least Squares 

 Demo p4m 

 Lizards 

Scripts 

 Golden Spiral 

 Day 2 assignment 

 4 apples 

 Knife 

 12+ straws per person 

 Ribbon or yarn - 6 feet per person 

 Bamboo skewers - 2 per group 

 Tissue paper cut into 10”x13” rectangles - 1 per person 

 Template patterns - 2 per group 

 letter size envelope - 1 per person 

Geometric solid models including all 5 Platonic solids 

 Playdough - 1 container per person 

 Fishing line or dental floss - 1 foot per person 
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GEOMETRY AND THE GEOMETRY INSTITUTE 
 

WHERE ARE WE NOW:  

The initial part of the module describes in some detail the Institute’s vision both of the 

subject matter of geometry and of the instruction of geometry 

that will be developed in the Geometry Institute. 

 
Geometry 

• more than a formal axiomatic structure 

• found everywhere in the physical and mathematical worlds 

• studies properties of figures both on flat and curved surfaces 

• has been used throughout history as an important tool in problem solving 

• underlies the creation of design and structures 

• links with algebra, trigonometry and calculus. 

 
Instruction of geometry: 

• there are different methods of proof, some more effective than others in a given 

problem 

• technology can be used to model problems, to suggest solutions, to introduce 

concepts, to discover relationships and formulate conjectures 

• done in context and problem-driven rather than axiomatic 

• cooperative learning, students constructing their own learning 

 
 

QUESTIONS TO BE DISCUSSED WITHIN TABLE GROUPS: 

 1. What is your vision of geometry? What is your students’ vision of geometry as  

      they enter your geometry course? 

 2.  What do your students understand of geometry when they leave your           

       current geometry course? 

 3.  What does a typical geometry classroom look like? How do you envision an  

       ideal geometry classroom? 

 4.  Share results with the entire group. 
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WHAT ARE OUR GOALS AND WHERE ARE WE HEADED: 

• provide a vision of geometry, both its subject matter and how it can be taught; 

more generally,  provide experiences in a variety of teaching and learning styles 

while allowing time for reflection on personal classroom goals 

• provide a starting point for making change at different levels and hope that 

participants take the ideas developed here and adapt them to participants’ 

classrooms 

• provide model experiences - some things will be done which won't fit into 

participants’ classrooms but are used to provide a broad and deep understanding 

of geometry 

• put participants in the role of an active learner: people learn by doing 

• build in discussion time for trainers and teachers to relate their experiences 

• building a mathematical community, supporting each other 

•  go over notebook, talk about structure of the institute  

• we would like the trainers to give the entire notebook to the teachers for 

classroom use later. 

 
REFLECTIONS AND POST-ITS: 

• discuss use of the module in Training Institutes and the classroom 

• teachers put post-it notes in their textbooks where lessons would best fit in their 

geometry courses (trainers should ask teachers to bring textbooks to Training 

Institutes) 

• a feedback form will be given out daily asking for corrections or comments; a box 

will be provided for returning completed forms 

  

. 
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THE APPLE OF OUR EYE 

 
Geometry underlies the world - from the obvious to the subtle. 

• A desktop is a rectangle 

• A staircase is related to right triangles and slope 

• A construction crane uses triangles for strength and rigidity and to reduce its weight 

 

Consider an apple. 

How might the apple be cut to share with a friend? 

 

Vertical cut: 

The cut face shows a line of symmetry. 

 

Horizontal cut: 

The cut face shows 5-fold rotational symmetry that also appears in an apple blossom. 

 

La Coupe du Roi (The King's Cut) 

Cut apple vertically from stem to equator. 

Rotate apple 90 degrees and cut vertically from bottom to equator. 

Make two non adjacent cuts along the equator, each joining one top cut and one bottom 

cut. 

Pull apple apart. 

The two peices are not symmetric at all. They exhibit chirality (handedness). 

Had the other two equator cuts been made, the result would have opposite chirality from 

the first. 



 

TEXTEAM Geometry Institute 1.7 

FINGER TETRAHEDRON 

Directions 
GOAL: 

Create a three dimensional object from the fingers of two hands. 

PROCEDURE: 

Step 1: 

Place your right thumb to the major 

knuckle of your left index finger. 

 
Step 1 

 

Step 2: 

Place your left thumb to the base of 

your right thumb. 

This forms a triangle which will be one 

of the faces of the finger tetrahedron. 
 

Step 2 

 

Step 3: 

Place the tip of your left index finger to 

the major knuckle of your right index 

finger. 

This forms the second triangular face of 

the tetrahedron. 

 
Step 3 

 

Step 4: 

Rotate your right hand so that the tip of 

your right index finger may touch the 

base of your left thumb base. 
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Step 4 
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ENVELOPE TETRAHEDRON 

Teacher Guide 
GOAL: 

Create a three dimensional object (tetrahedron) from an ordinary two dimensional 

object (letter envelope) 

MATERIALS: 

Letter envelope, ruler, scissors. 

PROCEDURE: 

1. Seal an envelope. 

2. Using a ruler, draw the diagonals of the envelope. 

3. Fold and crease these diagonals in both directions. 

4. Cut out one of the obtuse triangles formed. Figure 1. 

5. Grab the remaining part of the envelope in the middle and gently pull it open. 

6. Tuck one half of the envelope inside the other half. Figure 2. 

 

 

 
Figure 1 

 
Figure 2 
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BOXING A TETRAHEDRON 

BUILD A TETRAHEDRON 

1. Link six whole straws with ribbon to create a regular tetrahedron. 

2. To create two faces on the tetrahedron, fold a 10"!13"  sheet of tissue paper into 

fourths. Place the template on the tissue and cut along the three sides marked CUT. 

3. Unfold the tissue. Set the tetrahedron on the tissue so that it covers two faces.  

Fold over the flaps of tissue and secure with tape. 

BOX THE TETRAHEDRON 

Use additional straws and ribbon to build a box of minimal dimensions which encloses 

the tetrahedron (build a circumscribing cube). 

TETRAHEDRON GEOMETRY 

What geometric terms, ideas, concepts, and relationships are associated with the model? 

(Write these on one transparency to be shared with the entire group.) 

A TETRAHEDRON KITE 

Four or ten tetrahedrons can be assembled into a kite that actually flies quite well. 
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BOXING A TETRAHEDRON 

Solutions 

CREATE A TETRAHEDRON 

Use three straws to first form a triangle, tying it off; then without cutting the ribbon, form 

a second triangle using one of the sides from the first triangle. Finally by threading the 

ribbon through one of the straws a second time, the final straw can be added to complete 

the tetrahedron. Other methods may be used by participants.  

BOX THE TETRAHEDRON 

A cube can be built around the tetrahedron by using each of the six edges of the 

tetrahedron as a diagonal of the square faces of the circumscribing cube. 

COMPARE THE VOLUMES OF THE TETRAHEDRON AND ITS 

CIRCUMSCRIBING CUBE 

Let the side-length of the cube be s, therefore volume of the cube is s3. 

Using isosceles right triangles, the edge of the tetrahedron will be s 2 . 

The area of each triangular face is s
2 3

2
. 

Using various 30-60-90 triangles, the height of the tetrahedron is found to be 2s 3
3

. 

Thus the volume of the tetrahedron is 1/3 s3. 

The volume of the tetrahedron is 1/3 that of the cube. 
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BOXING A TETRAHEDRON 

Reflections 
1. Discuss the presentation styles used in this problem. 

• Hands on 

• Cooperative groups 

• Modeling 

  

2. Discuss the geometry used in this problem.  

Use each group’s transparency to create a list. 

  

3. Discuss the geometric concepts used in the solution to the problem. 

  

4. How would you adapt this problem to your classroom? 

  

5. Direction of the day. 

This problem leads to: 

• Relationships among lines. 

• Regular polygons 

• Dimensionality 

• Tilings 

• Nets 

• Platonic solids 

• Properties of solids 

 

This first day serves as a showcase of the types of lessons that can be expected 

throughout the remaining days. 
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REGULAR FIGURES IN 2 AND 3 DIMENSIONS 

Institute Notes 
Lesson Pages Time TEKS 

Tiling the Plane  20 min. 2b,3be,5ab,8c 

Wrap It Up  40 min. 2b,6b 

Slices of Solids  40 min. 2b,6a,9d 

Euler Characteristic & Platonic 

Solids 

 40 min. 1b,5a,6abc,9d 

MATERIALS AND SETUP 

Models of polyhedra including Platonic solids, rubber bands, 1 package of playdough per 

person, 1 foot of dental floss or fishing line per person, tiled paper (equilateral triangles, 

squares and hexagons) 

LEARNING STYLES 

Hands on, cooperative groups, deductive reasoning 

MATH LINKS 

Algebra, symmetry, dimension, topology 

OTHER LINKS 

Wall and floor coverings, fabric design, crystals, architecture, engineering 

LESSON OVERVIEW 

It is important to explore how geometry in a lower dimension influences the 

properties of a geometric figure in a higher dimension. A way of doing this is to see how 

figures fit together, or how a figure can be built out of several others. This is an attractive 

approach because it is one of the most important ways in which geometric ideas are 

utilized in the everyday world.  

