
CHARACTER VARIETIES: REID

1. Setting up the varieties

1.1. Jan. 20: Intro. Γ f.g., f.p. group, G a Lie group, either R, C, or Qp. eg.
(P)SL2(X) for X ∈ {R, C, Qp}. A representation is a homomorphism ρ : Γ → G.
Remarks.

(1) ∀ Γ, G there exists ρtriv : Γ → G with γ 7→ 1 ∀ γ ∈ Γ.
(2) ρ : Γ → G nontrivial =⇒ potentially lots of representations (eg. can

conjugate). Given g ∈ G, this defines ϕg : G → G so we get ϕg ◦ρ : Γ → G.
(3) G ≤ GLn(C) =⇒ ρ(γ) is a matrix ∀ γ ∈ Γ.

eg1: Γ =< a, b > =⇒ can define ρ by a 7→ ga and b 7→ gb.
eg2: more generally, if Γ has relations, must find a suitable representa-

tion...
(4) ρ : Γ → G is faithful if ρ is 1-1. Geometry affords faithful representations

in certain settings.
eg: Mn = Hn/Γ is a hyperbolic manifold implies that we have an induced

isomorphism ρ : π1(M
n) → Γ.

Call Γ a linear group if Γ admits a faithful representation into some GLn(C).

• it is interesting to determine which groups are linear, eg. mapping class
groups, Haken 3-manifold groups

• even weaker is determining whether a group is (non)-trivial
eg: general triangle group: < a, b|an = bm = wl = 1 > where w is a

reduced word in a, b
eg2: Can G = Cp1

∗Cp2
∗ . . .∗Cpr

, r ≥ 2, pi distinct primes be killed, i.e.
G/ < w >= 1?

f.g. linear groups are residually finite, so they have lots of finite quotients.
One can form Hom(Γ, G); eg. moduli spaces, deformation spaces.

eg: Γ = π1(Σg), g ≥ 2, G = PSL2(R) (or C)

Definition 1. Let ρ : Γ → GLn(K), char(K) = 0. Define χp : Γ → K by χp(γ) =
Tr(ρ(γ)). note: Tr(AB) = Tr(BA) =⇒ χρ is constant on conjugacy classes.

Let

ρ : Γ → GLn(K)

where K is a field with characteristic zero. If V = Kn then GLn(K) acts on V by
v 7→ Av̇.

Definition 2. ρ is irreducible if the only irreducible subspaces of V under the
action of ρ(Γ) are {0} and V . Otherwise ρ is reducible.

example: G = SL2(C).

B =

(
∗ ∗
0 ∗

)

1
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note: B leaves invariant the 1-dimensional subspace generated by (∗, 0)T .
If ρ : Γ → SL2(C) has ρ(Γ) ⊆ B then ρ is reducible. Indeed, ρ(Γ) is conjugate

into B implies that ρ is reducible. Furthermore, the above example yields that
ρ : Γ → SL2(C) reducible implies that ρ(Γ) can be conjugated into B. In sum, we
need to understand irreducible representations in Hom(Γ,SL2(C));

Let ρ : Γ → SL2(C) be a reducible representation. Conjugate so that ρ(Γ) ⊂ B,
and consider a commutator c ∈ [Γ,Γ]. Then

ρ(c) =

(
λ s
0 λ−1

)(
µ t
0 µ−1

) (
λ−1 −s
0 λ

) (
µ−1 −t
0 µ

)

=

(
λµ λt + sµ−1

0 λ−1µ−1

) (
λ−1µ−1 −tλ−1 − sµ

0 λµ

)

=

(
1 ∗
0 1

)

Hence, χρ(c) = 2 if c ∈ [Γ,Γ].

Lemma 1.1. ρ : Γ → SL2(C) is reducible iff χρ(c) = 2 for every c ∈ [Γ,Γ].

Proof. ⇒: done above.
⇐: First suppose that Γ is abelian, ρ : Γ → GLn(C), n ≥ 2 is a representation.
Let ρ(γ) 6= 1 and consider X = the eigenspace of ρ(γ). If X = Cn, then ρ(δ) =
λδI ∀ δ ∈ Γ →←. Otherwise, it is enough to show that ρ(δ)x ∈ X ∀ δ ∈ Γ, x ∈ X.
Thus ρ is reducible, so we’re done in this case.

Now assume that Γ is not abelian, so there exists c0 ∈ [Γ,Γ] 3: ρ(c0) 6= 1. This

means that ρ(c0) is SL2(C) conjugate to

(
1 ∗
0 1

)
and hence there is a 1-dim’l

invariant subspace L. Suppose there is a c ∈ [Γ,Γ] 3: ρ(c)L 6= L. But χρ(c) = 2)
and ρ(c) 6= 1, so as above, there is a 1-dim’l invariant subspace.

By conjugating (linear algebra or Möbuis transformation), we can assume that

ρ(c0) =

(
1 s
0 1

)
, ρ(c) =

(
1 0
t 1

)
, st 6= 0

But χρ(c0c) = 2 + st 6= 2 →←.
claim: ρ(Γ,Γ) has a unique 1-dim’l invariant subspace L.

If true, then we’re done since γ ∈ Γ, c ∈ [Γ,Γ] =⇒ ρ(γ)−1ρ(c)ρ(γ)L = ρ(c′)L =
L where c′ ∈ [Γ,Γ], so ρ(c)ρ(γ)L = ρ(γ)L ∴ ρ(γ)L = L by uniqueness.

¤

note: characters do not determine representations up to conjugation. example:

ρtriv : Z → I, ρ : Z →
〈(

1 1
0 1

)〉

χρtriv
= χρ ∀ γ ∈ Z. This is a feature of reducible representations.
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1.2. Jan. 22: Irreducible representations. We have now an addendum to
Lemma 1.1:

ρ : Γ → SL2(C) is reducible iff ρ(Γ) is conjugate into a group of upper triangular matrices.
iff all the elements of ρ(Γ) share a common eigenvector.
iff χρ(c) = 2 for every c ∈ [Γ,Γ].

Characters of reducible representations are also characters of abelian represen-
tations. If ρ : Γ → SL2(C) is reducible, then conjugate so that ρ(Γ) is upper
triangular. Now, if

ρ(γ) =

(
a b
0 1/a

)

then define an abelian representation with the same character by

ρ′(γ) =

(
a 0
0 1/a

)

ρ′ turns out to be a homomorphism.

Theorem 1.2. Let ρ, ρ′ be representations of Γ into SL2(C). Assume that ρ is
irreducible and χρ = χρ′ . Then ρ and ρ′ are SL2(C) conjugate.

Proof. ρ irreducible representation implies that there exists g ∈ Γ 3: ρ(g) 6= ±I,
so by Lemma 1.3 there exists an h that satisfies the conclusion of that Lemma.
Write G = 〈g, h〉 and note that ρ|G is an irreducible representation by the Lemma
and thus as above it follows that ρ′|G is an irreducible representation , since
χρ(γ) = χρ′(γ)∀γ ∈ Γ =⇒ χρ = χρ′(γ)∀γ ∈ G.

Conjugate ρ(Γ), ρ′(Γ) 3:

ρ(h) =

(
λ 0
0 λ

)
= ρ′(h)

with λ 6= ±1.

note: if ρ(g) =

(
a0 b0

c0 d0

)
(after above conjugation), then we can conjugate

ρ(Γ) by

(
b
−1/2
0 0

0 b
1/2
0

)
so that ρ(g) =

(
a 1
c d

)
. Similarly for ρ′: ρ′(g) =

(
a′ 1
c′ d′

)
. The fact that ρ, ρ′ are irreducible representations impliles that c, c′ 6=

0.
claim: After this normalization, ρ = ρ′. Pf. of claim: We will prove the claim

in four easy steps.

Step 1: Use the fact that χρ(γ) = χρ′(γ)∀γ ∈ Γ. Thus a + d = a′ + d′ =⇒
a − a′ = −(d − d′).

Step 2: Consider χρ(gh) = χρ′(gh):

ρ(gh) = ρ(g)ρ(h) =

(
a 1
c d

) (
λ 0
0 λ−1

)
=

(
aλ ∗
∗ dλ−1

)

ρ′(gh) = ρ′(g)ρ′(h) =

(
a′ 1
c′ d′

)(
λ 0
0 λ−1

)
=

(
a′λ ∗
∗ d′λ−1

)

Therefore aλ + dλ−1 = a′λ + d′λ−1, and thus a − a′ = 0 since λ2 6= 1.
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Hence d = d′ and the condition on the determinant yields c = c′.

Step 3: Consider ρ(γ) =

(
p q
r s

)
, ρ′(γ) =

(
p′ q′

r′ s′

)
for any γ ∈ Γ. By

the character condition, p + s = p′ + s′ and by considering γh, p = p′ and
s = s′.

Step 4: Consider the above arugment applied to gγ. Then from above, ap +
r = ap + r′ and cq + ds = cq′ + ds, so we’re done since c 6= 0 by the above
note.

¦
Now we’re done with the proof of the theorem since we can pre- and post- compose
with conjugate elements. ¤

The proof above uses the following lemma.

Lemma 1.3. Let ρ : Γ → SL2(C) be an irrep. such that if g ∈ Γ where ρ(g) 6= ±I,
then there exists an h ∈ Γ where the restriction ρ|〈g,h〉 is an irrep. and χρ(h) 6= ±2.

Proof. claim: There exists an h0 ∈ Γ 3: ρ(g), ρ(h0) have no common eigenvector.
Pf. of claim: (exercise) ¦
If χρ(h0) 6= ±2 then done by claim since ρ is irreducible. Assume that χρ(h0) = ±2.

Since ρ(h0) 6= ±1 by claim, we may conjugate ρ(Γ) 3: ρ(h0) = ±
(

1 1
0 1

)
(since

ρ(Γ) ⊂ SL2(C), ρ(h0) =

(
1 x
y 1

)
=⇒ xy = 0).

To finish, choose large n and consider h = ghn
0 . So χρ(ghn

0 ) = Tr

(
a b
c d

)(
1 n
0 1

)
=

a + d + cn. Note that by the claim, c 6= 0. Can choose n 3: χρ(ghn
0 ) 6= ±2. Also

note that ρ(ghn
0 ) and ρ(g) do not have a common eigenvector; otherwise ρ(hn

0 )
and ρ(g) have common eigenvector implies that ρ(h0) and ρ(g) do as well (since
ρ(h0), ρ(h0)

n ⊂ B).
Therefore we’re done by the addendum to Lemma 1.1. ¤

Definition 3. We say that two representations ρ and ρ′ are equivalent if there
exists and inner automorphism ϕg : SL2(C) → SL2(C) with ρ = ϕg ◦ ρ′.

The theorem shows that if ρ is an irrep. and ρ ∼ ρ′ ⇐⇒ χρ = χρ′ . Or
equivalently, [ρ] is the SL2(C) orbit under the action of SL2(C) on Hom(Γ,SL2(C))
by conjugation.
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1.3. Jan. 27: Representation varieties.

Theorem 1.4. If Γ is a finitely generated group then R(Γ) is an algebraic set
defined over Q.

Proof. Γ is finitely generated, so fix a generating set G = {γ1, . . . , γn}. If ρ ∈ R(Γ),

then ρ is determined by ρ(γi) =

(
xi yi

zi wi

)
, 1 ≤ i ≤ n, xiwi − yizi = 1.

As in the examples below, ρ ↔ (x1, . . . , wn) ∈ C4n.
To determine the subset of C4n, we have:

• determinant conditions
• equations that come from ρ(Rj(γ1, . . . , γn)) = I for all relators Rj .

This defines an algebraic subset RG(Γ) ⊂ C4n.

It remains to show that RG(Γ) = RG′

(Γ) for another generating set G′.
Suppose that G′ = {δ1, . . . , δm}, so we have the algebraic set RG′

(Γ) ⊂ C4m.
Since {γi} generates, each δj = wj(γ1, . . . , γn). Hence, at the level of represen-

tations, each of the x′
i, y

′
i, z

′
i, w

′
i are polys in xi, yi, zi, wi.

Write ρ(δi) =

(
x′

i y′
i

z′i w′
i

)
. These two maps are poly maps that are natural

inverses. ¤

ρ
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......

......
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g

...................................................................................................................................................... ............
g ◦ f−1

...................................................................................................................................................... ............
f ◦ g−1

Recall, if V ⊂ Cn, then V is an algebraic set if

V = {(x1, . . . , xn) : fi(x1, . . . , xn) = 0 ∀ 1 ≤ i ≤ k}
where fi ∈ C[x1, . . . , xn].

If k ⊂ C is a subfield, then V defined over k if fi ∈ k[x1, . . . , xn]. Note that for
any g ∈< f1, . . . , fn >⊂ C[x1, xn], g vanishes on V .

Thus, to an algebraic set V we associate an ideal I(V ), the ideal generated by
the defining polynomials. Similarly, to an ideal I we associate an algebraic set

V (I) = {(x1, . . . , xn) : f(x) = 0 ∀ f ∈ I}
Furthermore, √

I = {f : fm ∈ I, m ≥ 1} = I(V (I))

Remarks.

(1) V is irreducible iff I(V ) is prime.
(2) V may be decomposed into a finite union of irreducibles.
(3) If V is defined over Q its irreducible components need not be. Eg: p(x) ∈

Z[x] irreducible and with degree bigger than one.

example: Γ =< a, b >, ρ ∈ R(Γ), ρ(a) =

(
x1 y1

z1 w1

)
, ρ(b) =

(
x2 y2

z2 w2

)
. Via

the obvious embedding SL2(C) ↪→ C4, we may identify ρ ↔ (x1, y1, z1, w1, x2, y2, z2, w2) ∈
C8.



6 CHARACTER VARIETIES: REID

Thus we identify R(Γ) ⊂ C8 with {x1, y1, z1, w1, x2, y2, z2, w2) : xiwi−yizi = 1},
so R(Γ) is an algebraic set over Q, but now let’s focus on irreducible representations
.
Remarks.

(1) ρ : G → SL2(C) irreducible representation implies that ∃γ, δ ∈ G such that
we can conjugate ρ so that

ρ(γ) =

(
λ 1
0 λ−1

)
, ρ(δ) =

(
µ 0
r µ−1

)

with λ, µ, r ∈ C, r 6= 0.

Since we are concerned with conjugacy classes of representations, we of-
ten normalize the representations by conjugating. For two generator groups
the following is standard

ρ(a) =

(
λ 1
0 λ−1

)
and ρ(b) =

(
µ 0
r µ−1

)

ρ is an irrep. when r 6= 0.

Given an irreducible representation of Γ, we get (λ, µ, r) ∈ C3. Conversely,
given (λ, µ, r) ∈ C3, we get an irreducible representation (when r 6= 0).

In fact, given z1, z2, z3 ∈ C3, solve for z1 = χρ(a), z2 = χρ(b), z3 = χρ(ab).

Lemma 1.5. G =< γ1, γ2 >⊂ SL2(C) then ∀g ∈ G,Trg = P (Trγ1,Trγ2,Trγ1γ2)
where P ∈ Z[X,Y,Z].

