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LP-BOUNDEDNESS FOR TIME-FREQUENCY PARAPRODUCTS, II

JouN E. GILBERT AND ANDREA R. Nauomop*

In memory of A. P. Calderdn

ABSTRACT. This paper completes the proof of the LP-boundedness of bilinear operators associated
to nonsmooth symbols or multipliers begun in Part I, our companion paper [8], by establishing the
corresponding LP-boundedness of time-frequency paraproducts associated with tiles in phase plane.
The affine invariant structure of such operators in conjunction with the geometric properties of the
associated phase-plane decompositions allow Littlewood-Paley techniques to be applied locally, ie. on
trees. Boundedness of the full time-frequency paraproduct then follows using ‘almost orthogonality’
type arguments relying on estimates for tree-counting functions together with decay estimates.

INTRODUCTION

This paper completes the study of bilinear operators with non-smooth symbols begun in [8]
(referred to hereafter as Part I) by establishing the LP-boundedness of a time-frequency paraproduct
operator

1
1.1 D:f,g—
(1.1) g QEE:Q o

The proof uses phase-plane analysis in the spirit of C. Fefferman’s proof of Carleson’s theorem on
the almost everywhere convergence of Fourier series of L2-functions [2] [4] (c¢f. also [10]). These

co (£, 65 ) (g, 85 ) 6.

paraproducts are formed with special building blocks, wave-packets, which are simultaneously ‘lo-
calized’ in the space or ‘time’ variable = and in the Fourier variable £. This localization is better
understood, however, when viewed as a localization in the (z,£)-plane, phase-plane, where it pro-
vides a powerful tool for organizing transformations efficiently in terms of proximity in time or
frequency on a given scale and interactions among neighboring scales. The geometry of the op-
erator is then reflected in the geometry of the associated phase-plane decomposition, while the
behaviour of the operator can be understood through the delicate interplay between properties of
the operator and the geometric structure of its phase-plane decomposition. Such ideas have ap-
peared in many forms in diverse situations throughout the literature. They were used, for instance,
by C. Fefferman to provide another proof of Carleson’s theorem [4], and related ideas appear also
in his work with A. Cérdoba [3], as well as with D.H. Phong (c¢f. [5] and the references therein).

Wave-packets incorporate translation in time, scaling and modulation reflecting the action of the
affine groups in time and frequency on phase-plane. By associating time-frequency paraproducts
with affine-invariant families Q = {Q ~ {k, ¢, n} : k, ¢, n € Z} of tiles the D(f, g) thus acquire
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a crucial structural invariance. Given positive numbers a;, a positive rational p, and M, -test
functions ¢\9), let

(1.2) D) = 09 (x) = "20(skx — as0) 2™ s =20,

be the corresponding wave packet associated with a tile @ ~ {k,¢,n} in phase plane (cf. section
2 in Part I for terminology and notation). The time-frequency paraproduct in (1.1) can then be
written as

(1.3) D(f, g)(x) = > 552 crun ( f. don ) {9s Dt ) Ohn:

k. l,n

summing over all tiles @ ~ {k,¢,n} in the family Q; the notation in (1.1) and (1.3) will be used
interchangably for D(f, g). In ‘standard’ paraproducts there are no modulations and in Part I
boundedness from ¢*° x LP(R) x LY(R) into L"(R), 1/p+ 1/q = 1/r < 2, was established for
p, ¢ > 1 whenever at least two of the ¢/) have vanishing moment, extending well-known results for
r > 1. Since modulation need not preserve vanishing moments, however, stronger conditions have
to be imposed to secure analogous LP-boundedness results for D(f, g). Let w() be finite intervals
such that

(1.4) suppd™ C w®,  suppg® < w?®,  suppe® < w®;

these w) will be referred to as the Fourier support intervals of the ¢@) though the actual support
may well be a subset of w). The substitute for vanishing moments is the requirement that the
w) have pairwise-disjoint closure; at least two of the ¢\/) will then have vanishing moment as will
the modulates ¢U) (x) e>™* for each fixed n.

(1.5) Definition. Fiz positive constants aj, a positive rational p, and M, -test functions d9).
Then the operator

D fenends frg— D 8" cron (f 0o ) (9 Ghon ) S 5 =2,
k.l,n

will be called a time-frequency paraproduct if the Fourier support intervals w9 of the ¢ have
pairwise-disjoint closure.

The following result completes the proof of Main Theorem I in Part I of this series of papers.

Main Theorem II. Let ¢ be M, -test functions whose Fourier support intervals have pairwise-
disjoint closure. Then a time-frequency paraproduct D is bounded as an operator from €°° x LP(R) x
L%(R) into L"(R) whenever 1/p+ 1/q = 1/r < 3/2 and p,q > 1; in addition, its operator norm
satisfies the inequality

IPllop < const. P(II6M |ag,,, 6P a1 [1a,,)
for some polynomial P depending only on aj,p and the Fourier support intervals wl),

Examples show that the restriction r > 2/3 is sharp (¢f. [11]). Several simplifications established
in Part I facilitate the proof. Because of structural invariance D(f, g) can be written as a finite
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sum of time-frequency paraproducts in which the Fourier support intervals are closely tied to affine-
invariant grids. It is this that allows the delicate phase-plane analysis to be carried through. Given
a positive integer p, the families of intervals

Wi = [2°%n, 2°8(n+1)), I = [27°%¢, 27PR (0 + 1)), —00 < k,,n < o0

will be denoted by W; , and 7, , respectively. Each of these is an affine-invariant grid generated
by a lattice of affine transformations from the basic interval [0, 1). More generally, given positive
integers M, N the family Wy, n of intervals

oM-1 _ 1
oM _ 1 °

is an affine-invariant grid for each integer M > 2 generated now from a basic interval (—aas, ans)

Wy, = [QMNk(n—aM), 2MNk(n+on)), oy =

which is symmetric about the origin. Then any time-frequency paraproduct in (1.5) can be written
as a finite sum of ones in which p is a positive integer, which can be chosen freely, and the Fourier
support intervals satisfy what we will call the Fourier Support Condition; namely, the w() have
pairwise-disjoint closure and all lie in (0, 1) or in (—any, ap) for some M > 2 (cf. (2.8) and section
5 in Part I for details). Even more is true.

(1.6) Theorem. There is a positive integer N so that

(a) when the Fourier support intervals all lie in (0, 1) we can take

w® = fa;/2V, §/2")

for a suitable choice of integers a;, B;; furthermore, it can assumed that there is a dyadic interval
of length 2=V between adjacent w9 as well as one between each end-point of [0, 1) and the
nearest w(j);

(b) when the Fourier support intervals all lie in (—apr, anr) we can take
w = 27MN(a; —ay), 27MN(B; + an))

for a suitable choice of integers oy, B3;; furthermore, it can assumed that there is an interval
in Wyu,n of length 2002~ MN between adjacent w9 as well as one between each end-point of
[—anr, anr) and the nearest wl)

Notice that each w() begins and ends with an interval in Wy, n of length 2, 2~MN just as in
the dyadic case. Now let Zps x be the family of dyadic intervals I, = [27MNk ¢ 2= MNk(p 4 1))
and let Qus,n be the family of tiles

Q ~ {k,t,n} = Iy X wip, I € IyNy Wrn € Wy N

in phase plane with N specified by (1.6). The respective intervals Iy = I, and wg = wg, will
be called the time and frequency intervals of ). By taking p = M N in (1.5) we thus arrive at the
fundamental link between tiles in phase space and paraproducts: set

(1.7) qﬁg)(x) = sk/2¢(j)(skx — a,{) eQ”Skm, g =2MN

for each @ ~ {k, ¢, n} in Qs n.
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(1.8) Definition. A time-frequency paraproduct D(f, g) is said to be in (M, N)-canonical form

when
D(f.g) = Y,
QeQum,N

u (£ 0 69 ) (g, 65 9

and the Fourier support intervals w9 of the 1) are specified by (1.6). By relabelling, if necessary,
we take

w < w® < W,
meaning that w) lies to the left of w®, which in turn lies to the left of w(®).

These paraproducts have a number of special properties. For instance, when f, g are band-
limited M ,-molecules, as we shall assume from now on, the series

(f, 69 ) (g, 65)) 68 ()]

> leql ——
QeQum,N ‘I ’

converges pointwise for each z; in this case the series defining D(f, g)(z) can be manipulated freely.
This unconditionality will be crucial to the proof of the following result whose proof occupies the
remainder of this paper. We shall denote by Q(+) those tiles @ ~ {k, ¢, n} in which n > 0.

(1.9) Theorem. A time-frequency pampmduct

D(f.g) = Y,

+
QEQ&}

u (£ 0 69 ) (g, 65 ) 9

in (M, N)-canonical form is bounded as an operator from €>° x LP(R) x L1(R) into L™ (R), whenever
1/p+1/qg=1/r <3/2 and p, q > 1. Its operator norm satisfies the inequality

IDllop < const. P(|loMD 1], 6@ I, 63

for some polynomial P depending only on a;, p and the Fourier support intervals w),

In (1.9) as well as throughout the rest of the paper we adopt the same convention as in Part I
in which ||¢|| will always mean that ¢ is an M ,-test function and ||¢|| is its M ,-norm, unless the
contrary is explicitly indicated. Because of the need in section 10 to use interpolation along with
symmetry and adjoint properties of D a slightly stronger result than (1.9) will actually proved.

(1.10) Remark. For any permutation € = {51, €9, €3} of {1, 2, 3} set

POLg) = Y

QeQum,N

(f, 851 ) (g, 952 ) 6552

!I\

Then D) maps LP(R) x Li(R) boundedly into L"(R) for each permutation € under the same
restrictions on p, q, r as above.

In other words, having fixed the ordering w" < w® < w®) of the Fourier support intervals in
(1.8), we can form the coefficients in D with respect to any ordering of the wave packets so long
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as that ordering remains fixed throughout the proof. For notational simplicity, however, we take
€; = i, leaving the necessary changes for other ¢ to the reader. In the particular case where the
smooth wave-packets are replaced by Walsh wave-packets, such a result, and more, was established
in [7]. In this case the time-frequency analysis of the canonical operator simplifies greatly due to
the sharp localization in the phase-plane (see also [17]).

Main Theorem II follows very easily from theorem (1.9). For if we decompose Qp n by parti-
tioning it into tiles @ ~ {k, ¢, n} with n <0, n =0, and n > 0 so that

QMN - @MN ) Q(O) U @g\j[_,)N

with obvious notation, then any time-frequency paraproduct in (M, N) canonical form can be

( oo+ >+ > ) ﬁ<f,¢<1>><g,¢8’>¢$>.

QEQ N Q€Q<0) Q€Q<+)

written as

Theorem (1.9) establishes LP-boundedness of the third operator on the right, while theorem (1.9) in
[8] applies to the second one since it is a ‘standard’ paraproduct in which modulation is absent. On
the other hand, after a change of variable n — —n, { — —f¢ and x — —xz, the individual coefficients
in the first operator become

<f7 ](cl,)—f, n / f (p(l) (Sk‘x — ale) —2mis®zn dx,

setting M) (2) = ¢ (—z). When M > 1 the Fourier support interval of the o) will still lie in
(—ar, apr) but the order of the these intervals will be reversed. Nonetheless, in view of (1.10),
the LP-boundedness of the first operator is established. In the case M = 1, however, the supports
of the p¥) will again be reversed but they will now lie in (—1,0). To remedy this we need to define
the o) by o) (2) = ¢\ (—x)e?™™® so that their Fourier support intervals still lie in (0, 1) though
they are again reversed in order. In this case the first operator above becomes

(50 S Jogiguaodid. wen

Q €Q<+) Q EQ(())

As before, it will be bounded, completing the proof of Main Theorem II.
Finally, for each Q € Qps v let

170 :[0,1) — wg, (M=1); TQ : [—an, am) — wg, (M >1),

be the affine transformation in frequency mapping [0, 1) and [—as, apr) respectively onto the
frequency interval wg of Q; ie. 7o (&) = s*(£+n), Q@ ~ {k,l,n}. The intervals wg) = 7o(w\)) are
then the Fourier support intervals of the wave packets gb(] ). The following properties established in

Part I (cf. [8, section 5]) will become fundamental to the restriction to time-frequency paraproducts
n (M, N)-canonical form:

(1.11)  the family {w(Qj) :Q € Qv } is a grid for each j;
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(1.12) if P, Q are tiles in Qpr,y with wp ﬂw(J) # 0 and |Ig| < |Ip|, then wp C w(J)
(1.13) given Ay, A2 with A\ < A9 and a tile

[QMNI@( M)’ 2MNI<:(

Q = Ig x wg, wg = m—« m+ anr))

in Qpr,n such that wé2 < wg), then A\ € wg) and o € wg) hold simultaneously for at most one
choice of k. There is a corresponding result for a tile in Qi x

From hereon
m(a) : f(z) — a'/? f(ax), a>0

will denote the unitary action of dilation on L?(R). The appearance of 7(a;) - or evaluation of
functions at ajx which amounts to the same thing - will occur many times because of the need to

estimate wave packets qbg). Indeed,

1/2¢(J)( ) — ( (a3)¢(]))( ) — a;/QSk/2¢(j)(skajx_aj€)€27riskajnac
sk/z(w(aj)qb(j))(skx o e) 627riskajnz’

and so

(1.14) 026D (a2)] < —mr(a;)e?| (;f
~ Vo J 1+ |ska — ¢

The importance of this is that estimates in time can now be made independently of j; in other
words, with respect to the same s-adic grid in time for each j.

This paper has had a gestation period of several years with the final written version being
completed in the summer of 1999. During that time period different aspects of this paper and
most of the ideas have been presented by the authors at various lectures, including those in 1997 at
Georgia Tech (AMS meeting), the University of New Mexico (AMS meeting), Rutgers University,
and MSRI at Berkeley (Special semester in Harmonic Analysis); in 1998 at IAS in Princeton,
Temple University (AMS meeting), the University of Texas at Austin and Brown University and
in 1999 at Georgia Tech.

As the final edition of this paper was being completed we learned that C. Muscalu, C. Thiele
and T.Tao were able to extend our bilinear result to certain multilinear operators. Their approach
is somewhat different in that they exploit the idea of using restricted-type estimates to do an
induction argument to pass from symbols having one dimensional singularities -as in the bilinear
case - to certain multilinear operators associated to symbols with higher dimensional singularities
but of codimension strictly larger than one. In the process of doing so they provide a different
proof of our bilinear result [15].
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2. OUTLINE OF THE PROOF OF THEOREM (1.9)

The proof of Theorem (1.9) relies on a careful study of the phase plane associated with D. Given
6 > 0, 0 small, choose p, ¢ > 1 so that

1 3 1
(2.1)(i) 5+25 < 1/p+1/q < 5—25, 11/p—1/q| < 5—25.
The lower bound is needed to secure convergence of various geometric series occuring in the proof
and will be removed using interpolation in section 10, exploiting the symmetry and adjoint prop-
erties of the family of all D(®) as in [7]. But the upper bound is needed solely to prove the error
estimate in section 3 (cf. (3.4)). Set

(2.1)(ii) po = max{p,p'}, qo = max{q,q¢'}, 1/ro = 1/po+ 1/qo,
so that

1 3
(2.1)(iii) 5—}—25 < 1/po+1/q < 5—25.

Now fix f € LP(R), g € LY(R) and {cq} € [°°; without loss of generality we assume |[{cg }|lcoc = 1.
The goal is to establish the weak type estimate

v>0

(2.2) Hz : |D(f,9)(asz)| > 2y} < const.<H7T(a1)f”p”ﬂ(@)g”q) ’

v

with 1/r = 1/p 4+ 1/q as usual. The first step in the proof is reminiscent of the familiar Calderén-
Zygmund decomposition. Fix a small n > 0 to be specified later depending on the earlier choice of
6 and rg. Set

Bhea = {& :My(M(r(a)f)(@) > sk, }

(2:3)(0)
Uz My(M(r(az)g)(@) > 5/, },

where
i Im(an) flp"" 7\ I (an)g| /P 417\
2.3)(11 Kp = . ’ kg = : '
o ( I(a)gls” ) ( (@) f1;" )

With these choices

(2.4)(i) |Epaa| < COnst,(HW(al)prHﬂ—(a2)g‘|q>r

Y

since Kpkg = v and

(2.4)(i) (M)p _ <”7T(a1)prH7T(Cl2)gHtl>r _ (M)q.

