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This print-out should have 18 questions.
Multiple-choice questions may continue on
the next column or page – find all choices
before answering. V1:1, V2:1, V3:3, V4:1,
V5:1.

001 (part 1 of 1) 10 points

Determine whether the series

∞
∑

n = 2

(−1)n
n

4 lnn

is conditionally convergent, absolutely con-
vergent, or divergent.

1. series is conditionally convergent

2. series is divergent correct

3. series is absolutely convergent

Explanation:

By the Divergence Test, a series

∞
∑

n = N

(−1)nan

will be divergent for each fixed choice of N if

lim
n→∞

an 6= 0

since it is only the behaviour of an as n → ∞
that’s important. Now, for the given series,
N = 2 and

an =
n

4 lnn
.

But by L’Hospital’s Rule,

lim
x→∞

x

lnx
= lim

x→∞

1

1/x
= ∞ .

Consequently, by the Divergence Test, the
given series is

divergent .

keywords:

002 (part 1 of 1) 10 points

Which one of the following properties does
the series

∞
∑

n = 3

(−1)n
4n

(lnn)n

have?

1. divergent

2. conditionally convergent

3. absolutely convergent correct

Explanation:

The given series can be written in the form

∞
∑

n = 3

(−1)n
4n

(lnn)n
=

∞
∑

n = 3

(−1)nan

with

an =
4n

(lnn)n
> 0 .

Now

0 <
an+1

an
=

4(lnn)n

(ln(n + 1))n+1

= 4
( lnn

ln(n + 1)

)n{ 1

ln(n + 1)

}

<
4

ln(n + 1)
.

Consequently,

lim
n→∞

an+1

an
= 0 .

In view of the Ratio Test, therefore, the series

∞
∑

n = 3

∣

∣

∣
(−1)n

4n

(lnn)n

∣

∣

∣

converges, so the given series is

absolutely convergent .
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keywords:

003 (part 1 of 1) 10 points

Which one of the following properties does
the series

∞
∑

n = 1

(−4)n

n!

have?

1. conditionally convergent

2. divergent

3. absolutely convergent correct

Explanation:

The given series has the form

∞
∑

n = 1

an , an =
(−4)n

n!
.

But then

∣

∣

∣

an+1

an

∣

∣

∣
=

4(n!)

(n + 1)!
=

4

n + 1
,

in which case

lim
n→∞

∣

∣

∣

an+1

an

∣

∣

∣
= 0 < 1 .

Consequently, by the Ratio test, the given
series is

absolutely convergent .

keywords: alternating series, absolutely con-
vergent, divergent, conditionally convergent,
Ratio Test

004 (part 1 of 1) 10 points

Which one of the following properties does
the series

∞
∑

m = 3

(−1)m−1 m− 2

m2 + m− 4

have?

1. conditionally convergent correct

2. absolutely convergent

3. divergent

Explanation:

The given series has the form

∞
∑

m = 3

(−1)m−1 m− 1

m2 + m− 4

=

∞
∑

m = 3

(−1)m−1f(m)

where f is defined by

f(x) =
x− 2

x2 + x− 4
.

Notice that x2 + x − 4 > 0 on [3, ∞), so the
terms in the given series are defined for all
m ≥ 3. On the other hand, x − 2 > 0 on
(2, ∞), so

x > 2 =⇒ f(x) > 0 .

Now, by the Quotient Rule,

f ′(x) =
(x2 + x− 4)− (x− 2)(2x + 1)

(x2 + x− 4)2

= −
x2 − 4x + 2

(x2 + x− 4)2
;

in particular, f is decreasing on [6, ∞). Thus
by the Limit Comparison Test and the p-series
Test with p = 1, we see that the series

∞
∑

m = 6

f(m)

diverges, so the given series fails to be abso-
lutely convergent. But

m ≥ 6 =⇒ f(m) > f(m + 1) ,
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while
lim

x→∞
f(x) = 0 .