From lemma, ∀γ ∈ Γ, χρ(γ) is determineed by (χρ(a), χρ(b), χρ(ab)) =: χ so that
for χρ ∈ X(Γ) (where ρ is irreducible representation ), this implies that χρ is
completely determined by χ.
example:

Γ = π1(S
3 \ K) =< x1, x2 : [x−1

1 , x2]x1[x
−1
1 , x2]

−1 = x2 >

. If ρ : Γ → SL2(C) is a representation, then it is determined by ρ(x1), ρ(x2):

ρ(xi) =

(
ai bi

ci di

)
, aidi − bici = 1

Via the embedding above, SL2(C) ↪→ C4, ρ ↔ (a1, . . . , d2). To see what subset
this is, we have to evaluate R on ρ(xi), so we get four polynomial equations with
coefficients in Z.

If we consider only irreducible representations , then we can conjugate to get
rid of SL2(C) action.

ρ(x1) =

(
λ 1
0 λ−1

)
, ρ(x2) =

(
µ 0
r µ−1

)

Note that the relation in Γ implies that x1 and x2 are Γ-conjugate, so µ = λ±1.
Therefore ρ(x1) and ρ(x2) are ρ(Γ)-conjugate, and thus χρ(x1) = χρ(x2) ∀ ρ.

Assume, since it’s Tuesday, that µ = λ and evaluate

ρ([x−1
1 , x2]x1[x

−1
1 , x2]

−1) − ρ(x2) = 0

We get w2 = −1 + r + 3λ2 − 3rλ2 + r2λ2 − λ4 + rλ4. Since we’re only concerned
with irreducible representations , assume r 6= 0. Given irreducible representation
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, we obtain a point on C = {ρ(x, r) = 0} ⊂ C2. Conversely, given a point in C, we
get an irreducible representation .

Set λ = 1, so w2 = −1 + r + 3 − 3r + r2 − 1 + r = r2 − r + 1. Notice that

w2 = 0 ⇐⇒ r = 1±
√
−3

2 .
This is a discrete representation (since r is a quadratic imaginary integer). Also,

it is faithful, but to see that we need topology.
By Lemma 1.5, any character χρ is determined by χρ(x1) = χρ(x2) = λ+λ−1 =

z. Then R = χρ(x1x2) = λ2 + λ−2 + r = z2 − 2 + r. So, to get an equation for
characters, consider ρ(x, r) = 0:

λ4(r − 1) + λ2(r2 − 3r + 3) + (r − 1) = 0

λ2(r − 1) + (r2 − 3r + 3) + λ−2(r − 1) = 0

(r − 1)(λ2 + λ−2) + (r2 − 3r + 3) = 0

Rewriting in terms of z,R, we have q(z,R) = z2(2 − R) + (R2 − R − 1), so ρ is an
irreducible representation implies that χρ ↔ X = {q(z,R) = 0} ⊂ C2

(z(−2 + R))2 = (R − 2)(R2 − R − 1)

y2 = (R − 2)(R2 − R − 1) ⊂ C2

is just a torus in C2.
note: For any γ ∈ Γ, χρ(γ) ∈ C[z,R], i.e. given such a γ, this determines
Iγ : X → C, χρ 7→ Trρ(γ). Typically, this will define a nonconstant function on X .
(Recall: for a Riemann surface, the number of zeros equals the number of poles for
a nonconstant function.)

If F is a free group of rank 2, then X(F ) = C3. The reducible representations
correspond to the plane given by r = 0.
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1.4. Jan. 29: Algebraic geometry. Setup: let Γ =< G|R >=< G′|R′ > with
G = {γ1, . . . , γn}, G′ = {δ1, . . . , δm} and δi = wi(γ1, . . . , γn), γj = vj(δ1, . . . , δm).
Recall diagram 1.3, and note that both f ◦(−1g) and g◦(−1f) are polynomial maps,
and ρ(δi) = Wi(γ1, . . . , γn) is a matrix with polynomial entries.

Definition 4. Let V ⊂ Cn,W ⊂ Cm be algebraic sets. Then a map ϕ : V → W is
called a polynomial map if ϕ(x1, . . . , xn) = (f1(x), . . . , fm(x)) where each fi is a
polynomial map (i.e. each is a polynomial in Cn restricted to V ).

V and W are isomorphic if there exists α : V → W,β : W → V with α and
β polynomial maps such that β ◦ α ≡ id|V, α ◦ β ≡ id|W . We can forget about
generating sets and talk about R(Γ) = the representation variety.
exercise: X = {(x, y) : x3 − y = 0},X ∼= C. Write down polynomial maps X →
C, C → X that compose appropriately. For example, (x, y) 7→ x and t 7→ (t, t3).
Remarks.

(1) If ϕ : Γ1 ³ Γ2 is a homomorphism and ρ ∈ R(Γ2) then ρ◦ϕ : Γ1 → SL2(C)
defines a point in R(Γ1). Therefore it induces Φ : R(Γ2) → R(Γ1), ρ 7→ ρ◦ϕ.

examples:

(1) Let B denote the Borromean rings, so π1(S
3 \ B) → F2, and

there are lots of representations F2 → SL2(C).
(2) Let K be a knot in #r(S

2xS1) = X, r ≥ 2. Then π1(X \K) ³

π1(X) ∼= Fr.
(3) If M → N is degree 1, then ρ : π1(N) → SL2(C).

Remarks.

(1) If Γ2 ⊂ Γ1, and ρ ⊂ Γ1 → SL2(C), then ρ|Γ2
: Γ2 → SL2(C). This defines a

map R(Γ1) → R(Γ2).

Question: When are algebraic varieties the same?

Let V be an algebraic set in Cn. Then I(V ) is an ideal in C[x1, . . . , xn].

Definition 5. The coordinate ring for V is

C[V ] = C[x1, . . . , xn]/I(V )

note: C[V ] ∼= {ϕ : V → C|ϕapolynomial}. Also, if φ|C[X1, . . . ,Xn] → S, then
ker φ = I(V ).

The images of the coordinate functions in C[x1, . . . , xn] generate C[V ].
Remarks.

(1) V is a variety ⇔ I(V ) is a prime ⇔ C[V ] is an integral domain.

If ϕ : V → W is a polynomial map between algebraic sets, then ϕ induces

ϕ∗ : C[W ] → C[V ]

by pullback.

ϕ∗(β) = β ◦ ϕ : V → C

Furthermore V and W are isomorphic implies that C[V ] ∼= C[W ]. (The converse is
true if the isomorphism is the identity on constant polynomials.)

If V is irreducible then C[V ] is an integral domain.
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Definition 6. The field of rational functions (or function field) on V is the
quotient field for C[V ].

C(V ) =

{
f

g
: f, g ∈ C[V ]

}

Note that f
g takes a well-defined value in C for every point in V where g is

non-zero.

The Zariski topology on V is generated by the algebraic sets as closed sets.
Notice that if U and U ′ are non-empty open sets in a variety V , then U ∩ U ′ 6= ∅.
Otherwise V can be expressed as the non-trivial union of V −U and V −U ′, hence
V is not irreducible.

By considering the open sets U and V −U , we can establish the following claim.
claim: If U is a non-empty, Zariski open subset of a variety V , then U is dense
in V .

Pf. of claim: Consider C = U ⊂ V , so V \C is open and U ∩ (V \C) = ∅. By
the above note, and since U 6= ∅, V \ C = ∅, and therefore C = V . ¦

Now we are prepared to make sense of the following definition.

Definition 7. A rational mapping between algebraic varieties V and W is a
map ϕ : V → W given as follows

ϕ(x1, . . . , xn) =

(
f1(x1, . . . , xn)

g1(x1, . . . , xn)
, . . . ,

fm(x1, . . . , xn)

gm(x1, . . . , xn)

)

Where f, g ∈ C[x1, . . . , xn].

The ambiguity comes in because ϕ is not defined where the gi are zero. However,
ϕ is defined on a dense subset of V by the above discussion.

Definition 8. V and W are birational if there exist rational maps ϕ : V → W
and ψ : W → V where their compositions ϕ◦ψ and ψ ◦ϕ are the identities on their
domains of definition.

example:

X = {(R, z) : z2(2−R)+(R2−R−1) = 0}Y = {(x, y) : y2−(x−2)(x2−x−1) = 0}
So X and Y are birational since we can take x = R, y = (R − 2)z, which holds iff
z = y

x−2 . Using this gives X → Y, (R, z) 7→ (R, z(R − 2)) and Y → X, (x, y) 7→
(x, y/(x− 2)). Like the case of the coordinate ring, we get that V,W are birational
iff C(V ) ∼= C(W ).

It may be useful to consider the similarity between the Q as the field of fractions
over Z with the p-adic valuation vs. the function field C(V ) over C[V ] with the
valuation corresponding to the orders of poles and zeros. In order to make sense of
this, we need to say something about projective varieties.
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1.5. Feb. 3: Dimension of a variety and X(Γ) is a subset of CN . Let V be
an algebraic set and associate to V the coordinate ring C[V ]. If V is also irreducible,
then we can form the function field C(V ).

Definition 9. The dimension of a variety V is the transcendence degree of the
extension C(V )/C. It is denoted dimCV or dimV .

Notes on transcendence:

Let K/F be an extension of fields.

Definition 10. α ∈ K is transcendental over F if α is not algebraic
over F ; that is, α is transcendental if α does not satisfy a non-zero
polynomial in F [x].

Let S = {α1, . . . , αn} ⊂ K.

Definition 11. S is algebraically independent if there does not
exist a non-zero polynomial f ∈ C[x1, . . . , xn] such that f(S) = 0. If S
is infinite, we say that S is algebraically independent if all finite subsets
of S are algebraically independent.

Definition 12. A transcendence basis is a maximal algebraically
independent set for K/F .

Theorem 1.6. K/F has a transcendence basis. Any two transcendence
bases have the same cardinality.

This allows us to make the following definition.

Definition 13. The transcendence degree of K/F is the cardinality
of any transcendence basis.
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examples:

(1) V = Cn, C(x1, . . . , xn) = function field, so dimV = n.
(2) dim V = 1 ⇐⇒ V is a curve.
(3) Let f(x, y) = y2 − x3 + x and V = V (〈f〉).

Since f is irreducible f is prime and therefore V is a variety.
Claim: dimV = 1. (There exists a transcendence basis with

one element.)
π : C[x, y] → C[V ]

Let u = π(x) and v = π(y). Then u and v generate C[V ] over
C.

C[V ] = C[u, v] and C(V ) = C(u, v)

We have v2 = u3 − u in C[u, v] so v is algebraic over C(u).
Claim: {u} is a transcendence basis for C(u, v). So, we need

to show that u is not algebraic over C.
Note that C[u, v] is not a field since 〈f〉 is a proper ideal in

〈x, y〉 and hence, is not maximal. On the other hand, if u is
algebraic then C[u, v] is an algebraic extension of C. Then if
t ∈ C[u, v] we know that there exist coefficients ai ∈ C so that

(1

t

)n

+ an−1

(1

t

)n−1

+ · · · + a0 = 0

Then
1

t
= −(an−1 + · · · + a0t

n−1) ∈ C[u, v]

We have established the contradiction that C[u, v] is a field.

The point is, in the situation of the last example, you can see how to write down
the function field for the curve.

Let Γ = 〈γ1, . . . , γm | r1, . . . , rn〉 and R0 an irreducible component of R(Γ).
We have a polynomial map between varieties

f :
(
SL2(C)

)m

→
(
SL2(C)

)n

by

(g1, . . . , gm) 7→
(
r1(g1, . . . , gm), . . . , rn(g1, . . . , gm)

)

and

R(Γ) = f−1(1, . . . , 1)

Theorem 1.7. If V and W are varieties with dimensions m and n respectively. If
f : V → W is a polynomial map and w ∈ W , then any irreducible component of
f−1(w) has dimension bigger than or equal to m − n. (Mumford)

Therefore, if we have a presentation for Γ as above, then dimR(Γ) ≥ 3m − 3n.
Remark. SL2(C) = {(a, b, c, d) ∈ C4 : ad − bd − 1 = 0} is irreducible. Similarly,
SL2(C)m is also irreducible as an algebraic set.

If γ ∈ Γ and ρ ∈ R(Γ) then

ρ(γ) =

(
aγ(ρ) bγ(ρ)
cγ(ρ) dγ(ρ)

)
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and we view aγ , bγ , cγ , and dγ as elements of C
[
R(Γ)

]
. This leads to [what Culler-

Shalen call] the tautological representation

P : Γ → SL2(F )

where F = C(R0) and

ρ(γ) =

(
aγ bγ

cγ dγ

)

Since ρ is a homomorphism, it follows that P is a homomorphism. Therefore
P ⊂ SL2(C(R0)) and this acts on V = (C(R0))

2.

Lemma 1.8. If ρ ∈ R0 is an irrep. then P is absolutely irreducible. (Irreducible
over an algebraic closure.)

Proof. If reducible, then the proof of Lemma 1.1 implies that TrP (c) = 2 ∀ c ∈
[Γ,Γ]. Therefore χρ(c) = 2 ∀ c ∈ [Γ,Γ], so ρ is reducible, a contradiction. ¤

Theorem 1.9. X(Γ) is an algebraic set defined over Q.

Proof. Omitted. ¤

Let t : R(Γ) → X(Γ) be the map ρ 7→ χρ. Define the function Iγ : X(Γ) → C
for every γ ∈ Γ by Iγ(χ) = χ(γ). Also define τγ = Iγ ◦ t : R(Γ) → C.

τγ is a polynomial in the ambient coordinates for R(Γ) so τγ ∈ C
[
R(Γ)

]
. Let

T (Γ) be the subring generated by S = {τγ}γ∈Γ.

Theorem 1.10. T (Γ) is generated by a finite subset of S. In fact it is generated
by the set

{ τγ | γ = γi1 · · · γik
where 1 ≤ k ≤ n and 1 ≤ i1 < · · · < ik ≤ n }

Proof. From Day 7, 2/10/04. We’ll show T (Γ) = T0 where T0 is generated by
elements of the form τγi1

τγi2
. . . τγir

, i1, . . . , ir distinct integers in {1, . . . , n}. In
addition, we’ll also show that ∀ γ ∈ Γ, τγ ∈ T0.

For all x, y ∈ SL2(C),TrxTry = Trxy + Trxy−1 (by computation). Therefore:

(1) g, h ∈ Γ, τgτh = τgh + τgh−1 .

Step #1 Show that τγ ∈ T0 if γ = γm1

i1
. . . γmr

ir
where i1, . . . , ir are distinct.

We’ll induct on ν(γ) =
∑r

j=1 Kj where

Kj =

{
−mj if mj ≤ 0

mj − 1 if mj > 0

Case ν = 0: In this case, all mj are 1 or 0, so done by constuction.