K:p 0 K:q
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The constant in (2.4) will depend on 7, of course. As a function,

(2'5) D(fv g) = Dbad(fv g) + Dgood(fv g)

decomposes D(f, g) into ‘bad’ and ‘good’ functions setting

Dbad(f7 g) = Z CQ<f7 ¢8)><ga ¢(2)> (3)7

1
Ig € Epaqa VY ’IQ‘

i.e., by summing only over tiles with Iy C Ejqq. The Hardy-Littlewood maximal function controls

wave packet coefficients of f in the sense that

(26) (. 05" < const. Im(ar)e™)| (;g@ M<w<a1>f><x>),

\/|I—

holds uniformly in f and ¢, and correspondingly for g. Thus removal of all tiles with Ig C Epaa
ensures that the coefficients in

2.7) Dyilfig) = Y ——=ca(£.08)) (9. 65 ) o)

I € Epaa | Q|

satisfy uniform bounds

(2.8)(1) me, ¢(1)>‘ < const¢s_1/"/£p, \/%K (2)>‘ < consty s 1/"/<a
where
(2.8)(ii) consty < const. max{HW(al)¢(1)H, H7r(a2)¢(2)|]}.

On the other hand, the ¢ appearing in Dyqq(f, g) are ‘concentrated’ inside Ejp,q, so the bad
function can be estimated sufficiently far away from Ep.q using solely decay estimates on the ¢(*)
and Hausdorff-Young inequalities. Set

(2.9) B, = U SZIQ
1o C Epaa

where for an interval J, AJ will always denote the interval of length A|.J| having the same center
as J. In section 3 the following estimates will be established.

(2.10) Theorem. The inequalities |E1| < const.|Ep.q| and

1

E
- / ‘,Dbad(fv g)(agx)! dx S const. M
Y JR\E, as
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hold uniformly in f,g and v as well as the a;.

Clearly then

[ (an) fllp H?T(aa)qu)T

H{x : |Dyaalf,g)(azz)| > v} < const.( -

leaving only the proof of the corresponding estimate for Dyooq(f, g). This requires a very delicate
decomposition of the ‘good’ function into the sum of functions associated with ‘trees’ of tiles defined
using the partial order

(211) Q< Q, <~ IQ - Ib, wQ D) wqr

on Q(+) Notice that two tiles are comparable, meaning that Q < Q' or Q' < @Q, if and only if
QNQ #0.

A tree T is set of tiles containing a tile @ which is maximal in the sense that Q € T = Q < Q.
This maximal tile will be called the tree-top of T and will often be denoted by It X wr to emphasize
its dependence on T. To each tree there corresponds a Carleson box or a tent in the usual upper
half-plane and so there are intimate connections between trees and Tent spaces. These we exploit
later. The role of a tree, however, is to control in an efficient manner the oscillatory behaviour that
an otherwise random group of tiles in phase-plane has. To illustrate this consider the tree operator

fig = Dalfig) = 3 co o (00 ) o, 08 )6

QeT

obtained by summing only over tiles in T, and suppose M = 1. For each tile Q ~ {k, ¢, n} in T the
tree structure ensures that n = [s~*\g], where At is the left-hand endpoint of wr (cf. (4.1)). After
suitable conjugations by e?™*@A7 therefore, Dy can be rewritten in terms of modulated wave-packets
all having roughly the same oscillation and hence M ,-norm which is uniform in T. To be precise
their frequency satisfy the inequality

0< S_k)\']l' — [S_k)\']l'] < 1.

2mizAr - Familiar

A tree operator is thus a ‘standard’ paraproduct modulated by a single exponential e

techniques now produce L?-norm estimates for Dy which are independent of Ap provided at least
. . . — —k

two of the modulated wave-packets ¥ (z) = ¢ (z)e?m=(s "z =57 M) have vanishing moments.

But
sTFAr — [s7FAr) ¢ Wl = / PO (2)dz = ¢V (s7FAr — [s7FNg]) = 0,

so we need to know that s~¥Ap — [s~*\r] fails to belong to at least two of the w(?). This, however,
is exactly what disjointness of the Fourier support intervals guarantees. A corresponding argument
applies in the case M > 2, setting Ay = T@(O). Hence we can also view this grouping of tiles
into trees as an ‘efficient localization’ in phase plane, for which the origin becomes once again a
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‘distinguished’ point in frequency, in the sense that locally, i.e., on each tree, Littlewood-Paley
theory applies (¢f. Appendix A.).

The idea now is to choose families of trees. In section 4 a family JF, of trees will be constructed
for each v > 0 so that

(2.12) Dyood(f, 9) = Z( > Di(f, g) )

v=0 “ TeF,

There will be three different classes of trees, each specifying which two of the three wave-packets
qbg) , 1 =1, 2, 3, have vanishing moments uniformly for tiles Q) in that tree. All the difficulty comes
in establishing L2-estimates for (2.12). Ideally, what one really wants is that each Dr(f,g) be
an L2-function and that pairs of such functions be ‘almost orthogonal’. Armed with the Fourier
support condition and the vanishing moment conditions available for each tree we prove:

(1) an L?*-norm estimate

1 o] 1/2
(?/ |Dr(f, g)(:c)‘de> < const. s~V/70 | Ip|'/?

for each tree T in F, (c¢f. (5.5)), and

(2) an L?-norm estimate

jo'e) 1/o0 r/o
([ v as) " < const 5129 (letes el /
— 0 v - ¥

for the function Nz = Nz (x) counting the number of trees in F, above x where F, is a
suitable truncation of F, (cf. (6.1) and (7.1)).

This counting function

Nz (@) = Y X, (@)

TeF.,

controls most aspects of the rest of the proof as it captures the interactions among trees. It enables
us to sum ‘almost orthogonal’ tree functions in much the same spirit as almost orthogonal operators
are summed in the Cotlar-Stein lemma. In the case of just one tree, for instance, it provides the
L?-bound

IIW(al)f\lpIIW(az)gllq>T

(2.13) %/_O; | Dr(f, g)(m)!Qdaz < const. 572 ( S

for each tree function Dr(f, g) since

| = / xo (@) dz < / N () d.
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If the estimate in (2.13) for a single tree could be replaced by the sum over trees then the
companion estimate

04 [Pyonal . )aa)] > 7} < conse, (I olmlee)ol )

v

to the one for the ‘bad’ function would follow immediately. Our approach has to be less direct, how-
ever, though it is the same in principle. We adopt the strategy Fefferman used at the corresponding
point of his pointwise convergence proof ([4]):

(a) ‘thin out’ the trees in F,, and seek families of new trees to be called forests;

(b) decompose the ‘thinned’ F, into O(v) forests whose trees still satisfy (1) and whose counting
function satisfies the same L-estimate (2) ;

(¢) ‘trim’ the new trees in each forest so that an estimate like (2.13) holds now for the sum of
trees in a forest ;

(d) estimate the error terms created by this double pruning process.

To ‘thin out’ the trees set
(2.14)(i) Efve = {21 Ne(@) > s/}, Buense = | B

the measure

(2.14) (id) IEW) | < const. s~V (Hﬂ(al)f||p‘|ﬂ(a2)guq)
~
of EC(IZZ1 se» hence of Egepse, is controlled by the L'-norm of the counting estimate for F,. Taking

the wave packets ‘concentrated’ in Fgepse leads to an error term

Ddense(fa g) = Z <f7 ¢(1) > <gv ¢8) >¢S)

IQ g Egense

III

for which an estimate entirely analogous to (2.10) is established after introducing a second excep-
tional set, F5, defined from Fjg, s in the same manner F; was from FEj.q.

Thinning the trees in F,, allows us to write the remaining trees as a union of at most O(v) ‘forests’

) using what Fefferman calls ‘an elementary combinatorial argument’ ([4, p.554]). Each forest

T(LV) consists of new trees S which themselves are subtrees of the original trees in F,,. Thus

O(v)

Dgood(f, 9) = Daense(f: g i [Z ( > Ds(f, g))},

n=1 *gcpw®

thereby reducing the proof to establishing estimates for ‘forest’ operators. This is accomplished by
first ‘trimming’ the new trees in W( ), removing all tiles which are ‘too close’ to the edges of the
time interval of their tree-top. Set

(2.15)(i) EY), = U( U {=: dist(z,0I) < 5‘2”/T0|IS|}>

nosew”
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and Ecgge = UV Eig;e. The counting function estimate ensures that
(2.15)(ii) \Eé;?}el < const. v s~ (\|7T(a1)f\|p||7r(a2)g||q) ,
~

and once again there is an estimate entirely analogous to (2.10) for the error term

1 1) 2)\ ,(3)
Deage(f,9) = > ¢ (f, 657 (g, 657 0
dg IQ g EEdge Q |-[Q| Q Q Q

off a third and last exceptional set F3 defined now from E,44. as before. Consequently, if we denote
by S'%™ the tree left after trimming its edges by (2.15)(i), then

oo O(v)
Dgood(f, 9) = Daense(fs 9) + Deage(fs 9) + Z [Z <
v=0

n=1

> Dsim(f, 9))} ;

sew®

and so the proof has been reduced to establishing the following ‘forest’ estimate for each Wq(f).

Theorem. (Forest Estimate) The inequality

o0 2
Z Dgerim (f, 9)(x)| dr < const. s~ <
sewy”

H?T(al)fllpHW(aa)qu>T

1
7 ) y

holds uniformly in f,g,v and forest Wfly).

Combining all the previous estimates we finally deduce that

0+ Py . 9)aa0)] = 7] < const, (172 e le2)ol )

thereby completing the proof of (2.2), hence of theorem (1.9) and of Main Theorem II.

3. BAD FUNCTION AND ERROR ESTIMATES

This section is devoted to the proof of theorem (2.10). It is interesting to note that only the
decay

1) o < 1ol e ) 19@1 < const ol 17 )

1+ |z|ptt
in time and frequency enter; no vanishing moments or Fourier support condition is required because
the modulation component of the wave packets

¢8)(x) _ Sk/QQZ)(j)(Skx i ajf) 627risknac _ gj)(x) 627riskn:v’ (Q — I x w)
provides enough orthonormality to allow use of Hausdorff-Young arguments for Fourier series. It
is also interesting to observe that this is the one point in the proof that makes essential use of the
restriction 1/p +1/q < 3/2 (¢f. [8],[11]). To simplify notation we proceed with a generic wave
packet

drxw(x) = Sk/qu(s’“x—aﬁ) p2mistne _ é1(z) 2ristna

for the moment.
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(3.2) Proposition. Let ¢ be an M, -test function. Then for each 7, 1 <1 < 2, and interval I in
Iy, N the inequality

1 o . o 1/7' 1/7
(\/ﬁ/ 3 d, e2miston) ]qbf(x)\d:r) < const. H¢|y<21dnr>

n

holds uniformly in {d,} and I; here the left hand side is understood as an L>°-norm with respect

to the finite measure ﬁ lor(x)|/]|@|| when 7= 1.

Proof. In explicit terms the integral in the left hand side is given by

/_O; <|zn: dy, eQﬂiSkxn|T/> (" 6(sh e — at)|de
-/ (‘Z 0| )|

1 /
< const.quH/ |Z d, ezﬁin(z—l-aé)‘r d.
0 n

The result now follows immediately from the classical Hausdorff-Young inequality for Fourier se-
ries. O

There is a corresponding inequality in the reverse direction.

3.3) Proposition. Let ¢ be an M, -function. Then for each I in ITp; N the inequality
12 ’

/7
ﬁ (; (£, G1xu >|”) g (gg[ Mp<vr<a)f)<x)>
holds uniformly in f and I with constant
Cr < const. |17/ (@) gl|2T /7
forech T, 1<7<2 andallp>rT.

Proof. As usual the proof proceeds by interpolation from end-point results together with a standard
maximal function inequality. The case 7 = 1 takes the simple form

[ee]

sw (£, 600} < [ U@ 1or(o)] da.
On the other hand, in the case 7 = 2,

> IS brxw )P < const. ||¢H2(/

— 00

[ee]

) de).
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Indeed, after periodization,

<f7¢f><w> = s_k/Q/oo f(s_kx)me—%rixndx

_ / 1 (; (r(s5) f) (@ + m) ¢(:):—|——m—€)> e-2mian g

and so

SO b)) = / I3 (e ) @+ m) 3o + m— )| do

< const. [0l [ [3 (x(s™) e+ m)f” da

uniformly in a and ¢. The case 7 = 2 follows. Hence by interpolation

@ o ¢””>|7/)W < const. [l¢|*71/" < /°° |f<w>|f|¢f<x>|2-fdx>1”

—00

© 1/7=1/p oo 1/p
< const. ||¢H2(T—1)/’T </_ |¢I(CC)|2—T dx) </ |f(CC)|p|¢)I(:c)|2_T dx>

— o0

for each 7, 1 <7 <2, and all p > 7. But

o0 2—T1
ma
/ |pr(az)|* " dr < const. (H a(1/)2¢||) 11|7/2,

— 00

while

o] 1 1 p
| 1@ tortan)P T ds < const.umw(awn?”(I—/Q;;gfIM< (a >f><:c>) 2.

— 00

The proposition now follows easily by interpolation after a change of variable. [J
Combining these inequalities we obtain a key decay estimate.

(3.4) Proposition. Let qﬁ(i), 1 <14 <3, be My-test functions. Then the inequality
Loy 132 et 620 . 982 o)

const

< o Meren o (16 Myr(anf)(@) ) (inf My (r(ealo)(o) ) )

zel as

holds uniformly in f, g, crxw and m >0 for all I in Ip;n whenever p,g > 1 and 1/p+1/q < 3/2.

Proof. Choose o and p so that

A=
+
DN W

1<o,p<2, o < p, p=<q

D=
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and then set 1/7 = 1/0’ + 1/p’; this is possible because of the restrictions on p and ¢. By Holder’s
inequality,

1/7
[ S ol < ([ o))
1 1/7'
% <a_3/ ‘Z d, 27rzs :cn‘ ¢(3) |d$> ’

writing
1 2

Because of decay in time

1
¢(3) (agx)|dx < const. i I7(as)e®],
sm

I /R\sm, |

while the restrictions on o and p ensure that 1 < 7 < 2 so that (3.3) can be applied to the second
integral. In this case

1 o0 ) , 1/7'/
— d,, e2™ne|T T dx) < const.( d,, T)
(7 IS dwemipslar) < comt (3 1
. , 1/ ) , 1/s’
< const. [{crxw}lle (Z|<f, §2w>|”) <Z| g 62, )

because of the way 7 was chosen. But now we can apply (3.3) to f, g because of the way o and s
were chosen. The proposition follows. [

1/

The inequality in (3.4) is the crucial special case of the following fundamental decay estimate.

(3.5) Proposition. Let #W, 1 <i<3, be M, -test functions and let J be an arbitrary interval
in Iy, n. Then the inequality

/R\82J|Izcjj g |<f’ ¢(1)>< ¢(2)>¢8)(a3x)‘dx
< const. 2 (it My () 1) (o) i M r(ez)o) o)

holds uniformly in f,g and J whenever p,q > 1 and 1/p+1/q < 3/2.

