Lecture 6: Moment-generating functions 1 0f 11

Course: Mathematical Statistics
Term: Fall 2017
Instructor: Gordan Zitkovi¢

Lecture 6
Moment-generating functions

6.1 Definition and first properties

We use many different functions to describe probability distribution (pdfs,
pmfs, cdfs, quantile functions, survival functions, hazard functions, etc.)
Moment-generating functions are just another way of describing distribu-
tions, but they do require getting used as they lack the intuitive appeal of
pdfs or pmfs.

Definition 6.1.1. The moment-generating function (mgf) of the (dis-
tribution of the) random variable Y is the function my of a real param-
eter t defined by

my (t) = E[e"],

for all t € R for which the expectation E[efY] is well defined.

It is hard to give a direct intuition behind this definition, or to explain at
why it is useful, at this point. It is related to the notions of Fourier transform
and generating functions. It will be only through examples in this and later
lectures that a deeper understanding will emerge.

The first order of business is to compute the mgf for some of the more im-
portant (named) random variables. In the case of a continuous distribution,
the main tool is the fundamental theorem which we use with the function
g(y) = exp(ty) - we think of t as fixed, so that

my () = Elexp(tY)] = Elg(N)] = [~ g@)frndy = [ efry)dy.

Example 6.1.2.

1. Uniform distribution. Let Y ~ U(0,1), so that fy(y) = Ljo<y<1}-
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Then
o 1
my(t) = [y = [ vy =} -1).

2. Exponential distribution. Let us compute the mgf of the exponen-
tial distribution Y ~ E(7) with parameter T > 0:

() ) 1
tyl ,— 1 —y(=—t 1.1 1
my(t):‘/o ey?e ]//Tdy:?\/0 e y(-[ )dy:? = —

1
-t
3. Normal distribution. Let Y ~ N(0,1). As above,
) b1 7ly2
my(t) = Lwe i dy.

This integral looks hard to evaluate, but there is a simple trick. We
collect the exponential terms and complete the square:

1 1 1
e 2V = ¢~ 372",
.. . ltz . .
If we plug this into the expression above and pull out e2° which is
constant, as far as the variable of integration is concerned, we get

1, ) 1 2
— g2t 1 3yt
my(t) =e /_ v dy.
This does not look like a big improvement at first, but it is. The
expression inside the integral is the pdf of a normal distribution
with mean t and variance 1. Therefore, it must integrate to 1, as
does any pdf. It follows that

my(t) = e2

As you can see from the first part of this example, the moment generating
function does not have to be defined for all t. Indeed, the mfg of the expo-
nential function is defined only for ¢ < % We will not worry too much for
about this, and simply treat mgfs as expressions in ¢, but this fact is good to
keep in mind when one goes deeper into the theory.

The fundamental formula for continuous distributions becomes a sum in
the discrete case. When Y is discrete with support Sy and pmf py, the mgf
can be computed as follows, where, as above, g(y) = exp(ty):

my(t) = E[e"] = E[g(Y)] = ZS exp(ty)py ().
YyEoy
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Here are some examples:

Example 6.1.3.
e Bernoulli distribution. For Y ~ B(p), we have

t><l

my(t) = e Opy(0) + e py(1) = g + pe',

whereg=1—p.
e Geometric distribution. If Y ~ ¢(p), then P[Y = y] = ¢Yp and

SO
Z:r?ypqy‘— p Z: ge')Y = 5,

where the last equahty uses the familiar expression for the sum
of a geometric series. We note that this only works for ge! < 1,
so that, like the exponential distribution, the geometric distri-
bution comes with a mgf defined only for some values of ¢.

e Poisson distribution. Let Y have the Poisson distribution P(A)
with parameter A > 0, so that Sy = {0,1,2,3,... } and py(y) =
e Ay . Then

my (t) = Elexp(tY)] = E[g(Y)] = ZS: 8§W)ry(y)
YyESY

= Z exp(ty) exp(—A )‘y = Z (e

The last sum on the right is nothing else by the Taylor formula
for the exponential function at x = efA. Therefore,

my (t) = M=),

Here is how to compute the moment generating function of a linear trans-
formation of a random variable. The formula follows from the simple fact
that E[exp(t(aY +b))] = ePE[e(®)Y]:

Proposition 6.1.4. Suppose that the random variable Y has the mgf my (t).
Then mgf of the random variable W = aY + b, where a and b are constants,
is given by

my (t) = ePmy (at).
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Example 6.1.5.