Case ν > 0: Suppose mr = 1 and write γ = γm1

i1
. . . γmr=1

ir
. Then there exists

some mj 6= 1, so choose the largest s so that ms 6= 1. Let

γ′ = (γ
ms+1

is+1
. . . γir

mr )(γ)(γ
ms+1

is+1
. . . γir

mr )−1

= γ
ms+1

is+1
. . . γmr

ir
γm1

i1
. . . γms

is
,ms 6= 1

But τγ = τγ′ , ν(γ) = ν(γ′), so we can assume mr 6= 1. Now if mr > 1, set g = γγ−1
ir

and h = γir
, so by 1 we have

τγγ−1

ir

τγir
= τγ + τγγ−2

ir

τγ = τγγ−1

ir

τγir
− τγγ−2

ir
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In order to apply the inductive hypothesis, we need to show that ν(γγ−1
ir

), ν(γγ−2
ir

) <
ν(γ). But

ν(γγ−1
ir

= ν(γm1

i1
. . . γmr−1

ir
) = ν(γ) − K(γmr

ir
) + K(γmr−1

ir
)

Similarly, ν(γγ−2
ir

) = ν(γ) − 2 if mr 6= 2 or ν(γ) − 1 if mr = 2. (The mr < 0 case
is similar.)

Let g = γγir
, h = γ−1

ir
and use 1 to write τγγir

τγ−1

ir

= τγ + τγγ2
ir

. We must show

that ν)γγir
), ν(γγi2r

) < ν(γ).
Finally, let γ = γm1

i1
. . . γmr

ir
where ir are not necessarily unique, and induct on

r:
Case r=0. Done.
Case r¿0. We can assume that the ij ’s are not unique. Notice taht we may replace
γ by a conjugate such that γir

= γis
for s < r, so ν is unchanged. Setting

V = γm1

i1
. . . γms

is
,W = γ

ms+1

is+1
. . . γmr

ir

so γ = V W , and we have the following:

γ = V W, V W−1 = γm1

i1
. . . γms−mr

is
. . . γ

ms+1

is+1

τV τW = τV W + τV W−1

∴ τγ = τV W = τV τW − τV W−1 ∈ T0

¤

Let {δ1, . . . , δN} ⊂ Γ be such that {τδi
} generate T (Γ).

R(Γ) CN , ρ 7→ (τδ1
(ρ), . . . , τδN

(ρ))

X(Γ)

........................................................................................................................ ............
τ

............................................................................................................................................................. .......
.....

........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.............
............

bijection, V = {(τδ1
(ρ), . . . , τδN

(ρ))}

If χρ(γ) = χρ′(γ) ∀ γ ∈ Γ, then this defines the same point in V . Conversely, if
τ(ρ) = τ(ρ′), then Theorem 1.10 yields χρ(γ) = χρ′(γ) ∀ γ ∈ Γ.

Therefore we can identify X(Γ) ≡ V ⊂ CN . How C-S approach this is as follows:
Let RED ⊂ R(Γ) = set of reducible representations. Let IR ⊂ R(Γ) = collec-

tion of components containing an irreducible representation. Decompose X(Γ) =
t(RED) ∪ t(IR), where t(ρ) = χρ. Culler-Shalen do hard work to show that t(IR)
is an algebraic set.
claim: t(RED) is an algebraic set.

Pf. of claim:
χρ ∈ t(RED) iff χρ(c) = 2 ∀ c ∈ [Γ,Γ]

iff Ic(χρ) = 2 ∀ c ∈ [Γ,Γ]
iff χρ ∈ {Ic(χρ) − 2 = 0 ∀ c ∈ [Γ,Γ]

¦
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1.6. Feb. 5: X(Γ) is an algebraic set. Let {γi}n
i=1 be a generating set for Γ

and Fn a free group with free basis {yi}n
i=1. Let π : Fn → Γ be the epimorphism

where π(γi) = yi and let y0 = 1 ∈ Fn. Take W = {wj}j∈J to be a set of defining
relations which correspond to {γi}n

i=1. Then the normal closure of W in Fn is

〈〈W 〉〉 = {ywjy
−1 | y ∈ Fn and j ∈ J}

From Theorem 1.10, there exists a collection α1, . . . , αN ∈ Γ such that we get
the following diagram:
ταi

= Iαi
◦ t : R(Γ) C

X(Γ)

................................................................................................................
....
......
......

t

......................................................................................................... ............

......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
.................
............

Iαi
(χρ) = χρ(αi)

. . . so tαi
(ρ) = χρ(αi), and we have:

R(Γ)

X(Γ)

CN = {τα1
(ρ), . . . , ταN

(ρ)}
............................................................................................................................................................. .......

.....

......................................................................................................... ............

......

......

......

......

......

......

......

......

......

......

......

......

......

......

......

...............

............

......................
..

Any representation

ρ′ : Γ → SL2(C)

can be thought of as a representation

ρ : Fn → SL2(C)

which factors through Γ = Fn/〈〈W 〉〉 by π. Note that such a representation ρ factors
through Γ if and only if

ρ(wjyi) = ρ(yi) ∀ j ∈ J and ∀ i = 0, . . . , n

Let pij be the polynomial with Z coefficients in the ambient coordinates {Iδi
}N

i=1

given by

pij(χ) = χ(wjyi) − χ(yi)

So, if ρ factors through Γ, then pij(χρ) = 0 for every i and j.
Let X = {χ ∈ X(Fn) | pij(χ) = 0 ∀ j ∈ Jand ∀ i = 0, . . . , n}, and assume

that X(Fn) is an algebraic set.

Theorem 1.11. X(Γ) = X

Remarks.

(1) X(Γ) ⊂ X by above discussion.
(2) notice that Pi0 : χρ(wi) − 1 = 0 but this does not imply that ρ(wi) = I.

Proof. Let χ = χρ ∈ X. We need to show that χ ∈ X(Γ).
ρ : Fn → SL2(C), let ρ(yj) = Aj , j = 1, . . . , n, ρ(y0) = Id. By definition of X, we

have:

Trwi(A1, . . . , An)Aj − 2 = 0 ∀ i ∈ J, j = 0, . . . , n
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In particular, this is true for j = 0, so

Trwi(A1, . . . , An) − 2 = 0 ∀ i ∈ J

We may assume that wi(A1, . . . , An) = Id or w1(A1, . . . , An) =

(
1 1
0 1

)
by con-

jugating ρ. We still have Trw1(A1, . . . , An)Aj − TrAj = 0, j = 1, . . . , n. This is
true if and only if

Tr

(
1 1
0 1

)(
aj bj

cj dj

)
− Tr

(
aj bj

cj dj

)
= 0, j = 1, . . . , n

which in turn is equivalent to cj = 0 ∀ j = 1, . . . , n. Therefore, each Aj is upper
triangular, so ρ is a reducible representation.

Now replace ρ by a diagonal ρ1 : Fn → SL2(C) and χρ1
= χρ ∈ X, and write

ρ1(Aj) =

(
aj 0
0 dj

)
. Since χrho1

∈ X, we know that for each i, we have

Trwi(

(
a1 0
0 d1

)
, . . . ,

(
an 0
0 dn

)
) − 2 = 0

But wi(

(
a1 0
0 d1

)
, . . . ,

(
an 0
0 dn

)
) is diagonal, so ρ1(wi) = 1. Therefore ρ1

defines a homomorphism ρ′ that factors through Γ and χρ1
∈ X(Γ). ¤

Certainly, X(Γ) ⊂ X from the above discussion. The issue is to show that if
χ ∈ X then χ ∈ X(Γ). It turns out that if χ ∈ X corresponds to a representation ρ
where ρ(wj) is a non-trivial parabolic for some i, then ρ is a reducible representation
which has the same character as a representation that factors through Γ.

Question: Let X be any variety (defined over Q). Is there a finitely
generated, finitely presented group Γ for which X is an irreducible
component of X(Γ)? Can Γ be taken to be a knot group?

Weak Culler-Shalen: Γ f.g. and suppose X(Γ) contains an irreducible com-
ponent of X with dimC X > 0. Then Γ admits a splitting as a free product with
amalgamation or an HNN extension.

Some Applications:

Using the following theorem from Mumford,

Theorem 1.12. Assume that V and W are varieties and ϕ : V → W is a domi-
nating polynomial map (ϕ(V ) = W ). Then there exists a non-empty, Zariski open
subset Y ⊂ W such that for every y ∈ Y the set ϕ−1(y) 6= ∅.

we can establish the following proposition

Proposition 1.13. Let Γ be a finitely generated group and assume that X(Γ)
contains an irreducible component X0 such that for every α ∈ Γ and every χρ ∈ X0

χρ(α) is an algebraic number . Then dimCX0 = 0.
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Proof. Suppose dimC X0 > 0. As before, assume that X(Γ) is parametrized by
τδ1

, . . . , τδN
. Some Iδj

is nonconstant on X0; otherwise, since Iδj
generate C[X(Γ)]

(and, in particular, they generate C[X0] as well), so C[X0] = C = C(X0), a contra-
diction.
claim: Iγ takes on a transcendental value for some γ ∈ Γ.

Pf. of claim: Using Theorem 1.12, Y0 ⊂ C is Zariski open and not empty, so
Y0 = C \ V where V is at most a finite collection of points. Hence we can find a
transcendental t ∈ C such that Iγ(χ) = t, a contradiction. ¦

¤

We can use Prop. 6.3 (?) to prove

Proposition 1.14. Let Γ be a finitely generated, finitely presented group such that:

(1) X(Γ) contains an irreducible component X0 of positive dimension;
(2) there exists a faithful representation ρ : Γ → SL2(C) so that χρ ∈ X0;
(3) and χρ(γ) 6= 2 for every γ ∈ Γ − {1}.

Then there exists a faithful representation ρ1 : Γ → SL2(C) and an element γ ∈ Γ
where χρ1

∈ X0 and χρ1
(γ) is transcendental.

Proof. Suppose ρ does not satisfy the conclusion. If ϕ : Γ → SL2(C) is not injective,
then there exists 1 6= w ∈ Γ such that ϕ(x) = I, i.e. χϕ(w)− 2 = 0. Let Xw be the
locus of {χρ(w) − 2 = 0}, which is an algebraic set, and let X ′

w = Xw ∩ X0. This
is a subvariety of X0, with X0 ⊂ X(Γ) ⊂ CN . This is a proper subvariety of X0

(since χρ(w) 6= 2) by hypothesis 3. There is a countable number of words w ∈ Γ
(which is finitely generated) such that

Y = ∪w∈ΓX ′
w

We can now find a Q-generic point of X (i.e. a point lying on no proper subvariety
over Q). Given such a point χ ∈ CN , with χ = (χ1, . . . , χN ), then at least one
of the χi are transcendental. Hence χ = χρ is the required character and . . . is
faithful. ¤

This leads to the following question.

Question: Does there exist a closed, hyperbolic 3-manifold M with a
faithful representation ρ : π1(M) → SL2(C) where χρ(γ) is transcen-
dental for some γ ∈ Γ? (Note that discrete, faithful representations
don’t have transcendental traces.)

The issue is that the representation corresponding to the hyperbolic
structure is isolated in X

(
π1(M)

)
since M is closed. To apply the

previous proposition, we need dimCX0 > 0.
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1.7. Feb. 10: T (Γ) is a finitely generated ring. Recall Theorem 1.10: T (Γ) ⊂
C

[
R(Γ)

]
is the subring generated by S = {τγ}γ∈Γ where τγ(ρ) = Tr

[
ρ(γ)

]
.

Theorem 1.15. T (Γ) is generated by a finite subset of S. In fact it is generated
by the set

{ τγ | γ = γi1 · · · γik
where 1 ≤ k ≤ n and 1 ≤ i1 < · · · < ik ≤ n }

This can be proved by letting T0 be the ring generated by the above functions,
then showing that τγ ∈ T0 for every γ. First show that if

γ = γm1

i1
· · · γmr

ir

where the subscripts are all distinct then τγ ∈ T0. We can do this by induction on
the complexity

ν(γ) =

r∑

j=1

Kj

where

Kj =

{
−mj if mj ≤ 0

mj − 1 if mj > 1

Also use the trace relation

Tr(AB) + Tr(AB−1) = Tr(A) · Tr(B)

Now prove it for γ when the subscripts are not necessarily distinct by using the
same trace relation and inducting on r.
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1.8. Feb. 12: The Tree for SL2(K). Let K be a field. Then a valuation

v : K → Z is a map such that v(xy) = v(x) + v(y), xy 6= 0 and v(x + y) ≥
min(v(x), v(y)), x + y 6= 0.

Let v : K× → Z be a valuation on a field K. Then the valuation ring for v is

O = Ov = {α ∈ K | v(α) ≥ 0}
O has a unique maximal ideal Mv which is generated by any element π ∈ O where
v(π) = 1. (Note: π is called the uniformizer.) The residue field for v is the
quotient kv = O/Mv.

examples:

(1) K = Q, vp : Q → Z, x = a
b = a′

b′ p
k, p - a′ or b′. Then vp(x) =

k,Op = (p), and kp = Zp.
(2) K = field of meromorphic functions on C: Oz0

= {f ∈ K :
f(z0) 6= ∞}
f(z) = g(z)(z − z0)

m, vz0
(f) = m, and k = Oz0

/Oz0
(z − z0) ∼= C

We can view the vector space V = K2 as an O-module.

Definition 14. An O-lattice in V is an O-submodule which is finitely generated
and spans V as a K vector space.

If Λ is an O-lattice in V then Λ is a rank 2 free O-module. Also, if Λ1 and Λ2

are lattices with respective bases {ei, fi}, then there exists A ∈ GL2(K) such that
A · {e1, f1} = {e2, f2}. Therefore, A(Λ1) = Λ2.

Lemma 1.16. If Λ1 and Λ2 are O-lattices in V and A,B ∈ GL2(K) such that
A(Λ1) = Λ2 and B(Λ1) = Λ2 then

v
(
det(A)

)
= v

(
det(B)

)

Proof. Show that v
(
det(B−1A)

)
= 0. ¤

If Λ1 and Λ2 are lattices and A(Λ1) = Λ2 then we make the definition

δ(Λ1,Λ2) = v
(
det(A)

)

By the lemma, δ is well-defined. Also, δ has the following basic properties:

(a) δ(Λ,Λ) = 0 because v
(
det(I)

)
= 0.

(b) δ(Λ1,Λ3) = δ(Λ1,Λ2) + δ(Λ2,Λ3).
(c) If Λ1 ⊂ Λ2 then δ(Λ2,Λ1) ≥ 0.
(d) If B ∈ GL2(K) then δ

(
B(Λ1), B(Λ2)

)
= δ(Λ1,Λ2).

Definition 15. Two lattices Λ1 and Λ2 are homethety equivalent (denoted Λ1 ∼
Λ2) if there exists α ∈ K such that α · Λ1 = Λ2.

Lemma 1.17. If Λ1 and Λ2 are lattices then Λ1 is equivalent to a lattice Λ′
1 such

that Λ′
1 ⊂ Λ2.

Proof. Idea: Multiply by a large power of the uniformizer π.
Let Λi = {ei, fi} be bases as O-modules. Then there exist α, β ∈ k such that

e2 = αe1 + βf1. Let m0 = −min(v(α), v(β)). For any m ≥ m0

v(πmα) = v(πm) + v(α) ≥ m0 − m0 = 0

¤
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Lemma 1.18. If Λ1 and Λ2 are lattices then there exists a unique Λ′
1 ∈ [Λ1] such

that Λ′
1 ⊂ Λ2 and Λ2/Λ′

1
∼= O/βO for some β ∈ O − {0}. (Say that Λ′

1 is snuggly

embedded in Λ2, denoted by Λ2 << Λ1.)