Proof. Tt is the presence of the dilation factor s? that allows us to extend the sum from tiles
with In = J to all those for which Ig € J. Fix k > 0 and let I be an interval in Zys,y with
IC J, |I| =s7%|J|. Then

I = s *|J] = J C s"T1 C §°J
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Because of the last of these inclusions,

Joon |30 1087 (0 0 0 s
s Ig=I

< const. S,Li . <inf My((an) () inf Mq(ﬂ(ag)g)(x)>.

zel

On the other hand, because of the first of the inclusions, the estimate

inf My(m(a1)f)(z) < const. s* inf Mp(m(a1)f)(2)

holds together with a corresponding one for g. Summing first over all I C J, |I| = s~*|J|, and
then over all k& > 0, we finally obtain (3.5). O

Proof of theorem (2.10). Let I,I5,..., be the maximal intervals in Zp; x such that I; C Ep,g.
Maximality ensures that the I; are disjoint, but it also ensures that the next larger interval to I; in
Zn,n is not contained in Ejp,q which in turn ensures that s2I i € Ebaq. Maximality of the I; thus
ensures that

wlg}f M,(M(m(a1)f)(x) < const. wéglzfl M,(M(m(a1)f)(z) < const. kp,

and

inf My(Mg)(x) < const. inf M,(Mg)(x) < const. kg,
z€l; z€s?I;

both hold uniformly in j. By Proposition (3.5), therefore,

/ ‘Dbad(fa 9)(a3$)‘ dx
R\E;

B Z(/R\s 21 1oCT

gmw2%%5M<umwMMu>mﬂ

- zel
J

uﬁ%mww@|@

from which the theorem follows since kyk, =7 (¢f. (2.9)). O

The proof of theorem (2.10) applies more generally to produce a generic decay estimate. Let
be a measurable subset of R and let

= | J{s’Ig: 1g € 9,1 Z Epaa}-
Now let

cq (.05 ) (g, 05 ) o)

1
1QCQ, 1gZ Eyaa Vil

be the operator obtained by summing over those tiles whose time interval lies in €2 but ‘pokes
outside’ the bad set Ejp,q; in particular, therefore, Dq is just part of Dgy,oq. For instance, the
operators Dgepse and Degqge defined in the previous section have this form. Then Dg can be
estimated away from Fq in the same way as Dpoq was.
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(3.6) Theorem. With the notation above the inequality

1 Q
—/ |Da(f, g)(asz)|dz < const. 1
Y JR\Eq as
holds uniformly in Q and ~.
Proof. The proof follows that of (2.10). Choose intervals I, I5, ... which are maximal in Zy; y and

such that I; C Q. By (3.4)

/ IDa(f. g)(ase)] de
R\ Eq

1 c (1) (2) (S)CLCC .
< S (o) 2 Tameets oo 6808 wnlas)

i IgCL

< const. Y % <inf M, (m(ay)f)(z) inf Mq(w(ag)g)(x)>.

N :UEIJ' ZUEIJ'
J
From this the theorem follows immediately since I; € Ejp,q and maximality ensures that the I;
are disjoint. [
4. TREES

In this section the families F, of trees appearing in section 2 are chosen. Recall first that a

tree with top Q consists of tiles @ in QS\})N such that Q < Q with respect to the partial order
introduced in (2.11) and the tree top is one of the tiles in the tree. This maximality requirement
imposes a crucial arithmetical-combinatorial structure on a tree.

(4.1) Proposition. Let Q ~ {k,f,m}, Q ~ {j,€,m} be tiles in Q, such that Q < Q. Then

j<k<o+1+7, s < 0 < sPTI(0 1)

{ [s7=Fmm], M =1,
m =
[s7=Fm

] or [s"7Fm]+1, M >2,

and

where o = [log, m] .
Proof. 1f I C I, then
sh< s, s < TR, sTRe+1) < sTI(0+1)

so it is clear that k > j and s¥77¢ < ¢ < k7 (Z + 1). On the other hand, control on m depends
on the value of M. If M =1 and wg 2 wg then

sfm < sim, sim+1) < sf(m+1),
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s00 < s/ Fm—m < (1—s77%); in addition, m < s =%+l Thusm = [s/“*m] and k—j < o+1.
But if M > 2 and wg 2 wg then

s*(m—an) <M —an), M+ an) < s"(m+an).
In this case |s7~*m —m| < ap(1—s77%) < 1. Hence, either m = [s7~*m] or m = [s/~*m] + 1, but

not both. This completes the proof. [J

The proof above brings out very clearly that the condition Q < @ specifies the frequency
component m of @ uniquely in terms of the frequency component of Q. In particular, therefore,
the oscillation of wave packets associated with a tree is completely determined by the tree-top of
that tree. This control of oscillation can be quantified in a very important and useful way.

(4.2) Definition. If Q ~ {j, ¢, ™} is the tree-top of a tree T of tiles in QS\})N set \p = s'm. In
other words, At 1is the left hand end-point of the frequency interval wr of the tree-top of T when
M =1, whereas At is the mid-point of wr when M > 2.

In addition to the numerical and geometric definitions, A has an interesting group interpretation.
For Q ~ {j, £, m} let 7q : £ — s*(£ + m) denote the affine transformation of R taking the basic
interval onto wq; then Ay = 75(0). In other words, Ar is the image of the origin under 7.
Together with (4.1) this value At provides the crucial link between a tree and the Fourier support
condition. Indeed, for a tile Q ~ {k, £, m} the condition Q < @ ensures that m = [s~*\r| or
m = [s~¥A7] + 1, while a simple calculation shows that

s —mew? = A€ wg).
Thus, if the original M ,-test function " is replaced by its modulate
Q/)(z‘)(x) _ ¢(i)(x) eQm‘(m—s*’%\qr)ac7
then
v (@) = M0 (s — ail) = y1, 65 (2) ™, ] = 1

and

/ YD (z)de = g/i)\(i)(s_k)\qr—m) =0 < M ¥& wg).

Hence up to modulation, a unitary operator on L?(R), the time-frequency paraproduct

1
Dr(f, =
1(f, 9) QXE:T #|—7Q|

obtained by summing over all tiles in the tree T reduces to a standard paraproduct

e (f. 05 ) (g, 85 )6

_ 1 (1) (2) (3)) —2miATx
Dr(f, = do (F, Y G,
v(f, 9) (QEET 70| oXt I X Y1, >¢IQ €
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where F(z) = f(z)e 2™ and G(z) = g(x) e ?™* are modulates of f and g, while |d;,| =
lcr, |- Furthermore, the Fourier support condition ensures that at least two of the 19 have vanish-
ing moment (except possibly for the ‘exceptional term’ corresponding to It x wt). This will dictate
how we choose trees.

First the specific structure imposed in (1.6)—(1.13) is used to introduce partial orders on QS\})N

stronger than (2.11).

(4.3) Definition. Given tiles P, Q in QS\})N we write
P < Q <= 1IpC IQ, wg) - wg).

Since {wg) Q€ QM,N} s a grid, this defines a partial order on @g\jl_,)N'
As wg) C wg and {wg : Q € QS\})N} is a grid, <; is stronger than < in the sense that

P < Q = P <Q

in particular, a tree with respect to <; will automatically be a tree with respect to the partial order
< and each will have the same tree-top. This prompts the following definition.

(4.4) Definition. A set T of tiles in Q%}?N is said to be a A9 -tree when it is a tree with respect
to the partial order <;.

Notice that every tile Q by itself is a A")-tree having itself as tree-top since Q <; Q for all i
this will be important shortly. The following result provides a key property of A(®-trees.

(4.5) Proposition. Let T be a AW -tree having tree-top Q. Then Ay € wg), but A\t & w(Qj) for all
j # i whenever Q is a tile in T and Q # Q.

As the previous discussion indicates, the significance of (4.5) is to guarantee precisely when tiles
in a A®-tree have vanishing moment. Standard frame techniques can thus be used on functions
associated with trees.

Proof. Fix Q in T, Q # Q; in particular, therefore, |Ig| < |It| and wy N wg) # (. But then

property (1.12) ensures that wy C wg) , and so At must belong to wg) . This completes the proof

since the wg) are disjoint for a given Q. [

Trees can now be selected. We define nested families {Q, },

PC...CQ CQ1 C ... C Q1 ={QeQy: Io ZEaa}
of tiles recursively by choosing families F,, = U” F59) of trees so that

Q-1\Q = U {Q:QeT}.

TeF,
The choice will be made using size estimates whose connection with familiar ideas in Tent space
theory will be brought out shortly. To begin, notice that the inequalities in (2.8) provide estimates
for individual tiles in Q_;. On the other hand, by applying the ‘Lusin area’ result (A.6) in Appendix
A we also have control on trees of tiles in Q_;.
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(4.6) Proposition. Let T be a AU -tree in Q_1, j # 1. Then the inequality

1 1/2
m I (Z |I ||<f; ¢(1)>‘ (CC)) dx < COnStd)S—l/nﬁp

QeT

holds uniformly in T with constant
consty, < const. ||m(a;)e™ |
for the function f € LP(R) fixed earlier.
There is an entirely analogous result for the g in LI(R) fixed at the outset of section 2.

(4.7) Proposition. Let T be a AU -tree in Q_1, j # 2. Then the inequality

1 b 1/2 .
m (Z 1o ’ng ¢()>| XIQ(QU)) dx < consty s 1/77,%
It \Qer
holds uniformly in T with constant
const¢ < const. H7r(a2)¢(2)”

for the function g € L1(R) chosen earlier.

At the expense of using a possibly larger choice of the constant in (2.8)(ii), we can (and shall)
assume that the values of consty throughout (2.8), (4.6) and (4.7) are all the same. From now on,
this choice of consty will fixed.

Suppose then that Q,_; has been defined already for some v > 0. We single out families F, (9) of
AW _trees in Q. _1, dealing first with the case ]—"y ). Denote by Q those tiles Q in Q,_; for which
there is a A®)-tree T having Q as top and satisfying

(48) [Iz] / <

where go = max(g,q’) as before. With Az = 75(0) as in (4.2) set

1/2
(g, ¢(2)>| X, (z) dr > const¢/£qs_(”+1)/q0
QET ’I ‘ ¢

A1 = min A5
QeQ @

and then select Q; with maximal time interval among those tiles in Q for which Ag = A1. Now set
T = {QeQ1:Q5Q

thereby producing the largest A®)-tree in Q,_; having @, as top. We repeat this construction
starting with Q,_1 ~ {@ : @ € Ty} to produce a tree T2 and so on until all A®)_trees in Q,_; for
which (4.8) holds have been selected. This produces a family .7:,523) of trees T, which are maximally
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ordered upwards in the sense that the points A\, = T@(O) satisfy A1 < Ay < ... . Moreover, when
m <L,
(4.9) QeTe IgCln, IgCln, = An<uwl),

meaning that \,, lies to the left of w(Qs ) Indeed, since Ty is a A®)-tree, proposition (4.5) ensures
Ao € wg). So if A, does not lie to the left of wg), then A, € wg) because A\, < Ay € wg)

implies wr,, N wg’ )

# (). But then we must have that Iy C It,, by maximality since T, # T,, and
Q € T,. Hence |Ig| < |Ir,,|, and so wr,, C wg) by (1.12). But then in particular we have that
w1(r?2 C wg’ ) which implies that @ <3@,,. Thus by maximality @ should have been picked when
T,, was selected. Therefore we must have that A, < wg ). Denote by Ql(,zg)the set of all tiles in

the trees in ]:523).

(4.10) Remark. The argument above together with the one in (4.5) prove in fact that: Ay € wg )

and Ig C It for some AU _tree with maximal Q = It X wy <= Q = Q; ie. Q = Q< M € w(Qj)
and IQ g IT.

Next we choose a corresponding maximally ordered downwards collection of A(M)-trees from
Q-1 ~ Q,(,ZS) such that

) o 1 ) 1/2 »
(4.11) W/ (Z @Kga ¢ég) Wxr, (x)) dx > constgrgs” /%0,
T N QeT

The union of these A -trees form the family fﬁm and the set{ of all tiles in these AW _trees will
be denoted by Q,(,m). To define the corresponding families .7:,51] ) and Ql(,lj ), j > 1, we repeat the
construction with CODSt(prS_(V_H)/pO as lower bound and f, (ﬁg) instead of g, qbg). Since j > 1 in
both cases we again maximally order upwards.

Finally, we repeat the above method of construction, with no prescribed order, to choose A

trees in ,
oont (O{ye)
i=1 N j#£i
such that
. 1 9 _ 5 .
(4.12) 15161% (WK‘Q’ ¢22) >’) > constgkys (I+m)(v+1)/q0

These A(Q)—"’crees together with the corresponding A(l)—trees defined with respect to f form the
families .7-",5”); the tiles in these trees will be denoted by Ql(,”). Setting

(4.13) Q = Q1) (CJ {OQS‘” })

i=1 ‘=1

completes the inductive construction.



22 GILBERT AND NAHMOD

(4.14) Remark. Although maximal intervals do not always exist in Zys y, they do in the context
of the construction above. For by general frame results, the inequality

@) 12 q/2 1/q
/ > il 6 )P, ) de) < consty gl

QE’]I‘

holds uniformly in g and T. Consequently,

1/2 L oo g
|IT|/ (Z 1o | ¢(2) )| XIQ(SC)) dr < Constd,(m/_oo lg(z)|? da:> .

QEeT
Hence (4.8) and (4.11) ensure that

sl/+1/q0 q poo
|It| < const.(const¢)( ) / lg(x)? dx.

K‘q —0o0

In other words, the Q in Q have uniformly bounded time intervals once we fix ¢, ¢, s and v, as we
may. It thus makes sense to ask for a ) having maximal time interval. On the other hand,as the
functions f and ¢ fixed in section 2 are assumed to be band-limited the possible values of /\5 will
be bounded above and below, so it also makes sense to ask for minimum or maximum values \,.

It will be helpful to summarize the properties of Q,, that follow immediately from the v-th stage
construction. They are refinements of a priori estimates (2.8), (4.6) and (4.7).

(4.15) Remark (i). The inequalities

I( f, ¢(1) ) < Const¢s_(1+")(1+y)/1’o 5—1/?7,%

\/@

and
I(g, ¢(2) ) < Const¢s_(1+")(1+y)/qo 5—1/77,%

1
Vil
hold for all Q in Q, since by itself each Q is a A)-tree.
(ii) The inequality

il (Ei

holds for all AU)-trees in Q,, j # 1.

1/2
“ fa ¢(1) >’ XIQ (217)) der < C0n5t¢/€p8_(u+l)/p0
QG']T

(iii) The inequality

il (2

1/2
ol 66 P, (@) de < constrgs 0
QET
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holds for all AU)-trees in Q,, j # 2.

Because of (4.15)(i) the intersection of the Q, can consist only of tiles @ for which (f, (b(l)) =
(g, gbg)) = 0, none of which contribute to Dyp0q(f,g). Thus

Dyood(f, 9) = Z < S Dilf. g ) F, = Q (O ;cyj))

TeF,

provides the decomposition used in section 2. One remarkable consequence of this construction is
that (4.15)(ii),(iii) remain valid for any interval J in I, not just for Iy itself, leading in Section 5
to a Carleson measure type estimate.

(4.16) Proposition. Let T be a tree in F,SQj) with j # 2 and J a subinterval of It which need not
be an s-adic interval. Then the inequality

1/2
]J’ /( 7o " 9, ¢(2)>‘ XIQ(x)> dr < const¢;<;qs—(u+1)/q0
IoCJ

holds uniformly in T, J and v, the inner sum being taken over all Q) in T with I C J.

The proof of the corresponding result

1
417 su —
(4.17) S /<

for T in ), j # 1, differs only in notation and details are left to the reader. In order to establish
(4.16) a simple lemma guaranteeing that certain subsets of a AU)_tree are again AY)-trees is needed.