The simplest geometric figures in the plane are polygons because they have line 

segments as edges. In space the simplest figures are polyhedra because they have 
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polygons as faces. Each of these figures is built up from simple geometric figures in a 

lower dimension (including line segments which have endpoints).  
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From the student point of view it is especially attractive because it enables them to 

investigate how geometric ideas are the basis for the graphic designs of M. C. Escher, 

whose work is so popular that it now appears on T-shirts.  

Technology can also be incorporated in particularly effective ways. 

Tiling the Plane 

Repeating designs occur in all cultures from earliest times to the present day. Designs 

repeating in one direction (frieze patterns) have been found around the edge of pottery in 

every culture, no matter how old; Repeating designs were created millions of years ago 

when dinosaurs footprints were preserved on a muddy surface which hardened into stone. 

Repeated designs are created today by tire treads as the tire rolls over snow or mud.  

Designs repeating in two directions (wallpaper patterns) are found in many places. 

Moorish architecture such as the Alhambra in southern Spain was the inspiration for 

Escher’s first work on repeating designs. Every covering of a flat surface such as a tiling 

of a bathroom floor, or a wallpaper decoration consists of a design which for practical 

purposes repeats in two perpendicular directions to match the edges of the floor or walls.  

This lesson investigates the question of how geometry determines when congruent 

copies of one or more polygons can tile the plane. The trainer should summarize the 

regular tilings of the plane and have the participants work on the cases of arbitrary 

triangles or quadrilaterals. Point out that, in general, arbitrary p-gons, when p ≥ 5, cannot 

tile the plane. If time allows, proceed to semi-regular tilings. 

Wrap It Up 

When a gift is wrapped with a sheet of paper the corners have to be turned in because 

there’s an excess of paper. If the gift is to be covered with no overlaps anywhere, then 

pieces would have to be cut out of the wrapping paper. The lesson exploits this idea to 

introduce the Platonic solids and to construct nets for them out of regular tilings of the 

plane. The emphasis on how many polygons need to be cut out of a tiling of the plane 

brings out basic geometric differences between polygons in the plane and polyhedra in 

space. It also motivates Descartes’ Angle Deficit formula which describes properties of 

every polyhedron.  

Participants work through the entire lesson. 

Slices of Solids 
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One important way of understanding a 3-dimensional figure is by looking at its cross-

sections. This is exactly the principle of a modern CAT-scan: a 3-dimensional figure, for 

example, a human brain, is studied by using Magnetic Resonance Imaging to make 2-

dimensional cross-sectional images. Just as a loaf of sliced bread is the collection of all 

its slices, so can the 2-dimensional CAT-scan images be arranged to “model” a brain. The 

basic idea goes back to Archimedes’ “method of exhaustion” for finding areas and 

volumes of geometric figures. 

In this lesson we look at the various polygonal faces that can be obtained by taking 

cross-sections of a cube. Doing this systematically to remove a tetrahedron at each vertex 

creates an octahedron. If tetrahedra are now sliced off the vertices of this octahedron, 

another cube is created. This “truncation” by tetrahedra shows that cubes and octahedra 

are dual platonic solids in the sense that an octahedron is obtained from a cube by 

interchanging faces and vertices. The dodecahedron and icosahedron are also duals. The 

tetrahedron is a dual of itself. 

Participants work through the entire lesson. 

Euler Characteristic & Platonic Solids 

Classification or categorization is basic to everything, whether in mathematics or not. 

Plants and animals are classified by species, and each species has properties that no other 

species has. People are classified by gender, or citizenship, or income level etc. Each 

category can be further sub-divided. Among all triangles, for instance, we often study all 

right-angled triangles, or all triangles congruent to a particular triangle to split the family 

of triangles into still smaller families. The idea is that we get a better understanding of all 

plants, animals, people, triangles etc. by categorizing them through shared properties. 

Because a polyhedron is made of lower-dimensional figures - points, line segments, 

and polygons - it is natural to ask if it can be described in terms of these figures, or if 

some attribute of the polyhedron can be described by them. The Euler Characteristic of a 

polyhedron is the ‘alternating’ sum V – E + F of the number of Vertices (points), Edges 

(line segments), and Faces (polygons) the polyhedron has. This lesson computes the 

Euler Characteristic for a number of different polyhedra. Remarkably, it turns out to be 2 

for such familiar polyhedra as Platonic solids or truncations of them, but for a polyhedral 

‘donut’ the Euler characteristic is 0.  
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The question is what, if anything, the Euler Characteristic tells us about  a 

polyhedron, just as in algebra we can ask what the degree of a polynomial tells us about 

the polynomial or in geometry we can ask what the number of sides of a polygon tells us 

about the polygon. In each of these examples we are considering a family of 

mathematical objects - all polyhedra, all polynomials, or all polygons - and to each 

member of that family we attach a number : its Euler Characteristic, its degree, or the 

number of sides it has. The family is then sub-divided using this number. Polygons are 

sub-divided into those having 3 sides (triangles), those having 4 sides (quadrilaterals) etc. 

One familiar reason for making this sub-division is that each member of these smaller 

families shares a common property depending only on the number of sides. The sum of 

the interior angles of a triangle is always 180°, for a quadrilateral the sum is 360° etc. In 

the same way we split up polynomials into those of degree 0, of degree 1, of degree 2 etc. 

But do polynomials of degree 2 share a property not possessed by polynomials of any 

other degree? Yes, each has 2 roots provided complex roots are allowed. What we are 

doing is categorizing families of mathematical objects and looking for attributes the 

individual members of those families have. 

The Euler Characteristic categorizes a polyhedron by the number of ‘holes’ it has. 

Those polyhedra that can be dilated to a sphere always have Euler Characteristic 2, while 

those that can be dilated to a donut always have characteristic 0. But what about donuts 

having more than one hole? Do there exist polyhedra that can be dilated to such a donut? 

On the last day it will also be shown that the Euler Characteristic also measures how 

‘curved’ a polyhedron is. In fact, the significance of the Euler Characteristic and its 

generalizations still continues to be one of the most important areas of research in 

mathematics and physics today. 

HISTORICAL NOTE:  

The five regular solids are often called the Platonic solids because it is said that Plato 

(427-347 B.C.) associated them with the four Elements and the Universe: 

• of the five solids, the tetrahedron has the smallest volume to surface area ratio and is 

associated with Fire, 
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• the icosahedron has the largest volume surface area ratio and is associated with 

Water, 

• the cube  standing firmly on its base correponds to the stable Earth, 

• the octahedron which  rotates freely when held by two opposite corners, corresponds 

to the mobile Air, 

• finally, the dodecahedron  corresponds to the Universe, because the zodiac has  

twelve signs. 

Whatever the significance of these mystical associations might be, the importance of the 

regular polyhedra is enormous. It is said that Euclid’s Elements, the basis of all geometry, 

was originally written to supply the necessary steps for a full appreciation of the five 

regular polyhedra, not as a general treatise on geometry. Close inspection shows that 

Euclid included much not related to regular polyhedra, but in any case he begins the 

Elements by constructing an equilateral triangle, and ends by constructing a 

dodecahedron.  

Examples of regular polyhedra have been found in many cultures from early times. A 

toy dodecahderon has been found in Etruscan excavations, for instance, and spherical 

stone sculptures of the Platonic solids dating back 1,000 years before Plato have been 

found in Britain. In the natural world microscopic organisms known as radiolaria take the 

shapes of the five Platonic solids. Crystals have a polyhedral structure:  in a crystal of 

salt, for instance,  the atoms of chlorine coincide with the vertices and center of a 

cuboctahedron, while the atoms of sodium are at the vertices and faces of the cube boxing 

the cuboctahedron. The atoms of carbon forming a diamond are packed in cuboctahedral 

lattices, as are atoms of gold, silver, copper and aluminum. Connections with architecture 

can be found in the book of Blackwell.  
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NOTES 
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SLOPES OF PERPENDICULAR LINES 

Teacher Guide 
GOAL:   

Find a relationship between the slopes of perpendicular lines. 

PREREQUISITES: 

Slope formula, Distance formula, Pythagorean Theorem, perpendicular lines. 

PROCEDURE:   

Have students work in groups to complete the worksheet. After completion, discuss the 

processes they used. 

SOLUTIONS: 
1. (1, y

2
) 

2. a) m
1
=
y
1
! 0

1 ! 0
= y

1
 

 m
1
 = y

1
 

b) m
2
=
y
2
! 0

1! 0
= y

2
 

 m
2

= y
2
  

c) The slopes equal the y-coordinates of the point where the line x = 1 intersects the 

lines L1 and L2. 