Consequently, by The Alternating Series Test,
the given series is

conditionally convergent .

keywords:

005 (part 1 of 1) 10 points

Determine whether the series

3− 4 +
16

3
−
64

9
+
256

27
+ · · ·

is convergent or divergent, and if convergent,
find its sum.

1. convergent with sum = 3

2. convergent with sum = 4

3. convergent with sum =
9

7

4. series is divergent correct

5. convergent with sum =
8

7

Explanation:

The infinite series

3− 4 +
16

3
−
64

9
+
256

27
· · · =

∞
∑

n = 1

a rn−1

is an infinite geometric series with

a = 3 , r = −
4

3
.

But an infinite geometric series
∑∞

n = 1 a rn−1

(i) converges when |r| < 1 and has

sum =
a

1− r

while it

(ii) diverges when |r| ≥ 1 .

Consequently, the given

series is divergent .

keywords: infinite series, geometric series, di-
vergent

006 (part 1 of 1) 10 points

Determine the convergence or divergence of
the series

(A)

∞
∑

m = 1

5 ln(3m)

m2
,

and

(B)

∞
∑

m = 1

sin2 m

m2 + 4
.

1. both series converge correct

2. both series diverge

3. A converges, B diverges

4. A diverges, B converges

Explanation:

(A) The function

f(x) =
5 ln 3x

x2

is continous and positive on [23 , ∞); in addi-
tion, since

f ′(x) = 5

(

1− 2 ln 3x

x3

)

< 0

on [23 , ∞), f is also decreasing on this inter-
val. This suggests applying the Integral Test.
Now, after Integration by Parts, we see that

∫ t

1
f(x) dx = 5

[

−
ln(3x)

x
−

1

x

]t

1
,
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and so
∫ ∞

1
f(x) dx = 5(1 + ln 3) .

The Integral Test thus ensures that series (A)

converges .

(B) Note first that the inequalities

0 <
sin2 m

m2 + 4
≤

1

m2 + 4
≤

1

m2

hold for all n ≥ 1. On the other hand, by the
p-series test the series

∞
∑

m = 1

1

m2

is convergent since p = 2 > 1. Thus, by the
comparison test, series (B)

converges .

keywords:

007 (part 1 of 1) 10 points

Determine the convergence or divergence of
the series

(A) 1 +
1

8
+

1

27
+

1

64
+

1

125
+ ... ,

and

(B)

∞
∑

m = 1

m3e−m4

.

1. both series convergent correct

2. both series divergent

3. A divergent, B convergent

4. A convergent, B divergent

Explanation:

(A) The given series has the form

1 +
1

8
+

1

27
+

1

64
+

1

125
+ ... =

∞
∑

n=1

1

n3
.

This is a p-series with p = 3 > 1, so the series
converges.

(B) The given series has the form

∞
∑

m = 1

f(m)

with f defined by

f(x) = x3e−x4

.

Note first that f is continuous and positive on
[1,∞); in addition, since

f ′(x) = e−x4

(3x2 − 4x6) < 0

for x > 1, f is decreasing on [1, ∞). Thus we
can use the Integral Test. Now, by substitu-
tion,

∫ t

1
x3e−x4

dx =

[

−
1

4
e−x4

]t

1

,

and so
∫ ∞

1
x3e−x4

dx =
1

4e
.

Since the integral converges, the series con-
verges. This could also be established using
the Ratio Test.

keywords:

008 (part 1 of 1) 10 points

Which, if any, of the following series converge?

(A)
∞
∑

k = 1

1

k ln k + 3

(B)

∞
∑

n = 5

(2

3

)n

1. A and B
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2. A but not B

3. B but not A correct

4. neither A nor B

Explanation:

(A) Since

lim
k→∞

k ln k

k ln k + 3
= 1 ,

the series
∞
∑

k = 2

1

k ln k + 3

converges if and only if the series

∞
∑

k = 2

1

k ln k

converges. But by the Integral Test with

f(x) =
1

x lnx
,

this last series diverges, so the given series

diverges .

