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Lecture 13
Further Martingales

A bounded optional-sampling theorem

For a stopping time T and a stochastic process {Xn}n∈N0 , we some-
times talk about the value XT of {Xn}n∈N0 sampled at T. When
T(ω) 6= ∞, for all ω ∈ Ω, then we can define

XT(ω) = XT(ω)(ω).

When T takes the value +∞ with positive probability, there is no
canonical way of defining XT . In that case, we often use the ran-
dom variable XT1{T<∞}, which takes the value 0 on the set T = ∞.
Alternatively, if limn Xn exists a.s. on {T = ∞}, we define

XT = lim
n→∞

Xn on {T = ∞}.

Our first result is an extension of Proposition 11.17 in Lecture 11,
and shows that the (sub)martingale property extends from fixed to
stopping times (under certain regularity assumptions).

Proposition 13.1. (Bounded Optional Sampling) Let {Xn}n∈N0 be a
(sub)martingale, and let T be a stopping time. Then the stopped process
{XT

n }n∈N is also a (sub)martingale. Moreover, we have

E[X0] ≤ E[XT∧m] ≤ E[Xm],

for all m ∈N0, and the inequalities become equalities when X is a martingale.

Proof. Assume, first, that {Xn}n∈N0 is a submartingale. We note that
for the processes Hn = 1{T<n}, Kn = 1− Hn, n ∈ N, are both pre-
dictable, non-negative and bounded, so their martingale transforms
(H · X) and (K · X) are submartingales. Moreover,

(H · X)n = Xn − XT∧n, (K · X)n = XT∧n − X0.

The submartingale property of (K · X) is equivalent to the submartin-
gale property of XT , and implies that E[X0] ≤ E[XT∧m], for m ∈ N0.
To prove the second inequality, we use the submartingale property of
(H · X) to conclude that E[Xm − XT∧m] ≥ 0.
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Proposition 13.1 can be used to give a useful characterization of
martingales which does not involve the conditional expectation:

Problem 13.1. Let {Fn}n∈N0 be a filtration, and let S denote the set
of all bounded {Fn}n∈N0 -stopping times T = T(ω) (i.e., T ∈ L1 for
T ∈ S). Prove that (1) and (2) below are equivalent for an adapted
process {Xn}n∈N0 :

1. {Xn}n∈N0 is an {Fn}n∈N0 -martingale.

2. XT ∈ L1 and E[XT ] = E[X0], for all T ∈ S .

How about the equivalence of 1.′ and 2.′ below?

1.’ {Xn}n∈N0 is an {Fn}n∈N0 -supermartingale.

2.’ XT ∈ L1 and E[XT ] ≤ E[X0], for all T ∈ S .

The following simple consequence of Proposition 13.1 has far-reaching
applications:

Corollary 13.2. (Doob’s inequality) Let {Xn}n∈N0 be a submartingale.
For λ > 0 and n ∈N we have

λP[sup
m≤n

Xm ≥ λ] ≤ E[Xn1{supm≤n Xm≥λ}] ≤ E[X+
n ].

Proof. For n ∈N0 and λ > 0, we define the stopping time T by

T = inf{m ∈N0 : Xm ≥ λ} ∧ n

and the event A = {Xm ≥ λ, for some 1 ≤ m ≤ n}. Proposition 13.1
implies that E[Xn] ≥ E[XT∧n] = E[XT ], so

E[Xn] ≥ E[XT1A]+E[XT1Ac ] = E[XT1A]+E[Xn1Ac ] ≥ E[λ1A]+E[Xn1Ac ].

Therefore,
λP[A] ≤ E[Xn1A] ≤ E[X+

n ].

For a stochastic process {Xn}n∈N0 , the maximal process {X∗n}n∈N0

is defined by
X∗n = sup

m≤n
|Xm| .

We also write X∗∞ for the L0
+([0, ∞])-valued random variable supn∈N0

|Xn|.

