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Instructor: Gordan Zitkovic

Lecture 11
Discrete Martingales

Discrete-time filtrations and stochastic processes

One of the uses of σ-algebras is to single out the subsets of Ω to which
probability can be assigned. This is the role of F . Another use, as
we have seen when discussing conditional expectation, is to encode
information. The arrow of time, as we perceive it, points from less
information to more information. A useful mathematical formalism is
the one of a filtration.

Definition 11.1 (Filtration). A filtration is a sequence {Fn}n∈N0 , where
N0 = N ∪ {0}, of sub-σ-algebras of F such that Fn ⊆ Fn+1, for all
n ∈ N0. A probability space with a filtration - (Ω,F , {Fn}n∈N0 , P) -
is called a filtered probability space.

We think of n ∈N0 as the time-index and of Fn as the information
available at time n.

Definition 11.2 (Stochastic Process). A (discrete-time) stochastic pro-
cess is simply a sequence {Xn}n∈N0 of random variables.

A stochastic process is a generalization of a random vector; in fact,
we can think of a stochastic processes as an infinite-dimensional ran-
dom vector. More precisely, a stochastic process is a random element in
the space RN0 of real sequences. In the context of stochastic processes,
for each ω ∈ Ω, the sequence (X0(ω), X1(ω), . . . ) is called a trajectory
of the stochastic process {Xn}n∈N0 . This dual view of stochastic pro-
cesses - as random trajectories (sequences) or as sequences of random
variables - can be supplemented by another interpretation: a stochastic
process is also a map from the product space Ω×N0 into R.

Definition 11.3 (Adaptedness). A stochastic process {Xn}n∈N0 is said
to be adapted with respect to the filtration {Fn}n∈N0 if Xn is Fn-
measurable for each n ∈N0.

Last Updated: January 24, 2015



Lecture 11: Discrete Martingales 2 of 16

Intuitively, the process {Xn}n∈N0 is adapted with respect to the
filtration {Fn}n∈N0 if its value Xn is fully known at time n (assuming
that the time-n information is given by Fn).

The most common way of producing filtrations is by generating
them from stochastic processes. More precisely, for a stochastic process
{Xn}n∈N0 , the filtration {FX

n }n∈N0 , given by

FX
n = σ(X0, X1, . . . , Xn), n ∈N0,

is called the filtration generated by {Xn}n∈N0 or the natural filtration
of {Xn}n∈N0 . Clearly, X is always adapted to its own natural filtration.

Martingales

Definition 11.4 (Sub-, Super-, Martingale). Let {Fn}n∈N0 be a filtra-
tion. A stochastic process {Xn}n∈N0 is called an {Fn}n∈N0 -supermar-
tingale if

1. {Xn}n∈N0 is {Fn}n∈N0 -adapted,

2. Xn ∈ L1, for all n ∈N0, and

3. E[Xn+1|Fn] ≤ Xn, a.s., for all n ∈N0.

A process {Xn}n∈N0 is called a submartingale if {−Xn}n∈N0 is a su-
permartingale. A martingale is a process which is both a supermartin-
gale and a submartingale at the same time, i.e., for which the equality
holds in 3. above.

Remark 11.5. Very often, the filtration {Fn}n∈N0 is not explicitly men-
tioned. Then, it is often clear from the context what filtration should be
used. Many times, the existence of an underlying filtration {Fn}n∈N is
assumed throughout. Alternatively, if no filtration is pre-specified, the
filtration {FX

n }n∈N0 , generated by {Xn}n∈N0 is used. It is important to
remember, however, that the notion of a (super-, sub-) martingale only
makes sense in relation to a filtration, and that different filtrations give
rise to different families of martingales.

The fundamental examples of martingales are (additive or multi-
plicative) random walks:

Example 11.6.

1. An additive random walk. Let {ξn}n∈N be a sequence of iid random
variables with ξn ∈ L1 and E[ξn] = 0, for all n ∈N. We define

X0 = 0, Xn =
n

∑
k=1

ξk, for n ∈N.
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The process {Xn}n∈N0 is a martingale with respect to the filtration
{FX

n }n∈N0 generated by it (which is the same as σ(ξ1, . . . , ξn)). In-
deed, we clearly have Xn ∈ L1(FX

n ) for all n ∈N, and

E[Xn+1|Fn] = E[ξn+1 + Xn|Fn] =

= Xn + E[ξn+1|Fn] = Xn + E[ξn+1] = Xn, a.s.,

where we used the “irrelevance of independent information”-property
of conditional expectation (in this case ξn+1 is independent of FX

n =

σ(X0, . . . , Xn) = σ(ξ1, . . . , ξn)).

It is easy to see that if {ξn}n∈N are still iid, but E[ξn] > 0, then
{Xn}n∈N0 is a submartingale. When E[ξn] < 0, we get a super-
martingale.

2. A multiplicative random walk. Let {ξn}n∈N be an iid sequence in L1

such that E[ξn] = 1. We define

X0 = 1, Xn =
n

∏
k=1

ξk, for n ∈N.

The process {Xn}n∈N0 is a martingale with respect to the filtration
{FX

n }n∈N0 generated by it. Indeed, Xn ∈ L1(FX
n ) for all n ∈ N

and

E[Xn+1|Fn] = E[ξn+1Xn|Fn] =

= XnE[ξn+1|Fn] = XnE[ξn+1] = Xn, a.s.,

where, in addition to the “irrelevance of independent information”
we also used “pulling out what’s known”.

Is it true that, if E[ξn] > 1, we get a submartingale and that if
E[ξn] < 1, we get a supermartingale?

3. Wald’s martingales. Let {ξn}n∈N be an independent sequence, and
let ϕn(t) be the characteristic function of ξn. Assuming that1 ϕn(t) 6= 1 Can you think of a useful sufficient con-

ditions for this?0, for all t ∈ R and n ∈ N, the previous example implies that the
process {Xn}n∈N0 , defined by

Xt
0 = 1, Xt

n =
n

∏
k=1

eitξk
ϕk(t)

, n ∈N,

is a martingale. Actually, it is complex-valued, so it would be bet-
ter to say that its real and imaginary parts are both martingales.
This martingale will be important in the study of hitting times of
random walks.

4. Lévy martingales. For X ∈ L1, we define

Xn = E[X|Fn], for n ∈N0.
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The tower property of conditional expectation implies that {Xn}n∈N0

is a martingale.

5. An urn scheme. A nonempty urn contains b black and w white balls
on day n = 0. On each subsequent day, a ball is chosen at random
from the urn (each ball in the urn has the same probability of being
picked) and then put back together with another ball of the same
color. Therefore, at the end of day n, here are n + b + w balls in the
urn. Let Bn denote the number of black balls in the urn at day n,
and let define the process {Xn}n∈N0 by

Xn = Bn
b+w+n , n ∈N0,

to be the proportion of black balls in the urn at time n. Let {Fn}n∈N0

denote the filtration generated by {Xn}n∈N0 . The conditional prob-
ability - given Fn - of picking a black ball at time n is Xn, i.e.,

P[Bn+1 = Bn + 1|Fn] = Xn and P[Bn+1 = Bn|Fn] = 1− Xn.

Therefore,

E[Xn+1|Fn] = E[Xn+11{Bn+1=Bn}|Fn] + E[Xn+11{Bn+1=Bn+1}|Fn]

= E[ Bn
b+w+n+1 1{Bn+1=Bn}|Fn] + E[ Bn+1

b+w+n+1 1{Bn+1=Bn+1}|Fn]

= Bn
b+w+n+1 (1− Xn) +

Bn+1
b+w+n+1 Xn

= Bn(1−Xn)+(Bn+1)Xn
b+w+n+1 = Xn

and {Xn}n∈N0 is a martingale. How does this square with your
intuition? Should not a high number of black balls translate into
a high probability of picking a black ball? This will, in turn, only
increase the number of black balls with high probability. In other
words, why is {Xn}n∈N0 not a submartingale (which is not a mar-
tingale), at least for large b

b+w ?

To get some feeling for the definition, here is a simple exercise:

Problem 11.1.

1. Let {Xn}n∈N0 be a martingale. Show that E[Xn] = E[X0], for all
n ∈ N0. Give an example of an adapted process {Yn}n∈N0 with
Yn ∈ L1, for all n ∈ N0 which is not a martingale, but E[Yn] =

E[Y0], for all n ∈N0.

2. Let {Xn}n∈N0 be a martingale. Show that

E[Xm|Fn] = Xn, for all m > n.

3. Let {Xn}n∈N0 be a submartingale, and let ϕ : R → R be a con-
vex function such that ϕ(Xn) ∈ L1, for all n ∈ N0. Show that
{ϕ(Xn)n}n∈N0 n ∈N0 is a submartingale, provided that either
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(a) ϕ is nondecreasing, or

(b) {Xn}n∈N0 is a martingale.

In particular, if {Xn}n∈N is a submartingale, so are {X+
n }n∈N0 and Hint: Use conditional Jensen’s inequal-

ity.{eXn}n∈N0 .

Predictability and martingale transforms

Definition 11.7 (Predictability). A process {Hn}n∈N is said to be pre-
dictable with respect to the filtration {Fn}n∈N0 if Hn is Fn−1-measurable
for n ∈N.

A process is predictable if you can predict its tomorrow’s value to-
day. We often think of predictable processes as strategies: let {ξn}n∈N

be a sequence of random variables which we interpret as gambles. At
time n we can place a bet of Hn dollars, thus realizing a gain/loss of
Hnξn. Note that a negative Hn is allowed - the player wins money if
ξn < 0 and loses if ξn > 0 in that case. If {Fn}n∈N0 is a filtration
generated by the gambles, i.e., F0 = {∅, Ω} and Fn = σ{ξ1, . . . , ξn},
for n ∈ N, then Hn ∈ Fn−1, so that it does not use any information
about ξn: we are allowed to adjust our bet according to the outcomes
of previous gambles, but we don’t know the outcome of ξn until after
the bet is placed. Therefore, the sequence {Hn}n∈N is a predictable
sequence with respect to {Fn}n∈N0 .

Problem 11.2. Characterize predictable submartingales and predictable Note: To comply with the setting in
which the definition of predictability is
given (processes defined on N and not
on N0), simply discard the value at 0.

martingales.

Definition 11.8 (Martingale transform). Let {Fn}n∈N0 be a filtration
and let {Xn}n∈N0 be a process adapted to {Fn}n∈N0 . The stochastic
process {(H · X)n}n∈N0 , defined by

(H · X)0 = 0, (H · X)n =
n

∑
k=1

Hk(Xk − Xk−1), for n ∈N,

is called the martingale transform of X by H.

Remark 11.9.

1. The process {(H · X)n}n∈N0 is called the martingale transform of
X, even if neither H nor X is a martingale. It is most often applied
to a martingale X, though - hence the name.

2. In terms of the gambling interpretation given above, X plays the
role of the cumulative gain (loss) when a $1-bet is placed each time:

X0 = 0, Xn =
n

∑
k=1

ξk, where ξk = Xn − Xn−1, for n ∈N.
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If we insist that {ξn}n∈N is a sequence of fair bets, i.e., that there
are no expected gains/losses in the n-th bet, even after we had the
opportunity to learn from the previous n− 1 bets, we arrive to the
condition

E[ξn|Fn−1] = 0, i.e., that {Xn}n∈N0 is a martingale.

The following proposition states that no matter how well you choose
your bets, you cannot make (or loose) money by betting on a sequence
of fair games. A part of result is stated for submartingales; this is for
convenience only. The reader should observe that almost any state-
ment about submartingales can be turned into a statement about su-
permartingales by a simple change of sign.

Proposition 11.10 (Martingale transforms of (sub)martingales). Sup-
pose that {Xn}n∈N0 is adapted, and {Hn}n∈N predictable. Then, the mar-
tingale transform H · X of X by H is

1. a martingale, provided that {Xn}n∈N0 is a martingale and Hn(Xn −
Xn−1) ∈ L1, for all n ∈N,

2. a submartingale, provided that {Xn}n∈N0 is a submartingale, Hn ≥ 0,
a.s., and Hn(Xn − Xn−1) ∈ L1, for all n ∈N.

Proof. Just check the definition and use properties of conditional ex-
pectation.

Remark 11.11. The martingale transform is the discrete-time analogue
of the stochastic integral. Note that it is crucial that H be predictable
if we want a martingale transform of a martingale to be a martingale.
Otherwise, we just take Hn = sgn(Xn − Xn−1) ∈ Fn and obtain a
process which is not a martingale unless X is constant. This corre-
sponds to a player who knows the outcome of the game before the bet
is placed and places the bet of $± 1 which is guaranteed to win.

Stopping times

Definition 11.12 (Stopping time). A random variable T with values in
N0 ∪ {∞} is called a random time. A random time is said to be a
stopping time with respect to the filtration {Fn}n∈N0 if

{T ≤ n} ∈ Fn, for all n ∈N.

Remark 11.13.

1. Stopping times are simply random instances with the property that
at every instant you can answer the question “Has T already hap-
pened?” using only the currently-available information.
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2. The additional element +∞ is used as a placeholder for the case
when T “does not happen”.

Example 11.14.

1. Constant (deterministic) times T = m, m ∈N0 ∪ {∞} are obviously
stopping times. The set of all stopping times can be thought of
as an enlargement of the set of “time-instances”. The meaning of
“when Red Sox win the World Series again” is clear, but it does not
correspond to a deterministic time.

2. Let {Xn}n∈N0 be a stochastic process adapted to {Fn}n∈N0 . For a
subset B ∈ B(R), we define the random time TB by

TB = min{n ∈N0 : Xn ∈ B}.

TB is called the hitting time of the set B and is a stopping time.
Indeed,

{TB ≤ n} = {X0 ∈ B} ∪ {X1 ∈ B} ∪ · · · ∪ {Xn ∈ B} ∈ Fn.

3. Let {ξn}n∈N be an iid sequence of coin tosses, i.e. P[ξi = 1] =

P[ξi = −1] = 1
2 , and let Xn = ∑n

k=1 ξk be the corresponding ran-
dom walk. For N ∈N, let S be the random time defined by

S = max{n ≤ N : Xn = 0}.

S is called the last visit time to 0 before time N ∈ N. Intuitively,
S is not a stopping time since, in order to know whether S had
already happened at time m < N, we need to know that Xk 6= 0,
for k = m + 1, . . . , N, and, for that, we need the information which
is not contained in Fm. We leave it to the reader to make this
comment rigorous.

Stopping times have good stability properties, as the following
proposition shows. All stopping times are with respect to an arbitrary,
but fixed filtration {Fn}n∈N0 .
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Proposition 11.15 (Stability properties of stopping times).

1. A random time T is a stopping time if and only if the process Xn = 1{n≥T}
is {Fn}n∈N0 -adapted.

2. If S and T are stopping times, then so are S + T, max(S, T), min(S, T).

3. Let {Tn}n∈N be a sequence of stopping times such that T1 ≤ T2 ≤ . . . ,
a.s. Then T = supn Tn is a stopping time.

4. Let {Tn}n∈N be a sequence of stopping times such that T1 ≥ T2 ≥ . . . ,
a.s. Then T = infn Tn is a stopping time.

Proof.

1. Immediate.

2. Let us show that S + T is a stopping time and leave the other two
to the reader:

{S + T ≤ n} = ∪n
k=0({S ≤ k} ∩ {T ≤ n− k}) ∈ Fn.

3. For m ∈N0, we have {T ≤ m} = ∩n∈N{Tn ≤ m} ∈ Fm.

4. For m ∈ N0, we have {Tn ≥ m} = {Tn < m}c = {Tn ≤ m− 1}c ∈
Fm−1. Therefore,

{T ≤ m} = {T < m + 1} = {T ≥ m + 1}c

= ∪n∈N{Tn ≥ m + 1}c ∈ Fm.

Stopping times are often used to produce new processes from old
ones. The most common construction runs the process X until time T
and after that keeps it constant and equal to its value at time T. More
precisely:

Definition 11.16 (Stopped process). Let {Xn}n∈N0 be a stochastic pro-
cess, and let T be a stopping time. The process {Xn}n∈N0 stopped at
T, denoted by {XT

n }n∈N0 is defined by

XT
n (ω) = XT(ω)∧n(ω) = Xn(ω)1{n≤T(ω)} + XT(ω)1{n>T(ω)}.

Most of what is great about the martingale theory can be traced
back to the simple observation that the (sub)martingale property is
stable under stopping:

Proposition 11.17 (Stopped (sub)martingales are (sub)martingales). Let
{Xn}n∈N0 be a (sub)martingale, and let T be a stopping time. Then the
stopped process {XT

n }n∈N is also a (sub)martingale.
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Proof. Let {Xn}n∈N0 be a (sub)martingale. We note that the process
Kn = 1{n≤T}, is predictable, non-negative and bounded, so its martin-
gale transform (K · X) is a (sub)martingale. Moreover,

(K · X)n = XT∧n − X0 = XT
n − X0,

and so, XT is a (sub)martingale, as well.

Convergence of martingales

A judicious use of a predictable processes in a martingale transform
yields the following important result:

Theorem 11.18. (Martingale convergence) Let {Xn}n∈N0 be a martin-
gale such that

sup
n∈N0

E[|Xn|] < ∞.

Then, there exists a random variable X ∈ L1(F ) such that Xn → X, a.s.

Proof. We pick two real numbers a < b and define two sequences of
stopping times as follows (see pictures on the next page):

T0 = 0,

S1 = inf{n ≥ 0 : Xn ≤ a}, T1 = inf{n ≥ S1 : Xn ≥ b}
S2 = inf{n ≥ T1 : Xn ≤ a}, T2 = inf{n ≥ S2 : Xn ≥ b}, etc.

(11.0)

In words, let S1 be the first time X falls under a. Then, T1 is the first
time after S1 when X exceeds b, etc. We leave it to the reader to check
that {Tn}n∈N and {Sn}n∈N are stopping times. These two sequences
of stopping times allow us to construct a predictable process {Hn}n∈N

which takes values in {0, 1}. Simply, we “buy low and sell high”:

Hn = ∑
k∈N

1{Sk<n≤Tk} =

1, Sk < n ≤ Tk for some k ∈N,

0, otherwise.

Let Ua,b
n be the number of “ completed upcrossings by time n”, i.e., the

process defined by

Ua,b
n = inf{k ∈N : Tk ≤ n}.

A bit of accounting yields:

(H · X)n ≥ (b− a)Ua,b
n − (Xn − a)−. (11.1)
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b

a

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

The green squares represent the stop-
ping times S1, S2, . . . and red squares
represent T1, T2, . . . . Bold lines indicate
that H = 1 and the thin ones that H = 0.

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21

On the left is the graph of a typical tra-
jectory of the process Y, obtained by “in-
vesting in” X when H = 1 and doing
nothing when H = 0.

Indeed, the total gains from the strategy H can be split into two
components. First, every time a passage from below a to above b is
completed, we pocket at least (b− a). After that, if X never falls below
a again, H remains 0 and our total gains exceeds (b− a)Ua,b

n , which, in
turn, trivially dominates (b− a)Ua,b

n − (Xn− a)−. The other possibility
is that after the last upcrossing, the process does reach the value below
a at a certain point. The last upcrossing already happened, so the
process never hits a value above b after that; it may very well happen
that we “lose” on this transaction. The loss is overestimated by (Xn −
a)−.

Then the inequality (11.1) and fact that the martingale transform (by
a bounded process) of a martingale is a martingale yield

E[Ua,b
n ] ≤ 1

b−a E[(H · X)n] +
1

b−a E[(Xn − a)−] ≤ E[|Xn |]+|a|
b−a .

Let Ua,b
∞ be the total number of upcrossings, i.e., Ua,b

∞ = limn Ua,b
n . Us-
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ing the monotone convergence theorem, we get the so-called upcross-
ings inequality

E[Ua,b
∞ ] ≤

|a|+supn∈N0
E[|Xn |]

b−a

The assumption that supn∈N0
E[|Xn|] < ∞, implies that E[Ua,b

∞ ] < ∞

and so P[Ua,b
∞ < ∞] = 1. In words, the number of upcrossings is

almost surely finite (otherwise, we would be able to make money by
betting on an unfair game).

It remains to use the fact that Ua,b
∞ < ∞, a.s., to deduce that {Xn}n∈N0

converges. First of all, by passing to rational numbers and taking
countable intersections of probability-one sets, we can assert that

P[Ua,b
∞ < ∞, for all a < b rational] = 1.

Then, we assume, contrary to the statement, that {Xn}n∈N0 does not
converge, so that

P[lim inf
n

Xn < lim sup
n

Xn] > 0.

This can be strengthened to

P[lim inf
n

Xn < a < b < lim sup
n

Xn, for some a < b rational] > 0,

which is, however, a contradiction since, on the event {lim infn Xn <

a < b < lim supn Xn}, the process X completes infinitely many up-
crossings.

We conclude that there exists an [−∞, ∞]-valued random variable
X∞ such that Xn

a.s.→ X∞. In particular, we have |Xn|
a.s.→ |X∞|, and

Fatou’s lemma yields

E[|X∞|] ≤ lim inf
n

E[|Xn|] ≤ sup
n

E[|Xn|] < ∞.

Some, but certainly not all, results about martingales can be trans-
ferred to submartingales (supermartingales) using the following propo-
sition:

Proposition 11.19 (Doob-Meyer decomposition). Let {Xn}n∈N0 be a
submartingale. Then, there exists a martingale {Mn}n∈N0 and a predictable
process {An}n∈N (with A0 = 0 adjoined) such that An ∈ L1, An ≤ An+1,
a.s., for all n ∈N0 and

Xn = Mn + An, for all n ∈N0.

Proof. Define

An =
n

∑
k=1

E[Xk − Xk−1|Fk−1], n ∈N.
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Then {An}n∈N is clearly predictable and An+1 ≥ An, a.s., thanks to
the submartingale property of X. Finally, set Mn = Xn − An, so that

E[Mn −Mn−1|Fn−1] = E[Xn − Xn−1 − (An − An−1)|Fn−1]

= E[Xn − Xn−1|Fn−1]− (An − An−1) = 0.

Corollary 11.20 (Submartingale convergence). Let {Xn}n∈N0 be a sub-
martingale such that

sup
n∈N0

E[X+
n ] < ∞.

Then, there exists a random variable X ∈ L1(F ) such that Xn → X, a.s.

Proof. Let {Mn}n∈N0 and {An}n∈N be as in Proposition 11.10. Since
Mn = Xn − An ≤ Xn, a.s., we have E[M+

n ] ≤ E[X+
n ] ≤ supn E[X+

n ] <

∞. Finally, since E[M−n ] = E[M+
n ]−E[Mn] ≤ supn E[X+

n ]−E[M0] <

∞, we have
sup
n∈N

E[|Mn|] < ∞.

Therefore, Mn
a.s.→ M∞, for some M∞ ∈ L1. Since {An}n∈N is non-

negative and non-decreasing, there exists A∞ ∈ L0
+ such that An →

A∞ ≥ 0, a.s., and so

Xn
a.s.→ X∞ = M∞ + A∞.

It remains to show that X∞ ∈ L1, and for that, it suffices to show that
E[A∞] < ∞. Since E[An] = E[Xn] − E[Mn] ≤ C = supn E[X+

n ] +

E[|M0|] < ∞, monotone convergence theorem yields E[A∞] ≤ C <

∞.

Remark 11.21. Corollary 11.20 - or the simple observation that E[|Xn|] =
2E[X+

n ]−E[X0] when E[Xn] = E[X0] - implies that it is enough to as-
sume supn E[X+

n ] < ∞ in the original martingale-convergence theorem
(Theorem 11.18).

Corollary 11.22 (Convergence under positivity). Let {Xn}n∈N0 be a
non-negative supermartingale (or a non-positive submartingale). Then there
exists a random variable X ∈ L1(F ) such that Xn → X, a.s.

To convince yourself that things can go wrong if the boundedness
assumptions are not met, here is a problem:

Problem 11.3. Give an example of a submartingale {Xn}n∈N with the Hint: Use the Borel-Cantelli lemma.

property that Xn → −∞, a.s. and E[Xn]→ ∞.
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Additional problems

Problem 11.4 (Combining (super)martingales). In 1., 2. and 3. below,
{Xn}n∈N0 and {Yn}n∈N0 are martingales. In 4., they are only super-
martingales.

1. Show that the process {Zn}n∈N0 given by

Zn = Xn ∨Yn = max{Xn, Yn}

is a submartingale.

2. Give an example of {Xn}n∈N0 and {Yn}n∈N0 such that {Zn}n∈N0

(defined above) is not a martingale.

3. Does the product {XnYn}n∈N0 have to be a martingale? A sub-
martingale? A supermartingale? (Provide proofs or counterexam-
ples).

4. Let T be an {Fn}n∈N0 -stopping time (and remember that {Xn}n∈N0 Note: This result is sometimes called the
switching principle. It says that if you
switch from one supermartingale to a
smaller one at a stopping time, the re-
sulting process is still a supermartingale.

and {Yn}n∈N0 are supermartingales). Show that the process {Zn}n∈N0 ,
given by

Zn(ω) =

Xn(ω), n < T(ω)

Yn(ω), n ≥ T(ω),

is a supermartingale, provided that XT ≥ YT , a.s.

Problem 11.5 (An urn model). A nonempty urn contains B0 ∈N black
and W0 ∈ N white balls at time 0. At each time we draw a ball (each
ball in the urn has the same probability of being picked), throw it away,
and replace it with C ∈ N balls of the same color. Let Bn denote the
number of black balls at time n, and let Xn denote the proportion of
black balls in the urn.

1. Show that there exists a random variable X such that

Xn
Lp
→ X, for all p ∈ [1, ∞).

2. Find an expression for P[Bn = k], k = 1, . . . , n + 1, n ∈ N0, when Hint: Guess the form of the solution for
n = 1, 2, 3, and prove that you are correct
for all n.

B0 = W0 = 1, C = 2, and use it to determine the distribution of X
in that case.

Problem 11.6 (Stabilization of integer-valued submartingales).

1. Let {Mn}n∈N0 be an integer-valued (i.e., P[Mn ∈ Z] = 1, for n ∈
N0) submartingale bounded from above. Show that there exists an
N0-valued random variable T with the property that

∀ n ∈N0, Mn = MT on {T ≤ n}, a.s.
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2. Can such T always be found in the class of stopping times? Note: This is quite a bit harder than the
other two parts.

3. Let {Xn}n∈N0 be a simple biased random walk, i.e.,

X0 = 0, Xn =
n

∑
k=1

ξk, n ∈N,

where {ξn}n∈N are iid with P[ξ1 = 1] = p and P[ξ1 = −1] = 1− p,
for some p ∈ (0, 1). Under the assumption that p ≥ 1

2 , show that
X hits any nonnegative level with probability 1, i.e., that for a ∈N,
we have P[τa < ∞] = 1, where τa = inf{n ∈N : Xn = a}.

Problem 11.7 (An application to gambling). Let {εn}n∈N0 be an iid
sequence with P[εn = 1] = 1−P[εn = −1] = p ∈ ( 1

2 , 1). We interpret
{εn}n∈N0 as outcomes of a series of gambles. A gambler starts with
Z0 > 0 dollars, and in each play wagers a certain portion of her wealth.
More precisely, the wealth of the gambler at time n ∈N is given by

Zn = Z0 +
n

∑
k=1

Ckεk,

where {Cn}n∈N0 is a predictable process such that Ck ∈ [0, Zk−1), for
k ∈ N. The goal of the gambler is to maximize the “return” on her
wealth, i.e., to choose a strategy {Cn}n∈N0 such that the expectation
1
T E[log(ZT/Z0)], where T ∈N is some fixed time horizon, is the max-
imal possible. Note: It makes sense to call the ran-

dom variable R such that ZT = Z0eRT

the return, and, consequently E[R] =
1
T E[log(ZT/Z0)], the expected return. In-
deed, if you put Z0 dollars in a bank and
accrue (a compound) interest with rate
R ∈ (0, ∞), you will get Z0eRT dollars
after T years. In our case, R is not deter-
ministic anymore, but the interpretation
still holds.