Proof. Use the structure theorem for finitely generated modules over a PID. If
Λ1 ⊂ Λ2 then there exists a basis {e, f} for Λ2 and non-zero α, γ ∈ O such that

{αe, γf} generates Λ1. WLOG v(α) ≤ v(γ). Let Λ′
1 =

(
γ
α

)
Λ1. Uniqueness is

easier. ¤

If s1 and s2 are homothety classes of lattices, we define the distance between
them as

d(s1, s2) = δ(Λ1,Λ2)

where Λi ∈ si and Λ2 << Λ1. We can think of this as taking Λ1 ∈ s1 and then
Λ2 ∈ s2 so that Λ2 ⊂ Λ1 snugly. Then Λ1/Λ2

∼= O/βO and d(s1, s2) = v(β).

Lemma 1.19. If Λ2 ⊂ Λ1 are lattices then

(a) d
(
[Λ1], [Λ2]

)
≤ δ(Λ1,Λ2)

(b) d
(
[Λ1], [Λ2]

)
= δ(Λ1,Λ2) (mod 2)

(c) d
(
[Λ1], [Λ2]

)
= δ(Λ1,Λ2) if and only if Λ2 is snugly embedded in Λ1.

Let T (0) be the set of homethety classes of lattices in V . Then the function
d : T (0) × T (0) → N is well-defined.

Lemma 1.20. (T (0), d) is a metric space.

Lemma 1.21. For every r, s, t ∈ T (0) we have

d(r, s) + d(s, t) = d(r, t) (mod 2)

Lemma 1.22. If r, t ∈ T (0) then let n = d(r, t). If p+q = n (where p, q are positive
integers) then there exists a unique s ∈ T (0) where d(r, s) = p and d(s, t) = q.

Let T be the graph formed by connecting every pair of points s, t ∈ T (0) with
d(s, t) = 1 by an edge.

Theorem 1.23. T is simply connected.

Theorem 1.24. GL2(K) acts on T by isometries.

If Λ ∼ Λ′ are equivalent O-lattices and B ∈ GL2(K) then B · Λ ∼ B · Λ′.
Therefore, the action is well-defined on vertices. Also, we can use the fact that
δ(Λ1,Λ2) = δ(B · Λ1, B · Λ2) to show that B is an isometry.

The GL2(K) action restricts to an action of SL2(K) which has the following
properties:

(1) If B ∈ SL2(K) then d
(
[Λ], B · [Λ]

)
is even.

(2) Stab[Λ]

(
SL2(K)

)
= StabΛ

(
SL2(K)

)

Note that neither of these are true for GL2(K) since the proofs rely on the fact
that v

(
det(B)

)
= v(1) = 0.

By (1), we see that SL2(K) acts without inversions. By (2), we see that every
vertex stabilizer is conjugate to SL2(O).

Theorem 1.25. There is a bijection between the vertices in the link of any given
vertex and the 1-dimensional subspaces of k

2, ie the elements of kP1 (↔ k ∪ {∞}).
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For any edge e of T , the edge stabilizer
(
SL2(K)

)
e

is conjugate to the group

4 =

{(
a b
cπ d

)
∈ SL2(O)

}

Also if G is the commutator subgroup

[(
SL2(K)

)
e
,
(
SL2(K)

)
e

]
and A ∈ G, then

A is conjugate to a matrix of the form
(

a b
cπ d

)

where a ≡ d ≡ 1 (mod π). Therefore

Tr(A) = a + d ∈ (2 + 2π)

that is, Tr(A) ≡ 2 (mod π).
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1.9. Feb. 17: Dimension of the canonical component.

examples:

(1) “interesting” examples arise from π1(M), where
bolic 3-manifold. Set H3 = {(x, y, t) : t > 0

equipped with the metric ρ given by ds2 =

perbolic manifold is H3/Γ where Γ < Isom
torsion-free.

But Isom+(H3) ∼= PSL2(C):

Γ = π1M PSL2(C

SL2(C

..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
..........
......................
............

ρ

............................................................................................................................. ............
ρ1

...........................................................................................................
......
......
......

π

The irritation in this diagram is that ρ

der 2 but in SL2(C) only nontrivial elemen(
−1 0
0 −1

)
.

Theorem 1.26 (Mostow Rigidity). Let M = H3/Γ and N = H3/Γ′ be isometric
hyperbolic 3-manifolds. Then Γ and Γ′ are conjugate in Isom(H3).

Mostow rigidity implies that the characters in X(Γ) that correspond to discrete,
faithful representations consist of a finite number of points.

Theorem 1.27 (Thurston). Let M be a compact, orientable 3-manifold with non-
empty boundary consisting of a disjoint union of n incompressible tori. Assume
that int(M) = H3/Γ. Then if ρ is a discrete, faithful representation, there exists
an irreducible component X0 ⊂ X(Γ) such that χρ ∈ X0 and dimCX0 = n.

We call X0 the canonical component.
A good source for examples is Γ = π1(M) in two generators:

< a, b|R(a, b) = 1 > or < a, b|Ri(a, b) = 1, i = 1, 2 >

examples:

(1) Consider a two-bridge knot or link; this has a presentation of
the form < a, b|waw−1 = b >. Consider irreducible representa-
tions ρ : Γ → SL2(C), and conjugate so

ρ(a) =

(
λ 1
0 λ−1

)
, ρ(b) =

(
µ 0
r µ−1

)

note: If χρ(a) = χρ(b), then µ = λ±1. Now we have
Γ =< a, b|R(a, b) = 1 >,X(Γ) ⊂ C3 since X(Γ) is generated by
(χρ(a), χρ(b), χρ(ab)). But for 2-bridge knots, χρ(a) = χρ(b).
Therefore X0 ⊂ X(Γ) ⊂ C2 is generated by (χρ(a), χρ(ab)).

(Mathematica calculations...)
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1.10. Feb. 19: 3-Manifolds with high dimensional components in X
(
π1(M)

)
.

Let Fn = 〈α1, . . . , αn〉 be the free group with rank n ≥ 2. By assuming that ρ is an
irreducible representation and normalizing ρ(α1) and ρ(α2) we have 3(n− 2) + 3 =
3n − 3 independent choices for matrix entries. Hence

dimCX(Fn) ≥ 3n − 3

In particular, if a group surjects Fn where n ≥ 2 then we are guaranteed components
in the character variety with dimension at least 3n − 3.

Examples:

• Let Xn = #n≥2 (S1 × S2). Then π1(Xn) ³ Fn.
• There exist closed hyperbolic 3-manifolds M with π1(M) ³ Fn.

Exercise: There exists a knot K in Xn so that Xn\K is hyperbolic.
Therefore, there exists hyperbolic 3-manifolds with high dimensional com-
ponents.

• By the following lemma, there exist closed hyperbolic 3-manifolds M with
high dimensional components.

Lemma 1.28. Let L be a link in S3 with |L| ≥ 4. Assume that by deleting
one component of L we get the trivial link with n − 1 components (i.e.
L is Brunnian). Then X(L) contains a component of dimension at least
3(n − 1) − 3 > n.

Proof. The conditions of the lemma imply that π1(L) surjects Fn−1. ¤

Downside: to construct hyperbolic knots K in S3 with X(K) containing
a component of large dimension (i.e. at least 2), we cannot use this trick
since H1(S

3 \ K; Z) ∼= Z implies that π1(S
3 \ K) does not surject Fn for

n ≥ 2.
• There exist knots with high dimensional components of X(K).

First let K1 = K = 41,Γ = π1(s
3 \ K) =< a, b|waw−1 = b >. We have

seen that the canonical component X0 is given by the locus of {P (z,R) = 0}
where P (z,R) = z2(2 − R) + (R2 − R − 1).

Note that χρ(a) = z can be chosen to be any z ∈ C.
Consider (irreducible) representations with

ρ(a) =

(
λ 0
0 λ−1

)
, ρ(b) =

(
a0 1
c0 d0

)

where c0 6= 0 since ρ is irreducible.

Let T =

(
t 0
0 t−1

)
, t ∈ C \ {0}. Note that T commutes with ρ(a).

Let K ′ be a hyperbolic knot and K = K ′#K ′. Write Γ′ = π1(K
′)

and Γ = π1(K). Then Γ = Γ′
L ∗Z Γ′

R where the amalgamating subgroup
is meridianal, say 〈a〉. Take a to be a generator in the presentation and
conjugate ρ so that ρ(a) is diagonal. Let T be any diagonal matrix in
SL2(C) so that Tρ(a) = ρ(a)T . Now given a representation ρ of Γ′ we get
a C× worth of representations of Γ by defining

ρt
L(γ) = ρ(γ) for γ ∈ Γ′

L

and

ρt
R(γ) = Tρ(γ)T−1 for γ ∈ Γ′

R
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Since ρt
L and ρt

R agree on 〈a〉 they paste together to give a representation

ρt : Γ → SL2(C)

By setting Kn = K ′# . . . #Kn and inducting on n we get X(Kn) has a
component of dimension at least n.
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• There exist hyperbolic knots with high dimensional components in X(K).
Let A be the 5-braid (σ1σ

−1
2 )2(σ3σ

−1
4 )2.

Then if K is the figure eight knot, K2 = Â is K#K. Let L2 be the link
K2 ∪ B as shown.

S3\L2 is hyperbolic, as it is a 5-punctured disc bundle over S1 with
Psuedo-Anosov monodromy. For large enough p, (p, 0)-orbifold surgery on
the B component of S3\L2 will yield a hyperbolic orbifold. Hence there is
a cyclic branched cover of S3\K2 branched over B, call it Mp, which is a
p-fold orbifold cover.

Mp is hyperbolic as an orbifold cover of a hyperbolic orbifold. If p is
chosen to be coprime to 5, then Mp is a knot complement. Now we have a
degree p map Mp → S3\K2. Then π1(Mp) surjects an index p subgroup of
π1(S

3\K2).
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1.11. Feb. 24: Finding group splittings algebraically. Recall: a partial goal
is to prove Weak Culler-Shalen: Γ f.g., f.p. group such that X(Γ) contains an
irreducible curve of characters of irreducible representations. Then Γ admits a
splitting as a free product with amalgamation or as an HNN extension.

For X0(Msis) is parametrized by (P,Q,R) = (P, 1 − P 2, (1 + P 2 − P 4)/P ). Let
Γ = π1(Msis), and take ρ so that

ρ(a) =

(
0 1
−1 1/2

)
, ρ(b) =

(
1/4 1/2
−7/4 1/2

)

so ρ(Γ) ⊂ SL2(Z[1/2]). We like this since we get an action on a tree T2 of SL2(Q).
We have the rationals with the 2-adic valuation, (Q, v2). Vertices are equivalence
classes [Λ] of Z(2)-lattices, where

Z(2) = {α ∈ Q : v2(α) ≥ 0}
There is an edge between [Λ] and [Λ′] if there exist representative lattices Λ,Λ′ such
that Λ/Λ′ ∼= F2. Note: vertices of T2 have valence 3.

Consider the action of the subgroup SL2(Z[12 ]) on T2. Since O = {x ∈ Q | ord2(x) ≥
0}, then O ∩ SL2(Z[12 ]) = Z. Hence, every vertex stablizer is conjugate to SL2(Z).
Here we see that the action is non-trivial since otherwise the entire group would be
conjugate into SL2(Z).

Let v be the vertex stabilized by SL2(Z) and {e, f} a basis for a representative
lattice. Then {e, 2f} is a basis for a lattice representing a vertex v′ where d(v, v′) =
1. Let e be the edge connecting these two vertices. Then the edge stabilizer is

(
SL2(Z[1/2])

)

e

= Γ0(2) =

{(
a b
2c d

)
∈ SL2(Z)

}

By Serre, this gives rise to a splitting

SL2(Z[1/2]) = SL2(Z) ∗Γ0(2) G(2).

We can use the same idea to get a splitting of the fundamental group of the sister
to the figure eight,

Γ = 〈 a, b | a2ba−1b33a−1b 〉.
Let M be finite volume hyperbolic with one cusp and T be a peripheral torus.

M = H3/Γ and from the Dehn Surgery Theorem we know that X0 = X0(Γ) is a
curve.

Theorem 1.29 (Thurston). Let γ ∈ π1(T ) (non-trivial). Then the function Iγ is
nonconstant on X0.

Now using the above fact that Iγ is nonconstant, we can find a non-integral
rational point x. (ie. x ∈ Q\Z) so that I−1

γ is a finite collection of points in X0.
Amongst these guys we can find χρ such that ρ(Γ) ⊂ SL2(K) where K is a finite
extension of Q and ρ(γ) has non-integral trace. As before, we get ρ∗ : Γ → SL2(Kv)
where v is a valuation associated to a prime divisor of the denominator of x.

The point is that we want to organize how we can see all splittings in a useful
way.

Warm up # 10: tautological representation gives us P : Γ → SL2(C(R0)), with

P (γ) =

(
aγ bγ

cγ dγ

)
:
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X0

R0

XΓ

R(Γ)
...........................................................................................................
......
......
......

t

...........................................................................................................
......
......
......

t

......................................................................................................... ......................
......
........ incl.

If we want to repeat above analysis of sister using (Q, v2) with (C(R0), v), v a
valuation, we need to understand:

(i) valuations
(ii) what it means to be negative of valuations
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1.12. Feb. 26: Valuations and Projective completions.

Definition 16. If K is a field, then a valuation v : K× → Z is an epimorphism
between groups with the property

v(x + y) ≥ min
(
v(x), v(y)

)
.

v may be extended to all of K by v(0) = ∞.

examples:

(1) vp : Q∗ → Z.
(2) vp : C(z)∗ → Z using the fact that F ∈ C[z] implies that

F (z) = (z − p)nF0(z), n ≥ 0, (z − p) - F0(z).

Now, Z(p) = {x ∈ Q : vp(x) ≥ 0} is a local ring with a unique maximal ideal
pZ(p) = {x ∈ Q : vp(x) > 0}. Similarly, we have Op and pOp = Mp = {F ∈ C(z) :
vp(F ) > 0}.

We can extend this idea to irreducible curves V with function field C(V ). Let V
be a (irreducible) curve and p ∈ V . We define the local ring at p as

Op =

{
f

g
| f, g ∈ C[V ], g(p) 6= 0

}
.

Op has a unique maximal ideal

Mp =

{
f

g
| f, g ∈ C[V ], g(p) 6= 0, f(p) = 0

}
.

Theorem 1.30 (Hartshorne). Op is a DVR with valuation vp(F ) = ordp(F ) if and
only if p is a smooth point of V .

note: Say that a point is smooth iff rk
[

∂fi

∂xj
(p)

]
= n − dim(V ); otherwise, it’s

singular.
examples:

(1) V ⊂ C2 irreducible and {f(x, y) = 0} = V implies that p ∈ V

is singular iff ∂f
∂x (p) = ∂f

∂y (p) = 0.