1/2
S Gl @) de| < consts

IoCJ

(4.18) Lemma. Let T be a AY)-tree and Q' a tile in T. Then the set
={QeT: IoClIy }
is a AY)-tree having Q' as its top. Of course, S =T when Ig = Ir.
Proof. We have to show that
IpCly = wf cwy.
But if Q is the tree top of T, then w(J) N w((g) ) w(j) for any Q € T; on the other hand,
|w(J)| < |wm| for any @ € S. By (1.11) and (1.12), therefore wm C w((g) O

Proof of (4.16). Fix an interval J and set S; = {Q eT:1g CJ } We shall express S; as the
union Sy = J,,, Sy, of AU trees S,, each of whose tree top is a tile in T. Let {Ia } be the maximal

time intervals in {IQ 1 Q € SJ} and set

= {QESJ:IQ - I@m}.
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In view of (4.10) and (4.15), each S,, is a AU)-tree for which

1 ) 9 1/2 L
[ (S aleodPr, @) de < comstyls 0w ) i |
Qm

QESH

since the S,, were not chosen prior to the v**-stage. But by maximality, the S,, are disjoint and
their time intervals ‘7@ are disjoint in J; in addition, the union of the S,,, is all of S;. The estimate
in (4.16) thus follows after summing over m. O

We end this section with comments relating trees to tent spaces. Given a dyadic interval I =
[¢r,77) in R, denote by A; the usual dyadic square of side length |I| sitting above I in the upper
half plane and having (¢;,|I]) as its lower left hand corner. Associated with I is a Carleson box
C(I) = {(v,t):v €I 0 <t < 2|I|} consisting of the points in Ay, Iy C I. But by (4.1) the
mapping Q — Ay, is 1-1 on a tree, so the mapping associates a subset of C(It) to any tree T.
Now let x, = x, (), 2 = (v,t), be the characteristic function of Az,. Then for any function h and
‘mother’ wave function ¢,

(4.19) H(z) = ) (hdo)xe(2), (2= (v,1),

QeT

defines a function in the upper half plane having support in the Carleson box C(It). In view of
(2.6), the non-tangential maximal function of H satisfies the inequality

(4.20) sup (#\H(z)\) < const. M(h)(x)

z€l,
(note that (v,t) € Ag == t ~ |Ig|), while the Lusin area type function is given by
dvdt\'/* 1 1z
Aty = ([ 1HeOP ) = (X o), (@) )
r t o <
Thus, as a function in the Tent space 9P, the function H has norm
1 ) p/2 1/p
(1.21) il = ([ | gl s, )| o)
L5 el

where X, = X, (x) is the characteristic function of Ig. Clearly

1 1/p 1 1/q
(1.22) (m) | Hlo < (m) Hlse, 0 <)

Now let’s specialize to the fixed functions f, g and corresponding functions

(4.23) F(z) = Y (£.65 ) x0(2),  G2) = D (g, 65 ) xo(2).

QEeT QET
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associated to a tree T. Property (i) of (4.15) ensures that the non-tangential maximal functions of
F and G satisfy

1
(4.24)(i) SulP <m|F(z)|> < consty (s~ +HDAFM/po =1/ Kip) X, (2)
zel'y

and

IN

constg (8—(V+1)(1+77)/QO s~ L/n Kq) X1, ()

(4.24)(ii) sup (tl/g G (2 )|>

respectively for any tree T in Q,, while (4.15)(iii) says that

1

(4.25) 7ol

|Gl < constg s~ D/
for any AW-tree in Q,, j # 2. There is an analogous interpretation of (4.15)(ii) for F.

5. TREE ESTIMATES

In this section we establish an L?-norm estimate for trees. More precisely, given T in F,, let
S C T be as in (4.18) and set

(f, 6519, 65 ) 6%

5.1)
( QZGS Q #‘

Again in this section the functions f and g are those fixed earlier in section 2. The first step consists
in establishing a Carleson measure type estimate improving on (4.25). Set

(5.2) F(z) = Y (£, 05" x0(2),  G(2) = Y (9,65 ) xo(2).

QeS QeS

When S = T these correspond to the functions defined in (4.23).

(5.3) Proposition. Let T be a tree in FS J), j# 2, and S C T as above. Then the function
G = G(z) defined by (5.2) belongs to the Tent space N> ; more precisely, the inequality

|Gllme < comst. s7V/ %k,
holds uniformly in S, T and v.
When T belongs to F» (19 ), j # 1, there is a corresponding estimate
(5.3)(1) |F|lm= < const. s~*/P0k,

for the function F' = F(z) defined by (5.2). The proof again differs only in notation, so details are
left to the reader.
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Proof of (5.3). Since

Gl = s (757 [ {3 e o Py par)

IgCJ

it is enough to show that the L'-norm in (4.15) can be replaced with the L?-norm, at the expense
possibly of introducing a extra constant factor in the right hand side. Fix an s-adic interval J C Ig
and define an ¢2(S)-valued function on J by

Gs(2) {m«w >X,Q<>}Q€S (weJ)

(\J\/{ Zc: \— o ¢(2)>|2><IQ(x)}dx)1/2

1 1/2
_ (m / \|Gs<x>||32dx> < const. [Gsllsaow,

Then

where BMO(J) is understood with respect to the s-grid. But because of grid structure,

1 1
=1 | lGs(y) -
[ Jol J, [ Jo]

) 1 e 1/2
<2y Ly >|x1<>) da
|Jol JO<IQCJO ol “

GS||£2 dy

for every s-adic interval Jy C J. Consequently, by (4.16),
|GsllBmocsy < const. (constg Fip)s V90,
Together these estimates prove the proposition. [J
(5.4) Remark. For applications of Main Theorem II it is important to note that the constant
in (5.2) and (5.3) has the form C||¢(?)|| where C' depends on the constant in the John-Nirenberg

inequality but not on the ¢,

(5.5) Theorem. Let T be any tree in F, and S C T as above. Then

1o 1/2 B
(; | mar, g><x>12dx) < const.(s~/") ||/2

— 00

uniformly in S, T and v with constant depending on rq, kp, kg, consty and 7.
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(5.6) Remark. The reason for introducing S in (5.3) and (5.5) instead of working solely with T
is to establish (5.5) for any subtree of T, not just for a full tree T (¢f. (4.18)). The usefulness of
this will become clear in sections 8 and 9.

Proof. Fix h in L?(R). It is enough to establish the inequality

(5.7) (%/_O; Ds(f, g)(x)mdx‘ < const.(s~*/7)| Is| V2|2 -
Let
H(z) = Y (b 63 )xo(2), (2= (v,1)
Qes

be the function on the upper half plane associated with h (cf. (4.20), (5.2)). Then

(5.8)(1) / Ds(f. g / / ey Lot

while

eoi | [ par < [ resene)

where F'(z) and G(z) are defined by (5.2) but
(5.9) Flz) = Y colfs 05 ) x0(2),  G(2) = 3 cqly, 5 )xo(2).
QeSs QEeS

Note that F, G have support in the Carleson box C(Is) = {(v,t) : v € Is, 0 < t < 2|Is|}. The proof
now breaks into different cases according to which family .7-"5” ) the tree T belongs.

(a) i = j = 2. By Cauchy-Schwarz, the integral in the right hand side of (5.8)(ii) is dominated

L s ([ o)

Since S is a A®)-tree, (5.3)(i) applies to F; on the other hand, by (4.24)(ii),

1 —(v
sup ( 17 |g(z)|) < consty s (v+1)(1+n)/q0 Kg Xar, (T)-

Consequently,

oo o q 1/2
(/ / ‘EF(Z)Q(ZN2 dflt)2dt> < const. s7V/™0|Ig|'/2.
—o0 J0
But

(5.10) (/ / \2‘“"“)/ < const. ||k




28 GILBERT AND NAHMOD

by the Bessel inequality for a single tree. Inequality (5.5) thus follows.
(b) i = 2, j = 3. By Cauchy-Schwarz, the integral on the right hand side of (5.8)(i) is dominated

L L) (L bt

Since S is now a A®-tree, (5.3)(i) applies to G and (4.20) to H. Consequently,

dv dt\ /2
(/ / —IG (2)]? ) < const. [|Gllme= [|P*]|}42 < 5790 |I5[Y2 || Al

where

H 2
”P*”Ll _/ ( sup | (Z)| )di[f,
Is \z€T', t
(¢) i = 2,7 = 1. This time Cauchy-Schwarz gives

(/_Z/Om%\f(z)a( dedt)1/2</ / dedt)

with S a A-tree. But now (5.3) applies to G, while

establishing (5.5) once again.

1
sup (Gl ) < consty s )

| dvdt\"?
(/ / —|F(2)G(2)? Y > < const s /70| Ig| /2.

Since (5.10) holds, estimate (5.5) follows once more.

by (4.24)(i). So

As the proof for i = 1 will be the same, interchanging the roles of F and G, all possible cases
have now been covered, completing the proof. [

6. COUNTING FUNCTION ESTIMATE (i = j)

In this section the first of the counting function estimates is established. We will also impose
restrictions on the as yet unspecified n > 0 (¢f. section 2). Firstly, in all that follows it will be
assumed that 1/ is a positive integer.

(6.1) Theorem. The function

N]_.yi)(x): Z XIT(:C)

Te 7Y



LP-BOUNDEDNESS FOR TIME-FREQUENCY PARAPRODUCTS, II 29

counting the number of trees in F,' %) above x satisfies the inequality

o0 o /o r/o
(7 (rinto o))" = com sts200( L) Slpbetosil

—0o0 v

for each 0,1 < o < oo, provided 1/n > max{4/, 2/ro, po, qo}-

This will be achieved by thinking of the tree tops of the trees in J—"ﬁ“” as a family of mutually
disjoint tiles. Once the corresponding ¢ # j version of (6.1) has been established, inequality (2.13)
follows immediately since

3—(1+25) > 2(5420)—-1-25 = 26 > 0.
To

(6.2) Remark. In proving (6.1) and 1ts analogue (7.1) for @ # j, it will be important to truncate

(J) ij)

, replacing it with a subfamily ]: of trees if necessary so that

”N—(ij)Hoo S Sy/n, N—(ij)(x) = min{N <7‘,j)(£1?), Su/n}.
F F T

The grid structure in time ensures that such a family exists (¢f. [12, p.711]). Indeed, if F, (m

minimal subset of .7-"5” ) for which

N?f/m(x) Z min{N]_.l(/m(x),s”/”},

then the equality

N?(;.j) (gg) = min{N}.ﬁij) (.’/U), sV/U}

holds automatically.

To prove (6.1) it is enough, therefore, to show that

r/o
63) g < const 0420 (Irtan)lblieslal ) 72

In fact, we prove a generic result containing (6.3). Let P, be a family of mutually disjoint tiles
such that || Np, || < const.s”/". Suppose further that A is a fixed function in LY(R), 1 < v < oo,
and ¢ a wave function for which the inequalities

L (hop),  inf M,(M(W)(x) < sV,

A4 trb <
(6.4) const kb < T nf

3

hold for all P € P, where b and k. are given constants.
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(6.5) Theorem. Let h be a function in L7(R), 1 < v < oo, satisfying (6.4) with respect to ¢ and
P.,. Then the counting function Np, satisfies the inequality

00 1/o (vo+60)0 v/o
1
</ Np, (ac)") < const <5) <HZ¢>
oo .

uniformly in h, b, and P, for each 1 < o < oo and vy = max(7y,~") provided 0 < 0y < §/2 and
0=(1+25)/(1+9) .

To deduce (6.3) from (6.5) in the case i = 1, say, let P, be the tree tops of the trees in the family

F (UH) derived from £ in (6.2). These will be mutually disjoint because the trees in FS were
constructed maximally. Now set

Y =D, h = 7r(a1)f, (ﬁp = ¢g)’ b = 8_(1+77)V/p0,
Then

1
G
provided n < 4/4 since § > 0 is very small, pg > 2,0 =1+6/(1 + ) and 09 < §/2. When i = 2 set

)9(’70+50) _ (SV)(1+?7)9(1+50/;DQ) < s1+28)w

Y = q, h = 71_(0/2)9, ¢p = ¢I(72)’ b = 8_(1+77)V/QO

and proceed as before.

Before beginning the proof of (6.5) let h be for the moment an arbitrary function in L?(R),
condition (6.4) not being imposed yet. As no use of vanishing moments can be made in (6.5), some
separation among tiles has to be made in order to be able to exploit decay.

(6.6) Definition. Given an integer A > 2, a family Q of tiles is said to be A-separated when
either wp Nwg =0 or AIp N Alg =0 for each pair P,Q in Q.

In Appendix B we will show that the Bessel inequality

(6.7) S [k, d )P de < const (1+%> /Oo ()2 da

QeQ o

holds uniformly in & and Q for any A-separated family Q whenever ¢ is an M, -test function. Here
Ng(z) is the function counting the number of tiles in Q above x.

Proof of (6.5). Fix A > 1. By arguing as in (6.2) we can replace P, with a subfamily P, such that
(6.8) N5 [lL= < A, {z:Np (r) > A} ={z: Np, () > A}.

In turn P, itself can be decomposed into a finite number of subfamilies

(6.9)(i) P, = ( Ql Prn > Ur
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where each subfamily P, is A-separated and the time intervals of the tiles in P,, are controlled by
(6.9)(ii) Z |Ip| < const e~ const4 Z |Ip|
PEP,, PePy

with constants uniform in A (cf. [12, section 4.3]).

Assume first that v = 2 and h is an arbitrary function in L?(R). Then (6.7) applies to each P,,:

/OO< Z ﬁ\(h, ¢P>!2X,P(x)) dr < const. (1—1—%) /OO Ih()[? da

—o \pep,, —00

where Np_ is the counting function for P,,. As P,, is a subfamily of P, the L>-norm of Np,_
is controlled by (6.8). On the other hand, since A can be specified arbitrarily we choose A ~
max{2, [\!/#]}. In this case

o0 1 [eo]
(6.10) / ( > —l(h, ¢P>|2XIP(;C)> dr < const./ |h(z)|? da.
—0o0 PEP,, ’ P’ — o0
To interpret (6.10) in a form suitable for interpolation, set
Hp, () = § 7 (h, 60 )%, 0)
Pt [1p[t2 0 Xip PePn

Inequality (6.10) ensures that h — Hp, is bounded from L?(R) into L?(R,¢?), while (6.4) ensures
that h — Hp, extends to a bounded operator from L”(R) into L”(R,¢>) for any p, 1 < p < oo.
At this point the path splits according as v < 2 and v > 2. Suppose first that 1 < v < 2. Then by
interpolation h — Hp_is bounded from LY (R) into LY(R, ¥ +%(P,,)) for any dy > 0. ‘Localizing’
this as in Appendix A we thus obtain the inequality

Ly i) )
7). Sl

PeEPm, IpCJ

1/~

< const A/# ( inf MV(M(h))(:c))

which holds uniformly in A, J and P,, for all J in Z,. On the other hand, if 2 < v < oo interpolation
shows that h — H is bounded from L7(R) into L7 (R, ¢7) resulting in a localized estimate of the

form
gl x (¢|—1I_P|\<h,¢P>r)”x,P<y>)mdy

PePy, IpCJ
< const )\1/”< inif} M,Y(Mh)(x)>
re
For an h in L?(R) satisfying (6.4), therefore, these inequalities become

(ﬁ /_OO< X, (y))wuréo dy>1/W

(6.11) PeP,,, IpCJ

A/ w
< const b (min{irelgMy(Mh)(x), m7}>
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when 1 <y < 2, and

(ﬁ/m( > X,p(y))dy>l/W

(6.12) —% " peP,,, IpCJ

2 (min { snt a1, ) ). v}

< const
Ry

when 2 <y < o0.

