Version 050 — Exam 3 — Louiza Fouli (59590) 1

This print-out should have 18 questions.
Multiple-choice questions may continue on
the next column or page — find all choices
before answering. V1:1, V2:1, V3:3, V4:1,
Vb:1.

001 (part 1 of 1) 10 points

Determine whether the series

Z 4lnn

is conditionally convergent, absolutely con-
vergent, or divergent.

1. series is conditionally convergent
2. series is divergent correct

3. series is absolutely convergent

Explanation:
By the Divergence Test, a series

o0
2 (-
n=N
will be divergent for each fixed choice of NV if
lim a, # 0
n—oo
since it is only the behaviour of a,, asn — oo

that’s important. Now, for the given series,

N =2 and
n

In = 4Inn

But by L’Hospital’s Rule,

T . 1
lim = lim — =
T — 00 ]naj T — 00 1/£C

Consequently, by the Divergence Test, the
given series is

[dvergent .

keywords:

002 (part 1 of 1) 10 points

Which one of the following properties does
the series

e}
Z: lnn)”
n=3

have?

1. divergent
2. conditionally convergent

3. absolutely convergent correct

Explanation:
The given series can be written in the form

Z lnn - Z (=1)"an
n=3

n=3
with n
anp = > 0.
(Inmn)n
Now
0 Gyl _ 4(Inn)"™
an, (In(n + 1))7+!
Inn n 1
=4
<1n(n + 1)) {ln(n + 1)}
P
In(n+1)°
Consequently,
lim L=,

n—oo QG

In view of the Ratio Test, therefore, the series

Z‘ nlnn

converges, so the given series is

‘ absolutely convergent ‘




Version 050 — Exam 3 — Louiza Fouli (59590) 2

keywords:

003 (part 1 of 1) 10 points

Which one of the following properties does

the series
— (4"
>

n=1

have?
1. conditionally convergent
2. divergent

3. absolutely convergent correct

Explanation:
The given series has the form

n!
n=1
But then
An+1 4(n!) 4
a, | (n+1)! a1’
in which case
im | — 0 < 1
n—oo | ap

Consequently, by the Ratio test, the given
series is

absolutely convergent

keywords: alternating series, absolutely con-
vergent, divergent, conditionally convergent,
Ratio Test

004 (part 1 of 1) 10 points

Which one of the following properties does
the series

> m — 2

_1 m—l
(=1) m2+m —4

m=3

have?

1. conditionally convergent correct
2. absolutely convergent

3. divergent

Explanation:
The given series has the form

> m—1

_qym—ti__ -
(=1) m2+m —4

m=3

= > (=)™ f(m)

m=3

where f is defined by

xr— 2

o) = oye—a

Notice that 2 +2 —4 > 0 on [3, 00), so the
terms in the given series are defined for all
m > 3. On the other hand, x — 2 > 0 on
(2, 00), so

r>2 = f(z) > 0.

Now, by the Quotient Rule,

(2242 —4)— (r—2)2z +1)
(22 4+ — 4)2

fix) =

22 —dx +2 ‘
(22 + 2 —4)2’

in particular, f is decreasing on [6, c0). Thus
by the Limit Comparison Test and the p-series
Test with p = 1, we see that the series

> f(m)
m=06

diverges, so the given series fails to be abso-
lutely convergent. But

m =6 = f(m)> f(m+1),
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while

lim f(z) = 0.

xr — OO

Consequently, by The Alternating Series Test,
the given series is

conditionally convergent |.

keywords:

005 (part 1 of 1) 10 points

Determine whether the series

16 64 256
3—44+ = —+ —
+ 3 9 * 27
is convergent or divergent, and if convergent,
find its sum.

1. convergent with sum = 3
2. convergent with sum = 4

. 9
3. convergent with sum = -

4. series is divergent correct

8
5. convergent with sum = -

Explanation:
The infinite series

16 64 256 >
S R H it n—1
3 +3 9—}—27 Zar

But an infinite geometric series 22021 ar™ !