Fact: the set of singular points forms a proper subvariety of
V .

(2) f(x, y) = x2(2− y) + (y2 − y − 1) (figure 8 again). Computing
∂f
∂x , ∂f

∂y shows that this has no singular points.

It may be useful to ponder the following analogy, especially if such pondering is
done is a whistful manner:

cf. Q C(V ), V a smooth, irreducible curve
valuations: vp vp, p ∈ V
local rings: Z(p) Op,V

max’l ideals: pZ(p) Mp

Now if R0 is a smooth curve in the representation variety R(Γ) such that t : R0 →
X0. Then for every point p in R0 we get a valuation vp on C(R0). The action of
Γ (via the tautological representation) will always be trivial since Tr

(
P(γ)

)
is a

polynomial. This means that its valuation under vp will never be negative (no
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poles) and every element stabilizes a vertex. It can be shown that if every element
stabilizes a vertex, then there is some vertex that is fixed by the entire group.
Hence the action given on this tree is trivial. We see here that we must pass to the
projective model to get non-trivial actions.

Definition 17. V ⊂ CPn is a projective algebraic set if V = the vanishing set of
I(V ) ⊂ C[X0, . . . ,Xn] of homogeneous polynomials. V is a projective algebraic

variety if I(V ) is prime.

Let ϕi be the standard coordinate charts for CPn, 1 ≤ i ≤ n. The hope is that
V ⊂ Cn is an algebraic variety only if ϕi(V ) ⊂ CPn is a projective algebraic variety.

Definition 18. A projective completion (or closure) of V an algebraic variety
is a projective variety defined by the ideal

I(V ) = { f∗(x0, . . . , xn) | f ∈ I(V ) } .

example: Consider f(x, y) = x2(2 − y) + (y2 − y − 1),X0 = {f(x, y) = 0}, and
let the map X0 → CP2 be given by (x, y) 7→ [x : y : 1]. Then

f ∗ (x, y, z) = z3f
(x

z
,
y

z

)

= 2x2z − x2y + y2z − yz2 − z3

In general, f∗ is f homogenized in the ith coordinate.

Definition 19. The points of V \V are called points at infinity (or ideal points).

example: X0 (the figure 8): to get points at infinity, set z = 0 and we obtain
yx2 = 0, so x = 0 or y = 0. Therefore we get two points at infinity: [0 : 1 : 0] and
[1 : 0 : 0].

Theorem 1.31. If C is an affine irreducible curve, then there exists a smooth

projective curve C̃ such that C(C) ∼= C(C̃). C̃ is unique up to birational equivalence.
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1.13. March 2: The Splitting Theorem. Recall: If V ⊂ Cn is an irreducible
algebraic curve, then we can associate to V a projective curve V called the pro-
jective completion. This is achieved in several ways, via the maps ϕi : Cn →
CPn, ϕ(a1, . . . , an) = [a1 : a2 : . . . : ai : 1 : ai+1 : . . . : an]. Set Ui = ϕi(C

n), so
∪n

i=0Ui = CPn.
We also have hyperplanes Hi = CPn \ Ui = {[x0 : . . . : 0 : . . . : xn]} (where the

0 is in the imathrmth coordinate). The variety V is defined by the homogeneous ideal
I(V ) = {f∗(x0, . . . , xn) : f ∈ I(V )} where f∗(x0, . . . , xn) = xd

i f(x0

xi
, . . . , xi−1

xi
, xi+1

xi
, . . . , xn

xi
)

where d is the degree of f . Points in V \ V are called points at infinity.

Definition 20. A point p ∈ V is smooth if we can find Ui such that p ∈ V ∩ Ui

is smooth in the previous sense.

example: Dehomogenize with respect to y (in last example), i.e. F (x, z) =
f∗(x, 1, z) = 2x2z − x2 + z − z2 − z3. Check ∂F

∂x , ∂F
∂z at the point [0 : 1 : 0].

Key point: If V is an irreducible curve in Cn, there is a smooth model Ṽ for

V that is the desingularization of V . This Ṽ is unique up to birational equivalence,

and C(Ṽ ) ∼= C(V ). Ṽ is a compact Riemann surface (here, compact means closed

and without boundary), and the genus can be computed. If Ṽ ⊂ CP2 is a smooth

projective curve, then the genus is (d−1)(d−2)
2 where d is the degree of F and Ṽ is

defined by {F (x, y, z) = 0}.
example: The genus of X̃0 of the figure-eight knot is 1, and we have maps

Iγ : X0 → C and Iγ : X̃0 → CP1.

Theorem 1.32. Let V be a smooth projective curve, ϕ ∈ C(V ). Then:

(1) ϕ has a finite number of zeros and a finite number of poles (i.e. points x
where vx(ϕ) < 0);

(2) There is the same number of zeros and poles;
(3) If ϕ has no poles, then ϕ is constant.

example: f(x, y) = x2(2 − y) + (y2 − y − 1),Γ8 =< a, b|waw−1 = b >. Now

Ia(χρ) = χρ(a) = x has 2 zeros on X0 and so 2 poles on X̃0. These poles occur at
points at infinity.
Remark. If V ⊂ Cn is an irreducible curve and f ∈ C[V ], then any poles of f
must occur at points at infinity.

2. Splittings of Groups

Theorem 2.1 (Culler-Shalen). Let Γ be a finitely generated group. Assume that

C ⊂ X(Γ) is an irreducible curve with smooth projective model C̃. Then associated

to each point at infinity of C̃ there is a non-trivial splitting of Γ.

The key theorem we use is:

Theorem 2.2. Assume that ρ : Γ → SL2(F ) is a representation where F is a field

with discrete valuation ν and there exists γ ∈ Γ such that ν
(
Tr

(
P(γ)

))
< 0. Then

there exists a non-trivial splitting of Γ.

claim: Suppose we are in the case of C̃ as in Theorem 2.1. If γ ∈ Γ, then TFAE:

(1) Iγ(χ) ∈ C (i.e. Iγ does not have a pole at x);
(2) γ is conjugate into a vertex stabilizer
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Pf. of claim:

Iγ(χ) ∈ C ⇐⇒ vx(Iγ) ≥ 0

⇐⇒ vx(Tr(P (γ))) ≥ 0 since Tr(P (γ)) = Iγ

⇐⇒ Tr(P (γ)) ∈ Oχ, eC

⇐⇒ P (γ) is conjugate into a vertex stabilizer

¦

Proof of Theorem 2.1. Consided D ⊂ R(Γ) such that t(D) = C. Write Γ =<
a1, . . . , an|R1, . . . >. We have R0(Γ) ⊂ R(Γ) and

ρ(a1) =

(
a1 b1

0 d1

)
and ρ(a2) =

(
a2 0
c2 d2

)

Pass to the smooth models:
D̃

C̃

D

C

...........................................................................................................
......
......
......

t

...........................................................................................................
......
......
......

t|D

................................................................................................................. ............

................................................................................................................. ............

Note:

(1) P : Γ → SL2(C(D̃))

(2) t−1(x̃) = {ỹ1, . . . , ỹk} is a collection of points at infinity of D̃.

Thus consider ỹ ∈ D̃ with t(ỹ) = x̃. We now apply the splitting theorem with C(D̃)
and νey, the field F and the valuation ν. To get the nontrivial splitting we need to
ensure that there exists γ ∈ Γ such that νey(Tr(P (γ))) < 0.

For all γ ∈ Γ, Iγ : C → C is a polynomail function. If {χρn
} ⊂ C is a sequence

of characters χρn
→ X̃, then Iγ(χρn

) = χρn
(γ) so there exists γ such that

|χρn
(γ)| → ∞ =⇒ |Iγ(χρn

)| → ∞
But this means that Iγ has a pole at x̃. Hence the splitting is nontrivial, as needed.

¤

Remark. We say that a sequence of characters {χρn
} blows up if there exists a

γ such that |χρn
(γ)| → ∞.

The mantra is that vertex stabilizers have integral traces since they are conjugate

into SL2(Oν). Note that ν
(
Tr

(
P(γ)

))
< 0 iff Iγ has a pole on C̃. This can be

rephrased as the following:
Key point: γ ∈ Γ lies in a vertex stabilizer iff

vex(Iγ) ≥ 0 ⇐⇒ Tr(P (γ)) ∈ O
ex, eC

⇐⇒ Iγ does not blow up at x̃
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2.1. March 4: Applications to 3-manifolds.

Theorem 2.3. Let M = H/Γ be a finite volume, orientable, cusped hyperbolic
3-manifold. Then Γ admits a non-trivial splitting.

Proof. There exists a canonical component X0 ⊂ X(Γ) with dim X0 = n = number
of cusps of M . Hence we may apply Theorem 2.1. ¤

This is not very interesting since, for example, K ⊂ S3 (nontrivial knot) implies
that π1(S

3 \ K) ³ Z defines an HNN extension. How do we get other splittings of
Γ?

For 3-manifold groups, finding splittings of Γ is equivalent to finding orientable,
properly embedded, incompressible surfaces in M3 with π1(M

3) = Γ. In other
words, for 3-manifolds, finding a nontrivial splitting of its fundamental group is
equivalent to finding a system of essential surfaces in the manifold.

Definition 21. f : (S, ∂S) → (M,∂M) is essential if S is properly embedded,
incompressible, and not boundary parallel.

examples:

(1) If K is the trefoil (note: a torus knot, so not hyperbolic), take
S to be the black surface, which is not orientable. Then

π1(S
3 \ K) =< π1(S), t|R1, . . . >

(2) swallow-follow torus in connect sums (also not hyperbolic)
(3) 4-punctured spheres

These surfaces give rise to splittings of Γ. Consider the following:
Notation: associating a surface to an action Suppose M is a compact,

orientable, irreducible 3-manifold with nonempty boundary. Then ∂M will consist

of disjoint union of incompressible tori. Let p : M̃ → M be the universal cover for
M . Assume that π1(M) acts non-trivially and without inversions on a tree T . Let
E be the set of midpoints of all edges of T .

Definition 22. A surface S is associated to the action if there exists a Γ =
π1(M)-equivariant map

ϕ̃ : M̃ → T

(i.e. ϕ̃(γ.x) = γ.ϕ̃(x) such that ϕ̃ t E and p−1(S) = ϕ̃−1(E)).

M̃ T

M

................................................................................................................. ............
ϕ̃

...........................................................................................................
......
......
......

p

We have the following classical theorem

Theorem 2.4. If the action of π1(M) is non-trivial and acts without inversions
then there exists a non-empty, essential surface S ⊂ M which is associated to the
action. Furthermore, if C ⊂ ∂M is such that π1(C) ↪→ Stabv

(
π1(M)

)
, then S may

be chosen to be disjoint from C.
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Theorem 2.5. Assume that M is as above and that X(π1M) contains a curve.
Then M is Haken.

Conjecture: If M is a closed, hyperbolic 3-manifold then M has a
finite sheeted cover which is Haken.

This leads to the question: With same hypotheses, does M have a finite
sheeted cover N so that a component of X(N) has dimension bigger
than zero?

Corollary 2.6. If M is irreducible and not Haken, then X(M) is a finite set of
points.

Fix M as usual and also assume that ∂M is a torus T .

Definition 23. A slope s on T is an unoriented isotopy class of simple closed
curves on T .

We usually fix a basis 〈µ, λ 〉 for π1(T ) and thus identify the set of slopes on T
with Q ∪ {∞}. If (S, ∂S) is an essential surface in M with non-empty boundary,
then ∂S is a finite collection of simple, closed curves on T all with a common slope
s.

Definition 24. A boundary slope is such a slope.

Theorem 2.7 (Hatcher). Take M as above. Then the set of all boundary slopes
on M is finite.

We say that an essential surface in M is detected by the Culler-Shalen machine
if it arises as a surface associated to the action given by an ideal point of X(M).

If S is such a surface with boundary slope c = p/q, so c = µpλq. Let R0 ⊂ R(Γ)
be such that t(R0) = X0 and dimR0 = 1. Conjugate ρ so that points of R0 have

ρ(µ) =

(
x ∗
0 x−1

)
and ρ(λ) =

(
y ∗
0 y−1

)

Let ỹ ∈ R̃0 be a point at infinity with t(ỹ) = x̃.
note: c = µpλq lies in a vertex stabilizer. This in turn implies that Iµpλq does not
have a pole at the relevant ideal point. If ν is our valuation on C(R0) this means
that ν

(
Iµpλq

)
≥ 0.

Recall our tautological representation P : π1(M) → SL2(C(R0)). We may con-
jugate in SL2(C(R0)) to assume that

P(µ) =

(
M ∗
0 M−1

)
and P(λ) =

(
L ∗
0 L−1

)
.

Then

P(µpλq) =

(
MpLq ∗

0 M−pL−q

)
.

So,

ν
(
Iµpλq

)
= ν

(
MpLq + (MpLq)−1

)
≥ 0.
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Using a basic fact about valuations, and the fact that the trace must be integral,
this means that

0 = ν(MpLq) = pν(M) + qν(L)

Therefore,
p

q
= − ν(L)

ν(M)
.

The important thing to note here is that we may compute the boundary slopes
from the valuation of the basis elements of π1(T ).
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2.2. March 9: More 3-manifold applications. Recall:
splitting of essential surface S ⊂ M

X(Γ) ⊃ curve Ã Γ associated Ã associated to the action of

to x̃ ∈ C̃ Γ on Tνx
(detected by C-S machinery)

S has ∂S = ∅ or ∂S = T2 (inclusion) and ∂-slope should be able to be computed
from valuations. Let M be compact, orientable, connected, and irreducible as usual.
Γ = π1(M).

Lemma 2.8. Assume that ∂M is an incompressible torus. Let C be a curve in
X(Γ) and x̃ a point at infinity for C. Assume that there exists α ∈ π1(T ) such that
Iα(x̃) ∈ C. Then either

• Iβ(x̃) ∈ C for every element β ∈ π1(T ), or
• α is a boundary slope.

Proof. Note: P (α) is conjugate into a vertex stabilizer by hypothesis. The CS
machine provides an essential surface S associated to the action on Tνx

. If ∂S 6= ∅
then α is a ∂-slope. This is true since from EC’s discussion, the associated surface
S can be made disjoint from a simple closed curve C on T2 parallel to α. If α were
not the ∂-slope, then there would exist a β ∈ T2 which is the ∂-slope, but β meets
C, a contradiction. ¤

Theorem 2.9. Take M as in the lemma, or at worst ∂M = ∅. If X(M) contains
a component of dimension bigger than one, then M contains a closed, essential
surface.

Definition 25. M as above is small if M does not contain a closed essential
surface.

Corollary 2.10. M small implies that all components of X(M) have dimension
less than 2.

Corollary 2.11. If M = S3 \ K where K is a 2-bridge knot, then X(S3 \ K) has
only components of dimension less than 2.

Proof. M small by Hatcher-Thurston, so apply Corollary 2.11. ¤

Note that there do exist such 3-manifolds with every component having dimen-
sion less than two, and containing a closed essential surface. M137 is such an
example.