1. Define α = H( 1
2 )− H(p), where H(p) = −p log p− (1− p) log(1−

p) and show that the process {Wn}n∈N0 given by

Wn = log(Zn)− αn, for n ∈N0

is a supermartingale. Conclude that

E[log(ZT)] ≤ log(Z0) + αT,

for any choice of {Cn}n∈N0 .

2. Show that the upper bound above is attained for some strategy Note: The quantity H(p) is called the en-
tropy of the distribution of ξ1. This prob-
lem shows how it appears naturally in a
gambling-theoretic context: the optimal
rate of return equals to “excess” entropy
H( 1

2 )− H(p).

{Cn}n∈N0 .

Problem 11.8 (An application to analysis). Let Ω = [0, 1), F = B[0, 1),
and P = λ, where λ denotes the Lebesgue measure on [0, 1). For
n ∈N and k ∈ {0, 1, . . . , 2n − 1}, we define

Ik,n = [k2−n, (k + 1)2−n), Fn = σ(I0,n, I1,n, . . . , I2n−1,n).

In words, Fn is generated by the n-th dyadic partition of [0, 1). For
x ∈ [0, 1), let kn(x) be the unique number in {0, 1, . . . , 2n − 1} such
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that x ∈ Ikn(x),n. For a function f : [0, 1) → R we define the process

{X f
n}n∈N0 by

X f
n(x) = 2n

(
f
(
(kn(x) + 1

)
2−n)− f

(
kn(x)2−n)), x ∈ [0, 1).

1. Show that {X f
n}n∈N0 is a martingale.

2. Assume that the function f is Lipschitz, i.e., that there exists K > 0 Note: This problem gives an alternative
proof of the fact that Lipschitz functions
are absolutely continuous.

such that | f (y)− f (x)| ≤ K |y− x|, for all x, y ∈ [0, 1). Show that
the limit X f = limn X f

n exists a.s.

3. Show that, for f Lipschitz, X f has the property that

f (y)− f (x) =
∫ y

x
X f (ξ) dξ, for all 0 ≤ x < y < 1.

Problem 11.9 (A martingale with strange properties). Let the stochas-
tic process {Xn}n∈N0 be constructed as follows: X0 = 0, and for n ∈N,
and conditionally on Fn−1 = σ(X0, . . . , Xn−1), we set

Xn ∼
(
−1 0 1

1
2n 1− 1

n
1

2n

)
when Xn−1 = 0, and

Xn ∼
(

nXn−1 0
1
n 1− 1

n

)
when Xn−1 6= 0.

Show that {Xn}n∈N0 is a martingale which converges to 0 in probabil-
ity but not a.s.

Problem 11.10 (An explicit Doob-Meyer decomposition). Let {Xn}n∈N0

be a simple random walk, i.e., X0 = 0, Xn = ∑n
k=1 ξk, for n ∈N, where

{ξn}n∈N is an iid sequence with P[ξ1 = −1] = P[ξ1 = 1] = 1
2 . Let the

filtration {Fn}n∈N0 be given by F0 = 0, Fn = σ(ξ1, . . . , ξn), for n ∈N.
Let |X| = M + A be the Doob-Meyer decomposition of the sub-

martingale |X|, into a martingale M with M0 = 0 and a non-decreasing
predictable process A. Show that M admits the form

M = H · X, (11.1)

for some predictable process H and find an explicit expression for H.

Problem 11.11 (A sequence of martingales). Let {{M(k)
n }n∈N0}k∈N, be

a sequence of non-negative martingales defined on the same filtered
probability space (Ω,F , {Fn}n∈N0 , P). Under the assumption that the

limit Mn(ω) = limk→∞ M(k)
n (ω) exists and is finite for all ω ∈ Ω, prove

that the process {Mn}n∈N0 is a supermartingale, but not necessarily a
martingale.
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Problem 11.12 (An a.s.-convergent, but not L1-covergent martingale in
Lp). Given p ≥ 1, show that there exists a martingale {Xn}n∈N0 such
that

1. Xn ∈ Lp, for all n ∈N.

2. {Xn}n∈N converges a.s., as n→ ∞,

3. {Xn}n∈N is not Cauchy in L1.
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