To utilize these estimates we shall think of the counting function for P,, temporarily as an
{"-sequence valued function, r > 1,

Np, (z) = {x;, (@)}pPep,,

on R and denote by N#m its s-adic sharp function

1 1
NE (2) = sup<—/HN ——/N H d )
Pm( ) 5 ‘J‘ S P (y) ’J’ ; P or Yy

Because of the grid structure on Zj,

Consequently,
t/r 1/7‘ t
/ Z Xip (x)) dx < const. / [sup / Z Xrp (Y ) } dx
OOPEP JB:U’J’ OOICJ
since passage to the sharp function is bounded on L!(R) for any ¢ > 1. In turn this guarantees that
0 1/r t
/ Np_(2)!/" dx < const./ [sup / Z X1, (y)) dy] dx,
—c0 Joz ‘J‘ 0 rLCJ

thinking now of the counting function as Np,, = >_ pep,, Xip-

We combine the discussion above with estimates (6.11) and (6.12). Fix p > 1,1 < v < 2 and
set t = pr with 1/r = v/(y" + do) so that vt = p(v' + dp). Then

/ Np, (z)f dx

\/#N p(v/ +80)  [© p(v'+60)
< const. ( )p k / (min{ inf M, (M (h))(x)a“'y}) dx -

Kb zeJ

A/ p

(,"!‘60) Ky ’ d
= const (2 )" [0 s, () ) = )|
0 T

Ky
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Consequently, when 1 < v < 2, we see that

o0 AVEN oY 4680) /Rl N
(6.13) / Np, (z)fdx < const( ) (m)
oo b Ky
since p(y' + dp) — v > 0. The corresponding estimate for 2 < vy < oo is
PN h
(6.14) / N, (2)f dr < const (=~ )m(” H”) ,
b Koy

proceeding as before with ¢t = p, r = 1 and vt = py > 4.

The final step in the proof of (6.5) uses (6.8) and (6.9) to extend estimates for the individual
Np, to all Np,. Since counting functions are integer-valued, it is enough to establish the weak
estimate

8(vo+d0)a /|| h|
(6.15) Nt fg: N () > A} < const 1), (A>0)
7. G

for some fixed €y > 0. But by (6.9)
A4
o Np, () 2 M < 3 [fo: Vo, (@) 2 20+ o Noy (@) = 1))
m=1
Suppose first that 1 < v < 2; then 4" = . In view of (6.13), therefore,

A \ A\4(1+p)/p 1\ P(vo+d0) /(| R\
(6.16) g\{erm(x)Z Fib| = eomst irrm (5) (%>

since A ~ \Y/H,

To check that the right hand side has the right decay in A we give specific values to p, dg, €9 and
w; namely, set

1426 ) 1 16
< — 0 — -
1+5)a, g < -, 0<=<

(6.17) 0 <& <0/2, p= ( ; < S0

Then

1 4N 4
FTE AT B -
p T/

as required. On the other hand,

1/p (v0+d0)
[+ Ny () 2 1)] < comst (Nl comtrte (Y2020 ([l y
Ky

while

Ao teo ()\1/#)0(’70+50)e— const A1/# < CODSt(&o, 0,0, 5)
because of the choices of g9, p and p in (6.17). This establishes (6.5) for the case 1 < s < 2, setting
p=00.

Entirely analogous calculations using (6.14) and the same choice of parameters (6.17) estab-
lish the case v > 2. Note that in this case 79y = + and dg doesn’t appear in the corresponding
calculations. This completes the proof of (6.5). O
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7. COUNTING FUNCTION ESTIMATE (i # j)

In this section we complete the proof of counting estimates, studying here the case i # j. As
before 1/r = 1/p+1/q, 1/ro = 1/po + 1/qo and 1/n > max{4/é, 2/ro, po, qo}, where again it is
assumed that 1/n is an integer.

(7.1) Theorem. The function
nyj)(x) = Z Xy (2) (i #7)
TeF{)

counting the number of trees in ]—",Sij) above x satisfies the inequality

o 1/o r/o
(/ (min{N]_.uj)(x),Sy/n})a d:):) < const. s(1+25)”<Hﬂ(al)f||p‘|ﬂ(a2)guq)
v Y

— 00

for each o, 1 <o < o0.

Again (6.2) reduces the proof to establishing the inequality

(7 2) HN - H < const 8(1+26)u ||7T(a1)f||pH7T(a2)qu r/o

. ?(uzj) Lo > p)/ .
This will be done under the assumption ¢ < j because only simple modifications are needed when
i > j. We indicate those changes as the proof progresses.

The proof of (7.2) proceeds in exactly the same way as for (6.5) though the individual steps are
necessarily more complicated because we are dealing with trees, not individual tiles. For trees T
and T’ whose respective tree tops It X wy and I X wy have disjoint time intervals this is not a
serious problem because decay of the wave functions can be exploited so long as the time interval
Ig of tiles T do not ‘crowd’ too close to the boundary of It; in other words, the tiles in T need
to be separated in a controlled, explicit way from tiles in 7”. But if It and I are not disjoint,
then a tile Q in T need not be disjoint from I+ X wp and hence not be disjoint from tiles in T".
Separation can thus fail in both time and frequency when tree-tops are not disjoint.

To overcome these difficulties let F be a family of AY) trees T with tree tops It x wr such that
for A > 2 the following two conditions are satisfied when ¢ < j:

(7.3)(i)  The inclusion Alg C It holds for all Q € T, 1o # I, and each T € F.

7.3)(ii)) If T, T' € F are trees for which At < A, then w nw® = () whenever P T, Q €T’
P Q
and Ig C It.

Notice that (7.3)(ii) is vacuous unless Iy N It # 0 and so (7.3)(ii) is designed to handle the
difficult case of tree tops with non-intersecting time intervals and tiles () poking down. In analogy
with [4] we will refer to trees satisfying (7.3)(i) as ‘normal’ trees - and (7.3)(i) as the ‘normality’
condition - while (7.3)(ii) will be referred to as the ‘no V’s’ condition for the family F of trees.
The corresponding statement for (7.3)(ii) when ¢ > j is obtained by writing Ay < Ay and leaving
the rest unchanged; in this case the tile @ will ‘poke up’ instead of down.
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(7.4) Definition. For a tree T we denote by Qr = It X wr its tree-top and for a tile Q in T write
Q < Qr if Ig # Ir; i.e., if Q is not the tree top of T.

Now let Nr = Nz(z) be the function counting the number of trees in F above x. For such a
family the Bessel inequality

(75 S (X He o) < const (1022 ["jg2a

TeEF N QET, Q<Qr -

holds uniformly in g and F. This is the analogue of (6.7) in the previous section. A proof is given
in Appendix C.

Guaranteeing that conditions (7.3)(i) and (7.3)(ii) can be applied to the family ?(Vij), at least
after some ‘tree-trimming’, requires all the hypotheses built into the Fourier support condition and
into the choice of trees. The constant 7 plays a critical role at this point.

(7.6) Definition. For each T in ?,(jj), i< j, set

T/ ={Q € T: |Ig| > s 2" |I7|}

and

T4 = {Q € T : dist(Ig, I£) < Ls™"|Iy| };

—=(i5)

v

in addition, let T"" be the family of all tiles Q in T for which there exists T’ in
A < Ar, and P € T' such that

, with

Iop C Iy,  wdnwl #0
Finally, set

Ttrim — T\ (Tfat U Tedge U Tdown) .

We shall regard T*"™ itself as a tree even though for Q € T™, Q < Qr; i.e., we still view T!"™
‘attached’ to Qr even though T*!"*™ does not contain its tree top. Removal of ‘fat’ tiles amounts
to removing tiles from the ‘top’ layers of a tree. By contrast, removing the ‘down’ tiles eliminates
ones from the ‘bottom’ layer as the next result makes precise.

(7.7) Proposition. Let T be a tree in ?(jj), i< j, and Q' a tile in T¥™. Then Q' is minimal
in the sense that Q' < Q for all Q in T.

Proof. Suppose to the contrary that @ < @’ for some @ in T. Then I C I since Q # Q' implies

that wg C w(Qj) by (1.12). On the other hand since Q' € T%™", there exists a AU)-tree T’ having
A < At and a tile P € T' such that
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Then Ig C Ig C It and A < w(Qj ) by the maximally order upwards manner in which the trees in

fé” ) were selected.

Now since ¢ < j we have that for P as in (7.8) wg) < wg) > A by (4.10) since T’ is a AW)-tree.

Hence we should have w( V< A < w(J ) which in particular implies that w(z) <A < wg? But

the latter implies that wgg) N wé? = () contradicting (7.8). Therefore we must have that there is no

such Q € T; i.e. Q' is minimal. [

It is easy to see that trimming off the sets in (7.6) from the trees in J_-"(jj), i < 7, leaves a family

{Ttrem . T € 7—"&”)} of trees satisfying (7.3). Indeed, if a tile in T does not belong to T¢9¢ U T4,
then

dist(I, If) > gs™"™|Ir| > £s"™|Iqgl,

so that (7.3)(i) holds for any A < £s7”. On the other hand, if @ does not belong to T%*" and P

(J), 1 < j, for which Ap» < Ar, then at least one of

is a tile in some T’ € F
’w(i) N w(i) =0 or IoNIp =0
P Q Q T’

must be satisfied. Consequently, ‘trimming’ the trees in 7,(/”) ensures that the Bessel inequality

(7.9) 3 ( S lh, ¢g)>|2) < const(1+”]\[§7i:”°°> /Oo ()2 da

TeF(D  QET!rm >

holds uniformly in h, A and v so long as A < % s,

Now, the original trees in .7-",5” ) were chosen satisfying a lower bound of the form

il (2

in the case i = 2 and j = 3, but essentially the same estimate remains true even after trimming as
the next result shows. This, together with

1/2
g ¢S)>|2xfg<x>> dr > consty s~ wg
QE’]I‘

1

Vit

valid for all @ in Q, will serve as the analogue of (6.4).

(7.10) (g, ¢<2)>‘ < consty s~/ (IFMEAD /@0

+=(23)

(7.11) Proposition. After removal of the set T/ UTe9¢ UT%" from a tree T in F, ~, the set

T™ of remaining tiles satisfies the inequality

1/2

1 — (v

]IT’/ < Q‘|<97¢ >| (:c)) dr > iCOns%,ﬁqs (v+1)/q0
Qe’ﬂ"trzm
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uniformly in T.

Proof. As the tiles in T/%* belong to the top 2nv layers in T; i.e., the tiles with largest time intervals,
the upper bound (7.10) on the coefficients ensures that

o ] 1/2 ) B )
/ ( Z @‘(ga ¢(Q2)>‘2XIQ($)) dr < consty(2np)s ks~ AHMEAD /a0 ),
T° M QeTfat

On the other hand, the time intervals of the tiles in T¢%¢ all lie in the union of two subintervals of
T cach of length at most §s~|Ig|. Thus, by (4.16),

* 1 1/2 —nv —(v
/ ( Z —IQ\Kg’ ¢8)>\2X1Q(x)) dr < %s | It | consty kqs v+1)/a0,
—0o0 Qe’ﬂ"edge

Finally, in view of (7.7) the time intervals of tiles in T%" are all pairwise disjoint, so

0o 1 1/2
/ < > @I(g, ¢(Q2)>|2XIQ(‘T)> dr < consty s~ MO/ a0 g=1/my 1)
- QE’]I‘down

using (7.10) once again. The choice of 7 thus ensures that

s/ q0 g=1/n 4 is‘”” + g~ ng=nw+l)/aw0 < %
holds for all ¥ > 0. For such 1 the lower bound for the sum over tiles in T*"*" then follows. [

(7.12) Remark. By (7.11)

Neo(@) = 3 xu@ = 3 x,@

’H‘e?fjj) Ttrim G?E,ij)

since T is not empty.

From now until the end of this this section T means T!"*". It will be convenient to bring out
the relationship between (7.11) and tent spaces M*, 1 < s < co. Given h in L7(R), 1 <y < oo, let

(7.13) H(z) =) (h ¢o)xo(2); 2= (vt) eRE
QEeT

be the function on the upper half-plane associated to h. Then the lower bound (7.11) can be
rewritten as

1
(7.14) const kb < — || Hr|on , inf M, (Mh)(z) < constk,

’I’]T‘ QC'EIQ
for all T € 7__(;‘;‘) and @ in T where b and k- are given constants. The idea is to think of (7.14)
as the replacement for (6.4) where the size of a wave packet coefficient is replaced by a tent space
norm. Similarly, by setting J = It we can interpret (4.8)(ii) as saying that the inequality

1

7.15 R

|Hr|lm» < const mifn M, (Mh)(z), 1<y < oo,
rz&lr
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holds uniformly in T and in h. When v = oo the inequality (7.15) becomes
(7.16) |Hr||mee < const ||h||sro

(cf. [14, Vol.I, pp.150-152]). Recall that wave packets |Io|~*/2¢q have L!'-norm uniform in Q,
hence uniform in complex Hardy H{(R)-space norm. This is the analogue of the trivial estimate
[(h, ¢0 )| < /IIg|||h]lso, making the analogy between wave packet coefficients and the function
Hr closer still.

Just as (6.3) followed from the general result (6.5), theorem (7.2) will follow in the same manner

from the following general theorem.

(7.17) Theorem. Let h be a function in LY (R), 1 < v < oo, satisfying (7.14) with respect to ¢

and .7:( ]). Then the counting function Nezia satisfies the inequality

1/c 1 (v0+30)0 ||th /o
([ reer) e () (R2)

uniformly in h, b, and J_-"(jj) for each 1 < 0 < 0o and 9 = max(y,v’) provided 0 < §y < 6/2 and
0= (1+25)/(1+9) .

Indeed, (7.2) then follows from (7.17) by taking h = w(a1)f, vy =p, b= s~ (w+1)/po and bo = qﬁ(l)
when i =1 and h = w(az)g, vy =4¢q, b= s~ (HD/a0 and bq = ¢<(§)

Proof of (7.17). The proof follows the same path as the proof of (6.5). Fix A > 1. Just as in (6.8),

using the grid structure in time and reasoning as in (6.2) we can replace the family .T:I(jj) by yet
another subfamily § such that

(7.18) INg|lLee < A, {z: N?fjij)($) > A} ={z: Nz(z) > \}

Since counting functions are positive integer-valued, it is enough to establish the weak estimate

8(vo+do)o /||h
(7.19) AT |{z : Ny (z) > A} <const(b) o (” H”) 1< A< s/,
Koy
for some fixed g > 0.
1

Now for each fixed T € § let us define |Hr|, = WHHTHsm and say Hy € N if |Hrl, < oo.
Obviously we have that for each T fixed the space N can be identified with L ((Ir, ) ¢2(T))
and so N7 interpolates in the same manner. For v = oo we let |Hr|oo = || Hr|oree -

Define
H(z) = {Hrx,, (z)}res
as a function from R — ¢>°(F,N7) in LP(R,(*(F,N7)), p > 1. We have
(7.20)(i) h—H: L*>— L*R,*F N3
(7.20)(ii) h— H: BMO — L™(R,(®(F,N))
(7.20)(iii) h— H: LM% _ 1200 oo (F, N1+o0))
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(7.20)(i) follows from the Bessel inequality (7.9) with A ~ HNSH(%” and p > n% and constant
uniform in h and in T.

(7.20)(ii) follows from (7.16) with uniform constant in ~ and in T
(7.20)(iii) follows from (4.16) since the localized inequality with J = I1 can be re-expressed as

1

W ||H’ﬂ"||m1+50 < const anl’él[l’; M1+50 (M(h))(.’ﬁ)

uniformly in h and T. Hence

1
s <x>} e ¢
{|fﬂr|1/1+5° o Teg

with bound const. My, s,(M(h))(-) € L*2?%(R). By complex interpolation, h — H thus extends
to bounded linear mappings from L?(R) into

(7.21) LY(R,O(F,NE)), 2<~y<oo;  LYR TG ND), 1<y<2
since N C Nj for p > 1 in view of (4.22). Hence the localized inequality

1 1 Vo 1Y\ 1/
(5] = () Mww] )

(722)(1) —LTeF, IrCJ T

< const A”“( inf MW(M(h))(x))

holds for each s-adic J when 1 < v < 2, while

(ﬁ/m{ > (ﬁl!Herl)yxlT(y)}dy)m

(722)(11) - TeF, IrCJ

< const )\1/“<zir€15 M.Y(M(h))(x)>

holds when 2 < v < oo; and both are valid uniformly in h. Now we proceed as in Section 6,
substituting (7.14) for (6.4):

oo AL/ p('+d0) 1R ¥
(7.23)(1) / Nz(z)’ dr < const( 7 > (—7> , 1<y<2,

Ky

since p(y' + dp) — v > 0; on the other hand,

o )\l/y, Py ”hH 2l
7.23)(ii Nz(x)? dx < const T, 2 < v < oo,
§ b

Ky

since py > 7. The final step of the proof is much the same as that for (6.5). For fixed ¢ > 1 we
have to show

0(~vo+d0)o Y
(7.24)  AFO{z: Ny() > A} < const(5> (”Zﬁ> . 1<a<s,
Y
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for some fixed €9 > 0. Suppose first 1 < v < 2. Then +' = vy, and so by (7.22)(i)

1 1 p(v0+d0) Hh”'v R
H{z : Nz(z) > A} < )\p(lTﬂ-%)/u)(5> (“—’7) .