Proof of Theorem 2.9. Assume that ∂M = T2, otherwise done. By Hatcher’s theo-
rem (2.7), there exist only finitely many boundary slopes. Let β ∈ π1(T) be a non-
∂-slope. Let X ⊂ X(M) be a component of dimension n ≥ 2. Then Iβ : X → C is

a polynomial function. We can find t ∈ C such that Iβ(t)−1 6= ∅. Then I−1
β is an

algebraic set whose irreducible components have dimension at least 1. Thus there
exists at least a curve on which Iβ is constant. Let C ⊂ I−1

β (t) be a curve and

consider x̃ ∈ C̃ a point at infinity. By Lemma 2.8, since β is not a boundary slope,
we deduce that Iγ(x̃) 6= ∞ ∀ γ ∈ π1(T

2), which implies that there exists a closed
essential surface in M . ¤

Theorem 2.12. Let M be H/Γ, finite volume, and ∂M = T 2
1 q T 2

2 . Assume that
M is small. Then there exists an essential surface S ⊂ M such that ∂S ∩ T1 6= ∅
but ∂S ∩ T1 = ∅.



CHARACTER VARIETIES: REID 35

Proof. We have dimX0 = 2 where X0 ⊂ X(M) is the canonical component. Define
for α ∈ π1(T2) the map fα : X0 → C by fα(χρ) = χ2

ρ(α) − 4. Note that at the
faithful discrete representation ρ0, fα(χρ0

) = 0 ∀ α ∈ π1(T2). Fix attention on α0 ∈
π1(T2) and consider Y = f−1

α (0). Then Y is an algebraic set all of whose irreducible
components have dimension at least 1. If dim = 2 then X0 = {Y = 0} (?), but
Dehn surgery results tell us that χρ(α) is nonconstant on X0, a contradiction.

Then all components of Y have dimension 1. Note: if fβ : C → C satisfies

(2) fβ(χρ) = 0 ∀ χρ

then we are done since in this case, choosing an irreducible component C1subsetC

and x̃ ∈ C̃1, we obtain an essential surface that is disjoint from T2. Finally, M
small implies that ∂S ∩ T1 6= ∅. Thus condition 2 holds, since performing Dehn
surgery on T1 while keeping T2 complete gives uncountably many points at which
fβ(χρ) = 0 as required. ¤

Definition 26. P < Γ is a peripheral subgroup, then ϕ : Γ → π1N is peripheral

preserving if ϕ(P ) < a peripheral subgroup of π1N .

Remark. N can be closed, in which case ϕ(P ) = 1.

Theorem 2.13. Let M be H/Γ, finite volume, with one cusp, and small. Then
there exist only finitely many distinct, finite volume, hyperbolic 3-manifolds, Ni,
for which there exists a peripheral preserving epimorphism ϕi : Γ → π1(Ni).

Proof. Assume there is a sequence {Nj} of distinct hyperbolic 3-manifolds such
that there exists

Γ π1Nj SL2(C)....................................................................................................... ............
fj

................................................................................... ............
ρj

which is peripheral preserving. Let ρj : π1Nj → SL2(C) be faithful and discrete.
Let ϕj = ρj ◦ fj : Γ → SL2(C). The characters χϕj

are distinct characters on
X(M). By passing to a subsequence, we may assume that {χϕj

} ⊂ C where C is
an irreducible curve. Note that fj(P ) peripheral implies that χϕj

(α) = ±2 ∀ α ∈ P .

If we pass to a point at infinity, say x̃ ∈ C̃, we have Iα(x̃) 6= ∞ ∀ α ∈ P . Hence
we obtain a closed essential surface in M , a contradiction. ¤
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2.3. March 11: Essential Surfaces from actions on trees. Assume that M
is compact, orientable, and irreducible, and let Γ = π1(M), p : M̃ → M be the

universal cover. Fix a triangulation on M and lift it to M̃ . Let E denote the set of
midpoints of edges in a tree T , and suppose we have a simplicial action of Γ on T .
Let E be the set of all midpoints of edges in the tree T .

Note: If f : M̃ → T is a Γ-invariant simplicial map, then S̃ = f−1(E) is a

properly embedded surface in M̃ . Furthermore, S̃ is invariant under the action of

Γ on M̃ . Therefore, S = p(S̃) is a properly embedded surface in M .

Definition 27. A properly embedded surface S ⊂ M is associated to the action

if there exists a Γ-invariant map f : M̃ → T such that

p−1(S) = f−1(E).

Proposition 2.14. There exists a surface associated to the action of Γ on T .

Proposition 2.15. There exists a simplicial Γ-invariant map f : M̃ → T .

Proof. Let S(0) be a complete set of orbit representations for Γ-action on M̃ (0).
Define f (0) : S(0) → T (0) by f (0)(γẋ) = γḟ (0)(x) ∀ γ ∈ Γ, x ∈ S(0) where f (0) :

M̃ (0) → T (0). Assume f (i) : M̃ (i) → T is Γ-invariant and simplicial. We want

f (i+1) : M̃ (i+1) → T . First extend on a complete set of orbit representations of the
action of Γ on (i + 1)-complexes and extend by Γ-invariance. ¤

Proposition 2.16. If S is associated to the action, then for each component Ci of
M − S, π1(Ci) stabilizes a vertex of T .

Proof. Since S̃ = p−1(S) is Γ-invariant, Γ acts on the components of M̃ \ S̃ and Γi

stabilizes a component C̃ of p−1(Ci), which implies that

f(C̃) = f(Γi · C̃) = Γi · f(C̃)

Thus f(C̃) ⊂ T \ E, so Γi stabilizes the corresponding vertex. ¤

Corollary 2.17. If S = ∅, then Γ stabilizes a vertex of T . (The action of Γ on T
is trivial.)

Proposition 2.18. If Γ acts on T without inversions, then S is orientable.

Proof. We’ll prove the contrapositive. Assume there exists a component of S that

is not orientable. Then, for some component S̃0 of S̃ = p−1(S), there exists a γ ∈ Γ

that interchanges two components C1, C2 or M̃ \ S̃ that are separated by S̃0. But

S̃0 is connected, so f(S̃0) = midpoint of an edge in T implies that Γ does not act
without inversions. ¤

Proposition 2.19. If C is a connected submanifold of ∂M such that the image of
π1(C) in Γ is contained in a vertex stablizer, then the surface may be taken to be
disjoint from C.

Proof. Build a Γ-invariant submanifold of ∂M such that p(f−1(E))∩C 6= ∅. Let C̃
be a component of p−1(C). Choose the triangulation such that C is a sub-complex.

When choosing S(0), choose representations from C̃(0) whenever possible. To define

f (0) : S(0) → T (0), if p ∈ S(0) ∩ C̃(0), then set f (0)(p) = v. Note: if γ ∈ Γi, then

f (0)(γ · p) = γf (0)(p) = γ · v = v, so f (0)(C̃(0)) = v. By construction, 0-skeletons of
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translates of C̃ are sent to translates of v, that is, f(C̃) = v, so p−1(C)∩f−1(E) = ∅,
so p(f−1(E)) ∩ C = ∅. ¤

Definition 28. An essential surface S in M is a properly embedded surface
which satisfies

(1) S 6= ∅.
(2) S is orientable.
(3) S has no compressing discs.
(4) S has no sphere components.
(5) S has no boundary parallel components.

Theorem 2.20. There is an essential surface in M associated to the action of Γ
on T . Furthermore, if C is a connected submanifold of ∂M such that the image of
π1(C) in Γ is contained in a vertex stablizer, then the surface may be taken to be
disjoint from C.

Proof. Assume S = p(f−1(E)) as usual, where S has a compressing disk D in M .
Let B be a regular neighborhood of D, so B is a 3-ball, B ∩ S = A is an annulus,

X− is a solid torus, and X+ is a 3-ball. Let B̃ be a component of p−1(B). Then

f−1(E)∩ B̃ = Ã. Also, f(X̃±) map into 2 adjacent connected components of T \E,

say Y±. D1 and D2 separate B̃ into 3 3-balls, B1, B2, B3. Define

g : B̃ → T, g|∂ eB = f |∂ eB , g(D1 ∪ D2) = f(Ã)

Notice that g(∂B2) ⊂ Y− ∪ f(Ã), g(∂Bi) ⊂ Y+ ∪ f(Ã) for i = 1, 3. Extend g to B̃
such that g(intB2) ⊂ Y−, g(intBi) ⊂ Y+ for i = 1, 3. Finally, extend g to p−1(B)

by Γ-invariance, and extend to M̃ with f . ¤



38 CHARACTER VARIETIES: REID

2.4. March 23: More 3-manifold stuff. Recall: Γ = π1(M
3), M3 compact,

orientable, irreducible. If X(Γ) contains a curve C, then by passing to points at

∞, x̃ ∈ C̃ \C, we obtain an action of Γ on Tex and this action determins a splitting
of Γ. We can then obtain essential surfaces in M “dual to the action”.

Define γ ∈ Γ, Iγ : C → C, Iγ(χρ) = χρ(γ). If we consider M as above, then
∂M = T2 is incompressible.
example: If α ∈ π1(T) ≤ Γ and Iα(x̃) 6= ∞, then either α is a boundary slope or
Iβ(x̃) 6= ∞ ∀ β ∈ π1(T

2). In the latter case, this implies that M contains a closed
essential surface.

Recall that if M is finite volume, hyperbolic with one cusp, then Iα is non-
constant on X0 for all peripheral α.

Theorem 2.21. Let M = H/Γ have finite volume and one cusp. Then M has at
least two boundary slopes.

Lemma 2.22. If s is any slope on ∂M = T2, then there is an essential surface
Σ ⊂ M with ∂Σ 6= ∅ and has boundary slope not equal to s.

Proof. Let γ ∈ Γ represent s. Consider Iγ : X0 → C. Then Iγ is nonconstant and
therefore has poles which must arise at points at infinity for X0. Choose such a

point x̃ ∈ X̃0 \ X0. Hence there is an essential surface Σ ⊂ M , associated to the
action on Tex. From the remarks above, ∂Σ 6= ∅. The boundary slope of Σ 6= s since
Iγ is blowing up at x̃. ¤

examples:

(1) The figure eight has boundary slopes 0
1 ,± 4

1 (Hatcher-Thurston)
(2) All twist knots (except the trefoil and the unknot) have three

boundary slopes.
(3) The James Bond manifold (M007) has exactly two detected

slopes.

Question: Is there any special property of the surfaces detected by the C-S
machinery?

Theorem 2.23. Assume that M = H/Γ has finite volume and one cusp. Then the
Culler-Shalen machine does not detect fibers (or virtual fibers) on components of
X(Γ) which contain an irreducible representation.

Notation: Let S be an orientable surface, |∂S| = 1,Θ : S → S a self-homeomorphism.
Form a 3-manifold MΘ = (S × I)/ ∼. Then MΘ fibers over S1 with fiber S ⊂ MΘ

is incompressible. This defines a short exact sequence:

1 → π1S → π1MΘ → Z → 1

Proof of Theorem 2.23. Γ = π1M,π1S〈〈Γ〉〉. The claim is that for any point at

infinity x̃ ∈ X̃0, an essential surface associated to the action is never a fiber. We
assume to the contarary that S is detected by passing to such an x̃. Therefore
P (π1S) ⊂ vertex stabilizer if and only if vex(Iγ) ≥ 0 ∀ γ ∈ π1S, which is equivalent
to TrP (γ) ∈ O

ex, fX0
. We require a lemma:

Lemma 2.24. Let F be a field with a valuation ν. Let G be a subgroup of SL2(F )
and assume that there exists N . G (non-central) such that N is GL2(F )-conjugate
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into SL2(O). Then either G contains a solvable normal subgroup, or

Tr(g) ∈ O ∀ g ∈ G.

Proof. Outline: Assume g ∈ G such that Tr(g) /∈ O. Extend F and ν so that we
can write g as a diagonal matrix. Take η ∈ N . Then Tr(ηgnηg−n ∈ O for every n.
This implies that η is either upper or lower triangular. Hence N is either upper or
lower triangular. Therefore, N is solvable.

Now assume that there is g ∈ G such that Trg /∈ O, so g has characteristic
polynomial λ2 − (Trg)λ + 1 = 0, where λ, λ−1 are the eigenvalues of g. Note by
definition, F (λ) is an extension of degree no more than 2 over F . Assume that

λ ∈ F . Then we can conjugate G so g is of the form

(
λ 0
0 λ−1

)
.

N〈〈G〉〉 implies that gnNg−n = N ∀ n ∈ Z. Let η =

(
a b
c d

)
∈ N , and

consider

gnηg−n =

(
a bλ2n

cλ−2n d

)
∈ N

Therefore Tr(ηgnηg−n) ∈ O, so

x = a2 + d2 + bc(λ2n + λ−2n) ∈ O ∀ n ∈ Z

But x = (a + d)2 − 2 + bc(λn − λ−n)2, so x ∈ O if and only if bc(λn − λ−n)2 ∈ O,
which is the same as v(bc(λn − λ−n)2) ≥ 0, which is equivalent to v(b) + v(c) +
2v(λn − λ−n) ≥ 0. The key point to keep in mind is that v(λn − λ−1) → −∞ as
n → ∞, a contradiction.

Trg = λ + λ−1. Note that if Trg /∈ O, then v(λ) 6= 0, so v(Trg) < 0. By
properties of valuations, we have

v(λ + λ−1) = v(
λ2 + 1

λ
= v(lambda2) − v(λ) ≥ 0

Hence b = 0 or c = 0, so ∀ η ∈ N , either

η =

(
a b
0 d

)
or η =

(
a 0
c d

)

But both forms of above cannot occur since taking a product gives an element of
N not of the above form, so N is of the form

(
∗ ∗
0 ∗

)
or

(
∗ 0
∗ ∗

)

both of which are solvable.
(Note: the hypothesis “not central” was used because otherwise we would get

no info from commuting matrices.) ¤

Continuing with Theorem 2.23, we let t : R0 → X0 and F = C(R0), where R0 is
a curve contained in R(Γ). Then P : Γ ↪→ SL2(C(R0)).
note: R0 contains a faithful, discrete representation. Hence P : Γ → SL2(C(R0))
is faithful, for if it weren’t, there would exist 1 6= γ ∈ Γ such that

I = P (γ) =

(
ap bp

cp dp

)

and so ρ(γ) = 1 ∀ ρ ∈ R0, which is false. Hence PΓ ∼= Γ is a finite volume
hyperbolic 3-manifold group, so it contains no normal solvable subgroup. Therefore
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Lemma 2.24 applies to yield Trg ∈ O
ex, fX0

∀ g ∈ Γ. But some Iγ is blowing up since

the surface S is being detected. This contradiction completes the proof. ¤

Question: Assume that Σ ⊂ M = H/Γ is one cusped and finite
volume and ∂Σ 6= ∅. Assume also that the surface Σ is not a fiber or
virtual fiber. Is Σ detected by the Culler-Shalen machine?
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2.5. March 25: The Smith Conjecture.