3. a) Diagram to the right. 

b) a right triangle 

4. a) (1 ! 0)
2
+ (m

1
! 0)

2  

 Length = 1 +m
1

2   

b) (1 ! 0)
2
+ (m

2
! 0)

2  

 Length = 1 +m
2

2  

c) Length = m
1
! m

2
 

5. A right triangle 
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6. ( 1 +m
1

2 )2 + ( 1 +m
2

2 )2 = m
1
! m

2

2  

1 + m
1

2  + 1 + m
2

2  = m
1

2  – 2m
1
!m

2
 + m

2

2  

2 = –2m
1
!m

2
 

–1 = m
1
!m

2
 

7. When you multiply the slopes of two perpendicular lines you get –1 . 

8. a) m
1
 = !

1

m
2

 

b) m
2

 = !
1

m
1

 

Relationship Between Slopes of Perpendicular Lines 

 The product of the slopes of two perpendicular lines is –1. Thus, m
1
 = !

1

m
2

 and the 

slopes of two perpendicular lines are negative reciprocals of each other. 

9. Slope of horizontal line is 0. 

 Slope of vertical line is undefined. 

 No, –1 ≠ m
1
!m

2
 in this particular case. 

NOTE: 

Modify the statement in the box by adding “except in the case of vertical and horizontal 

perpendicular lines.” 
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SLOPES OF PERPENDICULAR LINES 

 
GOAL: 

Find a relationship between the slopes of perpendicular lines. 

L
1  and L

2  are perpendicular lines that intersect at the origin. 

 
 

1. Draw the line x = 1 on the graph above. 

 Label the intersection of L
1
 and x = 1 as the point 1( , y

1
) . 

 What should the intersection of L
2

 and x = 1 be labeled?  (      ,       )  

 Label it on the graph. 

2. a) Using the points (0, 0) and 1( , y
1
)  compute the slope (m

1
) of L

1
. 

 

 

m
1
 = ________ 

b) Using the point (0, 0) and 1( , y
2
)  compute the slope (m

2
) of L

2
. 

 

 

m
2

 = _________ 

c) What do you notice about the slopes? 
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3. Since m
1
 = y

1
 and m

2
 = y

2
, substitute m

1
 and m

2  for y
1
 and y

2
 respectively as the 

coordinates where x = 1 intersects L
1
 and L

2
. 

a) On the graph below, fill in the missing coordinates, using the slopes. 

 

 

 
 

b) What type of triangle do the points (0, 0), (1, m
1
) and (1, m

2
) make? _______ 

 

 

 

4. Use the distance formula for the following: 

a) Find the length of the side of the triangle represented by points (0, 0) and (1, m
1
). 

 

 

 

 

b) Find the length of the side of the triangle represented by points (0, 0) and (1, m
2

). 

 

 

 

c) Find the length of the third side of the triangle. 
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5. The points (0, 0), (1, m1), and (1, m
2

) determine what type of triangle? 

 

 

6. Use the lengths of the sides of the triangle and the Pythagorean Theorem, find out 

what m
1
!m

2
 equals. 

 

 

 

 

 

 

7. What does the result from question 5 tell you about the slopes of perpendicular lines? 

 

 

 

8. a) Solve the equation m
1
!m

2
 = –1 for m

1
. 

 

 

 

b) Solve the equation m
1
!m

2
 = –1 for m

2
. 

 

Write the: 

Relationship Between Slopes of Perpendicular Lines  

 

 

 

 

9. A vertical line and a horizontal line are perpendicular. 

What is the slope of a vertical line?  

What is the slope of a horizontal line? 
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Is the relationship between the slopes of perpendicular lines valid in the case of 

vertical and horizontal perpendicular lines? 
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TILING THE PLANE 

Teacher Guide 
GOAL: 

Understand figures in two dimensional geometry by tiling the plane with 

polygons. 

MATERIALS: 

Regular polygonal tiles (equilateral triangles, squares, pentagons, hexagons, 

octagons, etc.) all with edges of the same length; tiled paper (equilateral triangles, 

squares, regular hexagons). 

PREREQUISITES: 

Sum of the angles of a triangle. 

PROCEDURE: 

Illustrate various coverings of the plane  

Show the overheads of various coverings of the plane, ask that students point out their 

characteristics.  

• Jigsaw puzzle - plane is covered, no empty spaces, no overlapping tiles, shapes vary 

• Bathroom floor - noncongruent tiles, same shapes, different sizes, not edge to edge 

• Brick wall - not regular polygons, congruent tiles, not edge to edge 

• Matthew’s Barn - regular polygons, edge to edge, different shapes 

• Cairo sidewalk - nonregular polygons (equilateral but not equiangular), edge to edge, 

congruent polygons 

• Dullsville and Honeycomb - edge to edge, congruent, regular polygons 

• Escher lizard design - congruent figures 

Tiling of the plane 

A covering of the plane by polygonal figures so that there are no holes and the only 

overlaps occur at the edges of the polygons. 

Regular Tiling of the plane 

A covering of the plane by congruent copies of one regular polygon meeting edge to 

edge. 

• Assign students to groups of 3-4. Share results of questions 1 and 2. 
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1. Equilateral triangles, squares, hexagons are the only possible regular tilings of 

the plane. 

2. The sum of the angles at each vertex must be 360°.  

 Each interior angle of a regular p-gon is 180(p-2)/p.  

 If q regular p-gons meet at each vertex then 360 = q180(p-2)/p.  

 Algebra reduces this to (p-2)(q-2) = 4.  

 Thus congruent regular p-gons meeting exactly q at a vertex must satisfy  

(p-2)(q-2) =4.  

 Since p and q must be positive integers greater than 2, one can systematically 

check all the possible cases: 

 If p=3, then q=6 and the tiling is by equilateral triangles meeting 6 at a 

vertex. 

 If p=4, then q=4 and the tiling is by squares meeting 4 at a vertex. 

 If p=5, there is no solution for q. 

 If p=6, then q=3 and the tiling is by hexagons meeting 3 at a vertex. 

 There is no solution if p>6. 

• Hand out regular tiling worksheets. 

3. Duality: Squares yield squares, triangle yield hexagons, hexagons yield triangles. 

Each tile is replaced by a vertex and each vertex is replaced by a tile; in other 

words, the values of p and q are interchanged. 

• Ask students to look for or describe examples of tiling in the real world. Show Escher 

and other examples. 

Tiling the plane with arbitrary triangles. 

• Aim for a variety of triangles - scalene, acute, obtuse, etc.  

1. Show overhead of an arbitrary triangle tiling the plane. 

2. Pattern: Vertices A, B, C appear twice at each vertex; every consecutive group of 

three vertices must contain one each of A, B, and C in the same order and forming 

a straight angle. Any triangle can tile the plane. 

3. The smallest parallelogram consists of two adjacent triangles. Its area is twice 

the area of the triangle. 



 

TEXTEAM Geometry Institute 1.30 

4. A rotation of 180° about the midpoint of one side of the triangle fills the 

parallelogram. 

5. Two ways: Translation of the parallelogram or successive rotations of the 

triangle about the midpoints of the triangle’s sides. 
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Tiling the plane with arbitrary quadrilaterals. 

• Aim for a variety of quadrilaterals including concave quadrilaterals.  

1. Show overhead of an arbitrary quadrilateral tiling the plane. 

2. Pattern: Each vertex A, B, C, D, appears once at each vertex of the tiling. Any 

quadrilateral can tile the plane. 

3. The smallest parallelogram consists of two adjacent quadrilaterals. Its area is 

twice the area of the quadrilateral. 

4. A rotation of 180° about the midpoint of one side of the quadrilateral fills the 

parallelogram. 

5. Two ways: Translation of the parallelogram or successive rotations of the 

quadrilateral about the midpoints of the quadrilateral’s sides. 

6. The midpoints of the edges are vertices of congruent parallelograms. (See 

Triangle Midsegment Investigation lesson.) 

• Show the Escher Lizards. The black and white version is based on a quadrilateral: the 

knees and elbows of a lizard are at the midpoints of the sides of the quadrilaterals. If 

color is ignored, then the picture is based on an arbitrary triangle: the midpoints of the 

sides are at the knees, elbow and ears of the lizards. 

Semiregular tiling of the plane. 

A tiling of the plane by congruent copies of two or more regular polygons meeting edge 

to edge with the same pattern of tiles at every vertex. 

