CHARACTER VARIETIES: REID

1. SETTING UP THE VARIETIES

1.1. Jan. 20: Intro. I' f.g., f.p. group, G a Lie group, either R,C, or Q,. eg.
(P)SL,(X) for X € {R,C,Q,}. A representation is a homomorphism p: I' — G.
Remarks.

(1) VI,G there exists pyrip : I' = G with y— 1V y €T
(2) p: T — G nontrivial = potentially lots of representations (eg. can
conjugate). Given g € G, this defines g : G — G so we get p op: T — G.
(3) G < GL,(C) = p(v) is a matrix Vv eT.
egl: I' =< a,b > = can define p by a — g, and b — gs.
eg2: more generally, if I' has relations, must find a suitable representa-
tion...
(4) p: T — G is faithful if p is 1-1. Geometry affords faithful representations
in certain settings.
eg: M"™ = H"/T is a hyperbolic manifold implies that we have an induced
isomorphism p : m (M™) — T
Call T a linear group if I' admits a faithful representation into some GL,(C).

e it is interesting to determine which groups are linear, eg. mapping class
groups, Haken 3-manifold groups
e even weaker is determining whether a group is (non)-trivial
eg: general triangle group: < a,bla” = b™ = w! = 1 > where w is a
reduced word in a, b
eg2: Can G = Cp, xCp, *...xCp ,r > 2,p; distinct primes be killed, i.e.
G/ <w>=17
f.g. linear groups are residually finite, so they have lots of finite quotients.
One can form Hom(I', G); eg. moduli spaces, deformation spaces.

eg: I'=m(%,),9 > 2,G=PSLy(R) (or C)
Definition 1. Let p: ' — GL,(K),char(K) = 0. Define x, : I' = K by x,(7) =
Tr(p(vy)). note: Tr(AB) =Tr(BA) = ¥, is constant on conjugacy classes.
Let
p: T — GL,(K)

where K is a field with characteristic zero. If V= K™ then GL, (K) acts on V by
v — Av.

Definition 2. p is irreducible if the only irreducible subspaces of V' under the
action of p(T') are {0} and V. Otherwise p is reducible.

example: G = SLy(C).
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note: B leaves invariant the 1-dimensional subspace generated by (*,0)7.

If p: T' — SLy(C) has p(I') C B then p is reducible. Indeed, p(I') is conjugate
into B implies that p is reducible. Furthermore, the above example yields that
p: I' = SLy(C) reducible implies that p(T") can be conjugated into B. In sum, we
need to understand irreducible representations in Hom(T', SLy(C));

Let p: I’ — SLy(C) be a reducible representation. Conjugate so that p(T') C B,
and consider a commutator ¢ € [I',T']. Then

_ A s uot AL s b —t
o= (on ) (6,0) (0 D)
At A+ spt A=t Tt — s
0 Ayt 0 Al

~ (1)

Hence, x,(c) =2if c € [[,T.
Lemma 1.1. p: ' — SLy(C) is reducible iff x,(c) =2 for every c € [I',T].

Proof. =: done above.
<: First suppose that T' is abelian, p : ' — GL,(C),n > 2 is a representation.
Let p(y) # 1 and consider X = the eigenspace of p(v). If X = C", then p(d) =
AsI ¥V 0 € I' . Otherwise, it is enough to show that p(d)z € X Vo eI,z € X.
Thus p is reducible, so we're done in this case.

Now assume that I is not abelian, so there exists ¢y € [I',T'] 3: p(co) # 1. This

means that p(cg) is SLa(C) conjugate to ( L and hence there is a 1-dim’l

*
0 1
invariant subspace L. Suppose there is a ¢ € [I',T'] 3: p(c)L # L. But x,(c) = 2)
and p(c) # 1, so as above, there is a 1-dim’l invariant subspace.

By conjugating (linear algebra or Mobuis transformation), we can assume that

=y 3 )= (4§ )s#0

But x,(coc) =2+ st # 2 —.
claim: p(T',T') has a unique 1-dim’] invariant subspace L.
If true, then we're done since v € I',c € [I',T] = p(7) " tp(c)p(v)L = p(c')L =
L where ¢ € [I,T], so p(c)p(v)L = p(v)L .. p(y)L = L by uniqueness.
g

note: characters do not determine representations up to conjugation. example:
11

ptriv:Z*}Iap:ZH<(0 1>>
Xpirie = Xp ¥ ¥ € Z. This is a feature of reducible representations.
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1.2. Jan. 22: Irreducible representations. We have now an addendum to
Lemma 1.1:

p: T — SLy(C) is reducible iff p(T") is conjugate into a group of upper triangular matrices.
iff all the elements of p(I") share a common eigenvector.
iff x,(c) =2 for every c € [[',T7.

Characters of reducible representations are also characters of abelian represen-
tations. If p : T' — SLs(C) is reducible, then conjugate so that p(T") is upper

triangular. Now, if
(v) = a b
P = 0 1/a

then define an abelian representation with the same character by

o= (5 )

p' turns out to be a homomorphism.

Theorem 1.2. Let p, p’ be representations of T into SLa(C). Assume that p is
irreducible and x, = x,r. Then p and p’ are SLo(C) conjugate.

Proof. p irreducible representation implies that there exists g € T 3: p(g) # 1,
so by Lemma 1.3 there exists an h that satisfies the conclusion of that Lemma.
Write G = (g, h) and note that p|G is an irreducible representation by the Lemma
and thus as above it follows that p/|G is an irreducible representation , since
Xo(V) =xp(MVYET = Xp =xp(V)VYEG.

Conjugate p(I"), p/(T") >:

o= (5 %) =rm

) (after above conjugation), then we can conjugate

with \ # +1.
ap by

note: if p(g) = ( o do

b %0 a 1
p(I') by 00 RIZIN I that p(g) = ( e d ) Similarly for p": p'(g) =
0

I
( CCL, ;, > The fact that p, p’ are irreducible representations impliles that ¢, ¢’ #

claim: After this normalization, p = p’. Pf. of claim: We will prove the claim
in four easy steps.
Step 1: Use the fact that x,(v) = xp(7)Vy €. Thusa+d=d +d =
a—a =—(d-4d).
Step 2: Consider x,(gh) = x, (gh):

plgh) = plg)p(h) = ( . Cll ) < A(—)l ) - ( a*/\ e )

A
0
A0 a'\ *
pl(gh) ( 0 )\—1 ) = < * d/)\_l )

Therefore aX +d\~! = a’\ + d’A\71, and thus a — a’ = 0 since \? # 1.

Il
b\
S
‘c\
=
S~—
Il
A/~

~ Q\
[~
~_
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Hence d = d’ and the condition on the determinant yields ¢ = ¢'.
/ /
Step 3: Consider p(y) = ( f z ) o' () = ( f, z, ) for any v € I'. By
the character condition, p + s = p’ + s’ and by considering vh, p = p’ and
!/
s=y¢'.
Step 4: Consider the above arugment applied to gy. Then from above, ap +
r=ap+7 and cq + ds = c¢¢’ + ds, so we’re done since ¢ # 0 by the above

note.
o
Now we’re done with the proof of the theorem since we can pre- and post- compose
with conjugate elements. O

The proof above uses the following lemma.

Lemma 1.3. Let p: T' — SLy(C) be an irrep. such that if g € T where p(g) # £1,
then there exists an h € I where the restriction p|g py is an irrep. and x,(h) # £2.

Proof. claim: There exists an hg € I 3: p(g), p(ho) have no common eigenvector.
Pf. of claim: (exercise) o

If x,(ho) # %2 then done by claim since p is irreducible. Assume that x,(ho) = £2.

Since p(hg) # £1 by claim, we may conjugate p(T') 3: p(hg) = + ( (1) 1 ) (since
1
p(T') C SLy(C), p(ho) = ( y 91” ) = zy=0).
. . a b 1 n
To finish, choose large n and consider h = gh§. So x,(ghy) = Tr ¢ d 01 )~

a + d + cn. Note that by the claim, ¢ # 0. Can choose n 3: x,(ghf) # £2. Also
note that p(ghf}) and p(g) do not have a common eigenvector; otherwise p(h{)
and p(g) have common eigenvector implies that p(hg) and p(g) do as well (since
p(ho), p(ho)"™ C B).

Therefore we’re done by the addendum to Lemma 1.1. ([

Definition 3. We say that two representations p and p’ are equivalent if there
exists and inner automorphism g4 : SLa(C) — SLa(C) with p = g0 p'.

The theorem shows that if p is an irrep. and p ~ p/ <<= x, = x. Or
equivalently, [p] is the SLo(C) orbit under the action of SLs(C) on Hom(T", SLy(C))
by conjugation.
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1.3. Jan. 27: Representation varieties.

Theorem 1.4. If T is a finitely generated group then R(T') is an algebraic set
defined over Q.

Proof. T is finitely generated, so fix a generating set G = {y1,...,v,}. If p € R(T),

then p is determined by p(v;) = ( zz Z; ) 1 <4 <n,zyw; — yiz = 1.
1 1
As in the examples below, p < (11,...,w,) € C*".

To determine the subset of C**, we have:

e determinant conditions
e equations that come from p(R;(y1,...,7,)) = I for all relators R;.
This defines an algebraic subset R (T") C C*".
It remains to show that R%(T') = RY(T) for another generating set G'.
Suppose that G’ = {01, ...,0,}, so we have the algebraic set RS (I') c C4™.
Since {v;} generates, each 6; = w;(y1,...,7,). Hence, at the level of represen-
tations, each of the xf, v}, 2, w} are polys in z;, y;, z;, w;.
/

Write p(d;) = ;C} 3}’, . These two maps are poly maps that are natural
inverses. U
o f~1 , og~!
Rro(r) —22 s ey L2 ey
g f
f
p

Recall, if V' C C™, then V is an algebraic set if
V=A(x1,...,zn): filz1,...,2,) =0V 1<i <k}

where f; € Clzy,...,2,].

If k C C is a subfield, then V defined over k if f; € k[z1,...,2,]. Note that for
any g €< f1,..., fn >C C[z1,2,], g vanishes on V.

Thus, to an algebraic set V' we associate an ideal I(V'), the ideal generated by
the defining polynomials. Similarly, to an ideal I we associate an algebraic set

V) ={(z1,...,2,) : f(T)=0 V fel}
Furthermore,
VI = {f:f"el,m=>1} = 1(V(]))
Remarks.
(1) V is irreducible iff I(V') is prime.
(2) V may be decomposed into a finite union of irreducibles.
(3) If V is defined over Q its irreducible components need not be. Eg: p(x) €
Z[z] irreducible and with degree bigger than one.
. - _( Tt N _ [ T2 ¥ .
example: I'=<a,b>,pec R(I), pla) = ( 0w >7p(b) = ( v W ) Via

the obvious embedding SLy(C) < C*, we may identify p < (x1,y1, 21, w1, T2, Y2, 22, w2) €
C8.
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Thus we identify R(T") C C® with {1, y1, 21, w1, T2, Y2, 22, wa) : T;w; —y;2; = 1},
so R(T") is an algebraic set over Q, but now let’s focus on irreducible representations

Remarks.

(1) p: G — SL2(C) irreducible representation implies that 3v,d € G such that
we can conjugate p so that

p(y) = (3 )\El >7p(5)= (if /ﬁl )

with A\, u,r € C,r #£ 0.

Since we are concerned with conjugacy classes of representations, we of-
ten normalize the representations by conjugating. For two generator groups
the following is standard

pla) = <3 All) and  p(b) = (‘; u01>

p is an irrep. when 7 # 0.
Given an irreducible representation of T', we get (A, u,r) € C3. Conversely,
given (A, i, 7) € C3, we get an irreducible representation (when r # 0).
In fact, given 21, 22, 23 € C3, solve for 21 = x,(a), 22 = x,(b), 23 = X, (ab).

Lemma 1.5. G =< 71,72 >C SLo(C) then Vg € G, Trg = P(Try1, Trys, Tryi172)
where P € Z[X,Y, Z].

From lemma, Vy € T', x,(7) is determineed by (x,(a), x,(b), x,(ab)) =: x so that
for x, € X(I') (where p is irreducible representation ), this implies that x, is
completely determined by .
example:

-1

I'=m(S*\K) =< z1,25: [xl_l,zg}zl[xl_l,xﬂ =9 >

. If p: T — SLy(C) is a representation, then it is determined by p(z1), p(z2):
a; bZ
pxi) = < e d; > saidi — bic; =1

Via the embedding above, SLy(C) — C%,p < (ai,...,ds). To see what subset
this is, we have to evaluate R on p(z;), so we get four polynomial equations with
coefficients in Z.