(i) converges when |r| < 1 and has

a
1—7r

sum =

while it

(ii) diverges when |r| > 1.

Consequently, the given

series is divergent

keywords: infinite series, geometric series, di-
vergent

006 (part 1 of 1) 10 points

Determine the convergence or divergence of
the series

(4) Z 51n(3m) |

m2
m=
and
. sin?m
B )
(B) Z m? + 4

m=1

1. both series converge correct
2. both series diverge
3. A converges, B diverges

4. A diverges, B converges

Explanation:
(A) The function

5ln 3z
2

flz) =

is continous and positive on [%, o0); in addi-
tion, since
1—2In3x
/
) =5|————| <0
Fla) =5 (22
on [2, 0o), f is also decreasing on this inter-

val. This suggests applying the Integral Test.
Now, after Integration by Parts, we see that

¢ B In(3xz) 17t
|t =5[22 -2

X T i1
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and so

JAEC

The Integral Test thus ensures that series (A)

converges |.

(B) Note first that the inequalities

5(1+1n3).

sin®m 1 1

0 < < < =
m24+4 — m2+4 — m?

hold for all n > 1. On the other hand, by the
p-series test the series

=1
2 e

is convergent since p = 2 > 1. Thus, by the
comparison test, series (B)

converges |.

keywords:

007 (part 1 of 1) 10 points

Determine the convergence or divergence of
the series

A 1rielo ol
827 64 125

o0
(B) Z mBe ™
m=1

1. both series convergent correct
2. both series divergent
3. A divergent, B convergent

4. A convergent, B divergent

Explanation:

(A) The given series has the form

[e.9]

TR Zl
8 27 64 125 — 3

This is a p-series with p = 3 > 1, so the series
converges.

(B) The given series has the form

Note first that f is continuous and positive on
[1,00); in addition, since

fl(z) = e (3:1:2

for x > 1, f is decreasing on [1, co). Thus we
can use the Integral Test. Now, by substitu-

tion,
t t
1
/ e dy = {——6_””4} ,
1 4 1

(o] 4 1
e dr = —.
1 4e
Since the integral converges, the series con-
verges. This could also be established using
the Ratio Test.

—42%) <0

and so

keywords:

008 (part 1 of 1) 10 points

Which, if any, of the following series converge?

(4)

CRE ICs

1. Aand B
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2. A but not B
3. B but not A correct

4. neither A nor B

Explanation:

(A) Since
, klnk
koo klnk+3
the series
oo
> FEETS
= kElnk + 3
converges if and only if the series
> o
klnk
k=2

converges. But by the Integral Test with

1
zlnz’

flz) =

this last series diverges, so the given series

diverges

(B) Since N
> (5)

is a geometric series with common ratio r =
% < 1, the series

converges

keywords:

009 (part 1 of 1) 10 points

Decide which, if any, of the following series

converge.
3 n
(&)

o0 7’[,8
(4) Z n+3
n=1

[ee] n
dn + 7
B
® 3 (is)
n=1
1. B only
2. neither of them

3. both of them correct

4. A only

Explanation:
We compute one of

for each of the given series.

(A) The ratio test is the better one to use:

any1 3 (n+1\° n+3 3
== — S <1
an 8 n n+14+3 8

asn — 00, so series (A) converges.

(B) The root test is the better one to apply:

dn + 7
nd + 8

(an>1/n _

asn — 00, so series (B) converges also.
Consequently, of the given infinite series,

both A and B converge

converge.

keywords:

010 (part 1 of 1) 10 points
If the improper integral

o
1
/ —dx
1 P
converges, which of the following statements
is (are) always true?