1. Students share their tilings. Show overheads of all possible semiregular tilings. 

2. The sum of the angles at each vertex is 360°. 

3. Students share their tilings. Show overheads of some examples. 

REFERENCES: 

O’Daffer, P.G. and Clemens, S.R. Geometry: An Investigative Approach 

Cundy, H.M. and Rollett A.P. Mathematical Models 

Schattschneider, D.L. Visions of Geometry 

Martin, G. Transformational Geometry 

Kaproff, Jay. Connections 

The Mathematical Gardiner, ed. by D.A. Klarner 

Washburn, D. and D. Crowe. Symmetries of Culture 
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Ranucci, E.R. and Teeters, J.L. Creating Escher-type Drawings 

Hargettai, I. and M. Symmetry, A Unifying Concept 

Blackwell, W. Geometry in Architecture 

EXTENSIONS: 

• Create a portfolio of real-life tilings of the plane. 

• Use tiles of the same shape, but of different size and remove the edge to edge 

restriction. An example is a Pythagorean tiling. 

• Tile the plane with congruent copies of a single non-regular polygon. An example is 

the Cairo tiling. Find other tilings using congruent copies of a pentagon. See 

Gardiner. 

• Find the tilings on which specific Escher graphics are based. See Crowe. 

• Create Escher like tilings of the plane. See Ranucci and Teeters. 

• Investigate non-periodic tilings of the plane. Penrose tiling is one example. 
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TILING THE PLANE 

 
GOAL: 

Investigate the possible regular and non-regular tilings of the plane. 

PROCEDURE: 

As a group, complete these problems as instructed by the teacher. 

Regular Tilings of the plane. 

1. Use the available regular polygon tiles to find the regular tilings of the plane.  

Sketch them. 

  

  

  

  

  

2. Explain why only these regular polygons tile the plane. 

  

  

  

  

  

  

3. Investigate duality. On each of the three regular tiling work sheets, mark the center of 

each shape in each regular tiling and connect adjacent centers with marking pens.  

What shapes result? What happens to tiles and vertices in these constructions? 
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Tiling the plane with arbitrary triangles. 

1. Fold paper and cut out multiple copies of one arbitrary triangle. Label the vertices of 

the angles of all the triangles A, B, C, writing the labels inside the triangles, on both 

sides of the triangles as needed. Try to tile the plane using copies of the one triangle 

meeting edge to edge with the same pattern appearing at every vertex. Sketch the 

tiling. 

  

  

  

  

  

  

  

  

  

  

  

  

2. Analyze the result. Is there a pattern in the tilings? Is it possible for any triangle to tile 

the plane? Why or why not? 

  

  

  

  

3. In the sketch of the tiling, outline several parallelograms. Is there a smallest 

parallelogram? How does its area compare to the area of the original triangle? 

 

  

4. What transformation(s) of the triangle fills in the smallest parallelogram? 
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5. What isometries of the triangle and/or small parallelogram fill the remaining plane? 
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Tiling the plane with arbitrary quadrilaterals. 

1. Fold paper and cut out multiple copies of one arbitrary quadrilateral. Label the 

vertices of the angles of all the quadrilaterals A, B, C, D, writing the labels inside the 

quadrilaterals, on both sides of the quadrilaterals as needed. Try to tile the plane using 

copies of the one quadrilateral meeting edge to edge with the same pattern appearing 

at every vertex. Sketch the tiling. 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

2. Analyze the result. Is there a pattern in the tilings? Is it possible for any quadrilateral 

to tile the plane? Why or why not? 

  

  

  

  

  

3. In the sketch of the tiling, outline several parallelograms. Is there a smallest 

parallelogram? How does its area compare to the area of the original quadrilateral? 
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4. What transformation(s) of the quadrilateral fills in the smallest parallelogram? 
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5. What isometries of the quadrilateral and/or small parallelogram fill the remaining 

plane? 

  

  

  

  

  

6. With a marking pen, mark the midpoints of all sides of every quadrilateral in the 

tiling. What pattern emerges? 

 

 

 

Semiregular tilings of the plane. 

1. Try to tile the plane using congruent copies of two regular polygons meeting edge to 

edge so that the pattern at every vertex is the same.  

Which combinations are possible? Sketch them. 

  

  

  

  

  

  

  

  

  

  

  

2. Analyze the results. What angle relationships do you observe? 
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3. If the pattern at each vertex is allowed to be different, try to find additional tilings. 

Sketch some. 



MAINLY ON THE PLAIN 

Trainer Guide 
GOAL: 

• Establish starting point for Euclidean plane geometry common to all participants at a 

Training Institute. Discover patterns in formulas for sums of angles of various 

geometric figures to bring out fundamental ideas associated with polygons and the 

parallel postulate. 

PROCEDURE:  

• Assign participants to groups of 3 or 4. Trainer leads discussion. 

 
 For everyone the term “plane geometry” means the study of figures in a plane, a 

flat surface without limits in any direction. Often for practical purposes we think of the 

plane as being finite, say a piece of paper. The most basic figures are lines, meaning 

straight lines without limit in either direction, and a line segment is the portion of a line 

between two points on the line. The fact that a line segment between two points is also 

the shortest path between those two points is consistent with our experience of the flat 

two-dimensional world immediately about us. So plane geometry provides a 

mathematical model of that world. 

 Two of the most fundamental results in plane geometry are 

• the ‘sum of angles’ formula:       

 

       m∠A + m∠B + m∠C = 180° 

 

 

relating the sum of the interior angles of any triangle ABC, 

• the Pythagorean theorem:  

   

     a2 + b2 = c2 

 

 

relating the lengths of the sides of a right-angled triangle. 



Most of tomorrow will be devoted to the second of these, while the rest of today will 

concentrate on the first one as well as some of its consequences.  

 How should we obtain the ‘sum of angles’ formula for a triangle? How should we 

interpret the formula? These are inter-related questions that get to the purpose of this 

Institute. There are several possible approaches: 

• Draw a few triangles and measure the interior angles at A, B, C with a protractor. 

Evaluate the sum m∠A + m∠B + m∠C. In each case the sum is close to 180. More 

accurate measurements can be made using Geometer’s SketchPad or a TI-92. 

• Cut up a triangle and reassemble the pieces: 

 
 
 
 
 
 
 
 
 
 

No matter what the shape of the triangle, the reassembled pieces form half a whole 

angle, so m∠A + m∠B + m∠C = 180° because we have agreed ever since the 

Babylonians that a full angle is 360°. These dissections can be done by hand or by 

computer. 

• Draw the line DE through B parallel 

to CA. Since alternating interior  

angles are equal, 

 m∠A = m∠ABE, m∠C = m∠CBD, 

so  

 m∠A + m∠B + m∠C  

    = m∠ABE + m∠B + m∠CBD 

   = 180°. 

The first two are ‘hands-on’ approaches which are often used by students to discover the 

sum of angles formula. The last one is the standard synthetic proof, formalizing the idea 

behind the second approach, but how often is it given in class? Is one approach better 

than the others or does each tell us something different?  



 The first method is the simplest and most direct. The second is simple too, though 

it owes its success to knowing ahead of time that the sum is half a whole angle, but it 

does motivate the synthetic proof. On the other hand, the synthetic proof uses properties 

of parallel lines, so it shows that the sum of angles formula for a triangle in plane 

geometry 

is a consequence of the parallel postulate of Euclidean geometry, which is the reason why 

we often refer to plane geometry by its fuller name Euclidean plane geometry. It also 

suggests that the sum of the interior angles of a triangle will not be 180° in any geometry 

in which the parallel postulate fails, as we shall see in later lessons. Thus different 

approaches require different levels of understanding and, in turn, provide different levels 

of understanding. To evaluate which approach to use in a given situation a teacher will 

need a familiarity with geometry that is both broad and deep. This will become even 

more true as the number of possible approaches increases with the addition of algebraic 

or transformational methods. One function of the TEXTEAM Institute is to provide this 

broader and deeper understanding, using a variety of approaches to problems in which a 

participant becomes an active learner. Of course, another function is to focus on 

presenting examples of different possible approaches in lessons as familiar as the sum of 

angles of a triangle.  

 After arriving at the sum of angles formula for a triangle, the next step is to 

discover  

the corresponding formula for a quadrilateral, a pentagon, or a hexagon:  

 

polygon number of sides sum of angles 

triangle 3 180 = (3-2)180° 

quadrilateral 4 360 = (4-2)180° 

pentagon 5 540 = (5-2)180° 

hexagon 6 720 = (6-2)180° 

 

  

 Again this could be done by  

direct measurement or by triangulation 



  - dividing up the figure into triangles. 

From this pattern the student  

could be led to the result  

for a polygon having n sides: if A1A2...An is an n-gon and ∠A1, ∠A2, ... , ∠An are its  

interior angles,then 

 
 

 

 

 

Another way of writing this result is  

m∠A1 + m∠A2 + ... + m∠An = n(180°) - 360° 

which can then be rewritten as 

(180° - m∠A1) + (180° - m∠A2) + ... + (180° - m∠An) = 360°. 
 

 Now let’s get physical! We “walk the talk” and arrive at yet another very concrete 

way of obtaining the sum of angle formula. This will provide a quite different 

understanding of the formula, that will arise several times as the Institute progresses. 