If we consider only irreducible representations , then we can conjugate to get
rid of SLo(C) action.

plen = (o 3h )t = (4 0)

Note that the relation in I' implies that x; and x are I'-conjugate, so u = A*L.
Therefore p(x1) and p(x2) are p(I')-conjugate, and thus x,(x1) = x,(z2) ¥ p.
Assume, since it’s Tuesday, that u = A and evaluate
pller s )i oyt 2] 1) — pla) = 0

We get wy = —1 + 7+ 3X2 — 3rA2 +72)2 — A\* + rA%. Since we’re only concerned
with irreducible representations , assume r # 0. Given irreducible representation
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, we obtain a point on C = {p(x,r) = 0} C C2. Conversely, given a point in C, we
get an irreducible representation .

Set \=1,s0owys = -14+7r+3-3r+r2—1+7r =7r2—7r 4+ 1. Notice that
wo =0 <<= r= 1i2£

This is a discrete representation (since r is a quadratic imaginary integer). Also,
it is faithful, but to see that we need topology.

By Lemma 1.5, any character x, is determined by x,(z1) = x,(z2) = A+ A1 =
z. Then R = x,(z122) = A2 + A2 +r = 22 =24 1. So, to get an equation for
characters, consider p(x,r) = 0:

MeEr—1D)+ X202 =3r+3)+ (r—1)
N =1+ =3r+3)+ 2 2(r—1)
(r—=DMN+AH+(*=3r+3)=0

Rewriting in terms of z, R, we have ¢(z, R) = 22(2 — R) + (R* — R — 1), so p is an
irreducible representation implies that x, < X = {q(z, R) = 0} C C?

(2(-2+R))? = (R—2)(R*-R-1)
> = (R-2)(R*-~R-1)cC?
is just a torus in C2.
note: For any v € I',x,(y) € C|z, R], i.e. given such a +, this determines
I,: X — C,x, — Trp(y). Typically, this will define a nonconstant function on X.

(Recall: for a Riemann surface, the number of zeros equals the number of poles for
a nonconstant function.)

If F is a free group of rank 2, then X (F) = C3. The reducible representations
correspond to the plane given by r = 0.
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1.4. Jan. 29: Algebraic geometry. Setup: let I' =< G|R >=< G'|R’ > with
G = {’Yla s 77n}aG, = {513 .. 75m} and 51 = wi(717~ e a7n)77j = vj(617' . 76M)
Recall diagram 1.3, and note that both fo(~!g) and go(~!f) are polynomial maps,
and p(6;) = Wi(y1,...,7s) is a matrix with polynomial entries.

Definition 4. Let V C C*, W C C™ be algebraic sets. Then a map ¢ : V — W is
called a polynomial map if p(x1,...,2,) = (f1(x),..., fm(x)) where each f; is a
polynomial map (i.e. each is a polynomial in C™ restricted to V).

V and W are isomorphic if there exists a : V. — W, 3 : W — V with « and
(3 polynomial maps such that 8o« = id|V,a o = id|W. We can forget about
generating sets and talk about R(I') = the representation variety.
exercise: X = {(z,y): 2% —y =0}, X = C. Write down polynomial maps X —
C,C — X that compose appropriately. For example, (z,y) — x and t — (¢,t3).
Remarks.

(1) If ¢ : Ty — I'y is a homomorphism and p € R(T'2) then poy : I’y — SL(C)
defines a point in R(I';). Therefore it induces @ : R(I'2) — R(I'1), p — poep.
examples:
(1) Let B denote the Borromean rings, so m1(S% \ B) — Fj, and
there are lots of representations Fy — SLo(C).
(2) Let K be a knot in #,.(5?2S1) = X,r > 2. Then 7 (X \ K) —
T (X) = Fr.
(3) If M — N is degree 1, then p: w1 (N) — SLy(C).

Remarks.

(1) IfT'y C I'y, and p C I’y — SLy(C), then p|r, : 'y — SLa(C). This defines a
map R(T'1) — R(T2).

Question: When are algebraic varieties the same?
Let V be an algebraic set in C™. Then I(V) is an ideal in Clz1,...,z,].

Definition 5. The coordinate ring for V is
ClV] = Clzy,...,zn]/I(V)

note: C[V] 2 {¢ : V — C|papolynomial}. Also, if ¢|C[Xy,...,X,] — S, then
ker¢p = I(V).

The images of the coordinate functions in Clzy, ..., z,] generate C[V].
Remarks.

(1) Visavariety < I(V)isaprime < C[V]is an integral domain.
If ¢ : V — W is a polynomial map between algebraic sets, then ¢ induces
s : C[W] — C[V]
by pullback.
P«(B) = Boy:V =C

Furthermore V' and W are isomorphic implies that C[V] 2 C[W]. (The converse is
true if the isomorphism is the identity on constant polynomials.)

If V is irreducible then C[V] is an integral domain.
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Definition 6. The field of rational functions (or function field) on V is the
quotient field for C[V].

cw) = {L: rgeem}

Note that 5 takes a well-defined value in C for every point in V where g is
non-zero. '

The Zariski topology on V is generated by the algebraic sets as closed sets.
Notice that if U and U’ are non-empty open sets in a variety V', then U N U’ # ().
Otherwise V' can be expressed as the non-trivial union of V — U and V — U’, hence
V' is not irreducible.

By considering the open sets U and V — U, we can establish the following claim.
claim: If U is a non-empty, Zariski open subset of a variety V', then U is dense
inV.

Pf. of claim: Consider C =U C V,s0 V \ C is open and U N (V \ C) = 0. By
the above note, and since U # 0, V' \ C = (), and therefore C = V. o

Now we are prepared to make sense of the following definition.

Definition 7. A rational mapping between algebraic varieties V. and W is a
map ¢ : V. — W given as follows

(X1, ) = (
Where f,g € Clzy,...,xy).

gee ey

g1(x1, .., 2p) Im(T1, ... x)

filxy, . o ) fm(ml,...,xn)>

The ambiguity comes in because ¢ is not defined where the g; are zero. However,
@ is defined on a dense subset of V' by the above discussion.

Definition 8. V and W are birational if there exist rational maps ¢ : V. — W
and ¥ : W — V where their compositions ¢ o and Yo are the identities on their
domains of definition.

example:
X ={(R,2): 22(2=R)+(R*~R—1) = 0}Y = {(z,9) : y* —(z—2)(2* —2—1) = 0}

So X and Y are birational since we can take x = R,y = (R — 2)z, which holds iff
z = %5, Using this gives X — Y, (R,2) — (R,2(R—2)) and Y — X, (2,9) —
(z,y/(x —2)). Like the case of the coordinate ring, we get that V, W are birational
iff C(V) =2 C(W).

It may be useful to consider the similarity between the Q as the field of fractions
over Z with the p-adic valuation vs. the function field C(V') over C[V] with the
valuation corresponding to the orders of poles and zeros. In order to make sense of

this, we need to say something about projective varieties.
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1.5. Feb. 3: Dimension of a variety and X (I') is a subset of CV. Let V be
an algebraic set and associate to V' the coordinate ring C[V]. If V is also irreducible,
then we can form the function field C(V).

Definition 9. The dimension of a variety V is the transcendence degree of the
extension C(V)/C. It is denoted dimcV or dimV'.

NOTES ON TRANSCENDENCE:

Let K/F be an extension of fields.

Definition 10. a € K is transcendental over F' if a is not algebraic
over F; that is, a is transcendental if a does not satisfy a mon-zero
polynomial in F|x].

Let S ={aq,...,an} C K.

Definition 11. S is algebraically independent if there does not
exist a non-zero polynomial f € Clzy,...,x,] such that f(S)=0. If S
18 infinite, we say that S is algebraically independent if all finite subsets
of S are algebraically independent.

Definition 12. A transcendence basis is a mazimal algebraically
independent set for K/F.

Theorem 1.6. K/F has a transcendence basis. Any two transcendence
bases have the same cardinality.

This allows us to make the following definition.

Definition 13. The transcendence degree of K/F is the cardinality
of any transcendence basis.
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examples:
(1) V=C", C(x1,...,z,) = function field, so dim V' = n.
(2) dimV =1 < V is a curve.
(3) Let f(x,y) =y*— 23 +z and V =V ((f)).
Since f is irreducible f is prime and therefore V' is a variety.
Claim: dimV = 1. (There exists a transcendence basis with
one element.)
7 : Clz,y] — C[V]
Let u = 7(z) and v = 7(y). Then w and v generate C[V] over
C.
C[V] = Clu, v] and C(V) = C(u,v)
We have v? = u3 — u in C[u,v] so v is algebraic over C(u).

Claim: {u} is a transcendence basis for C(u,v). So, we need
to show that w is not algebraic over C.

Note that C[u,v] is not a field since (f) is a proper ideal in
(x,y) and hence, is not maximal. On the other hand, if u is
algebraic then Clu,v] is an algebraic extension of C. Then if
t € Clu,v] we know that there exist coefficients a; € C so that

1\n 1y\n—1
(5) +ana(3) +tao =0
Then

Lo (bt € Clue]

We have established the contradiction that Clu,v] is a field.

The point is, in the situation of the last example, you can see how to write down
the function field for the curve.

Let ' = (v1,...,Ym|71,...,7) and Ry an irreducible component of R(T").

We have a polynomial map between varieties

I (SL2(C))m — (SLQ(C))n
by
(g1, 9m) — (191, 9m)s- - (g1, gm))

and

R(I) = f7'(1,...,1)

Theorem 1.7. IfV and W are varieties with dimensions m and n respectively. If
f:V = W is a polynomial map and w € W, then any irreducible component of
f~Y(w) has dimension bigger than or equal to m —n. (Mumford)

Therefore, if we have a presentation for I' as above, then dimR(T") > 3m — 3n.
Remark. SLy(C) = {(a,b,c,d) € C*: ad — bd — 1 = 0} is irreducible. Similarly,
SLo(C)™ is also irreducible as an algebraic set.

If y €T and p € R(T") then



12 CHARACTER VARIETIES: REID

and we view a., by, ¢y, and d, as elements of C[R(T')]. This leads to [what Culler-
Shalen call] the tautological representation

P :T — SLo(F)

o =(2 )

Since p is a homomorphism, it follows that P is a homomorphism. Therefore
P C SLa(C(Rp)) and this acts on V = (C(Ry))>.

where F' = C(Ry) and

Lemma 1.8. If p € Ry is an irrep. then P is absolutely irreducible. (Irreducible
over an algebraic closure.)

Proof. If reducible, then the proof of Lemma 1.1 implies that TrP(c) =2V ¢ €
[I',T']. Therefore x,(c) =2V c € [I',T], so p is reducible, a contradiction. O

Theorem 1.9. X(I') is an algebraic set defined over Q.
Proof. Omitted. O

Let ¢t : R(I') — X(T') be the map p +— x,. Define the function I, : X(I') — C
for every v € T by I,(x) = x(7v). Also define 7, =I,0t: R(I') — C.

7 is a polynomial in the ambient coordinates for R(T') so 7, € C[R(I')]. Let
T'(I') be the subring generated by S = {7} er.

Theorem 1.10. T(T") is generated by a finite subset of S. In fact it is generated
by the set

{1y =" v, where 1 <k <nand 1 <i3 <---<ip<n}

Proof. From Day 7, 2/10/04. We'll show T(T') = T, where Tj is generated by
elements of the form 7, 7., ...7, ,i1,...,i, distinct integers in {1,...,n}. In
addition, we’ll also show that Vv € I',7, € Tp.

For all z,y € SLy(C), TraTry = Tray + Trxy ' (by computation). Therefore:

(1) g,hEF,TgT}L:Tg;L—‘y—Tghil.

Step #1 Show that 7y € Ty if v =" ... 7" where iy, ..., 4, are distinct.
We'll induct on v(y) = 327_, K; where

_{ —m; 1fmj§0

K; m;—1 if m; >0

J
Case v = 0: In this case, all m; are 1 or 0, so done by constuction.
Case v > 0: Suppose m, = 1 and write v = ;" .. .*yx":l. Then there exists
some m; # 1, so choose the largest s so that m, # 1. Let

Y= ) O i)
Yook ms # 1
But 7, = 7/, V(’Y) = y(,},/)7 so we can assume m, # 1. Now if m, > 1, set g = '7%':1
and h =, , so by 1 we have

T, it Ty, = Ty T, 2
T = T,.-1T~, —T.,.,—-2
v Y4, Yigp Vi,
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In order to apply the inductive hypothesis, we need to show that v(y7; b, v(7;, 3 <
v(7y). But
vyt = vt T = v) = KO + KO

Similarly, u(y’y;2) =v(y)—2if m,. #2or v(y) —1if m, = 2. (The m, < 0 case
is similar.)