1
(A) Z —p Converges;

n
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.
(B) Z s, diverges;

n

1
() Z =1 converges;

n

1
(D) Z o diverges;
n

n

1
(E) Z 77 converges.
n

n

1. A and E only correct
2. Band D only

3. A, Dand

4. A, C and FE only

5. Aonly

Explanation:

To apply the Integral test we need to start
with a function f which is positive, continuous
and decreasing on [1, co). Then the integral
test says that the improper integral

/1 T f)da

converges if and only if the infinite series

> fn)
n=1

converges.
In the given example

which is a function both continuous and pos-
itive on [1, oo). It will also be decreasing on
[1, 00) if f/(x) < O for all z > 1. But

fl@) = ——r.

so f will be decreasing provided p > 0. On
the other hand, the improper integral

0
1
/ —dx
1P

converges if and only if

"1
lim —dzx.
n—oo [ xP

exists. But

/n 1 d 1 " 1 1 1
— ar = —_ = - _——_— .
. P pxP~t], p np—1

Consequently, the improper integral

0. 9]
1
/ —dx
1 P
converges if and only if p > 1. Hence by the
Integral test, the infinite series

<1
>
n=1

converges if and only if p > 1.
Now we can check which of the statements
is (are) always true.

(A) This is always true because of the Inte-
gral test.

(B), (E) Sincep >1 = p+1 > 1, the
Integral test ensures that # converges.
Thus (B) is false and (F) is true.

(C), (D) The series ), % converges if
and only if p — 1 > 1, i.e., when p > 2. Since
the convergence of the improper integral

0. 9]
1
/ —dx
1 P
guarantees only that p > 1, we see that state-
ments (C) and (D) are true for some values of

p and false for others.
Consequently, of the statements,

‘ only A and F

are always true.

keywords:

011 (part 1 of 1) 10 points
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Find the interval of convergence of the

power series
o

1. interval = (—4, 4)
. 1
2. interval = [——, oo)
4
3. interval = (—o0, o) correct

. 1
4. interval = <—oo7 Z)

5. interval = | ! 1]
. interval = |——, —
4’ 4
6. interval = ( ! 1)
. interval = (——, -
4’ 4

7. interval = [—4, 4]

Explanation:
We apply the ratio test to the infinite series

4n
> B
n=0
For this series,
ant1  A"nl 4|x|

|z =

an,  4"(n+1)! n+1

as n — oo. Thus the given power series
converges for all z and so

interval = (—o0, 00)

keywords:

012 (part 1 of 1) 10 points

Determine the interval of convergence of
the series

Z (;4111)1” (x+2)".
n=1

1. converges only at x = —2

2. interval convergence = [—6, 2)

3. interval convergence = [—2, 6]

4. interval convergence = (—6, 2] correct
5. interval convergence = (—o0, 00)

6. interval convergence = [—2, 6)

7. interval convergence = (—6, 2)
Explanation:

The given series has the form

Z an(z+2)", a, = (_1)71‘

n=1

I n 1
= m ——— = —.
n— 00 4(n—|—1) 4

By the Ratio Test, therefore, the given series

(i) converges when |z + 2| < 4, and
(ii) diverges when |z + 2| > 4.

On the other hand, at the points x + 2 = —4
and z + 2 = 4 the series reduces to

00 00 1)
Zl 7 Zl(n)

respectively. But by the p-series Test with
p = 1, the first of these series diverges; while
by the Alternating Series Test the second is
convergent. Consequently,

S|

interval convergence = (—6, 2]

keywords:

013 (part 1 of 1) 10 points
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Suppose
Ti(z) = 6 —3(x—1)+7(x —1)?
—8(z — 1) +4(z — 1)

is the degree 4 Taylor polynomial centered at
x = 1 for some function f.

What is the value of f)(1)?