Mark out a large ΔABC on the floor as shown - if you are feeling energetic, mark out a 

square, a pentagon or any  

polygon. Now start at vertex A  

ofthe triangle, walk along AB to 

vertex B, and then turn to your left  

to start walking along BC until you 

reach C; at C turn to your left again  

to start walking CA. Eventually,  

you return to vertex A, but you  

are not looking in the direction you  

started out! To do that, turn to your  

left at vertex A until you are looking in  

the direction of vertex B. Now you will  

have turned through 360°, as the figure to  

 
m∠A1 + m∠A2 + ... + m∠An = (n-2)180° 



the right shows. At vertex B you had to turn through 180° - m∠B, at C you turned through  

180° - m∠C, and at A you turned through 180°- m∠A. So your walk around ∆ABC 

shows that 

 (180° - m∠A) + (180° - m∠B) + (180° - m∠C) = 360° 

which after simplification reduces to the sum of angles formula for triangle ∆ABC. The 

angle 180° - m∠B through which you had to turn at vertex B has two important geometric 

meanings: it is 

• the exterior angle of ΔABC at vertex B, as well as 

• the angle between the path you took from A through B to C and the straight line path 

from A through B. 

When written in terms of exterior angles, therefore, the sum of angles formula adds up all 

the bends  in a triangle and gets a total of 360° - the mathematical term for bend is 

curvature. Had you taken the more extended walk around a polygon A1A2...An having n 

sides, you have found that   

(180° - m∠A1) + (180° - m∠A2) + ... + (180° - m∠An) = 360° 

which is the formula obtained earlier, again giving the total of all the bends in the 

polygon - the total curvature  of the polygon in other words.  

 The new TEKS call for students to study geometrical properties through use of 

numerical and geometric patterns such as the pattern of values which led to the sum of 

angles formula for any polygon, for instance. In mathematics, the existence of patterns 

can also indicate that there is a still deeper level of understanding to be found. The 

formula 

(180° - m∠A1) + (180° - m∠A2) + ... + (180° - m∠An) = 360° 

contains a very simle pattern: the right hand side doesn’t depend on the number of sides 

of a polygon or on its shape! Why? We need to look at some different figures having line 

segments as edges. The figure to the  

right has six sides, but it is not a  

hexagon because of the triangular  

“hole” in the middle. What is the  

sum of its 6 interior angles? How  

is this sum affected by the hole? In 



the special case when both triangles are equilateral, then 

m∠B1 + m∠B2 + ... + m∠B6 = 6⋅180° 

and 

(180° - m∠B1) + (180° - m∠B2) + ... + (180° - m∠B6) = 0, 

neither of which are the same as in the case of a hexagon. 

 To determine the value of the sum when the triangles are not equilateral, we use 

the physical approach again. Draw a triangular ‘fish pond’ inside the original triangle and 

walk the talk, beginning at B1and following the arrows on the trails back to B1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The crucial rules to observe during the walk are to keep the interior of the region on one’s 

left and to keep track of the turning angles, noting whether you turn counter-clockwise or 

clockwise at a vertex because a counter clockwise turning angle is a positive angle, while 

a clockwise turning angle is a negative angle. After a full circuit of the outer triangular 

trail, you will have to cut through the interior region to get to the inner triangular trail; 

then you will have to cut back after a full circuit of the inner triangular trail. These are 

shown as dotted trails in the trail guide figure above.  

 It will be discovered that 

(180° - m∠B1) + (180° - m∠B2) + ... + (180° - m∠B6) = 0 



because of the left and right hand turns. Solving, we obtain 

m∠B1 + m∠B2 + ... + m∠B6 = 6⋅180°. 

So the values do not depend on the shape of the triangles. The presence of the hole has 

added 360° to the sum of the interior angles, and at the same time subtracted 360° from 

the sum of turning angles. 

 Just as you might ask your students for conjectures at this point, we can ask: what 

would happen if there were two triangular holes inside, or three, or if the outer triangle is 

replaced by a square, or the inner triangle by a square ... ? Maybe the formulas depend 

only on the number of holes!! 
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REGULAR FIGURES IN 2 AND 3 DIMENSIONS 

Institute Notes 
Lesson Pages Time TEKS 

A walk on the Plain  40 min.  

Tiling the Plane  20 min. 2b,3be,5ab,8c 

Wrap It Up  40 min. 2b,6b 

Euler Characteristic & Platonic 

Solids 

 40 min. 1b,5a,6abc,9d 

MATERIALS AND SETUP 

Models of polyhedra including Platonic solids, rubber bands, 1 package of playdough per 

person, 1 foot of dental floss or fishing line per person, tiled paper (equilateral triangles, 

squares and hexagons) 

LEARNING STYLES 

Hands on, cooperative groups, deductive reasoning 

MATH LINKS 

Algebra, symmetry, dimension, topology 

OTHER LINKS 

Wall and floor coverings, fabric design, crystals, architecture, engineering 

LESSON OVERVIEW 

It is important to explore how geometry in a lower dimension influences the 

properties of a geometric figure in a higher dimension. A way of doing this is to see how 

figures fit together, or how a figure can be built out of several others. This is an attractive 

approach because it is one of the most important ways in which geometric ideas are 

utilized in the everyday world.  

The simplest geometric figures in the plane are polygons because they have line 

segments as edges. In space the simplest figures are polyhedra because they have 



 

TEXTEAM Geometry Institute 1.23 

polygons as faces. Each of these figures is built up from simple geometric figures in a 

lower dimension (including line segments which have endpoints).  
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From the student point of view it is especially attractive because it enables them to 

investigate how geometric ideas are the basis for the graphic designs of M. C. Escher, 

whose work is so popular that it now appears on T-shirts.  

Technology can also be incorporated in particularly effective ways. 

Mainly on the Plain:  

  

Tiling the Plane 

Repeating designs occur in all cultures from earliest times to the present day. Designs 

repeating in one direction (frieze patterns) have been found around the edge of pottery in 

every culture, no matter how old; Repeating designs were created millions of years ago 

when dinosaurs footprints were preserved on a muddy surface which hardened into stone. 

Repeated designs are created today by tire treads as the tire rolls over snow or mud.  

Designs repeating in two directions (wallpaper patterns) are found in many places. 

Moorish architecture such as the Alhambra in southern Spain was the inspiration for 

Escher’s first work on repeating designs. Every covering of a flat surface such as a tiling 

of a bathroom floor, or a wallpaper decoration consists of a design which for practical 

purposes repeats in two perpendicular directions to match the edges of the floor or walls.  

This lesson investigates the question of how geometry determines when congruent 

copies of one or more polygons can tile the plane. The trainer should summarize the 

regular tilings of the plane and have the participants work on the cases of arbitrary 

triangles or quadrilaterals. Point out that arbitrary p-gons cannot tile the plane in general 

when p ≥ 5. If time allows, proceed to semi-regular tilings. 

Wrap It Up 

When a gift is wrapped with a sheet of paper the corners have to be turned in because 

there’s an excess of paper. If the gift is to be covered with no overlaps anywhere, then 

pieces would have to be cut out of the wrapping paper. The lesson exploits this idea to 

introduce the Platonic solids and to construct nets for them out of regular tilings of the 

plane. The emphasis on how many polygons need to be cut out of a tiling of the plane 

brings out basic geometric differences between polygons in the plane and polyhedra in 

space. It also motivates Descartes’ Angle Deficit formula which describes properties of 

every polyhedron.  
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Participants work through the entire lesson. 

Slices of Solids 

One important way of understanding a 3-dimensional figure is by looking at its cross-

sections. This is exactly the principle of a modern CAT-scan: a 3-dimensional figure, for 

example, a human brain, is studied by using Magnetic Resonance Imaging to make 2-

dimensional cross-sectional images. Just as a loaf of sliced bread is the collection of all 

its slices, so can the 2-dimensional CAT-scan images be arranged to “model” a brain. The 

basic idea goes back to Archimedes’ “method of exhaustion” for finding areas and 

volumes of geometric figures. 

In this lesson we look at the various polygonal faces that can be obtained by taking 

cross-sections of a cube. Doing this systematically to remove a tetrahedron at each vertex 

creates an octahedron. If tetrahedra are now sliced off the vertices of this octahedron, 

another cube is created. This “truncation” by tetrahedra shows that cubes and octahedra 

are dual platonic solids in the sense that an octahedron is obtained from a cube by 

interchanging faces and vertices. The dodecahedron and icosahedron are also duals. The 

tetrahedron is a dual of itself. 

Participants work through the entire lesson. 

Euler Characteristic & Platonic Solids 

Classification or categorization is basic to everything, whether in mathematics or not. 