Let g = vvi,,h =1, ! and use 1 to write Tyyi, Tt = Ty Tz - We must show
that ¥)y%;,), v(1%i2) < (7)

Finally, let v = 'yil Vi ™ where i, are not necessarily unique, and induct on
r:
Case r=0. Done.
Case r;0. We can assume that the 7;’s are not unique. Notice taht we may replace
v by a conjugate such that v;, = ;, for s < r, so v is unchanged. Setting

— A1 Mg _ A Ms+1 My
V=t W=y, S

Ts+1 ™

so v = VW, and we have the following:

_ —1 _ m Mg—My +1
y=VW, VW = Y, ’ylb;
TVvTw = Tvw + Tyw-1
STy =TVvw = Tva—TVW_1€T0

Let {51, ..,0n} CT be such that {T§ } generate T'(T).
——_)-(CNHO = 7—51 T(SN ))

\ Aftlon V= {(15,(p)s -, Tsx(p)}

If x,(v) = p/( ) V v €T, then this defines the same point in V. Conversely, if
7(p) = 7(p'), then Theorem 1.10 yields x,(v) = xp(7) Vv € T.

Therefore we can identify X(I') = V ¢ CV. How C-S approach this is as follows:

Let RED C R(T") = set of reducible representations. Let IR C R(I") = collec-
tion of components containing an irreducible representation. Decompose X (I') =
t(RED) U t(IR), where t(p) = x,. Culler-Shalen do hard work to show that ¢(IR)
is an algebraic set.
claim: ¢(RED) is an algebraic set.

Pf. of claim:
Xp € t(RED) iff xplc) =2V ce [T
iff I.(xp) =2V ce[l,T]
iff x,€{l(x,) —2=0Vce[lI]
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1.6. Feb. 5: X(I') is an algebraic set. Let {v;}" ; be a generating set for I’
and F,, a free group with free basis {y;}1 ;. Let m : F,, — I be the epimorphism
where 7(vy;) = y; and let yo = 1 € F,,. Take W = {w;};cs to be a set of defining
relations which correspond to {~;}7 ;. Then the normal closure of W in F, is

(W) ={yw;jy~" |y € F, and j € J}

From Theorem 1.10, there exists a collection aq,...,any € I' such that we get
the following diagram:

Ta; = 1o, 0t RIT)—— C
t
\ / (xp) = xp(e)
X(I)

...80 tq, (p) = Xp(a;), and we have:
R(I) ———CN = {70, (p); - -, Tan (P)}

X(T)

Any representation
p T — SLy(C)
can be thought of as a representation

p: F, — SLy(C)

which factors through T' = F,, /(W) by w. Note that such a representation p factors
through T if and only if

plw;ys) = p(yi) VjeJand V i=0,...,n
Let p;; be the polynomial with Z coefficients in the ambient coordinates {I5, }¥ ,
given by
pii(0) = x(wjyi) — x(v:)
So, if p factors through I', then p;;(x,) = 0 for every i and j.

Let X = {x € X(F,)|pij(x) =0V jeJandV ¢=0,...,n}, and assume
that X (F,) is an algebraic set.

Theorem 1.11. X(T') = X

Remarks.

(1) X(T") C X by above discussion.
(2) notice that Py : x,(w;) — 1 = 0 but this does not imply that p(w;) = I.

Proof. Let x = x, € X. We need to show that xy € X(I').
p: F, — SLy(C), let p(y;) = Aj,5=1,...,n,p(yo) = Id. By definition of X, we
have:

TI'U)Z'(Al,...,An)Aj72:0VZ‘€J,].:0,...,7”L
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In particular, this is true for j =0, so
Trwi(Al,...,An)—2:0ViE J
1 1
=l o 1 by con-
jugating p. We still have Trw(Aq,...,4,)A; — TrA; = 0,5 = 1,...,n. This is
true if and only if

V1N (e b\ e b\ g
S35 ) w(s Y )on

which in turn is equivalent to ¢; =0V j = 1,...,n. Therefore, each A; is upper
triangular, so p is a reducible representation.
Now replace p by a diagonal p; : F;, — SL(C) and x,, = x, € X, and write

We may assume that w;(Ag,...,A,) =1d or wy(Ay,...,Ap)

p1(4;) = ( C(l)j C(Z)J ) Since Xrho, € X, we know that for each i, we have

Trwi(( %1 d01>,...,(a0n dO ))—2:0

But w;( a0 U 0 ) is diagonal, so p1(w;) = 1. Therefore p;
O dl O dTL

defines a homomorphism p’ that factors through I and x,, € X(I"). O

Certainly, X(I') C X from the above discussion. The issue is to show that if
X € X then y € X(T'). It turns out that if x € X corresponds to a representation p
where p(w,) is a non-trivial parabolic for some 7, then p is a reducible representation
which has the same character as a representation that factors through I'.

QUESTION: Let X be any variety (defined over Q). Is there a finitely
generated, finitely presented group I' for which X is an irreducible
component of X(I')? Can T be taken to be a knot group?

Weak Culler-Shalen: T f.g. and suppose X(I') contains an irreducible com-
ponent of X with dim¢c X > 0. Then I' admits a splitting as a free product with
amalgamation or an HNN extension.

SOME APPLICATIONS:
Using the following theorem from Mumford,
Theorem 1.12. Assume that V and W are varieties and ¢ : V. — W is a domi-

nating polynomial map (p(V) =W ). Then there exists a non-empty, Zariski open
subset Y C W such that for every y € Y the set o~ (y) # 0.

we can establish the following proposition

Proposition 1.13. Let T be a finitely generated group and assume that X (T)
contains an irreducible component Xy such that for every o € I' and every x, € Xo
Xp() is an algebraic number . Then dimcXy = 0.
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Proof. Suppose dimg¢ Xy > 0. As before, assume that X (I') is parametrized by
Tsy5 -+, Toy- S0ome 5. is nonconstant on Xo; otherwise, since Is, generate C[.X (I)]
(and, in particular, they generate C[Xy] as well), so C[Xo] = C = C(Xy), a contra-
diction.
claim: I, takes on a transcendental value for some v € I'.

Pf. of claim: Using Theorem 1.12, Yy C C is Zariski open and not empty, so
Yy = C\ V where V is at most a finite collection of points. Hence we can find a
transcendental ¢ € C such that I,(x) = t, a contradiction. o

(|
We can use Prop. 6.3 (?) to prove

Proposition 1.14. Let T be a finitely generated, finitely presented group such that:
(1) X(T') contains an irreducible component Xo of positive dimension;
(2) there exists a faithful representation p: T' — SLa(C) so that x, € Xo;
(3) and x,(7v) # 2 for every v € I' — {1}.
Then there exists a faithful representation py : T — SLy(C) and an element v € T
where X, € Xo and x,, (7) is transcendental.

Proof. Suppose p does not satisty the conclusion. If ¢ : I' — SLo(C) is not injective,
then there exists 1 # w € I" such that ¢(z) = I, i.e. x,(w)—2=0. Let X, be the
locus of {x,(w) —2 = 0}, which is an algebraic set, and let X = X,, N Xo. This
is a subvariety of Xg, with Xq C X(I') € CV. This is a proper subvariety of Xg
(since x,(w) # 2) by hypothesis 3. There is a countable number of words w € T’
(which is finitely generated) such that

Y - UU}EFX’L/U
We can now find a Q-generic point of X (i.e. a point lying on no proper subvariety
over Q). Given such a point y € CV, with x = (x1,-..,Xxn~), then at least one

of the x; are transcendental. Hence x = X, is the required character and ...is
faithful. O

This leads to the following question.

QUESTION: Does there exist a closed, hyperbolic 3-manifold M with a
faithful representation p : m (M) — SLa(C) where x,(7) is transcen-
dental for some v € I'? (Note that discrete, faithful representations
don’t have transcendental traces.)

The issue is that the representation corresponding to the hyperbolic
structure is isolated in X (7r1 (M )) since M is closed. To apply the
previous proposition, we need dime Xy > 0.




CHARACTER VARIETIES: REID 17

1.7. Feb. 10: T(T') is a finitely generated ring. Recall Theorem 1.10: T(T") C
C[R(I)] is the subring generated by S = {7, },cr where 7, (p) = Tr[p(7)].

Theorem 1.15. T'(I") is generated by a finite subset of S. In fact it is generated
by the set
{7y |7v=" 7, where 1 <k<nand1<i; <---<ip<n}

This can be proved by letting T be the ring generated by the above functions,
then showing that 7., € Tg for every ~. First show that if

o=t
where the subscripts are all distinct then 7., € Ts. We can do this by induction on
the complexity

v(y) = Z K;

where
K. — —mj if m]‘ S 0
J mj; — 1 if mj; > 1

Also use the trace relation

Tr(AB) + Tr(AB™') = Tr(A) - Tr(B)
Now prove it for v when the subscripts are not necessarily distinct by using the
same trace relation and inducting on r.
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1.8. Feb. 12: The Tree for SLy(K). Let K be a field. Then a valuation
v : K — Z is a map such that v(zy) = v(z) + v(y),zy # 0 and v(z +y) >
min(v(z),v(y)), z +y # 0.
Let v : K* — Z be a valuation on a field K. Then the valuation ring for v is
0O =0, ={aeK|v(a) >0}

O has a unique maximal ideal M, which is generated by any element m € O where

v(w) = 1. (Note: 7 is called the uniformizer.) The residue field for v is the
quotient ¢, = O/ M,,.
examples:

1) K=Qv,:Q—=Z,x=%= ‘;—,/pk,pfa’ or b'. Then v,(x) =
k, O, = (p), and k, = Zj,.

(2) K = field of meromorphic functions on C: O,, = {f € K :
f(20) # oo}
f(z) =9(2)(z — 20)™, vz (f) =m, and k = O,,/O,,(z — 29) = C

We can view the vector space V = K? as an O-module.

Definition 14. An O-lattice in V is an O-submodule which is finitely generated
and spans V as a K wvector space.

If A is an O-lattice in V' then A is a rank 2 free O-module. Also, if A; and A,
are lattices with respective bases {e;, f;}, then there exists A € GLy(K) such that
A -{ey, f1} = {ea, fo}. Therefore, A(A1) = As.

Lemma 1.16. If Ay and Ay are O-lattices in V and A, B € GLa(K) such that
A(Al) = A2 and B(Al) = AQ then

v(det(A)) = v(det(B))
Proof. Show that v(det(B~'A)) = 0. O

If Ay and Ay are lattices and A(A1) = Ag then we make the definition
5(A1, AQ) = v(det(A))

By the lemma, § is well-defined. Also, § has the following basic properties:

(a) 6(A,A) =0 because v(det(I)) = 0.

(b) 0(A1,As) =6(A1,A2) + 6(Ag, As).

(C) If A1 C AQ then (S(AQ,Al) > 0.

(d) If Be GLQ(K) then (S(B(Al),B(Ag)) = (S(Al,Ag).
Definition 15. Two lattices A1 and Ay are homethety equivalent (denoted Ay ~
As) if there exists a € K such that o+ Ay = As.

Lemma 1.17. If A; and Ay are lattices then Ay is equivalent to a lattice A} such
that A} C As.

Proof. Idea: Multiply by a large power of the uniformizer 7.
Let A; = {e;, f;} be bases as O-modules. Then there exist a, 8 € k such that
es = aey + Bf1. Let mg = —min(v(a),v(B)). For any m > mg

v(rMa) = v(@™) +v(a) > mog—mo =0
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Lemma 1.18. If Ay and A are lattices then there exists a unique A} € [A1] such
that A} C Ay and Aa/N, = O/BO for some 5 € O —{0}. (Say that A} is snuggly
embedded in Ay, denoted by Ay << Aq.)

Proof. Use the structure theorem for finitely generated modules over a PID. If
Ay C A; then there exists a basis {e, f} for Ay and non-zero o,y € O such that

{ae,vf} generates A;. WLOG v(a) < v(y). Let A} = (%)AL Uniqueness is

easier.

If s; and sy are homothety classes of lattices, we define the distance between
them as
d(81,52) = 5(A1,A2)

where A; € s; and Ay << A;. We can think of this as taking A; € s; and then
Ay € s9 so that Ag C Ag snugly. Then A; /A =2 O/F0O and d(sq, s2) = v(0).
Lemma 1.19. If Ao C Ay are lattices then

(a) d([A1], [Az]) < 6(A1,Ag)

(b) d([Aﬂ, [AQD = 5(A1,A2) (mod 2)

(¢) d([A1],[A2]) = 6(A1, Ag) if and only if Ay is snugly embedded in A;.

Let T be the set of homethety classes of lattices in V. Then the function
d:T© x TO® — N is well-defined.

Lemma 1.20. (T, d) is a metric space.

Lemma 1.21. For every r,s,t € T©) we have
d(r,s) +d(s,t) =d(r,t) (mod 2)

Lemma 1.22. Ifr,t € T then let n = d(r,t). If p+q = n (where p,q are positive
integers) then there exists a unique s € T©) where d(r,s) = p and d(s,t) = q.

Let T be the graph formed by connecting every pair of points s,t € T with
d(s,t) =1 by an edge.

Theorem 1.23. T is simply connected.
Theorem 1.24. GLy(K) acts on T by isometries.