Theorem 2.25. Let Σ be a (homotopy) 3-sphere and K ⊂ Σ a (tame) knot. Let

Σ̃n be the n-fold cyclic cover of Σ branched over K. If Σ̃n is simply connected then
K is the trivial knot.

This theorem implies the Smith Conjecture (revised).

Theorem 2.26 (The Smith Conjecture). If h : Σ̃ → Σ̃ is a periodic diffeomorphism
with non-empty fixed point set, then fix(h) is the trivial knot.

Recall: an n-fold branched cover of Σ is (Σ̃n, p):

Σ ⊃ K

Σ̃n

Σ \ K

Σ̃n \ K̃
...........................................................................................................
......
......
......

p

...........................................................................................................
......
......
......

K̃ = p−1(K) such that for all x ∈ p−1(K), there is a neighborhood homeomor-
phic to D × I such that p has the form (z, t) 7→ (zn, t), n ≥ 2. Alternatively, there

is a cyclic group of diffeomorphisms C acting on Σ̃n with nonempty fixed point set

K̃ and p(K̃) = K.

Take Σ = Σ̃/〈h〉 and K = fix(h). Then Σ is simply connected.

Proof. Proof of Theorem 2.25 We assume that M = Σ\K is hyperbolic. Define the
orbifold Qn = (Σ,K) where K has cone angle 2π

n . Then if µ is a meridian of K,
then µn bounds a disc in Qn.

Γn = 〈π1(M) |µn = 1 〉
So we have the exact sequence

1 −−−−→ π1(Σ̃n) −−−−→ Γn −−−−→ Z/nZ −−−−→ 1

If Σ̃n is simply connected then Γn
∼= Z/nZ. Thus, our strategy is to show that Γn

is not cyclic. We do this by finding a representation into PSL2(C) with non-cyclic
image.

We attempt to arrange a representation ρ : π1(M) → SL2(C) such that

• ρ(µ) has order 2n, and
• ρ descends to a representation ρ : π1(M) → PSL2(C) with non-cyclic image.

This would be a win because in the following diagram, we would have ρ noncyclic
but ρ(µ)n = 1:

Γn

π1M PSL2(C)
.....................................................................................................................

....
......
......

........................................................................... ............
ρ

......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
......
.................
............

By assuming that M is hyperbolic, we are guaranteed that Iµ : X̃0 → CP 1 is

surjective. Let ω be a primitive 2n-th root of unity. Then there exists χ ∈ X̃0 such
that Iµ(χ) = ω + ω−1 = t.
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If χ is a point at infinity, then either µ is a boundary slope or M contains a
closed, essential surface. We apply the following.

Theorem 2.27 (Gordon, Litherland). Let M be as above and assume that either
µ is a boundary slope or M contains a closed, essential surface. Then any regular,
branched cover of M contains a closed, essential surface. In particular, no regular,
branched cover is simply connected.

So now we may assume that χ ∈ X0.
The rest follows from the following lemma. It can be proved by counting dimen-

sions and the fact that if ρ has cyclic image, then ρ is abelian. In fact,

ρ
(
π1(M)

) ∼= Z/nZ × Z/2Z.

Lemma 2.28. Suppose M = H/Γ is orientable, 1-cusped, and finite volume. Then
given any χ ∈ X0 there is a representation ρ ∈ t−1(χ) such that Im(ρ) is not cyclic.

Proof. Note that for most points on X0, this is clear as the representations are
irreducible representations into SL2(C) (here, t−1(χ) = SL2(C)-orbit of given rep-
resentation ρ with t(ρ) = χ).

It follows from algebraic geometry that t−1(χ) has dimension at least 3 for all
χ ∈ X0. Consider χ ∈ X0 for which if ρ ∈ t−1(χ), ρ(π1M) is cyclic. What does
ρ(π1M) ⊂ SL2(C) look like (if not cyclic)? We claim that it is abelian. Note that
−I ∈ ρ(π1M), otherwise ρ(π1M) not cyclic. Thus we have a short exact sequence

1 → {±1} → ρ(π1M) → Zn → 1

so ρ(π1M) = Zn × Z2, hence ρ is a diagonal representation. To complete the
proof, it is an exercise to show that dim(B) ≤ 2 where B is the set of diagonal
representations in t−1(χ). ¤

¤
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3. The A-polynomial

3.1. March 30: Definition of the A-polynomial. We define the A-polynomial
for knots in S3, although it can be defined for knots in appropriate manifolds. Let
K be a knot in S3, and set M =

∫
N(K). Fix a framing {l,m} for π1(T ). Let

Γ = π1(M). We will see that the two-variable polynomial that we define is “almost
an invariant”.

Define RU ⊂ R(Γ) to be

RU = { ρ ∈ R(Γ) | ρ(l) and ρ(m) are upper triangular }.

Write

ρ(l) =

(
L ∗
0 L−1

)
and ρ(m) =

(
M ∗
0 M−1

)
.

Define the polynomial map ξ from the closed algebraic set RU to C2\{0} by ξ(ρ) =
(Lρ,Mρ). If C is an irreducible component of RU then the Zariski closure of ξ(C)
is a variety in C2. This has dimension 0 or 1, so throw away 0-dim’l components
and only consider those C ⊂ RU that project to curves (i.e. dim 1).

Theorem 3.1 (Hartshorne). A variety Y ⊂ C2 is a curve if and only if Y is a
zero set of a non-constant, irreducible polynomial in C[x, y].

So, for each component C of RU which projects to a curve under ξ we associate
an irreducible polynomial FC(L,M) ∈ C[L,M ]. Given RU this gives a finite list of
distinct polynomials {FCi

}n
i=1.

Definition 29. Define the A-polynomial for K as

AK(L,M) =
1

L − 1
·

n∏

i=1

FCi
(L,M).

Remarks.

(1) Γ → Z → SL2(C), m 7→ a generator, l 7→ 1 implies that L = 1 for these
representations. {L − 1 = 0} defines a polynomial which arises from an
abelian representation of Γ.

Proposition 3.2. If K is the unknot then AK = 1.

Remark. We will really take the product
∏n

i=1 Fi(L,M) where the Fi are distinct
irreducible polynomials.

Proposition 3.3. If K is hyperbolic then AK 6= 1.

Proof. Crucial fact is that Il : X0 → C is contant. If R0 ⊂ RU is such that
t : R0 → X0, then Il nonconstant implies that L must be nonconstant on R0. But
then teh component R0 does not project to (L − 1) in C2 under ξ. ¤

In sum: the first follows, since dividing by L − 1 results in ignoring abelian
representations. The second follows from the fact that Il : X0 → C is non-constant.

Proposition 3.4. If K is the (p, q)-torus knot then AK is divisible by LMpq + 1.
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Question: Does every non-trivial knot have a non-trivial A-polynomial?

Thanks to Kronheimer/Mrowka, any non-trivial knot admits an irreducible
SU(2) ⊂ SL2(C) representation. Can these be deformed to give a curve?

In fact they can. Dunfield/Garoufalidis have shown that every non-trivial knot
has a non-trivial A-polynomial.

Proposition 3.5. AK(L,M) involves only even powers of M .

Proof. Consider the map α:

Γ → Z → Z/2Z → SL2(C)

m 7→ gen 7→ −1 7→ −I

l 7→ 1 7→ 1 7→ I

(Take α to be the composition of the above maps.) If ρ ∈ RU then multiply it with
the representation α where α(m) = −I and α(l) = I. This is a homomorphism
since

ρα(g1g2) = α(g1g2)ρ(g1g2) = α(g1)α(g2)ρ(g1)ρ(g2)

= α(g1)ρ(g1)α(g2)ρ(g2)

Note that ρα(m) =

(
−µ ∗
0 −µ−1

)
∈ RU , ρα(l) = ρ(l). Thus ξ(ρα) = (L,−M).

¤

Let YC be a one dimensional component of ξ(C) for some component C ⊂ RU

and let ỸC be its smooth, projective model. Let x ∈ ỸC\YC .
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Consider a sequence of points {(Ln,Mn)} ⊂ which converges to x. Then at least
one of Ln, Mn, 1/Ln, or 1/Mn approaches infinity in norm. This corresponds to
a sequence of representations in R(Γ) which converge to a point at infinity. Fur-
thermore, the character of some elements of π1(T ) are unbounded here. Therefore,
the CS-machine gives us an essential surface in S3\K with non-empty boundary.
Therefore, the beauty of the A-polynomial is that it only sees stuff that blows up at
the boundary.

Conversely, if {χρn
} is a sequence of charts for which χρn

→ y ∈ X̃C \ XC that
detect an essential surface with nonempty boundary, then projecting to YC we get a

sequence of points {(Ln,Mn)} → a point at infinity of ỸC \YC . Otherwise, values of
Ln,Mn stay bounded, which implies that characters stay bounded, a contradiction.

Summarizing:
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Theorem 3.6. Assume AK is non-trivial. An essential surface with non-empty
boundary is detected by the character variety if and only if it is detected by the
A-polynomial.

Suppose F (L,M) | AK(L,M) is an irreducible factor, and let x ∈ Z̃(F ) \ Z(F ).
Associated to x is a valuation ν on C(V (F )) and:

Corollary 3.7. The boundary slope of the essential surface Σ detected by a point

x ∈ ỸC\YC is − ν(L)
ν(M) .
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3.2. April 1: Newton polygons and Holes. Remark. Holes: Assume C ⊂
R(U) is a curve and ξ(C)\ξC is non-empty (a finite set of points). These are
”holes”. They are secretly like points at infinity in the following sense: if (L,M) ∈
ξ(C) \ ξ(C), then there does not exist a ρ ∈ C such that ξ(ρ) = (L,M). Thus,
(L,M) is a hole. Now consider a sequence of points (Ln,Mn) → (L,M) (in the
usual topology). Back in C we have a sequence of representations {ρn} with ξ(ρn) =
(Ln,Mn). Note that each ρn is bounded on T . χρn

(α) cannot be bounded for all α ∈
π1M ; otherwise, we could construct ρn → ρ a representation and ξ(ρ) = (L,M),
a contradiction. So we have a sequence of characters blowing up but bounded on
π1T , so we get a closed essential surface. If they exist we cannot quite say ”the
A-polynomial only detects surfaces with non-empty boundary”.

Question: Do holes exist?

Let P (x, y) ∈ C[x, y]. Define the Newton Polygon,

Newt(P ) = Convex hull in R2 of (i, j) where the coefficient of xiyj is non − zero.

examples:

(1) f(x, y) = x2(2−y)+(y2−y−1), then Newt(f) is the quadralat-
eral with vertices at (0, 0), (2, 0), (2, 1), (0, 2).

(2) A41
= −M4 + (1 − M2 − 2M4 − M6 + M8)L −

M4L2, then Newt(A41
) is the diamond with vertices at

(1, 0), (2, 4), (1, 8), (0, 4).
(3)

(3)
A52

= 1+(−1+2M2+2M4−M8+M10)L+(M4−M6+2M10+2M12−M14)L2+M14L3

imply that the slopes of Newt(A52
) are 0

1 , 4
1 , 10

1 ,
and Newt(A52

) is the hexagon with vertices at
(0, 0), (1, 0), (2, 4), (3, 14), (2, 14), (1, 10).

Theorem 3.8. The slope of the boundary edges of Newt(AK) are boundary slopes
of K.

Outline of Proof. We must show that going to infinity on VK , we associate an edge
of Newt. Here are the main ideas:

Think about the example 52: going to a point at infinity, at least one of M,L, 1
M , 1

L
is blowing up. For example M → ∞ but L bounded. Or consider A52

given by
equation 3 and factor as a polynomial over M and divide through by M14. Then,
when |M | is large, the resulting equation is basically L3 − L2 = 0 and we can
associate an edge e to the degeneration. This phenomena is what happens more
generally, i.e. going to infinity picks out an egde of Newt. ¤
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examples:

(1) 41 : ±4
1 are boundary slopes

(2) 52 : 0
1 , 4

1 , 10
1 are boundary slopes

(3) 820 : −10
1 , 0

1 , 8
3 is fibered, but 0

1 is the boundary slope of an
essential separating surface with nonempty boundary.

Newton polygon detects all boundary slopes. Hatcher and Thurston proved that
all boundary slopes of 2-bridge knots are integral, and 820 is the first alternating
knot with non-integral boundary slope.
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3.3. April 6: Boundary Slopes are ∂-slopes. Remark. Suppose (X, )) ∈
V (AK),X 6= 0.

If Newt(AK) has an edge with slope zero on the L-axis. Associate to it a surface
of slope 0

1 detected by the C-S machine.

example: AK( 1
L , 1

M ) = ±LsM tAK(L,M) implies there are precisely two edges
of a given slope s on Newt. The A-polynomial for K has the form AK(L,M) =∑

αβLβ + A(L,M) where αβ are constants and at least two of the αβ 6= 0 and
M divides every term of A(L,M), that is, A(L, 0) = 0 ∀ L. Hence, AK(L, 0) =∑

αβLβ 6= 0 and so this has roots (by the edge assumption), that is we find at
least one point x = (r, 0) ∈ V (AK). (Recall: If a surface is detected of slope p/q

at a point at infinity x, then p
q = −V (L)

V (M) . Let vx be the valuation associated to x.

Then vx(L) = 0 since there is no zero or pole at this point and vx(M) > 0 since M
has a zero at x. By the above remark, 0

1 is a detected slope.
claim: This suffices to show that all slopes of Newt(AK) are detected. The idea
is to change basis.

Given (m, l) = π1(T ), compute AK(L,M). Now assume that (m′, l′) = π1(T )
and compute A′

K(L′,M ′). We can interpolate between Newt(AK) and Newt(A′
K)

using the change of basis given by (m, l) ↔ (m′, l′).
example: Figure 8 knot. AK(L,M) = −M4 + (1 − M2 − 2M4 − M6 + M8)L −
M4L2. Make the change of coordinates: M ′ = M4L,L′ = M ⇐⇒ M = L′, L =
M−4M ′ = M ′L′−4. then

AK(L,M) = AK((M ′)(L′)−4, (L′))

= −(L′)4 + (1 − (L′)−2 − 2(L′)4 − (L′)6 + (L′)8)((M ′)(L′)−4) − (L′)4((M ′)(L′)−4)2

= −(L′)4 + (1 − (L′)−2 − 2(L′)4 − (L′)6 + (L′)8)((M ′)(L′)−4) − (M ′)2(L′)−4

= −(L′)8 + (1 − (L′)−2 − 2(L′)4 − (L′)6 + (L′)8)(M ′) − (M ′)2

Changing an edge e of slope −p
q to the horizontal edge at the start of the lecture:

we want to work out a change of basis. All points of e are points on a straight line
of slope −p

q .
nj − ni

mj − mi
=

−p

q
=⇒ q(nj − ni) = −p(mj − mi)

Therefore qnj + pmj = qni + pmi = d, say, for all i, j. Set X = M−pLq, Y =

MaLb where

(
−p a
q b

)
∈ SL2(Z), (p, q) = 1. This holds if and only if M =

XbY −q, L = X−aY −p (using det = 1). AK(L,M) = AK(X−aY −p,XbY −q) (after
multiplying by suitable powers of X,Y we get a polynomial again. The edge appears
in AK(L,M) as the terms

∑
aiL

miMni . Rewriting each term of this:

(X−aY −p)mi(XbY −q)ni = X−amiY −pmiXbniY −qni

= X−ami+bniY pmi+qni

= X−ami+bniY −d

where d = pmi +qni from above. Multiplying by Y d clears these terms in Y , which
implies that AK(X,Y ) =

∑
aαXα + E(X,Y ) where E(X, 0) = 0 ∀ X, so there is

a slope 0/1 edge as required.
Indeed, the aβ are constants and at least two of them are non-zero, and M

divides every term in the polynomial E(L,M). Then AK(L, 0) =
∑

aβLβ has at
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least two terms and hence there is a point of the form (r, 0) ∈ V (AK) with r 6= 0.
This is a point at infinity, recall that the slope of an associated surface is

p

q
= − ν(L)

ν(M)
= 0

We know that ν(L) = 0 because L is bounded near (r, 0). Likewise, ν(M) 6= 0. Now
to extend this argument to show that any boundary slope of Newt(AK) corresponds
to a ∂-slope of K, we need to make a change of basis argument.