Plants and animals are classified by species, and each species has properties that no other 

species has. People are classified by gender, or citizenship, or income level etc. Each 

category can be further sub-divided. Among all triangles, for instance, we often study all 

right-angled triangles, or all triangles congruent to a particular triangle to split the family 

of triangles into still smaller families. The idea is that we get a better understanding of all 

plants, animals, people, triangles etc. by categorizing them through shared properties. 

Because a polyhedron is made of lower-dimensional figures - points, line segments, 

and polygons - it is natural to ask if it can be described in terms of these figures, or if 

some attribute of the polyhedron can be described by them. The Euler Characteristic of a 

polyhedron is the ‘alternating’ sum V – E + F of the number of Vertices (points), Edges 

(line segments), and Faces (polygons) the polyhedron has. This lesson computes the 

Euler Characteristic for a number of different polyhedra. Remarkably, it turns out to be 2 
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for such familiar polyhedra as Platonic solids or truncations of them, but for a polyhedral 

‘donut’ the Euler characteristic is 0.  

The question is what, if anything, the Euler Characteristic tells us about  a 

polyhedron, just as in algebra we can ask what the degree of a polynomial tells us about 

the polynomial or in geometry we can ask what the number of sides of a polygon tells us 

about the polygon. In each of these examples we are considering a family of 

mathematical objects - all polyhedra, all polynomials, or all polygons - and to each 

member of that family we attach a number : its Euler Characteristic, its degree, or the 

number of sides it has. The family is then sub-divided using this number. Polygons are 

sub-divided into those having 3 sides (triangles), those having 4 sides (quadrilaterals) etc. 

One familiar reason for making this sub-division is that each member of these smaller 

families shares a common property depending only on the number of sides. The sum of 

the interior angles of a triangle is always 180°, for a quadrilateral the sum is 360° etc. In 

the same way we split up polynomials into those of degree 0, of degree 1, of degree 2 etc. 

But do polynomials of degree 2 share a property not possessed by polynomials of any 

other degree? Yes, each has 2 roots provided complex roots are allowed. What we are 

doing is categorizing families of mathematical objects and looking for attributes the 

individual members of those families have. 

The Euler Characteristic categorizes a polyhedron by the number of ‘holes’ it has. 

Those polyhedra that can be dilated to a sphere always have Euler Characteristic 2, while 

those that can be dilated to a donut always have characteristic 0. But what about donuts 

having more than one hole? Do there exist polyhedra that can be dilated to such a donut? 

On the last day it will also be shown that the Euler Characteristic also measures how 

‘curved’ a polyhedron is. In fact, the significance of the Euler Characteristic and its 

generalizations still continues to be one of the most important areas of research in 

mathematics and physics today. 

HISTORICAL NOTE:  

The five regular solids are often called the Platonic solids because it is said that Plato 

(427-347 B.C.) associated them with the four Elements and the Universe: 
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• of the five solids, the tetrahedron has the smallest volume to surface area ratio and is 

associated with Fire, 

• the icosahedron has the largest volume surface area ratio and is associated with 

Water, 

• the cube  standing firmly on its base correponds to the stable Earth, 

• the octahedron which  rotates freely when held by two opposite corners, corresponds 

to the mobile Air, 

• finally, the dodecahedron  corresponds to the Universe, because the zodiac has  

twelve signs. 

Whatever the significance of these mystical associations might be, the importance of the 

regular polyhedra is enormous. It is said that Euclid’s Elements, the basis of all geometry, 

was originally written to supply the necessary steps for a full appreciation of the five 

regular polyhedra, not as a general treatise on geometry. Close inspection shows that 

Euclid included much not related to regular polyhedra, but in any case he begins the 

Elements by constructing an equilateral triangle, and ends by constructing a 

dodecahedron.  

Examples of regular polyhedra have been found in many cultures from early times. A 

toy dodecahderon has been found in Etruscan excavations, for instance, and spherical 

stone sculptures of the Platonic solids dating back 1,000 years before Plato have been 

found in Britain. In the natural world microscopic organisms known as radiolaria take the 

shapes of the five Platonic solids. Crystals have a polyhedral structure:  in a crystal of 

salt, for instance,  the atoms of chlorine coincide with the vertices and center of a 

cuboctahedron, while the atoms of sodium are at the vertices and faces of the cube boxing 

the cuboctahedron. The atoms of carbon forming a diamond are packed in cuboctahedral 

lattices, as are atoms of gold, silver, copper and aluminum. Connections with architecture 

can be found in the book of Blackwell.  
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NOTES 
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PERPENDICULAR LINES 
Institute Notes 

Lesson Pages Time TEKS 

Slopes of Perpendicular Lines  15 min. 2b,7abc,8c,9a 

LEARNING STYLES 

Coordinate geometry, deductive reasoning 

MATH LINKS 

Algebra, Pythagorean Theorem, analytic geometry 

LESSON OVERVIEW 

This lesson is intended to help students realize mathematics is not about random 

formulas, but is an organized system of ideas. Some fundamental ideas, such as the 

Pythagorean Theorem, are pervasive as illustrated by this derivation of the relationship in 

the slopes of perpendicular lines. It is easy for students to follow but is seldom done in 

the classroom. It also shows the connection of of linear equations, slope, the Pythagorean 

Theorem and the distance formula. 

The trainer will display the coordinate sketch and work through the derivation of the 

proof with the participants, which will emphasize the use of the Pythagorean Theorem. 
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NOTES 
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SLICES OF SOLIDS 

Teacher Guide 
GOAL: 

Visualize 3-dimensional figures by 2-dimensional cross-sections.  

Illustrate the duality between various Platonic solids. 

MATERIALS: 

Playdough, nylon thread (fishing line, dental floss), rubber bands, models of 

solids (plastic, straw) 

PREREQUISITES: 

Platonic solids, regular polygons, semiregular tilings of the plane. 

PROCEDURE:  

• Assign students to groups of 3 - 4. 

Slice a cube: 

• Demonstrate slicing a cube to produce a cross-section using a straw model of a cube 

with rubber bands to represent the cross-sections. 

• Ask students to visualize the resulting polygonal faces. Students use playdough and 

nylon thread to explore which polygons occur. Triangles, quadrilaterals, pentagons, 

and hexagons can all occur. 

• Students explore if and when regular polygons occur. Regular polygonal faces occur 

when slicing perpendicular to a line of symmetry of the cube. 

Systematic slicing of cube: 

• Demonstrate the slicing process using a straw model as above. This time make the 

same slices at each vertex perpendicular to the diagonal, slicing off congruent 

tetrahedra each time. Each face of the polyhedron will be a regular polygon, but the 

faces need not all be congruent. 

• Ask students to try to visualize the resulting polyhedra as successively larger 

tetrahedra are sliced off. 

• Students should slice their playdough cubes and record the results. When will the 

remaining polyhedron be an octahedron? When each slice passes through 3 vertices 

of the cube. 
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Analyze the dual relationship between the cube and the octahedron. 

• Students investigate the polyhedra obtained after slicing off congruent tetrahedra at 

each vertex of an octahedron - the slices will be perpendicular to the diagonals of the 

octahedron. When is the resulting polyhedron a cube? When each slice passes 

through the midpoints of three sides of the octahedron. The octahedron can also be 

made into a cube by attaching regular tetrahedra to the faces. 

Slice a tetrahedron: 

• Slice off congruent tetrahedra from the vertices of a tetrahedron to obtain a new, 

smaller, tetrahedron. Use playdough or straw models. This show that the tetrahedron 

is its own dual. 

EXTENSIONS: 

• Repeat the same slicing of a cube that produced the octagon but slice off 

congruent tetrahedra only at 4 corners to produce the tetrahedron boxed by the 

cube.  

• Experiment with slicing an icosahedron. First the result is a soccer ball; slicing it 

further yields a dodecahedron. This is the first half of the proof that icosohedra 

and dodecahedra are dual platonic solids. 

• Investigate tilings of three dimensional space with regular (and other) polyhedra. 

• Create nets for the intermediate solids. The intermediate solids are semi-regular 

polyhedra. Use semi-regular tilings of the plane to find the required nets. 
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SLICES OF SOLIDS 

 
GOALS: 

Visualize three dimensional figures. 

Illustrate the duality of various figures. 

PROCEDURE: 

Slice a cube to get many different polygonal faces. 

• Each person in the group creates a large playdough cube. 

• Use nylon thread to slice each cube in a different direction. (Rebuild the cube before 

each new slice. Record the possible polygonal faces that result. 

 

 

 

• When are the slices regular polygons? 

 

 

A more systematic slicing of the cube. 

• Combine four packages of playdough to make a larger cube. 

• Slice ever larger tetrahedra from a corner. Repeat for all 8 corners. What shapes 

emerge? 

 

 

 

• Slice all 8 corners of the large playdough cube along the diagonal of each face. What 

shape results? 

 

Analyze the dual relationship between the cube and the octahedron. 