If A ~ A’ are equivalent O-lattices and B € GLy(K) then B-A ~ B - A
Therefore, the action is well-defined on vertices. Also, we can use the fact that
d(A1,A2) =0(B - A1, B+ Ay) to show that B is an isometry.

The GL2(K) action restricts to an action of SLa(K) which has the following
properties:

(1) If B € SLy(K) then d([A], B - [A]) is even.

(2) Stab[A] (SLQ(K)) = Staby (SLQ(K))
Note that neither of these are true for GL2(K) since the proofs rely on the fact
that v(det(B)) = v(1) = 0.

By (1), we see that SLa(K) acts without inversions. By (2), we see that every
vertex stabilizer is conjugate to SLy(O).

Theorem 1.25. There is a bijection between the vertices in the link of any given
vertex and the 1-dimensional subspaces of €2, ie the elements of EP1 (« €U {o0}).
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For any edge e of T, the edge stabilizer (SL2 (K )) is conjugate to the group
e

A:{( C‘; Z)GSLQ(O)}

Also if G is the commutator subgroup |:(SL2(K)) , (SLQ(K)) ] and A € G, then

€ €

A is conjugate to a matrix of the form

a b
cer d
where a =d=1 (mod 7). Therefore

Tr(A) =a+de (24 2n)
that is, Tr(4) =2 (mod ).
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examples:

(1) “interesting” examples arise from 71 (M),
bolic 3-manifold. Set H? = {(z,y,t) : t >
equipped with the metric p given by ds? =
perbolic manifold is H?/T" where I' < Isor

torsion-free.
But Isom™ (H?) = PSLy(C):

SLa((

1.9. Feb. 17: Dimension of the canonical component. p
m

P1
' =m M ——— PSLy(

The irritation in this diagram is that

der 2 but in SLy(C) only nontrivial ele
-1 0
0o -1 )

Theorem 1.26 (Mostow Rigidity). Let M = H3/T' and N = H?/T" be isometric
hyperbolic 3-manifolds. Then T' and I" are conjugate in Isom(H?).

Mostow rigidity implies that the characters in X (T") that correspond to discrete,
faithful representations consist of a finite number of points.

Theorem 1.27 (Thurston). Let M be a compact, orientable 3-manifold with non-
empty boundary consisting of a disjoint union of n incompressible tori. Assume
that int(M) = H3/T. Then if p is a discrete, faithful representation, there exists
an irreducible component Xo C X (I') such that x, € Xo and dimc Xy = n.

We call X the canonical component.
A good source for examples is I' = 71 (M) in two generators:

< a,blR(a,b) =1> or <a,bRi(a,b)=1,i=1,2>
examples:

(1) Consider a two-bridge knot or link; this has a presentation of
the form < a,blwaw~! = b >. Consider irreducible representa-
tions p : I' — SLy(C), and conjugate so

p= (5 b )em=(40)

note: If y,(a) = x,(b), then p = A*!.  Now we have
I' =< a,b|R(a,b) =1>,X(T) C C3since X (T) is generated by
(Xp(a), xp(b), xp(ab)). But for 2-bridge knots, x,(a) = x,(b).
Therefore Xy C X(I') C C? is generated by (x,(a), x,(ab)).

(Mathematica calculations...)
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1.10. Feb. 19: 3-Manifolds with high dimensional components in X (7 (M)).
Let F,, = (a1, ..., a,) be the free group with rank n > 2. By assuming that p is an
irreducible representation and normalizing p(o;) and p(az) we have 3(n —2) +3 =
3n — 3 independent choices for matrix entries. Hence

dime X (F,) >3n—3

In particular, if a group surjects F,, where n > 2 then we are guaranteed components
in the character variety with dimension at least 3n — 3.
Examples:
o Let Xn = #n22 (Sl X 82) Then 7T1(Xn) - Fn
e There exist closed hyperbolic 3-manifolds M with m (M) — F,.

Exercise: There exists a knot K in X, so that X,\K is hyperbolic.
Therefore, there exists hyperbolic 3-manifolds with high dimensional com-
ponents.

e By the following lemma, there exist closed hyperbolic 3-manifolds M with
high dimensional components.

Lemma 1.28. Let L be a link in S® with |L| > 4. Assume that by deleting
one component of L we get the trivial link with n — 1 components (i.e.
L is Brunnian). Then X (L) contains a component of dimension at least
3(n—1)—3>n.

Proof. The conditions of the lemma imply that m (L) surjects F,_1. |

Downside: to construct hyperbolic knots K in S% with X (K) containing
a component of large dimension (i.e. at least 2), we cannot use this trick
since Hy(S®\ K;Z) = Z implies that 71(S3 \ K) does not surject F,, for
n > 2.

e There exist knots with high dimensional components of X (K).

First let K1 = K = 41, = m(s® \ K) =< a,blwaw™! = b >. We have
seen that the canonical component X is given by the locus of { P(z, R) = 0}
where P(z,R) = 22(2 - R)+ (R> — R - 1).

Note that x,(a) = z can be chosen to be any z € C.

Consider (irreducible) representations with

s =5 2 )om=( )

where ¢y # 0 since p is irreducible.

Let T = (t) t91 ) ,t € C\ {0}. Note that T' commutes with p(a).

Let K’ be a hyperbolic knot and K = K'#K'. Write IV = m(K’)
and I' = m1(K). Then I' = I'} %z I'; where the amalgamating subgroup
is meridianal, say (a). Take a to be a generator in the presentation and
conjugate p so that p(a) is diagonal. Let T be any diagonal matrix in
SL2(C) so that Tp(a) = p(a)T. Now given a representation p of I' we get
a C* worth of representations of I' by defining

pr(y) = ply)  forvyeTy
and
pr(y) = Tp(n)T~'  foryeTh
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Since p% and p, agree on (a) they paste together to give a representation
pt : I' — SLy(C)

By setting K,, = K'#...#K, and inducting on n we get X(K,) has a
component of dimension at least n.
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e There exist hyperbolic knots with high dimensional components in X (K).

Let A be the 5-braid (o105 )% (030, )2,

Then if K is the figure eight knot, Ko = Alis K#K. Let Ly be the link
K5 U B as shown.

S3\ Ly is hyperbolic, as it is a 5-punctured disc bundle over S! with
Psuedo-Anosov monodromy. For large enough p, (p,0)-orbifold surgery on
the B component of S3\ Ly will yield a hyperbolic orbifold. Hence there is
a cyclic branched cover of S*\ K, branched over B, call it M, which is a
p-fold orbifold cover.

M, is hyperbolic as an orbifold cover of a hyperbolic orbifold. If p is
chosen to be coprime to 5, then M), is a knot complement. Now we have a
degree p map M, — S*\ K». Then 7 (M,) surjects an index p subgroup of
7r1(S3\K2).



CHARACTER VARIETIES: REID 25

1.11. Feb. 24: Finding group splittings algebraically. Recall: a partial goal
is to prove Weak Culler-Shalen: T f.g., f.p. group such that X (I') contains an
irreducible curve of characters of irreducible representations. Then I' admits a
splitting as a free product with amalgamation or as an HNN extension.

For X¢(Msys) is parametrized by (P,Q,R) = (P,1 — P% (1 + P? — P*)/P). Let
I = w1 (Mgs), and take p so that

(0 1 (14 1)2
p(a)—( 1 1/2>,p(b)—( —7/4 1/2)
so p(I") C SLa(Z[1/2]). We like this since we get an action on a tree T of SLy(Q).

We have the rationals with the 2-adic valuation, (Q,vz2). Vertices are equivalence
classes [A] of Z,)-lattices, where

Zgy = {a € Q:va(a) > 0}

There is an edge between [A] and [A’] if there exist representative lattices A, A’ such
that A/A’ = Fy. Note: vertices of Ty have valence 3.

Consider the action of the subgroup SL2(Z[1]) on T3. Since O = {z € Q |ordy(z) >
0}, then O N SLy(Z[3]) = Z. Hence, every vertex stablizer is conjugate to SLa(Z).
Here we see that the action is non-trivial since otherwise the entire group would be
conjugate into SLy(Z).

Let v be the vertex stabilized by SLy(Z) and {e, f} a basis for a representative
lattice. Then {e,2f} is a basis for a lattice representing a vertex v’ where d(v,v’) =
1. Let e be the edge connecting these two vertices. Then the edge stabilizer is

(SLQ(Z[l/Q])> ~ Ty(2) = {( g Z)eSLg(Z)}

(&

By Serre, this gives rise to a splitting
SL2(Z[1/2]) = SLa(Z) *ryc2) G(2).

We can use the same idea to get a splitting of the fundamental group of the sister
to the figure eight,

I' = (a,b|a®ba™*b*3a™'b).
Let M be finite volume hyperbolic with one cusp and T' be a peripheral torus.

M = H?/T and from the Dehn Surgery Theorem we know that X, = Xo(T) is a
curve.

Theorem 1.29 (Thurston). Let v € m1(T) (non-trivial). Then the function I, is
nonconstant on Xg.

Now using the above fact that I, is nonconstant, we can find a non-integral
rational point z. (ie. 2 € Q\Z) so that I7' is a finite collection of points in Xj.
Amongst these guys we can find x, such that p(I') C SLy(K) where K is a finite
extension of Q and p(v) has non-integral trace. As before, we get p, : I' — SLy(K,)
where v is a valuation associated to a prime divisor of the denominator of x.

The point is that we want to organize how we can see all splittings in a useful
way.

Warm up # 10: tautological representation gives us P : I' — SLy(C(Ry)), with

(5 5 )
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Ry R(T)
t t
X, ¢_incl. Xr

If we want to repeat above analysis of sister using (Q,v2) with (C(Rp),v), v a
valuation, we need to understand:
(i) valuations
(ii) what it means to be negative of valuations
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1.12. Feb. 26: Valuations and Projective completions.

Definition 16. If K is a field, then a valuation v : K* — Z is an epimorphism
between groups with the property

v(z +y) > min(v(z),v(y)).
v may be extended to all of K by v(0) = oc.

examples:
(1) v, : Q* — Z.
(2) vp : C(2)* — Z using the fact that F' € C[z] implies that
F(z) = (z = p)"Fo(2),n 2 0, (2 — p)  Fo(2).

Now, Zy = {z € Q : vy(x) > 0} is a local ring with a unique maximal ideal
PZpy = {x € Q : vp(x) > 0}. Similarly, we have O, and pO, = M, = {F € C(z) :
vp(F) > 0}

We can extend this idea to irreducible curves V' with function field C(V'). Let V'
be a (irreducible) curve and p € V. We define the local ring at p as

0, = {Lingecm o #0}.
O, has a unique maximal ideal
My = { L1rgecl g 20, s =0}

Theorem 1.30 (Hartshorne). O, is a DVR with valuation v,(F) = ord,(F) if and
only if p is a smooth point of V.

note: Say that a point is smooth iff rk [gﬂ{; (p)} = n — dim(V); otherwise, it’s
singular.
examples:
(1) V C C? irreducible and {f(z,y) = 0} = V implies that p € V'
is singular iff %(p) = g—i(p) = 0.
Fact: the set of singular points forms a proper subvariety of

V.
(2) f(z,y) =22(2—y)+ (y*> —y — 1) (figure 8 again). Computing
of of

350 By shows that this has no singular points.

It may be useful to ponder the following analogy, especially if such pondering is
done is a whistful manner:

cf. | Q | C(V),V asmooth, irreducible curve
valuations: | v, vp,p €V
local rings: | Z,) Op v
max’l ideals: | pZ, M,

Now if Ry is a smooth curve in the representation variety R(I") such that ¢ : Ry —
Xo. Then for every point p in Ry we get a valuation v, on C(Ry). The action of
I (via the tautological representation) will always be trivial since Tr(P(v)) is a
polynomial. This means that its valuation under v, will never be negative (no
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poles) and every element stabilizes a vertex. It can be shown that if every element
stabilizes a vertex, then there is some vertex that is fixed by the entire group.
Hence the action given on this tree is trivial. We see here that we must pass to the
projective model to get non-trivial actions.

Definition 17. V C CP" is a projective algebraic set if V = the vanishing set of
I(V) c C[Xy,...,X,] of homogeneous polynomials. V is a projective algebraic
variety if [(V) is prime.

Let ¢; be the standard coordinate charts for CP", 1 < 4 < n. The hope is that
V' C C™ is an algebraic variety only if ¢; (V) C CP" is a projective algebraic variety.

Definition 18. A projective completion (or closure) of V an algebraic variety
is a projective variety defined by the ideal

IV) = {f"(@o,...,an) | f€I(V)}.

example: Consider f(z,y) = 22(2 —y) + (y* —y — 1), Xo = {f(x,y) = 0}, and
let the map X, — CP? be given by (z,y) — [z : y : 1. Then
Ty
f*(x7y7z) = ng (;7;>

= 22%z — 2%y + Pz —yt - 2B

In general, f* is f homogenized in the i*" coordinate.