Corollary 13.3. Let {Xn}n∈N0 be a martingale or a non-negative submartin-
gale. Then

P[X∗n ≥ λ] ≤ 1
λ E[|Xn| 1{X∗n≥λ}] ≤ 1

λ E[|Xn|],

for all n ∈N0, λ > 0.
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Problem 13.2. (Kolmogorov’s inequality) Let {ξn}n∈N be an iid se-
quence such that E[ξ1] = 0 and E[ξ2

1] = σ2 < ∞. If {Xn}n∈N0 is a
random walk with steps {ξn}n∈N, i.e., X0 = 0, Xn = ∑n

k=1 ξk, n ∈ N,
show that, for λ > 0, we have

P[sup
m≤n
|Xm| ≥ λ

√
n] ≤ σ2

λ2 .

Definition 13.4. A random variable Y is said to be in weak L1 - de-
noted by wL1 - if there exists a constant C ≥ 0, such that

λP[|Y| > λ] ≤ C, for all λ > 0.

The smallest value of the constant C with the above property is de-
noted by ||Y||wL1 .

Remark 13.5. Markov’s inequality implies that the weak L1 is a super-
set of L1, and as the function f (x) = 1

x on ((0, 1],B((0, 1]), λ) can be
used to show, the two spaces are not equal.

Problem 13.3. Show that || · ||wL1 does not satisfy the triangle inequal- Hint: On the probability space
((0, 1),B(0, 1), λ), define X1(ω) = 1/ω,
and X2(ω) = 1/(1−ω).

ity, so that it is not a (pseudo)-norm.

Corollary 13.3 states that the value X∗n of the maximal process
{X∗n}n∈N0 is in the weak L1 if X is a martingale or a non-negative
submartingale, with the “wL1-norm” bounded from above by the L1

norm of Xn. More generally, we have

Proposition 13.6. (wL1-maximal inequality) Let {Xn}n∈N0 be a martin-
gale or a non-negative submartingale which is bounded in L1. Then

||X∗∞||wL1 ≤ sup
n∈N0

||Xn||L1 .

Proof. For λ > 0, Corollary 13.3 implies that

λP[X∗∞ > λ] = λ sup
n∈N0

P[X∗n > λ] ≤ sup
n∈N0

E[|Xn|].

Example 13.7. It is interesting to note that the maximum of a non-
negative (and therefore, L1-bounded) martingale does not have to be
in L1. Here is an example: let {ξn}n∈N be an iid sequence of coin-
tosses, i.e., random variables with P[ξ1 = 1] = P[ξ = −1] = 1

2 , and let
Xn = 1 + ∑n

k=1 ξk, n ∈ N0 be a symmetric random walk starting from
X0 = 1. It will be shown a bit later that for the stopping times

τM = inf{n ∈N0 : Xn = M}, M ∈N0,
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we have
P[τM ≤ τ0] =

1
M , for M ≥ 2.

Consider the non-negative martingale Yn = Xτ0
n = Xτ0∧n. The maxi-

mum Y∗∞ will be at least M if and only if X hits the level M before it
hits the level 0. Therefore

P[Y∗∞ ≥ M] = 1
M , for M ≥ 1,

and so ||Y∗∞||L1 = E[Y∗∞] = ∑M≥1 P[X ≥ M] = ∑M≥1
1
M = ∞.

Corollary 13.3 uses Proposition 13.3 to relate the weak L1 norm of
the maximal process to the L1-bound of the underlying martingale (or
a non-negative submartingale). If one is willing to replace L1-estimates
by Lp-estimates for p > 1, one gets a more symmetric theory. We start
with an easy but quite useless version:

Lemma 13.8. (An almost useless maximal inequality) Let {Xn}n∈N0

be a martingale or a non-negative submartingale, and p ∈ (1, ∞). Then, for
n ∈N0

||X∗n||Lp ≤ (n + 1)1/p||Xn||Lp .

Proof. Without loss of generality we assume that E[|Xn|p] < ∞. By
Jensen’s inequality {|Xn|p}n∈N is a submartingale and so E[|Xn|p] ≥
E[|Xk|p], for k ≤ n. Therefore

E[(X∗n)
p] = E[sup

k≤n
|Xk|p] ≤

n

∑
k=0

E[|Xk|p] ≤ (n + 1)E[|Xn|p],

and the statement follows.

The uselessness of the inequality in Lemma 13.8 stems from the
fact that the constant (n + 1)1/p depends on n and cannot be used to
say anything about ||X∗∞||Lp . The following (much deeper) result takes
care of that issue.

Proposition 13.9. (Maximal inequalities) Let {Xn}n∈N0 be a martingale
or a non-negative submartingale, and p ∈ (1, ∞). Then, for n ∈N0

||X∗n||Lp ≤ p
p−1 ||Xn||Lp .

Before we give a proof, here is a simple (and useful) result which, in
the special case Y = 1, relates the tail of a distribution to its moments.

Lemma 13.10. For non-negative random variables X and Y, and p > 0, we
have

E[YXp] =
∫ ∞

0
pλp−1E[Y1{X≥λ}] dλ.
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Proof. Since xp =
∫ x

0 pλp−1 dλ, Fubini’s theorem implies that

E[YXp] = E[Y
∫ X

0
pλp−1 dλ] = E[

∫ ∞

0
Y1{λ≤X}pλp−1 dλ]

=
∫ ∞

0
pλp−1E[Y1{X≥λ}] dλ.

Proof of Proposition 13.9. The process {|Xn|}n∈N0 is a non-negative sub-
martingale, so we can assume, without loss of generality, that {Xn}n∈N0

is a non-negative submartingale and that E[(Xn)p] < ∞, for all n ∈N0.
Corollary 13.3 can be viewed as an (implicitly defined) estimate of the
tail of X∗n in terms Xn:

P[X∗n ≥ λ] ≤ 1
λ E[|Xn| 1{X∗n≥λ}].

Lemma 13.10 turns this tail estimate into a moment estimate in the
same spirit:

E[(X∗n)
p] =

∫ ∞

0
pλp−1P[X∗n ≥ λ] dλ

≤ p
p−1

∫ ∞

0
(p− 1)λp−2E[Xn1{X∗n≥λ}] dλ = p

p−1 E[Xn(X∗n)
p−1].

Let q = p
p−1 be the conjugate exponent of p. Hölder’s inequality ap-

plied to the right-hand side above yields

||X∗n||
p
Lp ≤ q||Xn||Lp ||(X∗n)

p−1||Lq ≤ q||Xn||Lp ||X∗n||
p/q
Lp .

In order divide by ||X∗n||
p/q
Lp and finish the proof, we need to show that

E[(X∗n)p] < ∞. This estimate, however, follows directly from the (not
so) useless maximal inequality of Lemma 13.8.

Definition 13.11. A stochastic process {Xn}n∈N0 is said to be bounded
in Lp, for p ∈ [1, ∞] if the family {Xn}n∈N0 of random variables is
bounded in Lp, i.e., if supn∈N0

||Xn||Lp < ∞.

Corollary 13.12. (Lp-bounded martingales) For p ∈ (1, ∞), let {Xn}n∈N0

be an Lp-bounded process which is a martingale or a non-negative submartin-
gale. Then,

1. the family {|X|pn}n∈N0 is UI, and

2. there exists X∞ ∈ Lp such that Xn → X∞ a.s., and in Lp.

Proof. Since {Xn}n∈N0 is bounded in Lp, it is bounded in L1, so the
martingale convergence theorem implies that there exists X∞ ∈ L1

such that Xn → X∞, a.s. Fatou’s lemma can be used to conclude that
X∞ ∈ Lp. Indeed, we have

E[|X∞|p] = E[lim
n
|Xn|p] ≤ lim inf

n
E[|Xn|p] ≤ sup

n∈N0

||Xn||Lp < ∞.
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In order to establish the uniform integrability of the sequence {|Xn|p}n∈N0 ,
the full strength of the Maximal inequality needs to be used: Proposi-
tion 13.9 implies that for any n ∈N, we have

||X∗n||Lp ≤ p
p−1 ||Xn||Lp ≤ M = p

p−1 sup
n∈N

||Xn||Lp < ∞.

Since X∗n ↗ X∗∞ = supn∈N0
|Xn|, monotone convergence theorem im-

plies that ||X∗∞||Lp ≤ M < ∞. Consequently,

sup
n∈N

|Xn|p ∈ L1,

and so the sequence {|Xn|p}n∈N0 is uniformly bounded by a ran-
dom variable in L1, and, therefore, uniformly integrable. Moreover,
it now follows directly from the dominated convergence theorem that
||Xn − X||Lp → 0.

Remark 13.13. Note how, again, the case p = 1 differs greatly from
the case p > 1. If a martingale (or a non-negative submartingale) is
bounded in L1, it (i.e., the family {|X|pn}n∈N0 ) does not have to be uni-
formly integrable and the convergence Xn → X∞ does not have to hold
in L1. When p > 1, mere boundedness in Lp is enough for uniform
integrability of {|Xn|p}n∈N0 and the convergence Xn → X∞ holds in
Lp. What’s more, the family {|Xn|p}n∈N0 is uniformly integrable in
a particularly strong way - it is uniformly dominated by the random
variable (X∗∞)p ∈ L1.

A general optional-sampling theorem

The (bounded) optional sampling theorem (Proposition 13.1) can be
extended to a large class of unbounded stopping times. Some care is
needed because not all stopping times will give reasonable results:

Example 13.14. Let {Xn}n∈N0 be a simple symmetric random walk,
i.e., X0 = 0, Xn = ∑n

k=1 ξk, n ∈ N, where {ξn}n∈N is an iid sequence
of coin tosses. Let T be the first hitting time of the level 1, i.e.,

T = inf{n ∈N : Xn = 0}.

We will show soon that P[T < ∞] = 1, but the optional sampling
theorem fails dramatically when applied to {Xn}n∈N0 and T:

E[XT ] = 1 > 0 = E[X0].

Note that in Example 13.14, according to Proposition 13.1, we have
E[XT∧n] = 0, but

1 = E[XT ] = E[lim
n

XT∧n] 6= lim
n

E[XT∧n] = 0.
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Therefore, the general optional sampling theorem cannot be derived
from the bounded one because of the lack of convergence Xn∧T →
XT is L1. The conditions under which this happens are spelled out
below. We remind the reader that while the value XT is well defined
for a stochastic process {Xn}n∈N0 and a finite-valued stopping time
T, problems arise when P[T = ∞] > 0. In that case, we set XT =

limn→∞ XT∧n whenever the limit exists, a.s. Otherwise, we do not
define XT at all.

Proposition 13.15. (Optional Sampling under UI conditions) For a
martingale {Xn}n∈N0 , let T be a stopping time such that the stopped mar-
tingale {XT

n }n∈N0 is uniformly integrable. Then

XT = lim
n

XT∧n exists a.s., XT ∈ L1 and E[XT ] = E[X0]. (13.1)

If {Xn}n∈N0 is a non-negative martingale and T a stopping time for which
(13.1) holds, then {XT

n }n∈N0 is uniformly integrable.

Proof. Suppose, first, that {XT
n }n∈N0 is uniformly integrable. It follows

immediately from the Proposition 12.12 in Lecture 12 that it converges
a.s., and in L1 as n → ∞. In particular, the random variable XT =

limn→∞ XT∧n is well defined. Moreover, by the same Proposition, we
have E[X0] = E[XT

0 ] = E[E[XT |F0]] = E[XT ].
Conversely, assume that (13.1) holds for a non-negative martingale

{Xn}n∈N0 and a stopping time T. For the sequence {Yn}n∈N0 , de-
fined by Yn = XT∧n, the bounded optional sampling theorem (Propo-
sition 13.1) implies that ||Yn||L1 = E[Yn] = E[Y0] = E[X0]. Moreover,
non-negativity of {Xn}n∈N0 and (13.1) ensure that Yn → XT , a.s., and
||Yn||L1 → ||XT ||L1 . Proposition 12.9 in Lecture 12 now guarantees
that {XT

n }n∈N0 is uniformly integrable.

It is useful to have a practically-applicable criterion for the uniform
integrability of the stopped martingale XT . It boils down to good
behavior of the process or the stopping time, or merely decent behavior
of both.

Proposition 13.16. Let {Xn}n∈N0 be a martingale, and let T be a stopping
time. Then XT is uniformly integrable in each of the following situations:

1. T is bounded

2. X is uniformly integrable

3. E[T] < ∞ and E[|Xn+1 − Xn| |Fn] ≤ C, a.s., for all n ∈ N0, for some
constant C ≥ 0.

Proof.
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1. Suppose T ≤ N, a.s. Then |XT∧n| ≤ |X1|+ · · ·+ |XN | ∈ L1, making
the family {XT

n }n∈N0 uniformly dominated by a random variable
in L1, and, therefore, uniformly integrable.

2. Since {Xn}n∈N0 is a UI martingale, there exists X ∈ L1 such that
Xn = E[X|Fn], a.s., for each n ∈ N0. We multiply both sides by
1{T=k} and sum over k ∈ {0, . . . , n} to get

n

∑
k=0

Xk1{T=k} =
n

∑
k=0

E[X|Fk]1{T=k}.

If we add the term Xn1{T>n}, to both sides, we get

XT∧n =
n

∑
k=0

E[X|Fk]1{T=k} + E[X|Fn]1{T>n}. (13.2)

Let ϕ : [0, ∞) → [0, ∞), ϕ(0) = 0 be a convex and increasing test
function of uniform integrability for the one-element (and there-
fore UI) family {|X|}, so that E[ϕ(|X|)] < ∞. Applying the convex
function x 7→ ϕ(|x|) to both sides of (13.2) and using the condi-
tional Jensen’s inequality, we get

ϕ(|XT
m|) =

n

∑
k=0

ϕ(|E[X|Fk]|)1{T=k} + ϕ(|E[X|Fn]|)1{T>n}

≤
n

∑
k=0

E[ϕ(|X|)|Fk]1{T=k} + E[ϕ(|X|)|Fn]1{T>n}

=
n

∑
k=0

E[ϕ(|X|)1{T=k}|Fk] + E[ϕ(|X|)1{T>n}|Fn].

Finally, it remains to take the expectation of both sides to obtain
E[ϕ(

∣∣XT
n
∣∣)] ≤ E[ϕ(|X|)] < ∞, for all n ∈N.

3. The idea is to show that the family {XT
n }n∈N0 is, in fact, uniformly

dominated by a random variable in L1, and, therefore, UI. We start
with the identity

XT
n − X0 =

n

∑
k=1

(XT
k − XT

k−1) =
∞

∑
k=1

(XT
k − XT

k−1)1{k≤n}

=
∞

∑
k=1

(Xk − Xk−1)1{k≤n}1{T≥k},

which easily turns into the inequality∣∣∣XT
n

∣∣∣ ≤ |X0|+
∞

∑
k=1
|Xk − Xk−1| 1{T≥k},

the RHS of which does not depend on n. Consequently, it will be
enough to show that ∑∞

k=1 E[|Xk − Xk−1| 1{T≥k}] < ∞. This follows,
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however, from fact that {T ≥ k} ∈ Fk−1, for k ∈N, so that

∞

∑
k=1

E[|Xk − Xk−1| 1{T≥k}] ≤
∞

∑
k=1

E[E[|Xk − Xk−1| |Fk−1]1{T≥k}]

≤ C
∞

∑
k=1

P[T ≥ k] = CE[T] < ∞.

There is another set of conditions under which a form of the op-
tional sampling theorem cabe established. This time, only an inequal-
ity can be obtained, but the assumptions are minimal.

Proposition 13.17. Let {Xn}n∈N0 be a non-negative supermartingale, and
let T be a stopping time. Then the limit XT = limn XT∧n is well-defined,
XT ∈ L1 and E[XT ] ≤ E[X0].

Proof. The process XT is also a non-negative supermartingale, so the
martingale convergence theorem implies that the limit XT = limn XT∧n

exists and that XT ∈ L1. By Fatou’s lemma, we have

E[XT ] = E[lim
n

XT∧n] ≤ lim inf
n

E[XT
n ] ≤ E[X0].

Propositions 13.15 and 13.17 can be used to establish the follow-
ing, more general, optional-sampling theorem for submartingales. We
leave the proof to the reader.

Problem 13.4. (Optional Sampling for Submartingales) Let {Xn}n∈N0

be a submartingale, and let T be a stopping time. Suppose that the
family {X+

T∧n}n∈N0 is uniformly integrable. Then XT = limn XT∧n is
well defined, XT ∈ L1 and E[XT ] ≥ E[X0].