To check that the right hand side has the right decay in A choose once again

1 50600 }

<
>0’, g0 <8/, ,u—max{—Q,—é

< — — N,
0<d0<6/2, p=0o (1+5

Then

1
P(l— ;(70-1-50)) >0 +ep-

Estimate (7.24) now follows immediately since A > 1. Entirely analogous calculations using
(7.22)(ii) and the same choice of parameters produce the corresponding estimate for v > 2. This
concludes the proof of (7.17). O

(7.25) Remark. The choice of 6, §y ensure that (7.2) follows from (7.17). Indeed, whether vy = po

or qo,
0<1+5°> - (1+L><1+5°> < (1+26),
Yo 1+96 Yo

1\ ?(vo+d0)
<g) _ 000 /w) < g(1420)

in which case

as required.

8. FORESTS

In this section we extract from the family F, = UZ j ]—",Sij ) of trees the ‘forests’ Wq(f) alluded to
in section 2. Recall first

(8.1) Qi ={QeT:TeFD}, g =],

i, J
these are precisely the tiles which contribute to Dgyyoq since Q € Q, = I € FEaa-
To ‘thin’ the trees in F,,, set

EYY) = {x: Nyap(x) > s/}, B, = L_J By
and

(8.2) oy .. = UJlee o  1,cEYD Y, ol =0\ Q..

7]
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from now on we adopt the convention that if 2v/rg is not an integer, then it is replaced by [2v/ro]+1.
In view of (6.1) and (7.1),

(83) |E((i];)nse| < COHStS_25V<||7T(a1)f‘|p||7r(a2)g||q) )
Y

since 1/n > 2/rg and 2/rg — (1 + 20) > 2§ > 0. The second of the exceptional sets to be removed
and the error term created in doing so can now be introduced. Set

60 B Y B wi B = U Ufse o0 e i)

v>0 v>0 i,

and

1 1) (2)\ ,(3)
8.5 Dyensel [, xr) = c , , ) .
(8.5) dense(f, 9)() y§>O(Q€Q§M Q ol (f, 00" (9, 95" 195 ( ))

dense
These can be estimated in complete analogy with (2.10).

(8.6) Theorem. The inequalities |Es| < const.|Egense| and

1

FE
_ / ’Ddense(f, g)(agx)] dx < const. ‘ dense’
Y JR\E; a

hold uniformly in f,g and v as well as the a;.

Proof. 1t I{V’ij), IQ(V’ij), ... are maximal among the time intervals {Ig : Q € Q(V’ij)}, then they

dense
are disjoint and

SIVD UL = {:c € s’ Q€ Q&Z’Zi)e}.
Hence by (8.3),
,
(8.7) |E>| < const. |Egense| < COHSt.(”7T(a1)pr”7T(a2)9”q>
Y

after summing over v. To estimate Dgepnse we apply Theorem (3.6) with Q = Eiense, Dal(f, g) =
Dgense(f, 9), and Eq = Ey. O

Consequently, all that’s left is to estimate

(8.8) Z( > CQ\/EH<J‘7¢S)><9,¢S)>¢S))-

vz0 Qe lezj))arse

To that end, the remaining tiles Qg’;lme are reorganized into ‘forests’. First for each pair i, j write
(8.9) Qi) = {Qe Q1o ¢ I}

Following Fefferman [4] we introduce an integer-valued function B;; on Qg;;ﬂge for each fixed i, j
by setting

(8.10) Bi(Q) = card{@"™: Q < Q@"}

where (Q™** are maximal in Qg’;’aiﬁge, with respect to the partial order <;. Note that these maximal
()

dense does not create new trees in

tiles are the tree tops of trees T € ij ), since the removal of Q
the sense that, if the time interval of a tree top in F, is removed so it is the whole tree. Finally,
recall that P<;Q = P < Q (c¢f (4.3)). In fact, for P,Q € T a fixed A -tree, Ip,Io C It we

have that P <; @ is equivalent to P < (). This follows from the grid properties (1.11) and (1.12).
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(8.11) Lemma ([4]). Let Q, Q" and Q" be distinct tile in Qg’;;ﬂge such that Q < Q' and Q < Q".
Then B(Q) > B(Q') + B(Q") whenever Q' and Q" are not comparable with respect to the partial
order < on tiles.

Proof. Set B(Q') = s, B(Q") = t. Then there exist maximal P/, ..., P, and Py, ..., P/ such
that Q" < Pj, 1 <j <s, while Q" < P/ forall 1 <¢ <t If Pj = Py, say, then Q" < P},
Q" < P,. But

Q/ S P/ Q// S PJIO e walO g ’U)Q/ ﬂ’U)Q//’

Jo?

so @', Q" have overlapping frequent intervals. On the other hand,
Q<Q, Q<Q" = I ClIynlig,

so @', Q" also have overlapping time intervals. In this case Q" and Q" will overlap as tiles and so
be comparable, a contradiction. Hence B(Q) > s+t. O

We use B;; = B;;(Q) to partition Qg;;fgge: set

(8.12) o = {Qe Q. " <By(Q <5}

Removing Eggm ensures that Q%V’ij ) — () unless n < 2v/rg+1. Now each tree T € Fuij ) determines
a family

(8.13) T™ = T n Qi)

of tiles in Q%V’ij ) IFT™ s empty we discard it. Since the tree top of T will not belong to T unless
n =1, T™ will not in general be a tree in the sense it contains a unique maximal element, but
it will be the union of AU)-subtrees. Indeed, let Ig,,Io,, ... be maximal among all time intervals
Ig, Q€ T set

(814) S1 = {Q S T(n) : IQ - IQI}’ Se = {Q S T™ . IQ - IQ2},

and so on. These are AY)-trees having the respective Q,Qs,... as tree-tops (cf. (4.18)). By
repeating this construction for each T in .7-",5” ) we thus partition Qq({"” ) into a family Wq(f’” ) of
AU)_trees that inherit the crucial properties from those in .7:5” ). Now set

Wr(zy) — UWT(LV,ZJ)
2%
As before T will denote a generic tree in fyj ) and, as (8.14) suggests, a generic tree in Wff’ij )

obtained as a subtree of such a T will be denoted by S. By (8.8), therefore,

2v/ro+1

Dyui(fe0) = Paneelfin) + X | 3 (X Pstri)].

v>0 n=1 SEWLEU)

Before beginning to estimate this last operator, it will be useful to summarize properties of its
constituent terms. Let Nw(u,ij) = NW(u,i,->(x) be the function counting the number of trees in

WT(LV’M ) above x.
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(8.15) Theorem. Forests have the following properties
(a) for each @ in Q)

I{ f, qﬁ(l) )| < constgy sTV/Pog, I{g, ¢8) )| < constgy sV 0k,

W Vil

(b) for each tree S in WT(Ll/,ij)

1/2

1 o0
(?/ |Dg(f,g)(x)|2dx) < const s/ | I5|}/?

uniformly in v and n; where as usual 1/rg = 1/p+ 0+ 1/qo and Is is the time interval of the tree
top of S.

c) the counting function N, ..;) satisfies the inequality
w.

Nwr(Lu,ij)(x) < min{N]__l(/ij)(x)’ 82y/r0}

uniformly in v and n.

Proof. Property (a) is clear, while (b) follows from (5.5). We prove (c). Fix a tree T in F59) and
let S1, So, ... be the corresponding trees determined by maximal tiles @1, Q2, ... as in (8.14).
Maximality ensures that their time intervals Ig,, Ig,, ... are disjoint. Thus T gives rise to trees
in W(V "7 whose tree-tops have non-overlapping time intervals. Consequently,

ng:z,ij) (.’E) < N]_-l(/ij) (.’E)

Now suppose Nwr(Lu,m(xg) > /70 for some . Then there exist trees Sy in W(V ”), 1<k <

s?¥/70 4 1, with zg in every Is, . By the previous argument the S; must have come from distinct
trees T} in ]—"( ) Hence nyj)(xo) > s2¥/70 On the other hand, because of the grid structure in
time the Is, must be nested since they all contain xo; in particular, g € Is,, C Is, for some m

and all k. Thus the inequality N (ij)( ) > s2¥/7 holds throughout I . But this forces the time

interval of each tile in S,,, to lie in Eée’nii, which in turn forces the tiles in S,,, to belong to leye)ns .

contrary the fact that they all belong to Qspmse. This completes the proof. [

Using (8.15)(c) in conjunction with (6.1) and (7.1) we obtain the crucial counting estimate for
the forests WT(LV)

(8.16) Corollary. The function N,, . satisfies the norm inequality

(] Mpontor dx)”” < comt s Lxlon)pltoslly )
Wuz] =
y

uniformly in n, v and v for each o, 1 <o < c0.

Property (8.15)(b) provides an L2-estimate for individual functions Ds(f, g) when S is a tree in
WT(LV’” ), but to deal collectively with all trees in Wq(f’” ) “almost orthogonality’ estimates for families
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of Ds(f, g) will be needed. To facilitate this a third and final exceptional set is eliminated, creating
the last error term that has to be estimated. Set

s1r)  Eun? = ) {edist(e o) < s7nl} B = (B
sewl) i,j
Then, in view of (8.16),
T
619 IR Scont gl <o, o~ el

Now set

(8.19) By = ( U {#r:@esioc Eg’;’;’”)})

V,n,i,j Sew}ﬁ:ﬂ’j)

Since for each i, j fixed there are at most 2v/rg+ 1 possible forests W) for each v, (8.17)-(8.19)
ensure that

(8.20) By| < Const<H?r(al)sz;HW(ag)g”qy

by a proof similar to the one used for the previous two exceptional sets; the constant will depend
on s, 6 and rq of course. The corresponding error term is

|: 2v/ro+1 1

> ( > ch<f,¢8>><g,¢8’>¢$>>],

n=1 (v,n)
Io < Eedge

Dedge(fu g) = Z

v>0

where the tiles @ in the innermost sum belong to the trees in Wfly).
(8.21) Theorem. The inequality

1 Fogoe
S Pa(f el < const. [Eeter
7 JR\E3 as

holds uniformly in f,g and v as well as the a;.

Proof. Once again we apply (3.6) but now with Q = E.qgc, Do(f, 9) = Deage(f, 9)(x) and Eq = Es.
Again note that for Q € QS}’”) CQ,, Ig ¢ Epea. O

After this final ‘trimming’ of the trees in Wflu) the forest operator associated with Wy(Ly’ij ) can
be introduced. Given a tree S in Wff’” ), set

s = {Qes:Io g Bl

edge
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Although we may lose all of some trees and individual tiles from others in this ‘trimming’, what is
important is that we have not created any new trees. Thus (8.15) and (8.16) still hold and

2v/ro+1
Dgood(fu g) = Ddense(fu g) + Dedge f7 Z |: Z < Z DS”“’" (fa g)>:| .
vz0" n=l “gew

In the next section we will prove an L?-norm estimate for the ‘forest operator’

fa g — Z IDS”“”(fa g)

se Wy

associated with WT(L /44 , leaving only a simple summation and interpolation argument before the
proof of theorem (1.9) is complete.

9. FOREST ESTIMATE

The section is devoted to the proof of the following ‘forest estimate’ for the forest operator
introduced in the previous section.

(9.1) Theorem. The inequality

7 J -
sewi)

holds uniformly in f, g, and forest Wq(f’ij), as well as v and the a;.

Summing now over v, n as well as ¢ and j, we see that

_/ ‘Z ( Z Dgtrim (f, g)(agfv))] ‘2 dx

v>0 n=1 gy

21//7”0

(9.2)

const. (||w<a1>f||p||w<az>9“q)T,

as v

with constant depending on ¢ and rg, of course. Combining (9.2) with the earlier estimates for the
exceptional sets Fy, E3 and the associated error terms Dgepse(f, 9); Deage(f, g) we finally obtain
the companion estimate

IIW(al)f\lpIIW(az)gllq>T

(9.3) Hz € R: Dyood(f, 9)(azz) > v} < const( S

to that in (2.10) for Dpea(f, g). Before proceeding with the proof of (9.1) we need an auxiliary
lemma providing an L?-estimate for a generic family P of pairwise-disjoint tiles in terms of the
counting function. Given an arbitrary M,,-test function ¢ let

QZ)P(-T) — Sk/2¢(8k.’b - a€)627riskzn

be the wave packet associated to a tile P ~ {k, ¢, n}.
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(9.4) Lemma. Let P be a family of mutually disjoint tiles whose counting function Np belongs to
LY(R). Then the inequality

2 ro0
/ Z appp(x) de < const. sup( ! |ap|> / Np(x)dzx .
| Zp|

< ' pcp PeP —o0

holds uniformly in {ap} and P.

(9.5) Remark. The proof of (9.4) depends solely on decay properties, not on cancellation, and so
applies to any family P of mutually disjoint tiles in WT(Ly’ij ) irrespective of vanishing moments. For
such a family its counting function Np will satisfy the same L?-norm estimates as wa,ij) since
the inequality Np(z) < Ny wia) (z) will hold everywhere.

Proof of (9.4). On expansion

/ | S apop(@)| de = 3 fapl + Y apmig(6p. o)

" pep PeP P#£Q

The diagonal term is easy to estimate:

> ap)* < SUP( ) > el

pPeP pPeP

It is in dealing with the second term that mutual disjointness of the tiles is needed. Observe first
that we can assume wp Nwg # 0; hence for each fixed P, it can be assumed that the @ have
mutually disjoint time intervals which themselves are all disjoint from Ip. Since we have no control
over vanishing moments, we split the sum into two parts

(9.6) Zap< > @<¢p,¢Q>>+Z@< > ap<¢p,¢>Q>).

PeP Q#P,wpCwq QeP P#Q,wq Cwp

It is enough to estimate the first of these terms since the proof of the second will be essentially the
same after reversing the roles of P and Q. So fix a tile P in the outer sum and split the inner sum
into two parts, depending on whether dist(Ip, Ig) < s|Ip| or dist(Ip, Ig) > s|Ip|. The restriction
wp C wq ensures that [Ip| > |Ig|, and so

+1
[(¢p, ¢@ )| < const. ||7(a)g|? |IQ|( |-IP| )M
1/|]P| |Ip| +d18t(IP,IQ)

(¢f. Appendix (B.1)). Consequently,

QeP

__ 1 1
- ‘ga (op, 00 ) ‘ < const. sup(m| Q|>ﬁ§u@|

< const. sup
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since the Ig are mutually disjoint and lie ‘close’ to Ip. Thus

> aP( > ag(ee, ¢Q>)' < Const.(sup

PeP Q#P,wpCuwq pep

T ) j{:\ Ip|,

PeP

taking the inner sum on the left over those @ for which dist(Ip, Ig) < s|Ip|; the factor ||7(a)e|?
was incorporated into the constants. When dist(Ip, Ig) > s|Ip|, however, the inequality

1/’1@\( |Ip| >1+u
|<¢P7 ¢Q>| < const. ||7T(a)¢||\/m |Ip|+|x—y|

holds for all x € Ip and y € Iy. Thus

1 1
‘ZG’Q (¢p, ¢Q>‘ < const. —— 75| Qlé%(\/@| Q|>

XZ [ i / ( |Ip| )H—Md}
m —_
et i \TIp[+ e —ol) @

where again ||m(a)¢||? was incorporated into the constant. In turn, this last sum is dominated by
a constant multiple of

|Ip| G
inf/ —_— dy < const. |Ip|
e€lr Jp\sip \[pP| + [T — Y|

uniformly in P. This leaves us with an estimate for ) . v/|Ip| ap exactly as in (9.7), completing
the proof. [

The proof of (9.1) can now begin. It will be useful to collect together all properties of the
construction so far since will be needed for the forest estimate. Set Q = {Q € Strim . § ¢ WT(LV’” ) }.