Definition 19. The points of V\V are called points at infinity (or ideal points).

example: X, (the figure 8): to get points at infinity, set z = 0 and we obtain
yr? =0, 50 x = 0 or y = 0. Therefore we get two points at infinity: [0: 1: 0] and
[1:0:0].

Theorem 1.31. If C is an affine irreducible curve, then there exists a smooth

~

projective curve C such that C(C') = (C(é) Cis unique up to birational equivalence.
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1.13. March 2: The Splitting Theorem. Recall: If V' C C" is an irreducible
algebraic curve, then we can associate to V' a projective curve V' called the pro-
jective completion. This is achieved in several ways, via the maps ¢; : C" —

CP",p(ar,...;an) =lar tag i ..t a; 2 1 agpr : ...t ap]. Set Uy = ¢;(C™), so
U U; = CP™.
We also have hyperplanes H; = CP"\U; = {[zg : ... : 0: ... : z,]} (where the

0is in the imathrmth coordinate). The variety V is defined by the homogeneous ideal

IV)={f*(xo,...,2n) : f € I(V)} where f*(zo,...,7,) zx‘iif(fg—i’7... Timl il

b x; b x;

where d is the degree of f. Points in V \ V are called points at infinity.

Definition 20. A point p € V is smooth if we can find U; such that p € V N U;
is smooth in the previous sense.

example: Dehomogenize with respect to y (in last example), i.e. F(z,2) =
f*(x,1,2) =22%2 — 2% + 2 — 22 — 23, Check %—f, %—5 at the point [0:1:0]. ~
Key point: If V is an irreducible curve in C”, there is a smooth model V for
V that is the desingularization of V. This V is unique up to birational equivalence,
and C(V) 2 C(V). V is a compact Riemann surface (here, compact means closed
and without boundary), and the genus can be computed. If V C CP? is a smooth

@d=1(=2) where d is the degree of F' and V is

projective curve, then the genus is 5

defined by {F(x,y, z) = 0}.

example:  The genus of Xy of the figure-eight knot is 1, and we have maps
I,Y:Xo—>(CandIW:X0—>(C}P’1.

Theorem 1.32. Let V' be a smooth projective curve, o € C(V'). Then:

(1) ¢ has a finite number of zeros and a finite number of poles (i.e. points x
where v, (p) < 0);

(2) There is the same number of zeros and poles;

(3) If ¢ has no poles, then ¢ is constant.

example: f(z,y) = 2>2—y) + (y> —y — 1),I's =< a,blwaw™! = b >. Now
I,(xp) = xp(a) = x has 2 zeros on X and so 2 poles on Xo. These poles occur at
points at infinity.

Remark. If V C C" is an irreducible curve and f € C[V], then any poles of f
must occur at points at infinity.

2. SPLITTINGS OF GROUPS

Theorem 2.1 (Culler-Shalen). Let T be a finitely generated group. Assume that
C C X(T) is an irreducible curve with smooth projective model C. Then associated
to each point at infinity of C there is a non-trivial splitting of T.

The key theorem we use is:
Theorem 2.2. Assume that p : T' — SLy(F) is a representation where F' is a field

with discrete valuation v and there exists v € I' such that V(Tr(P(’y))) < 0. Then
there exists a non-trivial splitting of T'.

claim: Suppose we are in the case of C as in Theorem 2.1. If v €T, then TFAE:

(1) Iy(x) € C (i.e. I, does not have a pole at x);
(2) v is conjugate into a vertex stabilizer

Tn
) x;
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Pf. of claim:
I,(x) eC

<

o(I,) >0
A(Tr(P(7))) > 0 since Tr(P(y)) = I,
Te(P(7) € O, ¢

P(7) is conjugate into a vertex stabilizer

11t

Proof of Theorem 2.1. Consided D C R(T') such that t(D) = C. Write I' =<
a1,...,0n|Ry,... >. We have Ryo(T") C R(T") and

play = (4 o) and e = (220

Pass to the smooth models:
D——>D

t t|D

c—C
Note:
(1) P:T — SLy(C(D))
(2) t=4(Z) = {1, ..., 9k} is a collection of points at infinity of D.
Thus consider y € D with t(y) = ©. We now apply the splitting theorem with (C(ﬁ)
and vy, the field F' and the valuation v. To get the nontrivial splitting we need to
ensure that there exists v € I" such that v5(Tr(P(v))) < 0.
For all v € T, I, : C — C is a polynomail function. If {x,,} C C is a sequence

of characters x,, — X, then I,(Xp,) = Xpn (7) so there exists v such that

Xpn (V)| = 00 = [L;(Xp,)| — 00
But this means that I, has a pole at . Hence the splitting is nontrivial, as needed.
O

Remark. We say that a sequence of characters {x,, } blows up if there exists a
v such that [x,, (v)| — oo.
The mantra is that vertex stabilizers have integral traces since they are conjugate

into SL2(0,). Note that V(TI“(P(’Y))) < 0 iff I, has a pole on C. This can be

rephrased as the following:
Key point: v € T lies in a vertex stabilizer iff

v7(1,) >0 <= Ti(P(y) € Oz 5

<= I, does not blow up at =
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2.1. March 4: Applications to 3-manifolds.

Theorem 2.3. Let M = H/T be a finite volume, orientable, cusped hyperbolic
3-manifold. Then T' admits a non-trivial splitting.

Proof. There exists a canonical component Xo C X (I') with dim Xy = n = number
of cusps of M. Hence we may apply Theorem 2.1. |

This is not very interesting since, for example, K C S® (nontrivial knot) implies
that 71 (S \ K) — Z defines an HNN extension. How do we get other splittings of
r?

For 3-manifold groups, finding splittings of I is equivalent to finding orientable,
properly embedded, incompressible surfaces in M? with 71(M3) = I'. In other
words, for 3-manifolds, finding a nontrivial splitting of its fundamental group is
equivalent to finding a system of essential surfaces in the manifold.

Definition 21. f : (S5,0S5) — (M,0M) is essential if S is properly embedded,
incompressible, and not boundary parallel.

examples:
(1) If K is the trefoil (note: a torus knot, so not hyperbolic), take
S to be the black surface, which is not orientable. Then
7T'1(S3 \ K) =< 7T1(S),t|R1, >

(2) swallow-follow torus in connect sums (also not hyperbolic)
(3) 4-punctured spheres

These surfaces give rise to splittings of I'. Consider the following;:

Notation: associating a surface to an action Suppose M is a compact,
orientable, irreducible 3-manifold with nonempty boundary. Then OM will consist
of disjoint union of incompressible tori. Let p: M — M be the universal cover for
M. Assume that 71 (M) acts non-trivially and without inversions on a tree T'. Let
FE be the set of midpoints of all edges of T'.

Definition 22. A surface S is associated to the action if there exists a I' =
m1(M)-equivariant map

p:M—-T
(i.e. p(v.w) =~.¢(x) such that p M E and p~1(S) = ¢~ 1(E)).

M
We have the following classical theorem

Theorem 2.4. If the action of w1 (M) is non-trivial and acts without inversions
then there exists a non-empty, essential surface S C M which is associated to the
action. Furthermore, if C' C OM s such that 71(C) < Stab, (w1 (M)), then S may
be chosen to be disjoint from C.
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Theorem 2.5. Assume that M is as above and that X (w1 M) contains a curve.
Then M is Haken.

CONJECTURE: If M is a closed, hyperbolic 3-manifold then M has a
finite sheeted cover which is Haken.

This leads to the question: With same hypotheses, does M have a finite
sheeted cover N so that a component of X (NN) has dimension bigger
than zero?

Corollary 2.6. If M is irreducible and not Haken, then X (M) is a finite set of
points.

Fix M as usual and also assume that OM is a torus T

Definition 23. A slope s on T is an unoriented isotopy class of simple closed
curves on T

We usually fix a basis (p, A) for 71 (7") and thus identify the set of slopes on T
with QU {oo}. If (S,9S5) is an essential surface in M with non-empty boundary,
then 95 is a finite collection of simple, closed curves on T all with a common slope
s.

Definition 24. A boundary slope is such a slope.

Theorem 2.7 (Hatcher). Take M as above. Then the set of all boundary slopes
on M 1is finite.

We say that an essential surface in M is detected by the Culler-Shalen machine
if it arises as a surface associated to the action given by an ideal point of X (M).

If S is such a surface with boundary slope ¢ = p/q, so ¢ = uPA?. Let Ry C R(T")
be such that ¢(Ry) = X, and dim Ry = 1. Conjugate p so that points of Ry have

o= (5 5 )= (4 )

Let 7 € Ry be a point at infinity with ¢(3) = .
note: c¢ = pP A lies in a vertex stabilizer. This in turn implies that I,,»x« does not
have a pole at the relevant ideal point. If v is our valuation on C(Ry) this means
that I/(Iup)\q) > 0.

Recall our tautological representation P : w1 (M) — SLa(C(Rp)). We may con-
jugate in SLy(C(Rp)) to assume that

Pp) = (]\04 M*—l > and  P(A) = (g Lil )

MPLA *
P(uPA?) = ( 0 M-PL—1 )

Then

So,
v(Iuwaa) = v(MPLY 4 (MPLY)™') > 0.
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Using a basic fact about valuations, and the fact that the trace must be integral,
this means that
0 = v(MPLY) = pv(M)+qu(L)
Therefore,
p _ v

¢  w(M)
The important thing to note here is that we may compute the boundary slopes
from the valuation of the basis elements of 1 (T).
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2.2. March 9: More 3-manifold applications. Recall:

splitting of essential surface S C M
X (') D curve ~» T associated ~» associated to the action of
toxeC I' on T, (detected by C-S machinery)

S has dS = 0 or S = T? (inclusion) and d-slope should be able to be computed
from valuations. Let M be compact, orientable, connected, and irreducible as usual.
I'= 1 (M) .

Lemma 2.8. Assume that OM is an incompressible torus. Let C be a curve in
X (') and T a point at infinity for C. Assume that there exists a € m1(T') such that
I,(z) € C. Then either

o I3(x) € C for every element 8 € m(T), or
e « is a boundary slope.

Proof. Note: P(«) is conjugate into a vertex stabilizer by hypothesis. The CS
machine provides an essential surface S associated to the action on T, . If 8S # 0
then « is a 0-slope. This is true since from EC’s discussion, the associated surface
S can be made disjoint from a simple closed curve C' on T? parallel to a. If a were
not the O-slope, then there would exist a 3 € T? which is the 9-slope, but 3 meets
C, a contradiction. O

Theorem 2.9. Take M as in the lemma, or at worst OM = 0. If X (M) contains
a component of dimension bigger than one, then M contains a closed, essential
surface.

Definition 25. M as above is small if M does not contain a closed essential
surface.

Corollary 2.10. M small implies that all components of X (M) have dimension
less than 2.

Corollary 2.11. If M = S3\ K where K is a 2-bridge knot, then X (S*\ K) has
only components of dimension less than 2.

Proof. M small by Hatcher-Thurston, so apply Corollary 2.11. O

Note that there do exist such 3-manifolds with every component having dimen-
sion less than two, and containing a closed essential surface. Mj37 is such an
example.

Proof of Theorem 2.9. Assume that OM = T?, otherwise done. By Hatcher’s theo-
rem (2.7), there exist only finitely many boundary slopes. Let 8 € m1(T) be a non-
O-slope. Let X C X(M) be a component of dimension n > 2. Then Ig: X — C is
a polynomial function. We can find ¢ € C such that Ig(t)~! # (. Then Iﬁ_1 is an
algebraic set whose irreducible components have dimension at least 1. Thus there
exists at least a curve on which I is constant. Let C' C I (t) be a curve and

consider 7 € C' a point at infinity. By Lemma 2.8, since 3 is not a boundary slope,
we deduce that I,(Z) # oo V v € m(T?), which implies that there exists a closed
essential surface in M. |

Theorem 2.12. Let M be H/T, finite volume, and OM = T2 1 T5. Assume that
M is small. Then there exists an essential surface S C M such that 0S N'Ty # ()
but 0SNT, = 0.



CHARACTER VARIETIES: REID 35

Proof. We have dim Xy = 2 where Xy C X (M) is the canonical component. Define
for a € m(Ty) the map fo : Xo — C by fa(x,) = x2(a) — 4. Note that at the
faithful discrete representation po, fo(xp,) = 0V o € m1(T2). Fix attention on g €
m1(T2) and consider Y = f,1(0). Then Y is an algebraic set all of whose irreducible
components have dimension at least 1. If dim = 2 then Xy, = {Y = 0} (?), but
Dehn surgery results tell us that x,(c) is nonconstant on Xy, a contradiction.
Then all components of ¥ have dimension 1. Note: if fg : C' — C satisfies

(2) fs(xp) =0V x,

then we are done since in this case, choosing an irreducible component CisubsetC
and z € (7, we obtain an essential surface that is disjoint from 7. Finally, M
small implies that S NT; # . Thus condition 2 holds, since performing Dehn
surgery on T; while keeping T5 complete gives uncountably many points at which
fa(x,) = 0 as required. O

Definition 26. P < T' is a peripheral subgroup, then ¢ : I' — m N is peripheral
preserving if p(P) < a peripheral subgroup of m N.

Remark. N can be closed, in which case ¢(P) = 1.

Theorem 2.13. Let M be H/T, finite volume, with one cusp, and small. Then
there exist only finitely many distinct, finite volume, hyperbolic 3-manifolds, N;
for which there exists a peripheral preserving epimorphism @; : I' — w1 (V;).

Proof. Assume there is a sequence {N;} of distinct hyperbolic 3-manifolds such
that there exists f

N —J>- 7T1Nj L)— SLQ(C)
which is peripheral preserving. Let p; : mN; — SLy(C) be faithful and discrete.
Let ¢; = pjo fj : I' = SLy(C). The characters x,, are distinct characters on
X (M). By passing to a subsequence, we may assume that {x,,} C C where C' is
an irreducible curve. Note that f;(P) peripheral implies that x,,, (o) = £2V o € P.

If we pass to a point at infinity, say T € 5, we have I,(Z) # oo V a € P. Hence
we obtain a closed essential surface in M, a contradiction. O
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2.3. March 11: Essential Surfaces from actions on trees. //—lssume that M
is compact, orientable, and irreducible, and let I' = 7 (M),p : M — M be the

universal cover. Fix a triangulation on M and lift it to M. Let E denote the set of
midpoints of edges in a tree T', and suppose we have a simplicial action of I on 7.
Let E be the set of all midpoints of edges in the tree T

Note: If f : M — T is a I-invariant smlphmal map, then S = f7YUE) is a
properly embedded surface in M. Furthermore, S is invariant under the action of
T on M. Therefore, S = p(S’) is a properly embedded surface in M.

Definition 27. A properly embedded surface S C M is assoctated to the action
if there exists a I'-invariant map f: M — T such that

pi(S) = fUE).
Proposition 2.14. There exists a surface associated to the action of I' on T.
Proposition 2.15. There exists a simplicial T'-invariant map f : M—T.

Proof. Let S be a complete set of orbit representations for I'-action on MO,
Define £ . 5§00 — 7 by f(O)('yx) = 4fOz) Vv eT,z € SO where f(©

M© —>’I(O). Assume f() M® — T is I-invariant and simplicial. We want
FOED MG T First extend on a complete set of orbit representations of the
action of T on (i + 1)-complexes and extend by I'-invariance. O

Proposition 2.16. If S is associated to the action, then for each component C; of
M — S, m(C;) stabilizes a vertex of T.

Proof. Since S = p~1(9) is -invariant, I' acts on the components of M \ Sand T
stabilizes a component C' of p~1(C;), which implies that

f(C) = f(T;-C) =T, f(C)
Thus f(C) C T\ E, so I'; stabilizes the corresponding vertex. O

Corollary 2.17. If S =0, then T stabilizes a vertex of T. (The action of T' on T
is trivial.)

Proposition 2.18. If T acts on T without inversions, then S is orientable.

Proof. We’ll prove the contrapositive. Assume there exists a component of S that
is not orientable. Then, for some component Sy of S = p~1(.S9), there exists ay € T
that interchanges two components Cq,Ce or M \ S that are separated by Sy. But

:S’vo is connected, so f (:S‘\a) = midpoint of an edge in T' implies that I" does not act
without inversions. [l

Proposition 2.19. If C' is a connected submanifold of OM such that the image of
m1(C) in T is contained in a vertex stablizer, then the surface may be taken to be
disjoint from C.

Proof. Build a I'-invariant submanifold of M such that p(f~(E))NC # 0. Let C
be a component of p~1(C). Choose the triangulation such that C' is a sub-complex.
When choosing S(?), choose representations from C© whenever possible. To define
fO .50 L 7O if p e SO N C), then set f©(p) = v. Note: if v € I';, then
fO@-p)=~7fO(p)=~-v=1,s50 f(o)(é(o)) = v. By construction, 0-skeletons of
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translates of C are sent to translates of v, that is, f(C) = v, sop~1(C)Nf~L(E) = 0,
so p(f~YE)NC = 0. O

Definition 28. An essential surface S in M is a properly embedded surface
which satisfies
(1) S#0.
(2) S is orientable.
(3) S has no compressing discs.
(4) S has no sphere components.
(5) S has no boundary parallel components.

Theorem 2.20. There is an essential surface in M associated to the action of T’
on T. Furthermore, if C is a connected submanifold of OM such that the image of
m1(C) in T is contained in a verter stablizer, then the surface may be taken to be
disjoint from C.

Proof. Assume S = p(f~1(E)) as usual, where S has a compressing disk D in M.
Let B be a regular neighborhood of D, so B is a 3-ball, BN S = A is an annulus,
X_ is a solid torus, and X is a 3-ball. Let B be a component of p~!(B). Then
f Y E)NB = A. Also, f(X4) map into 2 adjacent connected components of T'\ E,

say Yy. Dy and D, separate B into 3 3-balls, By, By, B3. Define
9:B =T, glyz = flog 9(D1UDs) = f(A)

Notice that g(dBs) C Y_ U f(A), g(dB;) C Yy U f(A) for i = 1,3. Extend g to B
such that g(intBy) C Y_, g(intB;) C Yy for i = 1,3. Finally, extend g to p~(B)

by I'-invariance, and extend to M with f. (]
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2.4. March 23: More 3-manifold stuff. Recall: T' = 7;(M3), M3 compact,
orientable, irreducible. If X (I") contains a curve C, then by passing to points at
00, T € C \ C, we obtain an action of I on T3 and this action determins a splitting
of I". We can then obtain essential surfaces in M “dual to the action”.

Define v € T', I, : C — C, Iy(x,) = X,(7). If we consider M as above, then
OM = T? is incompressible.
example: If o € 71(T) <T and I,(Z) # oo, then either « is a boundary slope or
I3(Z) # 0o V B € m1(T?). In the latter case, this implies that M contains a closed
essential surface.

Recall that if M is finite volume, hyperbolic with one cusp, then I, is non-
constant on X for all peripheral «.

Theorem 2.21. Let M = H/T' have finite volume and one cusp. Then M has at
least two boundary slopes.

Lemma 2.22. If s is any slope on OM = T2, then there is an essential surface
¥ C M with 09X # 0 and has boundary slope not equal to s.

Proof. Let «v € T represent s. Consider I, : Xo — C. Then I, is nonconstant and
therefore has poles which must arise at points at infinity for Xo. Choose such a
point € Xy \ Xo. Hence there is an essential surface ¥ C M, associated to the
action on T%. From the remarks above, 9% # (). The boundary slope of ¥ # s since
I, is blowing up at . O

examples:
(1) The figure eight has boundary slopes 2, +% (Hatcher-Thurston)
(2) All twist knots (except the trefoil and the unknot) have three
boundary slopes.
(3) The James Bond manifold (Mgg7) has exactly two detected
slopes.

Question: Is there any special property of the surfaces detected by the C-S
machinery?

Theorem 2.23. Assume that M = H/T' has finite volume and one cusp. Then the
Culler-Shalen machine does not detect fibers (or virtual fibers) on components of
X(T) which contain an irreducible representation.

Notation: Let S be an orientable surface, |0S| = 1,0 : S — S a self-homeomorphism.
Form a 3-manifold Mg = (S x I)/ ~. Then Mg fibers over S! with fiber S C Mg
is incompressible. This defines a short exact sequence:

1—-mS—>mMeg —-7Z—1

Proof of Theorem 2.23. T = 7 M,mS{T)). The claim is that for any point at
infinity = € )70, an essential surface associated to the action is never a fiber. We
assume to the contarary that S is detected by passing to such an Z. Therefore
P(m1S) C vertex stabilizer if and only if vz(Iy) > 0V v € m S, which is equivalent
to TrP(v) € O; %,. We require a lemma:

Lemma 2.24. Let F be a field with a valuation v. Let G be a subgroup of SLa(F)
and assume that there exists N >G (non-central) such that N is GLa(F')-conjugate
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into SLo(0O). Then either G contains a solvable normal subgroup, or
Tr(g) € O vV geG.

Proof. Outline: Assume g € G such that Tr(g) ¢ O. Extend F' and v so that we
can write g as a diagonal matrix. Take n € N. Then Tr(ng"ng~™ € O for every n.
This implies that 7 is either upper or lower triangular. Hence N is either upper or
lower triangular. Therefore, N is solvable.

Now assume that there is ¢ € G such that Trg ¢ O, so g has characteristic
polynomial A2 — (Trg)\ + 1 = 0, where A\, \~! are the eigenvalues of g. Note by
definition, F()) is an extension of degree no more than 2 over F. Assume that

A € F. Then we can conjugate G so g is of the form ( g\ )\91 )

N({G) implies that g"Ng™ = N V¥V n € Z. Let n = < Z ) € N, and

no o—n a bAZ"
g-ng <c)\—2n d >€N

Therefore Tr(ng™ng=") € O, so
r=a’+d*+bc(A\"+A-2n) €OV neZL

But z = (a + d)? — 2 + be(A" — A—n)?2, so x € O if and only if be(A" — A7")? € O,
which is the same as v(be(A™ — A7™)?) > 0, which is equivalent to v(b) + v(c) +
20(A™ — A7) > 0. The key point to keep in mind is that v(A" — A7) — —oo as
n — 0o, a contradiction.

Trg = A + A~ Note that if Trg ¢ O, then v()\) # 0, so v(Trg) < 0. By
properties of valuations, we have

¢
C

consider

A2 +1

v A+ A1) = o = v(lambda®) — v(\) >0

Hence b=0o0r ¢=0,s0 Vn e N, either

[ a b ([ a O
"=\o a )"\ ¢ a

But both forms of above cannot occur since taking a product gives an element of
N not of the above form, so IV is of the form

* ok * 0
0 = or * ok
both of which are solvable.

(Note: the hypothesis “not central” was used because otherwise we would get
no info from commuting matrices.) O

Continuing with Theorem 2.23, we let ¢ : Ry — Xy and F' = C(Ry), where Ry is
a curve contained in R(I'). Then P : T' — SLy(C(Ry)).
note: Ry contains a faithful, discrete representation. Hence P : T' — SLy(C(Rp))
is faithful, for if it weren’t, there would exist 1 # v € I' such that

r=ro= (7 )

and so p(y) = 1V p € Ry, which is false. Hence PI' 2 T is a finite volume
hyperbolic 3-manifold group, so it contains no normal solvable subgroup. Therefore
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Lemma 2.24 applies to yield Trg € O b vV g € I'. But some I, is blowing up since
the surface S is being detected. This contradiction completes the proof. O

QUESTION: Assume that ¥ ¢ M = H/T is one cusped and finite
volume and 90X # (). Assume also that the surface ¥ is not a fiber or
virtual fiber. Is ¥ detected by the Culler-Shalen machine?
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2.5. March 25: The Smith Conjecture.

Theorem 2.25. Let ¥ be a (homotopy) 3-sphere and K C X a (tame) knot. Let

Z be the n-fold cyclic cover of ¥ branched over K. If Zn 18 simply connected then
K is the trivial knot.

This theorem implies the Smith Conjecture (revised).

Theorem 2.26 (The Smith Conjecture). If h : Y- Yisa periodic diffeomorphism
with non-empty fixed point set, then fix(h) is the trivial knot.

Recall: an n-fold branched cover of ¥ is (f;,p):
S S\ K

p

©OK S\ K
K = p~1(K) such that for all z € p~1(K), there is a neighborhood homeomor-
phic to D x I such that p has the form (z,t) — (2™,t),n > 2. Alternatively, there
is a cyclic group of diffeomorphisms C' acting on ivn with nonempty fixed point set
K and p(K) = K.
Take ¥ = %/(h) and K = fix(h). Then ¥ is simply connected.

Proof. Proof of Theorem 2.25 We assume that M ¥\ K is hyperbolic. Define the
orbifold @,, = (£, K) where K has cone angle 2 <%. Then if p is a meridian of K,
then ™ bounds a disc in @,.

T, = (m(M)|u"=1)

So we have the exact sequence

1 —— m(S) r, Z/nZ — 1

If i)vn is simply connected then T',, & Z/nZ. Thus, our strategy is to show that I',
is not cyclic. We do this by finding a representation into PSLy(C) with non-cyclic
image.
We attempt to arrange a representation p : w1 (M) — SLa(C) such that
e p(u) has order 2n, and
e p descends to a representation 5 : m (M) — PSLy(C) with non-cyclic image.
This would be a win because in the following diagram, we would have p noncyclic
but p(p)™ = 1:

7T1M—>- PSL2

\/

By assuming that M is hyperbohc, we are guaranteed that I, : )70 — CP!' is

surjective. Let w be a primitive 2n-th root of unity. Then there exists x € X such
that I,(x) =w+w =t
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If x is a point at infinity, then either p is a boundary slope or M contains a
closed, essential surface. We apply the following.

Theorem 2.27 (Gordon, Litherland). Let M be as above and assume that either
w is a boundary slope or M contains a closed, essential surface. Then any regular,
branched cover of M contains a closed, essential surface. In particular, no reqular,
branched cover is simply connected.

So now we may assume that x € Xj.
The rest follows from the following lemma. It can be proved by counting dimen-
sions and the fact that if p has cyclic image, then p is abelian. In fact,

p(m(M)) = Z/nZ x Z/2Z.

Lemma 2.28. Suppose M = H/T is orientable, 1-cusped, and finite volume. Then
given any x € Xo there is a representation p € t—1(x) such that Im(p) is not cyclic.

Proof. Note that for most points on Xj, this is clear as the representations are
irreducible representations into SLa(C) (here, t~1(x) = SLa(C)-orbit of given rep-
resentation p with t(p) = x).

It follows from algebraic geometry that ¢t=!() has dimension at least 3 for all
x € Xo. Consider xy € X, for which if p € t=1(x), p(m1 M) is cyclic. What does
p(m1 M) C SLa(C) look like (if not cyclic)? We claim that it is abelian. Note that
—1I € p(m M), otherwise p(m M) not cyclic. Thus we have a short exact sequence

1—-{x1} - p(mM) - Z,, — 1

so p(miM) = Zp X Za, hence p is a diagonal representation. To complete the
proof, it is an exercise to show that dim(B) < 2 where B is the set of diagonal
representations in t~1(x). O

O
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3. THE A-POLYNOMIAL

3.1. March 30: Definition of the A-polynomial. We define the A-polynomial
for knots in S3, although it can be defined for knots in appropriate manifolds. Let
K be a knot in S3, and set M = [ N(K). Fix a framing {l/,m} for m(T). Let
I' = m1(M). We will see that the two-variable polynomial that we define is “almost
an invariant”.

Define Ry C R(T") to be

Ry = {pe€ R(I)|p(l) and p(m) are upper triangular }.

o = (6 ) ma e = (4 00)

Define the polynomial map & from the closed algebraic set Ry to C?\{0} by &(p) =
(L,, M,). If C is an irreducible component of Ry then the Zariski closure of £(C)
is a variety in C2. This has dimension 0 or 1, so throw away 0-dim’l components
and only consider those C' C Ry that project to curves (i.e. dim 1).

Write

Theorem 3.1 (Hartshorne). A wariety Y C C? is a curve if and only if Y is a
zero set of a non-constant, irreducible polynomial in Clx,y].

So, for each component C' of Ry which projects to a curve under £ we associate
an irreducible polynomial Fo (L, M) € C[L, M]. Given Ry this gives a finite list of
distinct polynomials {F¢, }™ ;.

Definition 29. Define the A-polynomial for K as

i=1
Remarks.

(1) ' - Z — SL2(C), m +— a generator, [ — 1 implies that L = 1 for these
representations. {L — 1 = 0} defines a polynomial which arises from an
abelian representation of I'.

Proposition 3.2. If K is the unknot then A = 1.

Remark. We will really take the product []!, F;(L, M) where the F; are distinct
irreducible polynomials.

Proposition 3.3. If K is hyperbolic then Ax # 1.

Proof. Crucial fact is that I; : Xg — C is contant. If Ry C Ry is such that
t: Rg — Xy, then I; nonconstant implies that L must be nonconstant on Ry. But
then teh component Ry does not project to (L — 1) in C? under &. [

In sum: the first follows, since dividing by L — 1 results in ignoring abelian
representations. The second follows from the fact that I; : Xy — C is non-constant.

Proposition 3.4. If K is the (p, q)-torus knot then Ak is divisible by LMP? + 1.
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QUESTION: Does every non-trivial knot have a non-trivial A-polynomial?

Thanks to Kronheimer/Mrowka, any non-trivial knot admits an irreducible
SU(2) C SLy(C) representation. Can these be deformed to give a curve?

In fact they can. Dunfield/Garoufalidis have shown that every non-trivial knot
has a non-trivial A-polynomial.

Proposition 3.5. Ax (L, M) involves only even powers of M.
Proof. Consider the map «:

' - Z—7Z/2Z — SL,(C)
m — genr— —1— —1

[ — 1—1—1

(Take a to be the composition of the above maps.) If p € Ry then multiply it with

the representation o where a(m) = —I and «(l) = I. This is a homomorphism
since
Pa(9192) = (9192)p(9192) = algr)alg2)p(g1)p(g2)
= a(g1)p(g1)a(g2)p(g2)

ES

Note that p,(m) = ( Bu ! ) € Ry, pa(l) = p(l). Thus &(pa) = (L, —M).
(]

Let Y¢ be a one dimensional component of £(C) for some component C C Ry
and let Yo be its smooth, projective model. Let « € Yo \Ye.

__ £
Xc C Yo

Xc C ¢ Yo

Consider a sequence of points {(Ly,, My,,)} C which converges to . Then at least
one of Ly, M,, 1/L,, or 1/M, approaches infinity in norm. This corresponds to
a sequence of representations in R(I") which converge to a point at infinity. Fur-
thermore, the character of some elements of 71 (T") are unbounded here. Therefore,
the CS-machine gives us an essential surface in S*\ K with non-empty boundary.
Therefore, the beauty of the A-polynomial is that it only sees stuff that blows up at
the boundary. -

Conversely, if {x,, } is a sequence of charts for which x,, — v € X¢ \ X¢ that
detect an essential surface with nonempty boundary, then projecting to Yo we get a

sequence of points {(Ly,,, M, )} — a point at infinity of %\YC. Otherwise, values of
L., M, stay bounded, which implies that characters stay bounded, a contradiction.
Summarizing:
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Theorem 3.6. Assume Ag is non-trivial. An essential surface with non-empty
boundary is detected by the character variety if and only if it is detected by the
A-polynomial.

Suppose F(L, M) | Agx(L, M) is an irreducible factor, and let = € Z(F)\ Z(F).
Associated to z is a valuation v on C(V(F)) and:

Corollary 3.7. The boundary slope of the essential surface 3 detected by a point

S YC\YC 8 — :((J\Z))
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3.2. April 1: Newton polygons and Holes. Remark. Holes: Assume C' C
R(U) is a curve and £(C)\EC is non-empty (a finite set of points). These are
"holes”. They are secretly like points at infinity in the following sense: if (L, M) €
&(C) \ &£(C), then there does not exist a p € C such that £(p) = (L, M). Thus,
(L, M) is a hole. Now consider a sequence of points (L, M,) — (L, M) (in the
usual topology). Back in C' we have a sequence of representations {p, } with £(p,) =
(Ly, M,,). Note that each py, is bounded on T'. x,, («) cannot be bounded for all o €
w1 M; otherwise, we could construct p, — p a representation and £(p) = (L, M),
a contradiction. So we have a sequence of characters blowing up but bounded on
m T, so we get a closed essential surface. If they exist we cannot quite say ”the
A-polynomial only detects surfaces with non-empty boundary”.

QUESTION: Do holes exist?

Let P(z,y) € Clz,y|. Define the Newton Polygon,

Newt(P) = Convex hull in R? of (i, j) where the coefficient of 2y’ is non — zero.

examples:
(1) f(x,y) = 22(2—y)+(y*—y—1), then Newt(f) is the quadralat-
eral with vertices at (0,0),(2,0), (2, 1), (0, 2).
(2) Ay, = -M*+ (1 - M? - 2M* — MS + M®L —
M*L? then Newt(A4,) is the diamond with vertices at
(1,0),(2,4),(1,8),(0,4).
(3)
3)
As, = 1+(=142M?+2M*— MB+ M1 0) L+(M*—~MO+2M ' 0+2M2— M*4) L2+ M4

imply that the slopes of Newt(As,) are %,%,11—0,
and Newt(As,) is the hexagon with vertices at

(0,0),(1,0),(2,4), (3,14), (2, 14), (1, 10).

Theorem 3.8. The slope of the boundary edges of Newt(A) are boundary slopes
of K.

Outline of Proof. We must show that going to infinity on Vi, we associate an edge
of Newt. Here are the main ideas:

Think about the example 55: going to a point at infinity, at least one of M, L, ﬁ, %
is blowing up. For example M — oo but L bounded. Or consider As, given by
equation 3 and factor as a polynomial over M and divide through by M'4. Then,
when |M]| is large, the resulting equation is basically L?> — L? = 0 and we can
associate an edge e to the degeneration. This phenomena is what happens more
generally, i.e. going to infinity picks out an egde of Newt. ([
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examples:
(1) 4, : £* are boundary slopes
(2) 52: 9,4 10 are boundary slopes
(3) 820 : _TIO, %,% is fibered, but % is the boundary slope of an
essential separating surface with nonempty boundary.

Newton polygon detects all boundary slopes. Hatcher and Thurston proved that
all boundary slopes of 2-bridge knots are integral, and 85 is the first alternating
knot with non-integral boundary slope.
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3.3. April 6: Boundary Slopes are 0-slopes. Remark. Suppose (X,)) €
V(Ak), X #0.
If Newt(Ag ) has an edge with slope zero on the L-axis. Associate to it a surface

of slope % detected by the C-S machine.

example: AK(%7 ﬁ) = + LMt Ax (L, M) implies there are precisely two edges
of a given slope s on Newt. The A-polynomial for K has the form Agx (L, M) =
S agLP + A(L, M) where ag are constants and at least two of the ag # 0 and
M divides every term of A(L, M), that is, A(L,0) = 0V L. Hence, Ax(L,0) =
Y agLP # 0 and so this has roots (by the edge assumption), that is we find at
least one point = (r,0) € V(Ag). (Recall: If a surface is detected of slope p/q

at a point at infinity x, then § = ;,‘(/]&L)) Let v, be the valuation associated to x.

Then v, (L) = 0 since there is no zero or pole at this point and v, (M) > 0 since M
has a zero at x. By the above remark, % is a detected slope.

claim: This suffices to show that all slopes of Newt(Ag) are detected. The idea
is to change basis.

Given (m,l) = m(T), compute Ax (L, M). Now assume that (m/,l') = m1(T)
and compute A% (L', M'). We can interpolate between Newt(Ay) and Newt(A%)
using the change of basis given by (m,l) < (m/,l’).
example: Figure 8 knot. Ay (L, M) =—-M*+ (1 - M? —2M* — M® + M®)L —
M*L?. Make the change of coordinates: M’ = M*L, L' = M <= M =1L L =
M~*M' = M'L'~*. then

Ar(L,M) = Ar((M) (L)~ (L)
= (L)' (1= (L) = 2L) = (L) + (LD (ML) = (L) (M) (L) 32
= (L)' + (1= (L) =2L) = (L) + (LML) = (M) (L)~
= —(L)°+ Q- L) =2L) = (L)° + (L)) (M) — (M)

Changing an edge e of slope —g to the horizontal edge at the start of the lecture:
we want to work out a change of basis. All points of e are points on a straight line
of slope —%.

ng —n; —p

—_— = - = C—ny) = — S —my

My — m p q(nj —ni) p(m; —m;)
Therefore gn; + pm; = qn; +pm; = d, say, for all 4,j. Set X = M7PLI)Y =
MeLb where ( _qp ; ) € SLy(Z),(p,q) = 1. This holds if and only if M =
XbY =4 [, = XY P (using det = 1). Ax(L, M) = Ax(X2Y P X Y~ (after
multiplying by suitable powers of X, Y we get a polynomial again. The edge appears
in Ax (L, M) as the terms > a; L™ M™. Rewriting each term of this:

(X—ay—p)mi (be—q)ni — X—amiy—pmian,ﬂ,Y_qni
_ X—amri-bm yPmitani

Xfami+bni de

where d = pm; + qn; from above. Multiplying by Y'? clears these terms in Y, which
implies that Ag(X,Y) = > anX* + E(X,Y) where E(X,0) =0V X, so there is
a slope 0/1 edge as required.

Indeed, the ag are constants and at least two of them are non-zero, and M
divides every term in the polynomial E(L, M). Then Ax(L,0) = " agL® has at
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least two terms and hence there is a point of the form (r,0) € V(Ag) with r # 0.
This is a point at infinity, recall that the slope of an associated surface is

p _ _v()

q v(M)
We know that v(L) = 0 because L is bounded near (r,0). Likewise, v(M) # 0. Now
to extend this argument to show that any boundary slope of Newt (A ) corresponds
to a 0-slope of K, we need to make a change of basis argument.

The edge polynomials come from reading off the obvious 1-variable polynomials
from the edges of the Newton polygon. For slope zero edges this is straightforward,
for edges of slope p/q make the substitution ¢t = L~7MP.
examples:

=0

(1) 5g: the edge polynomial is 1 — ¢. Changing basis gives a way
to associate to any edge an edge polynomial f. ().
(2) 4;: For the edge e, the terms in the A-polynomial are —M* +
LM®. Let t = L™'M*, so M* = £, and we have
—t 2 -t 2 1 9
L+LL2—L L—L(t+t)
so fo(t) = —t + t2. More generally, if e has slope B let t =
L=IMP,

Theorem 3.9. Let f.(t) be an edge polynomial.

(1) fe(t) is a product of cyclotomic polynomials.
(2) The corner polynomials have coefficients £1.

Remark: These roots are the eigenvalues of the bounded class as we go to a point
at infinity corresponding to that edge. Note also, that the number of boundary
components of a surface associated to a given edge is related to the roots of the
edge polynomial.

Definition 30. A corner polynomial is a term aagLo‘Mﬁ in the A-polynomial
such that (o, B) is a vertex of Newt(Ak ).

example: 4;: the corner polynomials are LM®, —M*L?, —M*, L.
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3.4. April 8: Ones in the Corners.

Theorem 3.10. Let f.(t) be an edge polynomial.

(1) fe(t) is a product of cyclotomic polynomials. Also, if w is a pth root of unity
that satisfies the edge polynomial then p divides the number of boundary
components of any connected component of an essential surface associated
to that edge.

(2) The corner polynomials have coefficients +1.

Remark: (2) implies (1). What follows is a summary of a proof of (1).

Choose a slope a which is not a boundary slope. Extend « to a basis {«, 3} for
71(T). Since changing basis doesn’t affect the coeffients of Ag, we have Ax (L, M) €
Z|L, M) where L and M are the eigenvalues of o and 3. Since « is not a boundary
slope, there is a unique term CM®L" of highest power in L. Our goal is to show
that C' = £1 which by changing basis is enough to prove the theorem. We use the
following claims:

(1): There exists a prime p € Q such that

— (%,p) € Im(&), and
— p and C are co-prime.

(2); Suppose p is a prime, [ > 0, and h(t) = cg + - - - + cxp't* is an irreducible
polynomial in Z[t] with ¢, = 1 and p doesn’t divide ¢i. If b satisfies h
then there exists a valuation v on Q(b) such that

- v(p+1/p) >0, and
- v(b) <0.
We take p to be as in claim (1) and use the following lemma:

Lemma 3.11. Factorize the one variable polynomial Ay (L, p) over Z as

Ak (L,p) = n]]hi(L)
where n € Z and each h; is irreducible over Z. Then C divides 7.

The lemma can be proved by noticing that if C' doesn’t divide 7 then claim (2)
will give us a valuation. This valuation allows us to construct a non-trivial action
on a tree for which « lies in a vertex stabilizer and § does not. Hence we contradict
that « is not a boundary slope.

The lemma allows us to show that C' divides each coefficient of Ax (L, M). Since,
we have normalized Ag so that the coefficients have gcd one, then C' = +1. (]
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3.5. April 13: Applications of Ones in the Corners. The first is similar to
Bass’ Theorem:

Theorem 3.12. Take M = H/T with the usual assumptions. Assume that there
exists v € T' such that Tr() is not an algebraic integer. Then M contains a closed,
essential surface.

In particular, if M is non-Haken, then Tr(vy) is an algebraic integer for every
vyel.

Let K be a hyperbolic knot in S* and o € 71 (T') a slope which is not a boundary
slope. We denote the resulting closed manifold after Dehn surgery along a by
M(a).

Theorem 3.13. Assume p, : m1 (M(a)) — SLy(C) is an irreducible representation
which is non-trivial on 71 (T). Let &, be the eigenvalue of the core curve of a-Dehn
surgery. Then &, is a unit in the ring of algebraic integers.

If o = mPl? then choose r and s so that

det(‘Z Z):il.

Then the core curve is represented by 6 = m”l°. We introduce the parameter T

where M = T~% and L = T?. Consider the one variable polynomial Ay (T~9,T?)
and normalize to get the polynomial f(T) € Z[T]. Because « is not a boundary
slope, the coeflicients of f(T') are the same as those of Ax (L, M). By definition,
£, = MTL®. After substituting T for M and L we see that £, = T*!. Thus, the
minimum polynomial, g(7T'), for &, divides f(7T'). ”Ones in the corners” and Gauss’
Lemma imply that ¢(T') has leading and constant coeffients 1. Therefore &, is an
algebraic unit. O

The following theorem is proved again by considering the polynomials f(7") and
g(T). First, some definitions.

Definition 31. If T is Kleinian with finite co-volume, then the trace field for T’
is the number field

Q(Tx(y) [veT).
also,

Definition 32. The invariant trace field for I is the subfield of the trace field
given by

KD = Q((Tr(fy))z "y € F).

Theorem 3.14. Let p/q be a hyperbolic Dehn filling and &,,, the eigenvalue of the
core curve. Then

Q&) : Q] = 00 as [p| + ] - .
Corollary 3.15. Let '), = 71 (M(p/q)), then
[kTpq 1 Q] — 00 as |p| +g| — oo
The proof uses the following definition. First let p € Z[z].
p(x) = apz™ +---+ag where a,, #0
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Definition 33. The L'-norm of p is

L(p) =Y _lail.
The Mahler measure of p is

M(p) = lan| [ max(1,l6]).
p(6)=0
The properties
(1) M(p) < L(p), and
(2) M(p1-p2) = M(p1) - M(p2).
are easily established.
Proof: Corresponding to each p/q we get a polynomial f(T) as before. Since
the coefficients of f are the same as those of Ax, we have that L(f) is bounded.

By property (1), M(f) is bounded. If we assume that {Q(ﬁp/q) : Q} is bounded, it
can be shown that there exist only finitely many possible polynomials ¢g(7"). Then

there are only finitely many possible values for {. This contradicts that x,(«) is
non-constant. [J
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3.6. April 15: Cyclic Surgery and Boundary Slopes. Let M be a compact,
orientable, irreducible 3-manifold with M and incompressible torus. If « is a slope
such that m (M(a)) is cyclic, then « is called a cyclic slope.

Theorem 3.16 (Dunfield). Assume that K C S is a small, hyperbolic knot and 3
a non-trivial, cyclic slope. Then there exists a non-integral 0-slope, r~ such that

Ty = (rﬁ —1,rg+ 1).
Remarks:

e By the Cyclic Surgery Theorem, 3 € Z.

o If K is the (—2,3,7)-pretzel knot, K has 18 and 19 as cyclic slopes and the
non-integral slope 37/2 in the required interval.

e If K(n) is the knot obtained by the below surgery description, let M, =
S3\K(n). M(9n) is a lens space. Also, the 2-fold branched cover of K (2n)
is —1/n-Dehn Surgery on the figure eight knot. By Gordon-Litherland,
K (2n) is small. Hence, we see a family of examples to which we may apply
Dunfield’s theorem.

The theorem follows from Gabai’s Property R results, the following theorem
from CGLS, and the following proposition.



54 CHARACTER VARIETIES: REID

Theorem 3.17 (CGLS, Theorem 2.0.3). Let r be a boundary slope. Then one of
the following holds.
e M(r) is Haken. (non-cyclic fundamental group)
o M(r) is the connect sum of two lens spaces. (non-cyclic fundamental group)
e M contains a closed, essential surface. (K would not be small)
e 1 is a slope of a planar surface and M fibers over the circle with this sur-

face as a fiber. (Gabai’s property R rules this out since 0-surgery on K is
irreducible (not S' x S%.))

Let 3 be a non-trivial cyclic slope. Then by CGLS, § is integral and {m, 5} is
a basis for 71 (T"). The below proposition is with respect to this basis.

Proposition 3.18. There exists a boundary slope s, such that |s,| < 1.

If v € m (M) we define the function f, : X (71(M)) — C by

£y o= (Tr(p(7))? - 4.

Lemma 3.19. Let M be a finite volume, hyperbolic 3-manifold with a single cusp.
Assume that B is a non-trivial cyclic slope and (p,3) = m1(T), then either

o there exists a boundary slope s, with |s,| <1, or

I

* 7 is constant on Xj.

We can rule out the second possibility with a "ones in the corners”-type argu-
ment. An outline follows. To avoid some non-trivial difficulties, we will assume
that Ag is defined over Q.

Assume that ;—: = (" on Xy. Since f, is non-constant we see that C’ cannot be
zero. After a bit of algebra, we have

Mo

B — B!
on Vp = V(AO(B,M )) Since Vj is irreducible, we can make a choice of square
root, say C, of C’. So that

F(B,M) = M?B—-B—-CMB?>+CM
is zero on Vj. Now using our assumption that Ag is defined over QQ, we can show
that C € Q. Also, if C = %1 then F factors into either
(BM +1)(B— M) or (BM —1)(B+ M)

but none of these factors can be constant on V. Hence, C € Q — {£1}. As such,
it can be shown that F is irreducible. Therefore Ag = F.

Now, we use the fact that the edge polynomials of Newt(F') must divide the edge
polynomials of Ax. We have an edge associated to the terms BM? + CM. Making
the substitution 7' = BM we have the edge polynomial T'— C. Therefore, T'— C
divides a cyclotomic polynomial. Since, C' is a root of unity and a rational number
we arrive at the contradiction C' = +1.

Therefore, we have ruled out case two of Lemma 3.19, and so there exists a
boundary slope s, with |s,| < 1, as stated in Proposition 3.18. O
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3.7. April 20: Proving Lemma 3.19. Recall the lemma.
Let M be a finite volume, hyperbolic 3-manifold with a single cusp. Assume
that 0 is a non-trivial cyclic slope and (p, 8) = 71(T"), then either

e there exists a boundary slope s, with |s,| < 1, or

° ;—” is constant on Xj.
B

Proof: First note that if § is a boundary slope, then the first conclusion is

satisfied since |sg| = 0. Thus we assume that 3 is not a boundary slope and g = f—;

is non-constant on )Z’O. Since g is non-constant, it has zeros and poles. If x € X,

define
- { order of the zero at z for h,or

0if h(z) #0
and der of th 1 for h
. order of the pole at x tor h,or

M (h) = { 0if h(z) € C

Note that if x is a point at infinity and v, is the associated valuation, then
Zy(h) i h(z)=0
vy(h) = ord,(h) = 0 if h(z) € C— {0}

I, (h) if h(z) =0

Take y € )~(0 so that g has a pole there. So we have two cases.

Case 1: f3(y) = 0.

Claim 1: f,(y) =0 and Z,(f.) > Z.(f3)-

This leads immediately to a contradiction since g has a pole at y.

Case 2: f, has a pole at y, and therefore y is a point at infinity. Hence we have
an essential surface, 3., with non-empty boundary. Let « be the boundary slope in
{w, B} coordinates.

. I,
Claim 2: |s,| = ﬁ
Since ¢ has a pole at y, IL,(f,) > II,(fg). Therefore,
II
1> 1, (f5) = |sy]. O
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Claim 1 follows from Proposition 1.1.3 in CGLS since 3 is a cyclic slope which
is not a strict boundary slope.

Proposition 3.20 (CGLS 1.1.3). Let o € m1(T) be a slope which is not a strict
boundary slope and so that m; (M(a)) is cyclic. Then for any x € Xy we have

Zx(fa) < Zr(fé)

for any non-trivial § € 71 (T).

Outline: Assume that there exists such a 0 and z so that Z,(fs) < Z,(fa)-

Case 1: Assume that x is a point at infinity. Then x detects a CES, X, since
falx) = 0 and « is not a strict boundary slope. CGLS shows that ¥ remains
incompressible in M («). This contradicts that « is a cyclic slope.

Case 2: Assume that x is not a point at infinity. Since f.(z) = 0, if p €
t=1(z) N Ry then p(a) is parabolic. From CGLS, every such representation maps
a to £I in SLy(C). Now, as in the proof for the Smith Conjecture, there exists
p € (T1)(z) N Ry with non-cyclic image. We then get a non-cyclic representation
m1(M(a)) — SLa(C). This contradicts that o is a cyclic slope. [

Lastly, we show Claim 2.

|S ‘ _ Hy(f,3>
! 1L, (fu)
Let o = p"3° and normalize so that
M 1 B t
o = (4 0 ) om0 = (0 50 ).
then
M"B*® *
o) = (M 1),
M7 B*
Recall that if p/q is a boundary slope detected at y then
b _ _ vy(B)
q vy (M)

Also, recall that if (F,v) is a valued field and x € F* — {£1} then |v(x)| =
—min(0,v(z —z71)).

Using the valuation fact, we can show that I, (f,) = 2|v, (M"B?)|.

Now using the boundary slope fact, we have

L,(fs) _ |w(B)
Hy(fu) ’Vy(M)‘

= [sy[. O