• Now reverse the process. Create a cube from an octahedron. Explain your method. 

(There are two methods.) 
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Slice a tetrahedron: 

• Slice off congruent tetrahedra from the vertices of a tetrahedron to find the dual of 

the tetrahedron. Use playdough or straw models. 
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EULER CHARACTERISTIC 

& PLATONIC SOLIDS 

Teacher Guide 
GOALS: 

Discover the Euler Characteristic: V − E + F = 2 for various polyhedra. 

Use the Euler Characteristic to show that there exist exactly five regular 

polyhedra - the Platonic solids. 

MATERIALS: 

Many different polyhedra, including the five Platonic solids. Use everyday objects 

(tissue box, Toblerone chocolate box), mineral crystals, photos of Egyptian and 

Mayan pyramids, etc. 

PREREQUISITES: 

Regular polygon, face, edge, vertex. 

NOTE TO TEACHER: 

Not all polyhedra have Euler Characteristic 2. If a polyhedron has one hole, it has Euler 

Characteristic 0. If the polyhedron has two holes, it has Euler Characteristic -2.  

The polyhedra examined by the students have no holes. 

                                

cuboctahedral donut 1

 
The cuboctahedral donut has one hole with V=12, E=28, F=16. V−E+F=0. 
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PROCEDURE: 

Discover the Euler Characteristic of polyhedra. 

• Assign students to groups of 3 - 4. Distribute various polyhedra among the groups. 

They may need to exchange polyhedra to examine a large variety. 

1. Ask students to complete the data table listing the number of vertices edges and 

faces for all the available polyhedra  

2. Look for a pattern in the rows. If the students do not see the pattern, suggest they 

try adding a subtracting the number in various combinations. The Euler 

Characteristic that holds for all polyhedra is V − E + F = 2.  

Polyhedron V = # of Vertices E = # of Edges F = # of Faces V − E + F 

Tetrahedron 4 6 4 2 

Cube 8 12 6 2 

Octahedron 6 12 8 2 

Dodecahedron 20 30 12 2 

Icosahedron 12 30 20 2 

Square pyramid 5 8 5 2 

Triangular prism 6 9 5 2 

 

3. Ask students to complete the second chart listing the number of edges on each 

face of a Platonic solid and all the possible number of faces meeting at each 

vertex. 

Possible faces  
(Number of sides of each face) 

Possible number of faces meeting at a vertex 
(Hint: There must be less than 360° at each vertex.) 

Equilateral triangle (3) 3, 4, 5 

Square (4) 3 

Regular pentagon (5) 3 

Regular hexagon (6) impossible (3 x 120° = 360°) 

Regular p-gon (p ≥ 7) impossible 
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• Can the face be a regular hexagon (p = 6)? NO. Regular tilings of the plane show 

that three regular hexagonal faces meeting at a vertex would lie in a plane, so 

three regular hexagons can’t meet at a vertex of a solid. 

• Can the faces be p-gons with p ≥ 7? NO. 

Use the Euler Characteristic to show that there are only the five families of regular 

polyhedra discovered already. 

4. Determine the number of faces of each possible regular polyhedron. 

 

A. Students work through the case when the faces of a regular polyhedron are 

equilateral triangles, so p = 3 in the notation of the previous chart.  

 

Let q = number of faces (= number of edges) meeting at a vertex (q ! 3).  

• The Euler characteristic tells how many faces can there be. 

V − E + F = 2 has three variables. Try to rewrite V and E in terms of F. 

 

• Count the number of edges in two ways: 

∗ Each face is a triangle and has 3 edges, but adjacent faces share the 

same edge, thus E = 3F

2 . 

∗ Each edge meets two vertices. so E = qV2 . 

∗ Thus 3F2  = qV2 , so V = 3Fq . 

∗ Rewrite Euler Characteristic in terms of F and q:  

2 = 
3F

q
 − 3F

2
 + F = 

6 ! q( )
2q

" 

# 
$ % 

& 
F  

∗ Solving for F, F = 
4q

6 ! q( )
. 

 

• Find the possible values for F.  

∗ If q = 3, F = 4 and the solid is a tetrahedron. 

∗ If q = 4, F = 8 and the solid is an octahedron. 

∗ If q = 5, F = 20 and the solid is an icosahedron. 

∗ If q = 6, denominator is 0, impossible! 
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∗ If q > 6, F is negative, impossible! 

 

• Students should use a similar analysis in the cases where the face is a 

square (p = 4) and a pentagon (p = 5) and report back to the class. 
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EXTENSION: 

• Investigate the semiregular polyhedra. 

• The Greeks, in particular the Pythagoreans, thought that the Platonic solids 

symbolized aspects of the world. Research this. 

• Investigate the structure of a soccer ball as an example of a truncated icosahedron.  

• Explore the relation between crystalline structure and polyhedra. Study the newly 

discovered carbon atoms known as ‘BuckyBalls’ in honor of Buckminster Fuller - 

these too have the structure of truncated icosahedra.  

• Investigate the work of Buckminster Fuller on geodesic domes and on Tensegrity - 

the Tensegritoy toy puzzle is a wonderful ‘toy’ now available for children and adults 

based on the concept of tensegrity. 

SOLUTIONS: 

4. B. Square faces.  

E = 4 F2  = 2F and E = qV2  so V = 4 Fq  and from Euler Characteristic,  

F = 2q(4 – q). 

If q = 3, F = 6 and the solid is a cube. 

If q ! 4 , either denominator is 0 or negative, both impossible. 

4. C. Pentagonal faces.  

E = 5F
2

 and E = nV
2

 so V = 5F
n

 and from Euler Characteristic,  

F = 
4q

10 ! 3q
. 

If n = 3, F = 12 and the solid is a dodecahedron. 

If n > 3, F is negative, impossible. 
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EULER CHARACTERISTIC 

& PLATONIC SOLIDS 
GOALS: 

Discover the Euler Characteristic of polyhedra. 

Use the Euler Characteristic to determine that there exist exactly five regular 

polyhedra, the Platonic solids. 

PROCEDURE: 

Discover the Euler Characteristic of polyhedra. 

1. Each group should examine many different polyhedron models and chart the number 

of vertices (V), number of edges (E), and number of faces (F) of each. 

2. Try to find a pattern or relationship among those numbers.  

Polyhedron V = # of vertices E =  # of edges F = # of faces 

Tetrahedron 4   

Cube    

Octahedron    

Dodecahedron 20 30  

Icosahedron 12 30  

Square pyramid    

Triangular Prism    

 

Pattern: 

 

This pattern is known as the Euler Characteristic of solids. 
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Determine the possible regular polyhedra using the Euler Characteristic.  

3. Complete the chart below by listing the possible number of faces that could meet at a 

vertex of a regular polyhedron with the given possible faces. 

Possible faces  
(Number of sides of each face) 

Possible number of faces that meet at a vertex 
(Hint: There must be less than 360° at each vertex.) 

Equilateral triangle (3)  

Square (4)  

Regular pentagon (5)  

Regular hexagon (6)  

Regular p-gon (p ≥ 7)  

Share results with the class. 

4. Determine the number of faces of each possible regular polyhedron. 

• Use the Euler Characteristic to determine the number or faces in each case. 

• V − E + F = 2 has three variables, try to write E and V in terms of F. 

A. Equilateral triangle face. 

• Count the number of edges in two ways: 

∗ Each face is a triangle and has 3 edges, but each edge is shared by two 

triangles, thus can write E in terms of F as E = __________. 

∗ Let q = number of faces = (number of edges) meeting at a vertex, q ≥ 3. 

∗ Express E in terms of q and V. E = ___________. 

∗ Using the two expressions for E, write V in terms of q and F. V = ______. 

• Rewrite Euler Characteristic in terms of q and F: 2 = 

____________________. Simplify the expression. 

• Solve the equation for F. F = __________________. 

• Find the possible values for F.  

∗ If q = 3, F = _____ and the solid is a ____________________. 

∗ If q = 4, F = _____ and the solid is a ____________________. 

∗ If q = 5, F = _____ and the solid is a ____________________. 

∗ If q = 6, ___________________________________________. 

∗ If q ≥ 7, ___________________________________________. 
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In groups, use a similar analysis in the cases where the face is a square and a pentagon. 

B. Square faces. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

C. Pentagonal face. 



TEXTEAM Geometry Institute 1.13 

TECHNOLOGY SHOWCASE 

Institute Notes 
Lesson Pages Time TEKS 

Technology Showcase  20 min. 2a,5b,8c 

 

LESSON OVERVIEW 

The TEXTEAM Geometry Institute supports some forms of construction technology 

in a modern day geometry course. We have chosen Geometer’s Sketchpad and the TI-92 

which contains a version of Cabri Geometry to illustrate a way of integrating technology 

into the geometry classroom. This showcase will give the participants a preview of the 

technology which will be used throughout the institute. 

Dynamic geometric construction software can be used in a variety of ways in 

mathematics courses from elementary school to calculus. Student investigations, teacher 

demonstrations, assessment, and problem solving are all enhanced with the use of 

technology.  

 

TI-92 Sample 

 

Pythagoras’ Pentagons 

The Pythagorean Theorem is demonstrated using the sums of areas of regular pentagons 

constructed on the sides of a right triangle. 

• Open the session entitled “pythag”. 

• Construct a regular pentagon on the hypotenuse of the right triangle. 

• Measure the area of the new pentagon. 

• Calculate the sum of the pentagons constructed on the legs of the right triangle and 

compare to the area of the pentagon constructed on the hypotenuse. 
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SKETCHPAD Samples 

 

Golden Spiral 

This script demonstrates a visual representation of mathematical recursion. 

• This script should be placed in the “Script Tools” as stipulated in “Technology Tips”.  

• Start from a blank sketch. 

• On the left are a set of tools, the last of which is the “script tool”. 

• Demonstrate the “Golden Spiral” script on the blank screen using 3 iterations. 

Life’s Highway 

This lesson uses technology to design a highway for cars with square tires so that the ride 

is smooth. 

• Pose the problem to the participants. 

• Animate the solution. 

Least Squares 

This sketch gives a visual representation of finding the line of best fit through a set of 

data points using the least squares method.  

• In order to find the line of best fit, minimize the sum of the areas of the squares 

represented by the square in the bottom right corner of the sketch. 

• Drag the points “y-intercept” and/or “slope” to change the line. 

Demo p4m 

This sketch demonstrates a tiling of the plane created by reflecting the triangle in the 

fundamental domain across a midsegment, diagonal and base of the square forming the 

fundamental domain. 

• As any part of the triangle in the fundamental domain is moved, the tiling is adjusted 

to maintain the symmetries.  

Lizards 

This sketch is tiling of the plane using an interesting fundamental domain.  

• Double click the sequence button to create the tiling. 
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TECHNOLOGY WORKSHOP 

Institute Notes 

This time has been set aside to allow institute participants to become familiar with the 

technology used in the TEXTEAM Geometry Institute.  

Use the following check list as a guide.  

 Check out TI-92 calculators to the participants. 

 Go over how to open a geometry session on the TI-92. 

 Verify that everyone’s calculator is functioning. It would be a wise precaution to have 

a few extra calculators and batteries available. 

 Sign release. 

 Pair up participants so that the experienced Sketchpad or computer users may help the 

less technology experienced participants. 

 As a demonstration, open Sketchpad and explain the how to use each of the tools of 

the toolbar. 

 Pointer: Translate, Rotate, Dilate 

 Point 

 Circle 

 Segment, Ray, Line 

 Label, Text 

 Help 

 Script Tools 

 Go through each of the Sketchpad menus, giving a brief description of some of the 

operations which the software can perform. 

 Participants familiarize themselves with the software by solving problems. 

A. Construct a rhombus which will remain a rhombus when any vertex is dragged. 

This rhombus should also be able to change its interior angles. 

B. Tile a plane with arbitrary triangles or quadrilaterals.  

(For participants with knowledge of Sketchpad.) 
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WRAP IT UP 

Teacher Guide 
GOALS: 

Introduce the five Platonic solids. Create three dimensional polyhedra from tilings 

of the plane. Understand the distinctions between two and three dimensional 

figures interms of angle deficit. 

MATERIALS: 

Scissors, tape or glue, Platonic solid models (tetrahedron, cube, octahedron, 

dodecahedron, icosahedron), models of other polyhedra including a double 

tetrahedron (two regular tetrahedra glued at a face) and a stella octangula, tiled 

paper (equilateral triangles, squares). 

PREREQUISITES: 

Regular and semi-regular tilings of the plane. 

PROCEDURE: 

Polyhedron 

• Distribute various polyhedra among groups of 3-4 students. Ask students to come up 

with definitions of polyhedron and regular polyhedron. 

Definition: A polyhedron is a three-dimensional closed shape consisting of polygonal 

faces together with their edges and vertices. Each edge belongs to two polygons and each 

vertex is the meeting point for three or more faces. A polyhedron is convex if all the 

vertices not on a given face lie on one side of the plane containing that face. 

Regular Polyhedron (Platonic solids) 

Definition: A regular polyhedron (Platonic solid) is a convex polyhedron in which the 

faces are congruent copies of a regular polygon and the pattern at all the vertices is the 

same. 

• Illustrate with examples of non-regular polyhedra: the stella octangula is non-convex; 

the double tetrahedron has congruent regular polygon faces but there are two different 

patterns at the vertices. 

Create polyhedra from nets 
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• Lower dimensional geometric objects can be used to construct models of polyhedra. 

Vertices (0-dimensional) - mim-marshmallows, gumdrops, clay 

Edges (1-dimensional) - tcothpicks, straws 

Faces (2-dimensional) - paper polygons, nets. 

• Demonstrate by creating an octahedron first from toothpicks and gumdrops, and then 

from a net cut out of an equilateral triangle tiling of the plane. 

• Hand out square tiling and equilateral triangle tiling sheets. Students should create 

nets for a cube and a tetrahedron. There are several possible ways to do each. 

Students should share their results. 

Investigate the sum of the angles at a vertex - angle deficit. 

1. Platonic solids. Tetrahedron, cube, octahedron, dodecahedron, icosahedron. 

 tetrahedron cube octahedron dodecahedron icosahedron 

p 3 4 3 5 3 

q 3 3 4 3 5 

8. There is no regular tiling of the plane by pentagons. 

9. Descartes’ formula: The total sum of the angle deficits over all vertices of a convex 

polyhedron is 720°. 

EXTENSIONS: 

• Investigate the duals of the Platonic solids. 

• Investigate semi-regular polyhedra and the tilings of the plane that contain their nets. 

• Stellation: Attach pyramids to each face of the Platonic (and other) solids. Investigate 

the duality between faces and vertices. 
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WRAP IT UP 

 
GOALS: 

Create three dimensional polyhedra from tilings of the plane. 

Investigate the regular polyhedra and the angle deficit for polyhedra. 

PROCEDURE: 

Find the Platonic solids 

1. Among the models of the polyhedra, find the Platonic solids (the regular polyhedra) 

Categorize them by the number of p-gon faces meeting q at a vertex.  

These solids are named using Greek prefixes which denote the total number of faces 

of each polyhedron. 

 tetrahedron cube octahedron dodecahedron icosahedron 

p      

q      

 p = number of sides of each face q = number of faces meeting at a vertex 

Nets of a cube 

2. Use sheets of paper tiled with squares to create a net for a cube. You are trying to find 

“wrapping paper” for the cube that does not overlap. Build the cube by cutting out, 

folding, and taping the net. Outline the net on a second square tile sheet. There are 

many possible nets. 

3. Label the vertices of the cube A - H. Then label the corresponding vertices of the 

outlined net of the cube. There will be more than one vertex of the net with the same 

label. 

4. At each vertex of the tiling there are four squares. In order to create the cube's net 

from the tiling, some squares had to be cut out so that only three squares meet at each 

vertex when the net is wrapped up to form the cube. 

 

Nets of a tetrahedron 
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5. Use sheets of paper tiled with triangles to create a net for a tetrahedron. You are 

trying to find “wrapping paper” for the tetrahedron that does not overlap. Build the 

tetrahedron by cutting out, folding, and taping the net. Outline the net found by the 

group on a second triangle tile sheet. 

6. Label the vertices of the tetrahedron P, Q, R, and S. Then label the corresponding 

vertices of the outlined net of the tetrahedron. There will be more than one vertex of 

the net with the same label. 

7. At each vertex of the tiling there are four triangles. In order to create the tetrahedron's 

net from the tiling, some triangles had to be cut out so that only three triangles meet 

when the net is wrapped up to form the tetrahedron.. 

 

• Report results to the class. 

8. Why can’t a net for a dodecahedron be formed from a regular tiling of the plane? 

Investigate angle deficit 

In any tiling of the plane the sum of the angles at any vertex is 360°. 
But at any vertex of a polyhedron the sum is always less than 360°. The difference is 

called the angle deficit at the vertex. 

In order for any portions of a plane tiling to “wrap up” into a polyhedron, enough 

polygons must be cut out so that the polyhedron can be assembled without overlapping 

faces. 

9. Using various polyhedra, not all regular, compute the total angle deficit (the sum of 

the angle deficits at all vertices) and enter them in the table. What is the pattern that 

emerges from the table?  

It is known as Descartes’ Formula. 

Polyhedron Total Angle Deficit 

Tetrahedron  

Cube  

Octahedron  

Square Pyramid  
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Prism  

  

Descartes’ Formula 

The total sum of the angle deficits over all vertices of a convex polyhedron is _______°. 
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