1. Uniform distribution. Let W ~ U(l,r). We can represent W as
W =aY +bwhereY ~ U(0,1),a = (r—1) and b = I. We computed
the mgf of Y in Example 6.1.2 above - my(t) = 1(ef —1). Therefore,
by Proposition 6.1.4

myy(£) = e i (00 — 1) = =ty

2. Normal distribution. If W ~ N(yu,0), then W has the same distri-
bution as y + 0Z, where Z ~ N(0,1). Using the expression from
Example 6.1.2 for the mgf of a unit normal distribution Z ~ N(0,1),

we have . .
1 2.2 1 242
mw(t) —_ eytezat _ eyt-i-zat )

6.2 Sums of independent random variables

One of the most important properties of the moment-generating functions is
that they turn sums of independent random variables into products:

Proposition 6.2.1. Let Yq,Y>,...,Y, be independent random variables with
mgfs my, (t), my,(t), ..., my,(t). Then the mgf of their sum Y = Y1 + Y, +
-+ Y, is given by

my(t) = My, (t) X T}’lyz(t> X X myn(t).

This proposition is true for all random variables, but here is a sketch of
the argument in the continuous case. It is a consequence of the factoriza-
tion theorem (Theorem ??) and the fundamental formula (Theorem ??). For
simplicity, let us assume that n = 2:

my, 1y, (1) = BlMT2) = Eg(1, Ya)),

where g(y1,12) = e!(#11¥2), The factorization criterion says that vy, 92) =
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frvi(y1)fv,(y2), and, so
my, +v, (y) = /_o:o /_0:0 S f ) (g, y2) dya dys
= /,o; /, o; e1e2 fy, (y1) fr, (y2) dy2 dyn
- /jo eV fu(y1) ( /7 o:o e fy, (12) dyz) dy

= /o; e fy, (y1)my, (£) dyy = my, (t) /_0; "2 fy, (y2) dy»

= iy, (£)my, (£).

Example 6.2.2. Binomial distribution. Let Y ~ b(n, p). We know that
Y counts the number of successes in 1 independent Bernoulli trials, so
we can represent (in distribution) as Y = Yj + - - - + Y}, where each Y;
is a B(p)-random variable. We know from Example 6.1.3 that the mgf
my,(t) of each Y; is q + pe'. Therefore

my(t) = my, (t) X my, (£) x -+ x my, (t) = (g + pe')".

We could have obtained the same formula without the factorization
criterion, but the calculation is trickier:

n n n _ n n _
my(t) = ) ¥pr(y) = Zety< >qu” Y=L < >(Pet>yq” !
= (pe' +9)",
where the last inequality follows from the binomial formula

(a+b)" = i <Z>ayb”y.

y=0

6.3 Why “moment-generating”?

The terminology “moment generating function” comes from the following
nice fact:

Proposition 6.3.1. Suppose that the moment-generating function my (t) of
a random variable Y admits an expansion into a power series. Then the
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coefficients are related to the moments of Y in the following way:
my(t) =Y Bigk, (6.3.1)

where yy = E[YX] is the k-th moment of Y.

A fully rigorous argument of this proposition is beyond the scope of these
notes, but we can see why it works is we do the following formal computation
based on the Taylor expansion of the exponential function

Formula (6.3.1) suggests the following approach to the computation of mo-
ments of a random variable:

1. Compute the mgf my(t).

2. Expand it in a power series in ¢, i.e., write
oo k
H’Zy(t) = Z Clki’ .
k=0

3. Set py = klag.

Example 6.3.2.