1. f®a) = —g
2. f®)(1) = —48 correct
8
G = 2
3. f90) =

6. /(1) = 8
Explanation:
Since
T4(£L‘) =
W+ 70 -1+ L@ -1

we see that

1) = =3x8 = —48].

keywords:

014 (part 1 of 1) 10 points

Find the degree 3 Taylor polynomial T5(z)
for f centered at the origin when

9
1. T3(x) = = —32° + 5:(:3 correct

9
2. Ty(z) = 1—{—:1:—3:1:2—511;3

3. T3(x) = 1+x+3x2—§x3

9
4. T3(z) = 1+x— 32>+ =23

2

2 9 3

5. T5(x) = =+ 3z — 5%
2 9 3

6. T3(x) = z—3x — 3%

Explanation:

The degree 3 Taylor polynomial centered at
the origin for a general f is given by
f"0) o f"(0)

R TR

Ty(z) = fO)+1(0) 2+ —; 3!

Now when f(z) = ze 3%,

fl(z) = e 3% — 3ze 37,
f"(z) = —6e73% 4+ 9ze 3%
while

() = 27e™3% — 27xe™3,
At z = 0, therefore,

f) =0, f(0) =1,

while
o), )9
2! ’ 3! 2
Consequently,
9
T3(z) = = — 322 + §.r3 .
keywords:

015 (part 1 of 1) 10 points

Use the degree 2 Taylor polynomial cen-
tered at the origin for f to estimate the defi-
nite integral

I = /01 F(z) da
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when
016 (part 1 of 1) 10 points
fz) = V1+2a2.
Find a power series representation for the
5 function ]
1. I =~ - = .
2 /() z—3
2.1 ~ 1 =
Lfz) = 3 (-1t
7 n=0
3. I =~ 6 correct 00 1
5 2 f(Z) - Z 3n+l 2"
4. | ~ - n=0
3 00
4 3. f(z) = > (—1)"3"2"
5. I ~ g T'LZO
1
Explanation: 4. f(z) = — Z Wz" correct
When n=0
o
f@) = Vi+ta? = (142912, 5. f(z) = — > 3"2"
we see that n=0
Explanation:
/ _ 2\—1/2
fiz) = a(l+a%) / ’ We know that
while ) i
=l+z+z°+... = x"
(z) = (1 +x2)71/2 _ x2(1 + 562)73/2_ 1—= =
In this case, On the other hand,
F0) =1, f(O) =0 f(0)=1. L _1<;>_
z—3 3\1—(2/3)
Thus the degree 2 Taylor polynomial for f
centered at the origin is Thus
1, 1 = /z\n |
n=0 n=0
But then
Consequently,
1 1 1
I ~ / To(z)dz = / (4—5302) dx . >~
’ " HOEEDY 3n+1zn
Consequently, n=0
1 LT with |z| < 3.
I~ [ - 3} = - |
S PR
keywords:

keywords: 017 (part 1 of 1) 10 points
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Find a power series representation centered

at the origin for the function

flz) = (5—$)2
1. f(z) = Z n;lx”
n=0

1

3 f(:L’) - Z 5n+1 "
n=0
= n

4. f(z) = Z s 2"~ correct
n=1
= n

5. f(x) = Z 5—nx”*1
n=1
o0

6. fla) = 3 (n+1)a"
n=0

Explanation:

By the known result for geometric series,

1 1

=)
:

1 = /z\" 1,
=2 (5) = X 5"
n=0 n=0

This series converges on (—5, 5).
On the other hand,

keywords:

018 (part 1 of 1) 10 points

Find the Taylor series centered at the origin
for the function

f(x) = xcos(3x).

— (—1)"3
1. f(z) = Z ~—~ 2" correct

= (2n)!
_ = g n+1
2. f(zx) = Z i
n=0 )
— (_1)n3n n+1
3. fl@) = >,
n=0 )
4 f(ﬂ?) — io: 32n x2n+1
n=0 (277,)'
00 1)
5 f((E) _ Z ((Qn;' x2n+1
n=0
Explanation:

The Taylor series centered at the origin for
cos T is

0 ( 1)n
- § : - 2n
COSTr = P (Qn)' X .

But then

xcos(3z) = x Z ((;7137 (3z)%".
n=0

Consequently, the Taylor series representa-
tion for f centered at the origin is

> _1\n92n
fa) = Y ( (12)71)?; L2t |

n=0

keywords:



