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Abstract—The long-time asymptotics of solutions of the viscous quantum hydrodynamic model
in one space dimension is studied. This model consists of continuity equations for the particle
density and the current density, coupled to the Poisson equation for the electrostatic potential. The
equations are a dispersive and viscous regularization of the Euler equations. It is shown that the
solutions converge exponentially fast to the (unique) thermal equilibrium state as the time tends to
infinity. For the proof, we employ the entropy dissipation method, applied for the first time to a
third-order differential equation. © 2003 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

It is well known that quantum models, like the Schrodinger equation or the Wigner equation,
allow for a fluid dynamical description in terms of macroscopic quantities, like the particle density
or the current density, satisfying the so-called Madelung or quantum hydrodynamic equations [1].
These equations do not include a model of collisions. Collisions of the particles with an oscillator
bath can be modeled by the Wigner-Fokker-Plank equation [2,3]. From this equation, the macro-
scopic viscous quantum hydrodynamic model can be derived, using a moment method as in [4].
This model consists of the continuity equations for the particle density n(x,t) and the current
density J(z,t), coupled to the Poisson equation for the electrostatic potential V'(z,t). The scaled
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equations in one space dimension read as follows:

) ne+Jy = VNgz, (1)
Nk e (Vg J
Jt+<?+Tn>x~ﬂvm‘En(w)z—lfjm";» (2)
MV, =n—1, z€Q, t>0, (3)
where = (0,1), with initial conditions -
n(,0)=ny, J(-,0)=Jp, in Q. (4)

The (scaled) physical parameters are the temperature constant T > 0, the Planck constant € > 0,
the momentum relaxation time constant 7 > 0, and the Debye length A > 0. The viscosity v > 0
models the strength of interaction of the particles with the oscillators. Equations (1),(2) can
be derived exactly as in {4], where the (linear) Fokker-Planck term gives the viscous contribu-
tions vny, and vJ;, to the right-hand sides of (1),(2). In the Poisson equation, we have prescribed
a constant concentration of fixed background charges. For the choice of boundary conditions, see
below.

For € = 0 and v = 0, system (1)—(3) is the hydrodynamic model for an ensemble of charged par-
ticles, for instance, electrons moving in a semiconductor crystal [5). For& > 0, v =0 (and T = 0,
1/7 = 0), equations (1)—(3) are the Madelung equations used in the modeling of superfluids [6].
With this choice of parameters, (1)-(3) are formally equivalent to the Schrédinger-Poisson sys-
tem. Finally, equations (1)-(3) withe > 0,» =0 (and T > 0, 1/7 > 0) are known as the quantum
hydrodynamic equations which have been used to model quantum semiconductor devices [4,5].
No results are available in the mathematical literature for (1)-(3) with € > 0 and v > 0.

In this paper, we study the long-time asymptotics of the solutions of (1)-(3) towards the so-
called thermal equilibrium state (no current flow). A special thermal equilibrium state is given
by J=0,n=1, and V =0 in Q. We assume that the boundary conditions are in that thermal
equilibrium state

n=1 mn,=0 V=0, on 90 x (0, c0), (5)

/mJ[JI (Z—i+y>—%ﬂ] (t)ds=0, t>0. (6)

The boundary condition (6) can be interpreted as a generalized thermal equilibrium condition
for the current density (see Remark 1). We prove that any strong solution of (1)—(6) converges
exponentially fast to the (unique) thermal equilibrium state (n, J, V) = (1,0, 0). The rate of con-
vergence for n(-,t) and V(-,t) depends on the viscosity constant v > 0. If v = 0, no convergence
rate can be obtained. The proof is based on the entropy dissipation method. This method has
been used to derive explicit convergence rates of second- and fourth-order equations [7,8]. Here
we apply the method for the first time to a third-order equation.

The entropy dissipation method is based on a priori estimates for the entropy (or, more
precisely, free energy) functional

2

1 g2 2 2
E(t) = /0 [3 (vn), + T(n(logn — 1) + 1) + %Vf + g—n] (z,t)dz 20 (7)

consisting of the quantum energy, thermodynamical entropy, electric energy, and kinetic energy
of the system. The idea is to derive an inequality of the form

E@) + /Ot ./01 P(z,t)dzds < E(0),
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where the entropy dissipation rate P(z,t) > 0 depends on the variables and their derivatives. We
show that

/ l P(z,t)dz > vE(t)

for some v > 0, and thus, Gronwall’s lemma implies
E(t) <E(0)e™, t>0.

More precisely, our main result reads as follows.

TuroreM 1. Let n € H'(0,T LX(Q)) n L2(0,T% H3(Q)), J € H(0,T*; LA(Q)) N L2(0,T*;
H2(Q)), V € L%0,T*; H%())) be a solution to (1)-~(3) for any T* > 0 such that n > 0 in
Q x (0,T*) and let ny € HY(Q), Jr € L2(S) such that ny > 0 in Q. Then

/(1) = 1} (qy < 2E(0)e™(121/),

NIVt ey < 2E(0)e™,
2
<2E(0)e” /7, t>0.

REMARK 1.

(i) The global-in-time existence for (1)—(3) will be studied in [9].

(i) The boundary condition (6) is needed for technical reasons. It is a weaker condition
than the (physically reasonable, but mathematically overdetermining) boundary condi-
tions J(0,t) = J(1,t) =0, ¢t > 0.

(iii) As expected, no convergence rate for n and V can be expected if v = 0. However,
the kinetic energy J2(-,t)/n(-,t) converges to zero exponentially in the L!(2) norm as
t — oo with a decay rate 1/7. This is physically reasonable since 7 models the momentum
relaxation time.

(iv) Exponential decay rates for solutions of the Wigner-Fokker-Planck equation (from which
system (1)-(3) has been derived) towards the thermal equilibrium state are obtained
in [10]. The decay rates of [10] are different from ours since in our system, the electrostatic
potential is given self-consistently, whereas in [10], the potential is a given function not
depending on the particle density.

2. PROOF OF THEOREM 1

Let T* > 0 and fix t € (0,T*). Multiply (2) by J/n, integrate over Q = (0,1), and integrate
by parts

1 1 2 1 1 2 1
/Jtidxz—/ I idx—T/ Jﬁidz+/ v,de—-E—/ 7, Ve 4
0 n 0 n _,ETL 0 n 0 2 0 ﬁ

2 1 1 72 8
+€— Ln)ziols—y/ J,,(z) dz + v Jzzds—l/ —{——d:v ®

2 Joo v 0 n/, an N TJo M
=A1++A8

Multiply (2) by the function T log n—J?%/2n2 —~V —£2(,/n) . /2+/7, integrate over (2, and integrate
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by parts

! J? 2 (VN)ge Ly J?
/Ont(Tlogn—W~V—s 2—\/—.5-—) d:z:--T/ ——dz+u/ (2—2> n, dr

2 9
+T/ J(logn)zdaH-/ J J: dx ©)
0 0 2n

' S D)
- VIsz+—/ Ty dy
Jy e
=B+ +Bs.

Here, we have used that n, =0 and V = 0 on 9.
First, we consider the terms on the left-hand side of (8) and (9). Since n, = 0 and V =0
on 99, it holds that

VgL I, J?
/0 (7“272) dx—at/o o 4
1 1
/nﬁognd:r:@t/ (n(logn — 1) + 1) dx,
0

1 1 2 1
/ Vnidr = —)\2/ Vet Vdx = )\2/ Vet Vpdr = 2\2—&/ Vf dz,
0 0 0

2

2 [ (V) o= [ (v, (R, o= S0 [ (v

Hence, the sum of the left-hand sides of (8) and (9) is equal to 8, E(t) where E(t) is defined in (7).
Now, we compute the right-hand sides of (8) and (9). Notice that Ay + Bs =0, As + B; =0,
Ay + Bg = 0. Using n =1 on 0}, we obtain

YingJd 3% 1R 1 1
= z Xz —_—— - d P— 3 _ - 3 .
A+ Bg /0 ( 3 5 2 )dx 2/0 <n2>z T 2] (0) 2] (1)

A computation gives
2
1 2 2,2 1
A6+B2=y/ (_L+2JJ;nI_J?$>dm=_U/ omd)
o\ 7 " i o \Vn &

By integration by parts and n, = 0 on 95, we obtain

Yning, 2 [Tl
——dz= | —dz,
o N 3Jg n

2 1 1 2 2
B, = ._UE_ / N (\/ﬁ)zx dr = 6211/ lnznl‘z _ lnzm dr
2 0 \/77'/ 0 4

= “Ezl// ((\/_)zﬁ@—a‘) dz.

Finally, the boundary condition n = 1 on 8Q implies

B3=IJ/OV(TL ———/ (n—1)? (10)

Here we need that n = const on 9. The above computations show that the sum of (8) and (9),

and therefore,
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integrated over (0,t), can be written as

E(t // [sy niz+sy418 3-+-41/T(\/") + —1)2

+ (nJ —ngJ)? +——— dz dt + \/—)"J—% vJJ, ~1J3 dsdt.
n? a0

Tl

The first integral on the right-hand side is the entropy dissipation rate. Since n, = 0 and n = 1
on JQ, we can write the boundary integral as

¢ g2 1
/ / [—nmJ +uvdJ, — ~J3] ds dt.
o Jaa | 4 2

The boundary condition n(:,t) = 1 on 8Q implies vng,(-,t) — Jz(-,t) = ny(,t) = 0 on 89, and
thus, using (6),

¢ 2 1 t g2 1
/ / [——nmJ—i—l/JJz——JBJ dsdt:/ / [—JJI+VJJ:C——J3] dsdt = 0.
o Jon | 4 2 0 Joq 4V 2

We apply the Poincaré inequality
ull L2 < \/-lluxflm(m, Vue Hy (),

to u = (y/n); to obtain

—/ ™) (a,1) dz < E(t) < E(0) — (2ve? +41/T// 2 (x,t) dzdt.

Gronwall’s lemma implies

(R, (0l gy < 2B@e 04T, 50

The Sobolev-Poincaré inequality
lu = Ue(@) < lluslra@,  Yu—1€ Hy(Q),

then gives
2 _ 2
E VAl t) = 1y < 2B(0)e ¥+ g >0,

Furthermore, we conclude from

/~dx<Et)<E(0)—~//——dzdt

J(-t)
n(-,t)

Finally, from the elliptic estimate

the estimate

<2E(0)e /7, t>0.
L2(Q)

V2N Vil 2@y < lIn— 1l z2(q),

A2 1 t 1 t
— / / V2drdt < E(t) < E(0) — 2v)\? / / V2 dz dt,
2 0 0 0 0

NIV e ) < NIVal )l < 2B(0)e ™", t>0.

This proves the theorem.

we infer

and hence,
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