1. Moments of the exponential distribution. We know from Exam-
ple 6.1.2 that the mgf my (t) of the exponential E(7)-distribution is
ﬁ. It is not hard to expand this into a power series because ﬁ

is nothing by the sum of a geometric series

(o]
1 k 1k
1—Tt_ZTt'
k=0

It follows immediately that

Uk = k!Tk.
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2. Moments of the uniform distribution. The same example as above
tells us that the mgf of the uniform distribution U(, ) is

We expand this into a series, buy expanding the numerator, first:

— 1 C>o1 S
Zz?” Zz? =) St

k=0

Then we divide by the denominator ¢(r — 1) to get

v Ak k1 2_p 5P
t) = P foent =1 tapept T agepnt teo

It follows that
rk+1 _ lk+1

Mk = D=1

3. Normal distribution. Let Y be a unit normal random variable, i.e.,

Y ~ N(0,1). We have computed its mgf e!’/2 above and we expand
it using the Taylor formula for the exponential function:

[e9)
2
2=y (e/2)f Z 2kl 2.
k=0

The odd powers of t are all 0 so
ur = 0 if k is odd.

For a moment of an even order 2k, we get

Mok = (221321"

In all examples above we managed to expand the mfg into a power series
without using Taylor’s theorem, i.e., without derivatives. Sometimes, the eas-
iest approach is to differentiate (the notation in (6.3.2) means “take k deriva-
tives in t, and then set t = 0”):

Proposition 6.3.3. The k-th moment . of a random variable with the
moment-generating function my (t) is given by

k
pk = Lemy (0)]=0, (6.3-2)

as long as my is defined for t in some neighborhood of 0.
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Example 6.3.4. Let Y be the Poisson random variable so that
my(t) = eMe'=1)
The first derivative m! (t) is given by eMe =D )¢t and, so
1 = E[Y] = mly(£) |10 = M@ DAL = A
We can differentiate again to obtain
mll(t) = A(1+ e A)et A1),

which yields pp = A(1+ A). One can continue and compute higher
moments

s = A1 431+ A2%), g = A(1 471+ 6A% + A3), etc.

There is no simple formula for the general term ;.

6.4 Recognizing the distribution

It is clear that different distributions come with different pdfs (pmf) and cdfs.
It is also true for mgfs, but it is far from obvious and the proof is way outside
the scope of these notes:

Theorem 6.4.1 (Uniqueness theorem). If two random variables Y1 and Y,
have the same moment generating functions, i.e., if

my, (t) = my, (t) for all t,
then the have the same distribution. In particular,

1. if Y1 is discrete, then so is Yy, and Y1 and Y, have the same support and
the pmf, i.e.,

Sy, = Sy, and py, (y) = py, (y) for all .
2. If Yy is continuous, then so is Yo, and Y1 and Y, have the same pdf, i.e.,

v, (¥) = fr,(y), forall'y.

The way we use this result is straightforward:
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1. Find an expression for the mgf of the random variable Y whose distri-
bution you don’t know (most often, in this class, using a combination of
Propositions 6.1.4 and 6.2.1, but also see Problem 6.5.8).

2. Look it up in a table of mgfs to identify it.

Of course, for this to work you need to able to compute the mgf, and once
you do, it has to be of the form you can recognize. When it works, it works
very well, as the next example shows:

Example 6.4.2. Let Y7 and Y, be independent normal variables with
means y1 and pp, and standard deviations 07 and 0. We have com-
puted mgf of normal random variables (with general parameters) in
Example 6.1.5:

1 1
my, (t) = P30 g iy, () = 2t 7032

Since Y7 and Y; are assumed to be independent, the mgf of their sum
is the product of the individual mgfs, i.e.,

1_am 1 _5m 1 2, 22
t+ 505t t+ 505t + t+5 (o5 +05)t
my, 4y, (t) = 2O G2t 30t — pmtH)tt g (o +op)

We recognize this as the mgf of a normal random variable, with mean
i = p1 + 2 and the standard deviation o = /07 + 03.