In analogy with the σ-algebra Fn, which models the information
available at time n ∈N, we denote by FT the σ-algebra which models
the information available at the moment the stopping time T happens.
More precisely,

FT = {A ∈ F∞ : A ∩ {T ≤ n} ∈ Fn, ∀ n ∈N0.},

where F∞ = σ(∪nFn).

Proposition 13.18. For a stopping time T, FT is the σ-algebra generated by
the family S = {XT : X ∈ X}, where X denotes the set of all {Fn}n∈N0 -
adapted stochastic processes for which XT is well-defined.

Proof. Suppose, first, that A = X−1
T (B), for some B ∈ B(R) and X ∈

X . Then,

A ∩ {T ≤ n} = {XT ∈ B, T ≤ n} = ∪n
k=0{Xk ∈ B, T = k} ∈ Fn.
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Since the sets of the form X−1
T (B), B ∈ B(R) generate σ(S), we con-

clude that σ(S) ⊆ FT .
Conversely, for A ∈ FT , the process Xn = 1Ac∪{n<T} is adapted

and XT = 1Ac , so Ac ∈ σ(S), and, consequently, A ∈ σ(S).

Proposition 13.19. Let {Xn}n∈N0 be a uniformly integrable martingale,
and let S and T be two stopping times with T ≤ S, a.s. Then, XT , XS ∈ L1

and
E[XS|FT ] = XT , a.s.

In particular,
E[XS] = E[XT ].

Proof. We cover the case S = ∞ first. By Propositions 13.16 and 13.15

XT is well-defined and in L1, and the family XT∧n, n ∈ N0 is uni-
formly integrable. By Proposition 13.1, we have E[XT∧n] = E[Xn],
and, upon letting n→ ∞, we get that

E[XT ] = E[X∞], (13.3)

where X∞ = limn Xn, which exists a.s., thanks to the uniform integra-
bility of {Xn}n∈N0 . We now take A ∈ FT , and define the stopping time
TA by TA = T1A + ∞1Ac (why is TA a stopping time?). The equality
(13.3), with T replaced by TA implies that

E[XT1A] = E[X∞1A],

which directly implies that XT = E[X∞|FT ].
To remove the assumption S = ∞, we consider the process Yn = XS

n
and use part (2) of Proposition 13.16.

Square-integrable martingales

Definition 13.20. A martingale {Xn}n∈N0 is said to be square-integrable
(or an L2-martingale) if

Xn ∈ L2, for all n ∈N0.

Remark 13.21. The notion of a square-integrable martingale does not
coincide with the notion of a martingale bounded in L2 of Definition
13.11. The simple random walk is an example of a square-integrable
process which is not L2-bounded.

Square-integrable martingales have a number of interesting prop-
erties which fundamentally follow from the fact that the conditional
expectation is a projection when restricted to L2:
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Proposition 13.22. (Orthogonality of martingale increments) For a
square-integrable martingale {Xn}n∈N0 we have

E[(Xm2 − Xn2)(Xm1 − Xn1)|Fn1 ] = 0, (13.4)

and, in particular, Xm2 −Xn2 and Xm1 −Xn1 are orthogonal in L2. Further-
more,

E[(Xm1 − Xn1)
2|Fn1 ] = E[X2

m1
− X2

n1
|Fn1 ], (13.5)

for all m2 > n2 ≥ m1 > n1.

Proof. Since E[Xm2 |Fm1 ] = Xm1 = E[Xn2 |Fm1 ], we have E[(Xm2 −
Xn2)|Fm1 ] = 0, and (13.4) follows by multiplying both sides by (Xm1 −
Xn2) ∈ Fm1 and taking expectations. (13.5) is a direct consequence of
(13.4).

Remark 13.23. If one interprets a square-integrable martingale as a se-
quence of vectors (or a discrete path) in L2, the relation (13.4) implies
that each new step of this path is orthogonal to all steps before it. In
other words, each new step of a martingale enters a new dimension.