(9.8) Remark. The forests W) and tiles Q in them have the following properties:
(a) for each @ in Q

, ¢ < consty s V/P0k,,
¢ P

\/W VIl

(b) for each S in WT(LV’” )

’<gv ¢8) >’ < consty S_V/‘IOHP;

1 0o 1/2
(—2 / |Dgerim (f, g)(z)]? dx> < const. s~Y/™|Ig|'/2.
7S

Note that for S £ () the tree top of S and S"*™ are the same ;

(c) the function N, .ij counting the number of trees in W) satisfies the norm inequality

(/Oo (N >($))a> v < const 8(1+25)y(|]7r(a1)prH7r(a2)qu>T/U
Wi = ‘

—00 Y
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uniformly in n, v and v for each 1 < o < o0;
(d) for each S € W),

dist(Ig, IS) > s~ 2/™|I5|, Qe St"m,

(e) for each pair S,,,S; in Wq(f’ij) with Is,  C Is, there are ‘no V’s’ with respect to the partial
order <, i.e., given P € SI""™ and Q € S{"™, then

wpNuws, = 0 and woNuws, #0 = I C Is,\Is,.
(f) For each pair S,,,S; in Wq(f’ij) with Is,, C Is, and each @ € S,trim.
IgCls, \ Is,, gl < s/, | = dist(lg,Is,) > s */™|Ls,|;

this follows from (8.19) because I ¢ Eigz;;’ij ) and the restriction on the size of o]

Proof of (9.1). First following Fefferman’s ‘scale counting’ argumente we start by ‘trimming’ the
trees in WY still further to remove tiles that are ‘too fat’ ([4]). Denote by Q%P those Q in Q
for which there is no ascending chain

(9.9) Q=Q1<Q2< - <Qmy1, (Q;€9Q)

of length m + 1 where m = 4v/rq. In view of (9.8)(e) this amounts to collecting in Q' the tiles

having the ‘fattest’ 7 scales within every tree S € W), Then there exist families pr
j=1,...,m+ 1, consisting of mutually disjoint tiles so that

(9.10) Q= Q"UQ\ Q") Q= QP UQ...uQk,

and

(9.11) QeS"™mN(Q\ Q") = |lg| <s ™Il

By (9.4) and (9.6), therefore,

([ %

Qe gtop

1/2
0 . 03163 (aao)|
(9.12)

r/2
_const. _s, (||7(a1) fllpllm(az)gllq /
S M5 s ’

using (9.8)(a) to estimate the coefficients. It remains to estimate the L2-norm of

Yoo
QeQ\Qtor |I |

- Y (% e e )

SEW&U’U) Qegtrim Q(Q\Qtop)

(. 60" Mg, 03103

(9.13)
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Although SN (Q\ QP) does not contain its tree top anymore, we still regard it as a subtree
of ST ‘attached’ to the tree top of S; ie. as a tree itself with the tree top of S as a ‘ghost’ tree
top. Hence if we call S N (Q\ Q%P) = §P* we have that Q < Is x ws for Q € S** (c¢f. (7.4))
and SP! satisfies all the same estimates and properties that S does; including (9.8)(c) since the
counting function for the Sbet is pointwise no bigger than NW,Q””” (). Write

{8 (Q\ Q™) : S e WP} = {Si - m=1,2,...}

Then, our goal is to prove the L?-estimate:

(9.14) /_O; ‘ ZDSE,?t(fy 9)(x) 2dx < const. 5_25u<H7r(a1)prH7r(a2)qu>r.

y

With abuse of notation we shall use S,, instead SP* until the end of this section. Thus it is to be
understood that S,, and its tiles satisfy (9.8) and (9.11), in particular, |Ig| < s~*/™|Ig | holds
for all @ in S,,. By unitarity,

[ | 2e s a0 s = ;( [ 12,1 @) o)

3 (o0 [ Do 0 BT s ),

m#£L

(9.15)

splitting the sum into a ‘diagonal’ part and an ‘off diagonal’ part. the required estimate ( i.e., is
bounded by right hand side of (9.14) ) In view of (b) and (c) in (9.8) the ‘diagonal’ part satisfies

[ IS o) < const s (Il lblrieslal )

v

since 2/rg — (1 4+ 26) = 2§ > 0. On the other hand, the ‘off diagonal’ part is a measure of almost
orthogonality; we deal separately with the case when the time intervals Is,, and Ig, are disjoint
and the more complicated case when they are not disjoint.

For each @ in S,,, localize W(ag)qbg’) by setting
(9.16) 65" (@) = (n(as)ey)(@)x,, (@), 65" (@) = (r(as)oy) (@) — o4 (x).

The omission of the suffix (3) should not cause confusion since it is decay not vanishing moments
that will be crucial from here on (cf. (1.14)). Set

(9'17) (1) ,D(m) Z co f’ ¢(1) ><g’ ¢(2) >¢(zn)

QES V |IQ

for the localization of the function 7(a3)Ds,, (f, g) to Is, and

(9.17)(ii) D (fg) = Y g (f, 65 )(g. 65 )05

= v|f
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for the error created in doing so. Trimming the tops and edges ensures that for = ¢ Is :

Lipln (£, g)(@)] < const. s/ 3 ( Iy )w
(9.18) L o= \ ol + dist(z, Iq)

< const. ¥/ (S_ZV/TO)”(MXIS )(x)?

by (9.8)(a)(d) and (9.11) since M = 4v/ro. Hence
1 > (out) 2 —2v/ro\142pn 2
(9.19) 2| (I 9)@l) dw < const.(s7) Ny |

using the vector-valued form of the Hardy-Littlewood-maximal theorem. When Is N Is, = 0 write

(Ds,.(f, 9), Ds,(f, 9)) = (DM (f, 9), DV(F, 9))

+ (D (1, 9), DE(f, 9)) + (DL (S, 9), D (S, 9))-

(9.20)

Then (9.19) ensures that

const. , _o,
(9:21) = = S UDL (S, 9). DL (F )] < = TN .
m#L

To estimate the remaining terms we use (9.8)(b), restricting one error term to the other time
interval. More precisely,

(9.22) S(DEM(f, 9), DLV (f / DM (f, g {Z DY (f )}daz.

L

In view of (9.8)(b) and (9.18), therefore,

% SOUDEM(, 9), DL(F 9))

¢

1 ( t) 2 1/2
< const.(s /)|, ‘{us / 7 (22 7 @) dx}
S

< const.(s™2/m0) 1+”/ |MXI<sg )($) dzx.
S

Consequently,

= LS DS, 9), DO, 9))]
(9.23) mr

< const.(s72/m0) 1+“/ Nyw.in (2 )MQ(Z’MXISE‘Q)(x)dx'
¢
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Hence by Holder’s inequality,
924) Z (DL (F, 9), D™ (£, 9))| < const.(s™2/70) 4Ny i lays || Ny yoin [3-
m#L

Disjointness of Is, and Is, was used only in (9.20).

We turn now to the case of non-disjoint time intervals. Fix S,,,, Sy with Is, C Is, and choose tiles

P <S,,, Q€S,;. The construction has placed severe restrictions on the possibilities for P, ). Now

( S;Q’), ¢(3) ) = 0 unless wp Nwg # 0, so from the outset we can assume wp Nwg # 0, in which case

wpNws, = 0 by (9.8)(e). But then wp C wg, which in turn ensures that |Io| < |[Ip| < s~/™|Ig |
because of (9.11). On the other hand, (9.8)(e) also ensures that I C Is, \ Is,, . Consequently,

1
(9.25) (00,05 )20 = ol < Z5ll,l,  Io CIs\ s,

where, as throughout the remainder of this section, we have set A = s2*/™ to minimize the algebra
involved. Moreover,

(9.26) dist(lg, Is,) > %|ISK|, dist(Ig, Is,,) > %|Igm|
in view of parts (d) and (f) of (9.8) as well as (9.25). Write
(Ds,,(f: ). De,(f. 9)) = (DL (F.9). DSV (S 9)) + (DS (F. 9. DE(f. 9))
+(DE(f.9). DS (F. 9) + (DL (1, ). DE™(F. 9))-
We can concentrate on the first term since the last three terms involve functions (ﬁgm) and so can

be dealt with in the same way as when the time intervals Is , and Is, were disjoint. Hence the last
term satisfies (9.21) while the second and third satisfy (9.24). Now

L0 P = [ (2 e ) (0 o) o o)
Sm_ N PeES,,

. o0 ORWAGD "
(g Qmmz» ) (9, 6C) 60 (as >>

where P ranges over all of S,,, while @) ranges only over those tiles in S, satisfying (9.25) and
(9.26). But by (1.14),

|z — yl

) 14+p
Lg|21687 ()] < const. [x(a >¢u( )  welyel,

and so

; 215, | I+p
3 ol 16 @) < const. [ ( I (—t ) @)x () dy
Qes, lz—y| > LI, | \Jo |z —y t :
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for all z in Ig, because of the restrictions in (9.25) and (9.26). Summing now over all trees Sy with
Is, O Is,,, we see that

, s \* Ny (y)
o265 ()] < const.( m ey
2. 2 Hellog A? o=yl > LI, | 1T — Y[t

L QeSS

Together with Meyer’s lemma ([14, p.242]) this ensures that

in 1
Z( Z \IQ’l/zkb({2 )(x)\> < const.ﬁM(NWSLy,m)(x), x € Ig, .

£ QES@

Hence by (9.8) (b)

1 n in 1
?‘ Z<Dém)(fa 9), Déf )(fa 9) >‘ < const. yiE /I MQ(M(NWTQMJ')))(QU) dzx,
£ Sm

and so

1 ) ) o,
S| Y DI 9 DEY ()| < comst (s N, i sl 1Ny

v Is,, NIs, #0

2v/To  The estimate for the ‘off-diagonal’ part, hence (9.14) also, now

substituting back in for A = s
follow applying (9.8) (c) to this last inequality as well as to (9.21) and (9.24) so long as u > 3. This

together with (9.12) completes the proof of (9.1). O

10. INTERPOLATION

A simple combination of induction and interpolation now finishes the proof of theorem (1.9) and
hence that of Main Theorem II as well as Main Theorem I in Part I. Fix § > 0, § small. The proof
given in the previous sections established the boundedness of

1 €1 €2 €3
DO fg— S cq (1, 657 (g, 657 05

QcQ. \/|IQ|

as a mapping from ¢*° x LP(R) x L9(R) into L"(R) for each permutation € and all p, g subject to
the restriction

3425 < 1/p+1/qg < 3 —26, |1/p—1/q| < 1 —26.

Letting § — 0 we thus obtain the following result.

(10.1) Theorem. The canonical operator D) is bounded from > x LP(R) x L(R) into L"(R)
for all p, q in the region

pg>1, 3 < 1l/p+1/g < % |[1/p—1/q| < 3.
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and all permutations €.

To extend (10.1) to the full range 0 < 1/p+ 1/q < %, denote by Q, k > 1, the region in the
first quadrant of the 1/p-1/¢ plane defined by

2k -1
<

1 1
TS kg S 2% 0 ¢ kp - 2k

)

N W

1
10.2 =
(10.2) T

| =

1
p

D=

This is the interior of the convex region having corners
(0, 1/2k), (0,1—1/2k), (1/2,1), (1,1/2), (1—1/2k, 0), (1/2k, 0).
Notice that €, coincides with the permitted values of (p, ¢) in (10.1), while
Q1 CQy C ... CQ C Qg1 C ..

and

U = {W/p, Yo :ip,g>1, 1/p+1/g <3}
k

In particular, therefore, D) is bounded for all (p, ¢) in ©; and all e. Assume then that D) is
bounded for all (p, q) in 2 and all e. For clarity we take k = 1. A segment of the line 1/p+1/¢g =1
lies inside Q;; in fact, all points between (1/4, 3/4) and (3/4, 1/4) lie in ;. By hypothesis, for
any such pair D) is bounded from L?(R) x L (R) into L' (R), and so one adjoint will be bounded
from LP(R) x L>°(R) into LP(R) while the other adjoint will be bounded from L>(R) x L*' (R) into
LP (R). Thus, D©) will be bounded on LP(R) x L?(R) for all points between (1/4, 0) and (3/4, 0)
in the 1/p-1/q plane as well as those between (0, 1/4) and (0, 3/4) and all points in ;. But the
convex hull of these points is €y, so by interpolation, D(¢) will be bounded for all (p, q) in Q5 and
all € ([1], [9]). The proof for general k is exactly the same, beginning with the segment of the line
1/p+1/q = 1 lying inside Q. This, finally, completes the proof of Main Theorem II, and hence
that of Main Theorem I in [8].

APPENDIX: SQUARE FUNCTION ESTIMATES

In this section we prove (4.6)-(4.7) as well as the two Bessel inequalities (6.7) and (7.5) used in
the course of establishing the counting estimates (6.1) and (7.1).

A. Proof of Inequalities (4.6) and (4.7).

In this section we state and prove the results underpinning the basic inequalities (4.6) and
(4.7) of this paper. These follow from classical Littlewood-Paley theory thanks to the cancellation
properties the wave-packets enjoy on each tree. Given families ¢z and vz of M,-molecules
which are uniformly norm bounded in the sense that

Coyp = sup D 1r3 M gry |
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is finite let
(A1) T:h — > cpes (/ h(y) by (shy —0) dy) Yy (ste —0)

be the associated ‘frame’ operator. With some abuse of notation we shall often write this more
concisely as

[ee]

(A'Q) Th(x) = Z Cke <hv Pl >w1ke (x)

k,l=—oc0

where Iy, = [s7F¢, s7%(¢ +1)); thus ¢y, (2) really means s*/2¢, (s*z — £) and so on. Now the

kernel
o

K@y = Y. cres"ug(sha —0) p(shy —0)
k,f=—oc0

of T satisfies standard estimates of Calderén-Zygmund

1 1
|K(z, y)| < const. H{Cke}HoonHa VK (2, y)| < const. H{Cke}HoGCwma

(assuming g > 1). Furthermore, because K has two-sided vanishing moments, the limit

i > (3 st ([ 10Tt ) v ot 0)

N — oo
k=—N » f=—o00

converges both in norm in L?(R) and pointwise almost everywhere; in particular, 7 h is well-defined
for each L?-function h and

(/Oo !Th(x)de)l/Q < const. [[{cke}looCipus (/OO ’h(x)‘dey/Q.

— 00 — 00

Thus, 7 extends to a bounded operator on LP(R), 1 < p < oo, with the same LP-operator norm
(cf. [6] for example). By taking cgzsy = £1 and applying Khintchine’s inequality we also obtain a
‘square function’ result for LP(R).

(A.3) Theorem. With the notation of (A.2) the inequality

(/‘Z ( i o @Kh’ Prc) |2XI“ (x))p/Q dx) " < const. Cyy </_O; |h(x)|p>1/p

k,l=—

holds uniformly for all h in LP(R), 1 < p < oo.

It is interesting to interpret this result as a ‘Lusin area’ inequality for the function H = H(z)
defined in the upper half-plane z = (z, t), t > 0, by setting

[eo]

H(z) = > (h ¢1,)Xa,,(2)

k,£=—o00
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where x,,, is the tile sitting above Iy, in the s-adic tiling of the time-scale plane.

Proof of Theorem (A.3). Choose any M,-molecule ¢ such that [¢)(xz)] > 1 on [0, 1] and set
Yiky = 9. Then the LP-boundedness of 7 ensures that

i st (/ ) h(y)mdy) W(ska — 0) pdx) N

k,f=—o0 -

o0

1/p
< const. |[{cke}ooCopup </ |h(z)P dx) .

— 00
Thus after taking cxy = +1 and applying Khintchine’s inequality we see that
00 oo p/2 1/p S 1/p
([ (2 o Pln@r) d) < const. Co( [ @l as)
T M, f=—o00 -
from which (A.3) follows since ¢y, (z) > 3k/2X1M (). O

There is also a localized version of this square function result.

(A.4) Theorem. With the notation of (A.2) the inequality

1 1 p/2 1/17
(7 [ (2, gl ond Prs @) o)
Iye CJ

< const. sup oy | Cow (inf 4, (011)(2))
k x
holds uniformly for all h in LP(R), 1 < p < 0o, and all J in Z.

Proof. The proof is standard. Write h = hx,_, + h(1 — x_,) and apply the LP-inequality to hx_,:

(’_‘1]’/"( 2 %Khx”’¢fw>|2><fu<x))p/2dx>l/p

Ixe ©J M‘

1 1/p
< const. Cyy, (m/ |h(z) [P d:):) < const. Cyy, (IIGIfJ Mp(h)(x)>.
sJ z

On the other hand,

1

V el

and so in view of Meyer’s lemma ([14, p.242]),

[ I |”
re| + dist(y, [Lre|)H Tt

’<(h_thJ)7 ¢Ike >’ < const. H¢{k}”/R\ ; ‘h(y)’ ( dya

1

V kel

I 12
((h = hx.,), é)] < const. [légey (%) Mh(z)
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for any = in Ir,. But

Ie|* x, (x) < const. |J|?M.
Ire
Ixe CJ

Hence on J

1/2
(X Gl = F o P, @) < constsup ogu | (411)(a)

L CJ [ kel

uniformly in A and J. From this and the previous estimate for h x Ine the theorem now follows. [

To apply these ideas in the setting of this paper let T be a AU)-tree and for each i let

TV h — Y (b 65)) 6% (@)
QEeT

be the associated ‘frame operator’ in which the wave packets (ﬁg) are defined by (1.2). After
modulation and dilation such an operator can be reduced to (A.1). Indeed, set

i % mi(n — s FAr)z
Pl (@) = ¢ (z) = Qo fk tn} €T

Proposition (4.1) ensures that the frequency n is uniquely determined by k and A, but the depen-

dence of gogik)} on At has been suppressed; in addition,

Im(ai) @yl < const. ||m(a)e® |, ({k, £, n} € T).

On the other hand, the @%2} also have vanishing moments whenever i # j so long they do not
correspond to the tree top itself (cf.(4.5) and (4.10)). Note that when vanishing moments can be
exploited one has the following inequality

min (|7p[*, [Io|")
(Hp| + [Ig| + dist(Ip, Ig))'**

1 (i)

(o) | %a DV < const. [|m(a;)o®|

(¢f. 6, Appendix] for instance).

With the above choice of gpf{i,g}, therefore, the modulated operator (w(ai)TT(i) h)(z) e~ 2™ can

be written as

> [ wamnm @) - O dy) (rlaedy) sk - 0

{k,£,n} €T

where H(z) = h(z)e 2"1% is a modulate of h. Thus, up to modulation and dilation, the tree
operator 77 has the form of (A.1), except possibly for the ‘exceptional term’ corresponding to
@ = It xwr which we estimate separately in a trivial way. So its basic properties follow immediately
from those of 7. In particular, there is a Bessel inequality for each tree with bound uniform over
all trees.
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(A.5) Theorem. Let T be a AU -tree. Then the inequality

> 1 6P < const. @)l [ h(@) do
QeT e
holds uniformly in h, T and ¢ for each i # j.

Applying the ‘square function’ result to the case J = It we obtain the next result.
pplymg q

(A.6) Theorem. Let T be a AY)-tree. Then the inequality

(- (gl e ) )™

QET
< const. [lm(ar)g®| ( / Z |(7T(ai)h)(x)|pdx>1/ ’

holds uniformly in h and T for each p, 1 < p < co.
In its localized form this becomes

(A.7) Theorem. Let T be a AY)-tree. Then the inequality

(ﬁ /J< 2 @Kh’ 90 [ xig (rr>>p/2da:)l/p

IgCJ
< const. sup ||7(a;)p@ ||? (11615 Mp(M(W(ai)h))(ﬂﬁ))
k' x

holds uniformly in h and J for all h € LP(R), 1 < p < o0, all J € I, and each i # j.

B. Proof of Bessel Inequality (6.7).

Recall that a family Q of tiles is said to be A-separated if either wg) ﬂw =0or AIpNAI Q= 1]
for all pairs P, () in Q; in particular, the tiles in @ are mutually disjoint. In this section we prove
that the Bessel inequality

7 7 N, o0
S It o) < const )P (14 22l )

QeQ

in (6.7) holds uniformly in » and Q whenever A > 2. The essential ingredient is the classical
inequality

1

= (¢ o max (|[Ip|*, [Ig|")
(Ipl[Ig)t/2" "¢

() )6
P ) < const. [7(a;)e" || dist(1p, Iq)' T+

(B.1)
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whose proof depends only on the decay of ¢(*) (cf. [6., Appendix], for instance). Now let

R:h—R(h) = Y (h 65)) 68
QREeQ

be the ‘frame’ operator on L?(R) determined by Q and ||R|| its L2?-operator norm. It is clearly
enough to show that

Now

(R, R(A)) = S 1(h ¢8P + 3 (h, 6@ ) (h, 00) (61, 6

QeQ P#Q

—<R<h>,h>+2< S (b 6 60 ) {4 ¢<”>>

PeQ MQ#P, |Iq|<|Ip|

+ Z( S (D )h, 68 ¢ §?,¢S>>).

QReQ " P#£Q, |Ip|<|Iq]

It is enough to estimate the first of the two sums on the right hand side immediately above since
the other follows in the same way, reversing the roles of P and . So fix P in Q. We can assume
wpNwg # 0, for otherwise the inner product of the wave packets vanishes; in particular, therefore,
Alp N Alg = (. On the other hand, basic estimate (B.1) with |Ig| < |Ip| ensures that

D Ik 0 ) (), 68

QeQ
OIS el T |
< comt. (@)oo 3 { (i) et s
< const. ||7r(ai)¢(i)||2 /|IP|<ﬁmi€nIf; M(M(W(ai)h))(x)>,
and so

Z( S e, ¢<z)><<”¢>>|)

PeQ *Q#P,|Ig| <|Ip|
< const.n(a)6 V5 [ Nol@)a(n(a 1)) M (M (r(as))(w) d

Hence N
HRH2 < [|R|| + const. \|7r(al)¢()”2|| QHoo’

from which (B.2) follows. O
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C. Proof of Bessel inequality (7.5).

As the family of individual tiles has now to be replaced by a family of trees vanishing moments
as well as the following two hypotheses become crucial to the proof. Let F = {T}recr be a family
of AU)-trees in ?,(jm, i < j, having respective tree tops QT = It X wr, such that for some A > 2,

the inclusion C It holds for a el T, and eac. € s,
NC) the inclusion Alg C It holds for all Q € T, I # I deach T € F

i € F are trees with Ay < Ar/, ¢ en v Nwt =0 when el € an C Ir.
NV) if T, T € F ith At < Apv, then wy) Nwl) =@ when P €T, Q € T' and I C I

Under these conditions we establish the Bessel inequality

(1) S (3 It o hR) < const a1+ I ) g

TeF *QeT

with constant uniform in A and F. By maximality the tree-tops @t form a disjoint family so in
proving (C.1) we use the Bessel inequality in Appendix B to deal separately with the Qr and hence
reduce the problem to establishing the ‘trimmed version’

(©2) S (3 e < const o1+ Il g,

TeF *Q<Qr

summing only over tiles @ < Qr in T.

It will be illuminating to bring out the role of conditions (NC) and (NV).

(C.3) Remark. Condition (NC) has a geometric interpretation in terms of tents. The usual Tent
T(I) above an interval I consists of all point in the upper half plane lying on or below the graph
{(x,t) : t = dist(x,I°)} (cf. [16, p.58]). The restriction Q € T = Alg C I ensures that tents
with smaller slopes can be used. More precisely, let

Adist(z, I°) }

TA(IT):{(x,t):0<t§ —

be the tent above It whose sides have slope £4/(A —1). Then the square Ay, above I lies inside
Ts(It) whenever Al C Iy.

(C.4) Remark. The (NV) condition implies that if Ay < Ap, P € T, @Q € T’ then <¢8), g)> #0
only when It N I = (); or when Ig C Iy \ It if It C Iy . Note also that in particular we must
necessarily have that wg) N wg) # (). When this is the case, only the following two situations may
arise:

(a) wp =wq or (b) wp Cwg.

This is because by (1.11), (1.12) and the ordering of the Fourier supports, wg C wp cannot occur.

Otherwise we would have that w( D C wg C wgg) by scale and (1.11) which would give At € w(J )

A € w() and At < Ap; a contradiction since wgg) < wg)

result we need to bear in mind is (1.13). Indeed, note that if wp C wg, w (Z) N wg) # () then

for i < j. In case (b), the crumal
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wg) C wp C wg) by (1.11) and (1.12). Hence Ar € wg) and A\ € wg), i < j. So in particular
At < A and now Property (1.13) guarantees that (b) can occur for no more than one scale, i.e.,
for no more than one choice of |wg| for each P in T.

The proof of (C.2 ) proceeds in three steps.
STEP 1. Single Tree: Apply (A.5).

STEP 2. Single Row: A row of trees is a family {T,,},, of trees whose tree tops ‘sit side by side’
meaning that their time intervals It are mutually disjoint. Let

S:h—>z( 3 (h, 63)) x ())
m  ~QETm,Q<Qr,
be the associated operator mapping functions on R to functions on the half-plane. Then

Z( ) (h, ¢g)>|2> _ Const/ / (Sn) .o & dxdt

m ~QEeTH,Q<Qr,

so in the case of a single row (C.2) follows once the norm of S : L?(R) — L?*(R?%) has been
estimated. To accomplish this localize S by setting

SEWE) = 3 (wlah, 65" )xolz), SO =37 SEY,

QEeTr,

ST = Y (rlah 65" ) xg(2), SO0 =3 sl

QET,

where ¢(m) and 69" are defined as in (9.16 , now for Q € T,,
Q Q

in)

By Step 1 each Sﬁn) is uniformly bounded, but the crucial point is that Sq(n
defined on I, to ones defined on the tent T4 (I, ). Since the T4(Ir,, ) have mutually disjoint base

maps functions

the 87(72") are orthogonal in the sense

Simo (s =0, (SI™) e8I =0, ({#£m).

Consequently,
S I2(R) - I2(R2),  [SUhlly < sup [SEMhlls < const.||Alls

uniformly in T,,. Note that disjointness of It, not (NC) was all that was needed for SU™) but
(NC) does become essential in establishing boundedness of & (0ut) hecause here only decay of ¢()
is available. But by (1.14) and Meyer’s lemma ([14, p.242]),

1

ly — x|t+H 4

(m(ai)h, 68| < const. [T ¥+ / (n(as) ) ()]
R\Ir,,

< const. t'/? (W) M (m(ai)h)(x)
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for all (z, t) in Ag. Thus

S (h)(x,t)] < const. t1/2( t )> M (7 (a;)h)(z)

dist(z, If,
inside T4 (Ir,, ), while Sﬁfut)(h) = 0 outside T'4(Ir,, ). Hence, by orthogonality,

(X 8w, S s )| = [ (s m, s )|

< const. ; (/TA(ITm)<m)2uM2(w(ai)h)(x)dxtdt>.

Integrating over each tent we see that

const.

- 1/2
s, < const. ot ([ aPG@m@ ) < S

again because the I, are disjoint. Hence

I e dxdt 1 co
2 2
/_ /0 |S(h)(x, )] v < const. (1 + AH) / |h(x)|* du,

— 00

establishing (C.2) for a single row since (A —1) > A/2 when A > 2. O

STEP 3. Multiple Rows: The family F can be decomposed into at most | Nz||~ rows of trees, say
(i = 1,2, (cf. [4, p. 567)); let

R — (X (el

m Qeij7Q<Qij

be the associated row operators. Since

S (X Kne)E) = Y (Rhh),

TeF QeT,Q<Qr J

Bessel inequality (C.2) follows once the estimate

[ NF|oo
< const. <1 + T

(C.6) HZ R,

L(L?)

for the norm of > ; Rj as an operator on L?(R) has been established. We apply Cotlar’s Lemma
to the {R;}. Step 2 takes care of individual R;. Indeed, if S; denotes the operator from L?(R) to
L?(R%) determined by {T}j,,}, then R; = S o S;; consequently, by Step 2,

1
IRjllzc2y < const.<1+ ﬁ)
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uniformly in j. As the R; are self-adjoint, it thus remains to estimate R; o Ry, for j # k. Now,

(C7) (Ri(gh Rem) = S°( 3 (g o)k 0 )0, 65))).

£m  PETjm, Q€ETke

Observe that (NV) implies that the inner product (¢p @ gb(l)) does not contribute to the sums on
the right hand side of (C.7) unless I, NIr,, =0 or

IQ C ITM \I’]ij when )\jm < Ape; Ip C I']ij \I']TM when iy < )‘jm'

This brings us to the discussion in (C.4) and we divide the sums into these cases accordingly. First
let us replace sums over tiles with integrals over tents. To simplify the notation we write I,,, instead
of I, and I, instead of Ir,,. Set

CGu(2) = 3 (g o) xe(2),  Hew) = > (h 65)) xo(w)

PeTjm Q€ Tre

and

Enmo(zow) = > (6%, 69 ) xp(2) xo (w).

PET)jm,Q €Ty
Then G,,, and Hy have support in the respective tents T4 (I,,), T'a(I;), while

1 1

W|Gm(:c, t)] < const. M(m(a;)g)(z), 7)1T|Hg(y, v)| < const. M(m(a;)h)(y).

In addition,

S 3 (g,62) (k0@ (6, 6D

PeTjm Q€T
——— dydv dzdt
= / / Km,@(xu 13y, /U) Gm(.’E, t) H[(y, ’U) y2 2 7
TA(Im) TA(IZ) v

Now suppose Aj,;, < Age. Then for each fixed P in Tj,,, the discussion above plus (C.4) ensure
that K, ¢(z, t;y, v) = 0on Ap x T4(I;) unless

[|Ip|, s/Ip|), in case (a),
e R\ In) N I, v €

[vo, Svo), in case (b),

where vy depends on A\gp — Aj, (¢f. (1.13) and [8, (5.15)]). Furthermore, in view of (B.1),

tH
( |z —yP*“)

N[

| K¢, m(z, t;y, v)] < const. (vt)
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on Ap x Tx(I;) whichever case (a) or (b) applies. Consequently,

2 </TA(Ie) | Ko, e(@, £y, V) Hely, v) | di/}gv)

{€:Xjm < Ake}

< const. t1/2<

t 12
)> M (M () ) ()

dist(zx, I¢,

on Ap because the base intervals I, are disjoint. Thus

as
CO

——  dydv | dxdt
Z Z (/ {/ ‘Km,é(xa t;y, U) Gm(xv t)HK(ya U) ‘ y—g} ) )
Ta(Im) \JTa(Iy) v

m {6 < Ape}
< const. ﬁ /_O; M(m(a;)g)(x) M (M (m(a;)h)(x) dx

the base intervals I,,, also are disjoint. After reversing the roles of P and ) we obtain the
rresponding inequality for the case of all Aj,,, Age with Ay < Ajp,. Together the two estimates

now ensure that

(Ryo), Ru))] < const. o [~ {Mrlag) @) (M (r(a)h)) )

+ MM (r(a)h))(y) M (r(a)h)(x) } d.

whenever j # k. Inequality (C.6), and hence (C.2) also, follows applying Cotlar’s lemma. This,
finally, completes the proof. [J

10
11
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