6.5 Problems

Problem 6.5.1. The distribution family of the random variable Y with mo-
ment generating function

my(t) = 0.1e' +0.2e% +0.3¢% +0.46*,
is
(a) binomial (b) geometric (c) Poisson (d) uniform (e) none of the
above

Problem 6.5.2. Identify the distributions with the following mgfs:

1. 5% 2. 22 3. ett=2), 4. (3—2¢H)71

7

N

+gel+ge¥. 6. H1—et). 7. 3(et +3e7)

\O|—=

5.

If the distribution has a name, give the name and the parameters. If it
does not, give the pdf or the pmf (table).
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Problem 6.5.3. The standard deviation of the random variable Y whose mgf

is given by my (t) = ﬁ is:

(@2 () V2 (o) % (d) @ (e) none of the above

Problem 6.5.4. Compute the standard deviation of the random variable Y
whose mgf is given by my(t) = ﬁ

Problem 6.5.5. Let Y3,...,Y; be independent random variables with distri-
bution N(y, o). Then the mgf of 1 (Y + -+ + V) is

(a) e%t+%02[2

(b) eyt+%n02t2

1
(c) et 27t
(d) enyt—i—%aztz
(e) none of the above

Problem 6.5.6. What is the distribution of the sum S = Yj + Y, + - - - + Y, if
Y1,..., Y are independent and, fori =1, ...k,

1. Y; ~ B(p), with p € (0,1),
2. Y; ~b(n;,p), withny,...,ng € N, p e (0,1),
3. Yi ~ P(/\l), with Al,. . .,/\k >0,

Problem 6.5.7 (The mgf of the x? distribution). We learned in class that the
distribution of the random variable Y = Z2, where Z is a standard normal, is
called the x2-distribution. We also computed its pdf using the cdf method.
The goal of this exercise is to compute its mgf.

1. Compute [* ﬁe_ﬁxz dx, where > 0 is a constant. (Hint: Use the fact

1
that [~ ﬁe_i(y w3/ dy =1, as the expression inside the integral is
the pdf of N(j,0). Plug in = 0 and an appropriate value of ¢.)

2. Compute the mgf of a x?-distributed random variable by computing [E [etzz],
where Z is a standard normal, ie., Z ~ N(0,1). (Hint: Compute this
expectation by integrating the function g(z) = el?’ against the standard
normal density, and not the function ¢(y) = e'¥ against the density of Y,
which we derived in class. It is easier this way.)
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3. Let Z; and Z; be two independent standard normal random variables.
Compute the mgf of W = Z% + Z3, and then look through the notes for
a (named) distribution which has the same mgf. What is it? What are its
parameter(s)? (Note: If Z; and Z; are independent, then so are Z% and

Z2)

Problem 6.5.8. (*) Let Y1,Y5,...,Y, be independent random variables each
with the Bernoulli B(p) distribution, for some p € (0,1).

1. Show that the mgf myy, (t) of the random variable

W, = Yi+Yo+-+Yy—np
np(1=p)

7

can be written in the form

-1

__t
M, (£) = (peVi" + (1= pe Vi~ )", (65.1)
for some « and find its value.

2. Write down the Taylor approximations in t around 0 for the functions
exp(ﬁa} and exp(—ﬁzx’l), up to and including the term involving #?.
Then, substitute those approximations in (6.5.1) above. What to you get?

When 7 is large, ﬁa and ﬁa‘l are close to 0 and it can be shown that

the expression you got is the limit of myy, (¢), as n — co.
3. What distribution is that limit the mgf of?

(Note: Convergence of mgfs corresponds to a very important mode of conver-
gence, called the weak convergence. We will not talk about it in this class, but it
is exactly the kind of convergence that appears in the central limit theorem,
which is, in turn, behind the effectiveness of the normal approximation to
binomial random variables. In fact, what you just did is a fundamental part
of the proof of the central limit theorem.)
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