The edge polynomials come from reading off the obvious 1-variable polynomials
from the edges of the Newton polygon. For slope zero edges this is straightforward,
for edges of slope p/q make the substitution t = L−qMp.

examples:

(1) 52: the edge polynomial is 1 − t. Changing basis gives a way
to associate to any edge an edge polynomial fe(t).

(2) 41: For the edge e, the terms in the A-polynomial are −M4 +
LM8. Let t = L−1M4, so M4 = t

L , and we have

−t

L
+ L

t2

L2
=

−t

L
+

t2

L
=

1

L
(−t + t2)

so fe(t) = −t + t2. More generally, if e has slope p
q , let t =

L−qMp.

Theorem 3.9. Let fe(t) be an edge polynomial.

(1) fe(t) is a product of cyclotomic polynomials.
(2) The corner polynomials have coefficients ±1.

Remark: These roots are the eigenvalues of the bounded class as we go to a point
at infinity corresponding to that edge. Note also, that the number of boundary
components of a surface associated to a given edge is related to the roots of the
edge polynomial.

Definition 30. A corner polynomial is a term aαβLαMβ in the A-polynomial
such that (α, β) is a vertex of Newt(AK).

example: 41: the corner polynomials are LM8,−M4L2,−M4, L.
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3.4. April 8: Ones in the Corners.

Theorem 3.10. Let fe(t) be an edge polynomial.

(1) fe(t) is a product of cyclotomic polynomials. Also, if ω is a pth root of unity
that satisfies the edge polynomial then p divides the number of boundary
components of any connected component of an essential surface associated
to that edge.

(2) The corner polynomials have coefficients ±1.

Remark: (2) implies (1). What follows is a summary of a proof of (1).
Choose a slope α which is not a boundary slope. Extend α to a basis {α, β} for

π1(T ). Since changing basis doesn’t affect the coeffients of AK , we have AK(L,M) ∈
Z[L,M ] where L and M are the eigenvalues of α and β. Since α is not a boundary
slope, there is a unique term CMsLr of highest power in L. Our goal is to show
that C = ±1 which by changing basis is enough to prove the theorem. We use the
following claims:

(1): There exists a prime p ∈ Q such that
– (∗, p) ∈ Im(ξ), and
– p and C are co-prime.

(2); Suppose p is a prime, l > 0, and h(t) = c0 + · · · + ckpltk is an irreducible
polynomial in Z[t] with ck = ±1 and p doesn’t divide ck. If b satisfies h
then there exists a valuation ν on Q(b) such that

– ν(p + 1/p) ≥ 0, and
– ν(b) < 0.

We take p to be as in claim (1) and use the following lemma:

Lemma 3.11. Factorize the one variable polynomial AK(L, p) over Z as

AK(L, p) = η
∏

hj(L)

where η ∈ Z and each hj is irreducible over Z. Then C divides η.

The lemma can be proved by noticing that if C doesn’t divide η then claim (2)
will give us a valuation. This valuation allows us to construct a non-trivial action
on a tree for which α lies in a vertex stabilizer and β does not. Hence we contradict
that α is not a boundary slope.

The lemma allows us to show that C divides each coefficient of AK(L,M). Since,
we have normalized AK so that the coefficients have gcd one, then C = ±1. ¤
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3.5. April 13: Applications of Ones in the Corners. The first is similar to
Bass’ Theorem:

Theorem 3.12. Take M = H/Γ with the usual assumptions. Assume that there
exists γ ∈ Γ such that Tr(γ) is not an algebraic integer. Then M contains a closed,
essential surface.

In particular, if M is non-Haken, then Tr(γ) is an algebraic integer for every
γ ∈ Γ.

Let K be a hyperbolic knot in S3 and α ∈ π1(T ) a slope which is not a boundary
slope. We denote the resulting closed manifold after Dehn surgery along α by
M(α).

Theorem 3.13. Assume ρ̂α : π1

(
M(α)

)
→ SL2(C) is an irreducible representation

which is non-trivial on π1(T ). Let ξα be the eigenvalue of the core curve of α-Dehn
surgery. Then ξα is a unit in the ring of algebraic integers.

If α = mplq then choose r and s so that

det

(
p r
q s

)
= ±1.

Then the core curve is represented by β = mrls. We introduce the parameter T
where M = T−q and L = T p. Consider the one variable polynomial AK(T−q, T p)
and normalize to get the polynomial f(T ) ∈ Z[T ]. Because α is not a boundary
slope, the coefficients of f(T ) are the same as those of AK(L,M). By definition,
ξα = MrLs. After substituting T for M and L we see that ξα = T±1. Thus, the
minimum polynomial, g(T ), for ξα divides f(T ). ”Ones in the corners” and Gauss’
Lemma imply that g(T ) has leading and constant coeffients ±1. Therefore ξα is an
algebraic unit. ¤

The following theorem is proved again by considering the polynomials f(T ) and
g(T ). First, some definitions.

Definition 31. If Γ is Kleinian with finite co-volume, then the trace field for Γ
is the number field

Q
(
Tr(γ)

∣∣∣ γ ∈ Γ
)
.

also,

Definition 32. The invariant trace field for Γ is the subfield of the trace field
given by

kΓ = Q
((

Tr(γ)
)2

∣∣∣ γ ∈ Γ
)
.

Theorem 3.14. Let p/q be a hyperbolic Dehn filling and ξp/q the eigenvalue of the
core curve. Then [

Q(ξp/q) : Q
]
→ ∞ as |p| + |q| → ∞.

Corollary 3.15. Let Γp/q = π1

(
M(p/q)

)
, then

[
kΓp/q : Q

]
→ ∞ as |p| + |q| → ∞.

The proof uses the following definition. First let p ∈ Z[x].

p(x) = anxn + · · · + a0 where an 6= 0
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Definition 33. The L1-norm of p is

L(p) :=
∑

|ai|.
The Mahler measure of p is

M(p) := |an|
∏

p(θ)=0

max(1, |θ|).

The properties

(1) M(p) ≤ L(p), and
(2) M(p1 · p2) = M(p1) · M(p2).

are easily established.
Proof: Corresponding to each p/q we get a polynomial f(T ) as before. Since

the coefficients of f are the same as those of AK , we have that L(f) is bounded.

By property (1), M(f) is bounded. If we assume that
[
Q(ξp/q) : Q

]
is bounded, it

can be shown that there exist only finitely many possible polynomials g(T ). Then
there are only finitely many possible values for ξ. This contradicts that χρ(α) is
non-constant. ¤
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3.6. April 15: Cyclic Surgery and Boundary Slopes. Let M be a compact,
orientable, irreducible 3-manifold with ∂M and incompressible torus. If α is a slope
such that π1

(
M(α)

)
is cyclic, then α is called a cyclic slope.

Theorem 3.16 (Dunfield). Assume that K ⊂ S3 is a small, hyperbolic knot and β
a non-trivial, cyclic slope. Then there exists a non-integral ∂-slope, rγ such that

rγ =
(
rβ − 1, rβ + 1

)
.

Remarks:

• By the Cyclic Surgery Theorem, rβ ∈ Z.
• If K is the (−2, 3, 7)-pretzel knot, K has 18 and 19 as cyclic slopes and the

non-integral slope 37/2 in the required interval.
• If K(n) is the knot obtained by the below surgery description, let Mn =

S3\K(n). M(9n) is a lens space. Also, the 2-fold branched cover of K(2n)
is −1/n-Dehn Surgery on the figure eight knot. By Gordon-Litherland,
K(2n) is small. Hence, we see a family of examples to which we may apply
Dunfield’s theorem.

The theorem follows from Gabai’s Property R results, the following theorem
from CGLS, and the following proposition.
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Theorem 3.17 (CGLS, Theorem 2.0.3). Let r be a boundary slope. Then one of
the following holds.

• M(r) is Haken. (non-cyclic fundamental group)
• M(r) is the connect sum of two lens spaces. (non-cyclic fundamental group)
• M contains a closed, essential surface. (K would not be small)
• r is a slope of a planar surface and M fibers over the circle with this sur-

face as a fiber. (Gabai’s property R rules this out since 0-surgery on K is
irreducible (not S1 × S2.))

Let β be a non-trivial cyclic slope. Then by CGLS, β is integral and {m,β} is
a basis for π1(T ). The below proposition is with respect to this basis.

Proposition 3.18. There exists a boundary slope sγ such that |sγ | < 1.

If γ ∈ π1(M) we define the function fγ : X
(
π1(M)

)
→ C by

fγ =
(
Tr(ρ(γ)

)2 − 4.

Lemma 3.19. Let M be a finite volume, hyperbolic 3-manifold with a single cusp.
Assume that β is a non-trivial cyclic slope and 〈µ, β 〉 = π1(T ), then either

• there exists a boundary slope sγ with |sγ | < 1, or

• fµ

fβ
is constant on X0.

We can rule out the second possibility with a ”ones in the corners”-type argu-
ment. An outline follows. To avoid some non-trivial difficulties, we will assume
that A0 is defined over Q.

Assume that
fµ

fβ
= C ′ on X0. Since fµ is non-constant we see that C ′ cannot be

zero. After a bit of algebra, we have
(

M − M−1

B − B−1

)2

= C ′

on V0 = V
(
A0(B,M)

)
. Since V0 is irreducible, we can make a choice of square

root, say C, of C ′. So that

F (B,M) = M2B − B − CMB2 + CM

is zero on V0. Now using our assumption that A0 is defined over Q, we can show
that C ∈ Q. Also, if C = ±1 then F factors into either

(BM + 1)(B − M) or (BM − 1)(B + M)

but none of these factors can be constant on V0. Hence, C ∈ Q − {±1}. As such,
it can be shown that F is irreducible. Therefore A0 = F .

Now, we use the fact that the edge polynomials of Newt(F ) must divide the edge
polynomials of AK . We have an edge associated to the terms BM2 +CM . Making
the substitution T = BM we have the edge polynomial T − C. Therefore, T − C
divides a cyclotomic polynomial. Since, C is a root of unity and a rational number
we arrive at the contradiction C = ±1.

Therefore, we have ruled out case two of Lemma 3.19, and so there exists a
boundary slope sγ , with |sγ | < 1, as stated in Proposition 3.18. ¤



CHARACTER VARIETIES: REID 55

3.7. April 20: Proving Lemma 3.19. Recall the lemma.
Let M be a finite volume, hyperbolic 3-manifold with a single cusp. Assume

that β is a non-trivial cyclic slope and 〈µ, β 〉 = π1(T ), then either

• there exists a boundary slope sγ with |sγ | < 1, or

• fµ

fβ
is constant on X0.

Proof: First note that if β is a boundary slope, then the first conclusion is

satisfied since |sβ | = 0. Thus we assume that β is not a boundary slope and g =
fµ

fβ

is non-constant on X̃0. Since g is non-constant, it has zeros and poles. If x ∈ X̃0,
define

Zx(h) =

{
order of the zero at x for h, or
0 if h(x) 6= 0

and

Πx(h) =

{
order of the pole at x for h, or
0 if h(x) ∈ C

Note that if x is a point at infinity and νx is the associated valuation, then

νx(h) = ordx(h) =





Zx(h) if h(x) = 0
0 if h(x) ∈ C − {0}
Πx(h) if h(x) = ∞

Take y ∈ X̃0 so that g has a pole there. So we have two cases.
Case 1: fβ(y) = 0.
Claim 1: fµ(y) = 0 and Zx(fµ) ≥ Zx(fβ).
This leads immediately to a contradiction since g has a pole at y.
Case 2: fµ has a pole at y, and therefore y is a point at infinity. Hence we have

an essential surface, Σ, with non-empty boundary. Let γ be the boundary slope in
{µ, β} coordinates.

Claim 2: |sγ | =
Πy(fβ)
Πy(fµ) .

Since g has a pole at y, Πy(fµ) > Πy(fβ). Therefore,

1 >
Πy(fβ)

Πy(fµ)
= |sγ |. ¤
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Claim 1 follows from Proposition 1.1.3 in CGLS since β is a cyclic slope which
is not a strict boundary slope.

Proposition 3.20 (CGLS 1.1.3). Let α ∈ π1(T ) be a slope which is not a strict

boundary slope and so that π1

(
M(α)

)
is cyclic. Then for any x ∈ X̃0 we have

Zx(fα) ≤ Zx(fδ)

for any non-trivial δ ∈ π1(T ).

Outline: Assume that there exists such a δ and x so that Zx(fδ) < Zx(fα).
Case 1: Assume that x is a point at infinity. Then x detects a CES, Σ, since

fα(x) = 0 and α is not a strict boundary slope. CGLS shows that Σ remains
incompressible in M(α). This contradicts that α is a cyclic slope.

Case 2: Assume that x is not a point at infinity. Since fα(x) = 0, if ρ ∈
t−1(x) ∩ R0 then ρ(α) is parabolic. From CGLS, every such representation maps
α to ±I in SL2(C). Now, as in the proof for the Smith Conjecture, there exists
ρ ∈ (−1t)(x) ∩ R0 with non-cyclic image. We then get a non-cyclic representation
π1

(
M(α)

)
→ SL2(C). This contradicts that α is a cyclic slope. ¤

Lastly, we show Claim 2.

|sγ | =
Πy(fβ)

Πy(fµ)

Let α = µrβs and normalize so that

ρ(µ) =

(
M 1
0 M−1

)
and ρ(β) =

(
B t
0 B−1

)
,

then

ρ(α) =

(
MrBs ∗

∗ 1
MrBs

)
.

Recall that if p/q is a boundary slope detected at y then

p

q
= − νy(B)

νy(M)
.

Also, recall that if (F, v) is a valued field and x ∈ F× − {±1} then |v(x)| =
−min

(
0, v(x − x−1)

)
.

Using the valuation fact, we can show that Πy(fα) = 2|νy(MrBs)|.
Now using the boundary slope fact, we have

Πy(fβ)

Πy(fµ)
=

∣∣νy(B)
∣∣

∣∣νy(M)
∣∣ = |sγ |. ¤