If {Xn}n∈N0 is a square-integrable martingale, Jensen’s inequality
implies that the process {X2

n}n∈N0 is a submartingale, and, thus, ad-
mits a Doob-Meyer decomposition into a martingale {Mn}n∈N0 and a
predictable non-decreasing process {An}n∈N0 with A0 = 0. The pro-
cess {An}n∈N0 - often denoted by {〈X〉n}n∈N0 - plays an important
role in the study of square-integrable martingales and is called the
(predictable) quadratic variation or the increasing process associated
with X. It is easy to see that

〈X〉n − 〈X〉n−1 = E[(Xn − Xn−1)
2|Fn−1], for n ∈N.

Therefore, we can think of the increment of 〈X〉 as an estimate of the
variance of the next increment of X, conditional on the present infor-
mation. Aggregation of all increments leads to a (somewhat loose)
interpretation of 〈X〉 as a path-by-path measure of the variation of the
process {Xn}n∈N0 . To limit 〈X〉∞ = limn〈X〉n ∈ [0, ∞] is especially im-
portant, as it measures the total “action” of the martingale {Xn}n∈N0 :

Proposition 13.24. Let {Xn}n∈N0 be a square-integrable martingale. Then
X is bounded in L2 if and only if E[〈X〉∞] < ∞. In that case, we have

E[(X∗∞)2] ≤ E[X2
0 ] + 4E[〈X〉∞]. (13.6)

Proof. Since M = X2 − 〈X〉 is a martingale, we have E[X2
n] = E[X2

0 ] +

E[〈X〉n], so supn E[X2
n] < ∞ if and only if supn E[〈X〉n] = E[〈X〉∞] <

∞. The estimate (13.6) follows from the maximal inequality 13.9.
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The larger 〈X〉, the more we expect the martingale X to oscillate.
In fact, many pathwise properties of a square-integrable martingale X
can be deduced from the properties of 〈X〉. Here is an example:

Proposition 13.25. Let {Xn}n∈N0 be a square-integrable martingale. The
limit limn Xn exists a.s. on the set {〈X〉∞ < ∞}.

Proof. For N ∈N, consider the random times

TN = min{n ∈N0 : 〈X〉n+1 ≥ N}.

Note that TN is a stopping time because 〈X〉 is a predictable process.
Using the fact that X2 − 〈X〉 is a martingale, by the bounded optional
sampling theorem, we have

E[X2
TN∧n] = E[X2

0 ] + E[〈X〉TN∧n], for all N, n ∈N..

On the other hand, due to the form of the definition of TN , we have
〈X〉TN∧n ≤ N, a.s., so

E[X2
TN∧n] ≤ E[X2

0 ] + N.

It follows that XTN is a martingale bounded in L2 for each N ∈ N. In
particular, the limit limn→∞ XTN

n exists.
For almost all ω ∈ {〈X〉∞ < ∞}, there exists N ∈ N such that

TN(ω) = ∞. Therefore, for almost all ω ∈ {〈X〉∞ < ∞}, the trajec-
tories Xn(ω), n ∈ N and XTN (ω), n ∈ N coincide if large enough
N is chosen. Consequently, the limit limn Xn(ω) exists for almost all
ω ∈ {〈X〉∞ < ∞}.

Problem 13.5. Construct an example of a square-integrable martingale
{Xn}n∈N0 with 〈X〉∞ = ∞, a.s., such that limn Xn exists a.s.

Additional Problems

Problem 13.6 (Ruin in insurance). The total yearly income stream (pre- Hint: The process exp(θXn) is a martin-
gale for some θ ∈ R.mium income minus claims paid) of an insurance company is modeled

by a normal random variable with mean µ > 0 and variance σ2 > 0. If
the company starts with (a deterministic) initial capital of X0 > 0 and
the income streams are assumed to be independent from year to year,
show that

P[R] ≤ e−2X0
µ

σ2 ,

where R denotes the event in which the total capital falls below 0 at
some point in time.
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Problem 13.7 (Optional Sampling for Submartingales). Let {Xn}n∈N0

be a submartingale, and let T be a stopping time such that the family
{X+

T∧n}n∈N0 is uniformly integrable. Show that XT = limn XT∧n is
well defined, XT ∈ L1 and E[XT ] ≥ E[X0].

Problem 13.8 (Hitting times for the simple random walk). Let {Xn}n∈N0

be a simple random walk starting from 1, i.e., X0 = 1, Xn = 1 +

∑n
k=1 ξk, n ≥ 1, where {ξn}n∈N are iid with P[ξk = 1] = P[ξk = −1] =

1
2 .

1. For θ ∈ R define Yθ
n = e−θXn−α(θ)n, n ≥ 0, where α(θ) = log(cosh(θ)).

Show that {Yθ
n}n∈N0 is a martingale for each θ ∈ R.

2. Define T = inf{n ∈ N0 : Xn = 0} be the first hitting time of
the level 0. By using the optional sampling theorem applied to the
process {Yθ

n}n∈N0 , θ > 0 and the stopping time T, find an expres-
sion for the moment-generating function MT(γ) = E[exp(−γT)],
γ ≥ 0, where we define exp(−γT) = 0 when T = +∞, γ > 0.

3. Compute P[T < ∞] and E[T].

Problem 13.9 (Kolmogorov’s "Three Series" Theorem). Let {ξn}n∈N

be a sequence of independent (not necessarily identically distributed)
random variables, K > 0 and

ξK
n = ξn1{|ξn |≤K}, for all n ∈N.

The Three-Series Theorem states that

∑n ξn converges a.s., if and only if the following three statements hold:

a. ∑n P[|ξn| ≥ K] < ∞,

b. ∑n E[ξK
n ] < ∞, and

c. ∑n Var[ξK
n ] < ∞.

We only deal with the implication “Three series converge ⇒ ∑n ξn

converges” in this problem:

1. Start by arguing that it is enough to show that ∑n(ξ
K
n −E[ξK

n ]) con-
verges.

2. Use the martingale properties of the process

Xn =
n

∑
k=1

ξ̂K
n where ξ̂K

n = ξK
n −E[ξK

n ]

to complete the argument.
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Problem 13.10 (Random signs). Let {an}n∈N be a sequence of non-
negative real numbers, and let {ξn}n∈N be an iid sequence with P[ξn =

1] = P[ξn = −1] = 1
2 , for n ∈ N (we interpret {ξn}n∈N as a se-

quence of random signs). The purpose of this problem is to analyze
a.s.-convergence of the sequence {Xn}n∈N0 , where X0 = 0 and

Xn =
n

∑
k=1

ξkak, n ∈N,

obtained from the original sequence by giving its elements random
signs, and to prove the following result, called the Khintchine’s in-
equality:

For each p ∈ [1, ∞), there exists constants cp and Cp such that

cp||a||`2 ≤ ||∑∞
n=1 ξnan||Lp ≤ Cp||a||`2 , (13.7)

for all sequences {an}n∈N with ||a||`2 :=
√

∑∞
n=1 a2

n < ∞.

1. Suppose that ∑n a2
n < ∞. Show that ∑n ξnan converges a.s. Hint: 1. Show that {Xn}n∈N0 is a mar-

tingale bounded in L2. 2. Argue, first,
that it can be assumed that supn an < ∞.
Then, prove that the stopping times Tk =
inf{n ∈ N : |Xn| ≥ k}, k ∈ N, have
the property that E[〈X〉Tk ] < ∞, for all
k ∈ N. Conclude that P[Tk < ∞] = 1,
for all k ∈N, unless ∑n a2

n < ∞.

2. Prove that the condition ∑ a2
n < ∞ is also necessary for a.s.-con-ver-

gence of ∑n ξnan.

3. Find an expression for the moment-generating function λ 7→ M(λ) =

E[eλX ] of X = limn Xn and show that it satisfies the following
bound: M(λ) ≤ 1

2 ec2λ2
for all λ ∈ R, where c = ||a||2`2 .

4. Use the symmetry of X and the above bound to conclude that

P[|X| ≥ x] ≤ 2e−
x2

2c2 for all x ≥ 0,

and deduce from there the right-hand side of (13.7).

5. Use the right-hand side of (13.7), together with Hölder’s inequality
do deduce the left-hand side of (13.7) (in the nontrivial case p < 2).
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