(B) Since
∞
∑

n = 3

(2

3

)n

is a geometric series with common ratio r =
2
3 < 1, the series

converges .

keywords:

009 (part 1 of 1) 10 points

Decide which, if any, of the following series
converge.

(A)

∞
∑

n = 1

n8

n + 3

(

3

8

)n

(B)

∞
∑

n = 1

(

4n + 7

n3 + 8

)n

1. B only

2. neither of them

3. both of them correct

4. A only

Explanation:

We compute one of

lim
n→∞

an+1

an
, lim

n→∞
(an)

1/n

for each of the given series.

(A) The ratio test is the better one to use:

an+1

an
=

3

8

(

n + 1

n

)8
n + 3

n + 1 + 3
−→

3

8
< 1

as n → ∞, so series (A) converges.

(B) The root test is the better one to apply:

(an)
1/n =

4n + 7

n3 + 8
−→ 0 ,

as n → ∞, so series (B) converges also.
Consequently, of the given infinite series,

both A and B converge

converge.

keywords:

010 (part 1 of 1) 10 points

If the improper integral

∫ ∞

1

1

xp
dx

converges, which of the following statements
is (are) always true?

(A)
∑

n

1

np
converges;
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(B)
∑

n

1

np+1
diverges;

(C)
∑

n

1

np−1
converges;

(D)
∑

n

1

np−1
diverges;

(E)
∑

n

1

np+1
converges.

1. A and E only correct

2. B and D only

3. A, D and E

4. A, C and E only

5. A only

Explanation:

To apply the Integral test we need to start
with a function f which is positive, continuous
and decreasing on [1, ∞). Then the integral
test says that the improper integral

∫ ∞

1
f(x) dx

converges if and only if the infinite series

∞
∑

n = 1

f(n)

converges.
In the given example

f(x) =
1

xp
,

which is a function both continuous and pos-
itive on [1, ∞). It will also be decreasing on
[1, ∞) if f ′(x) < 0 for all x > 1. But

f ′(x) = −
p

xp+1
,

so f will be decreasing provided p > 0. On
the other hand, the improper integral

∫ ∞

1

1

xp
dx

converges if and only if

lim
n→∞

∫ n

1

1

xp
dx .

exists. But

∫ n

1

1

xp
dx =

[

−
1

pxp−1

]n

1

=
1

p

(

1−
1

np−1

)

.

Consequently, the improper integral

∫ ∞

1

1

xp
dx

converges if and only if p > 1. Hence by the
Integral test, the infinite series

∞
∑

n = 1

1

xp

converges if and only if p > 1.
Now we can check which of the statements

is (are) always true.

(A) This is always true because of the Inte-
gral test.

(B), (E) Since p > 1 =⇒ p + 1 > 1, the
Integral test ensures that

∑

n
1

np+1 converges.
Thus (B) is false and (E) is true.

(C), (D) The series
∑

n
1

np−1 converges if
and only if p− 1 > 1, i.e., when p > 2. Since
the convergence of the improper integral

∫ ∞

1

1

xp
dx

guarantees only that p > 1, we see that state-
ments (C) and (D) are true for some values of
p and false for others.
Consequently, of the statements,

only A and E

are always true.

keywords:

011 (part 1 of 1) 10 points
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Find the interval of convergence of the
power series

∞
∑

n = 0

4n

n!
xn .

1. interval = (−4, 4)

2. interval =
[

−
1

4
, ∞

)

3. interval = (−∞, ∞) correct

4. interval =
(

−∞,
1

4

)

5. interval =
[

−
1

4
,
1

4

]

6. interval =
(

−
1

4
,
1

4

)

7. interval = [−4, 4]

Explanation:

We apply the ratio test to the infinite series

∞
∑

n = 0

4n

n!
|x|n .

For this series,

an+1

an
=

4n+1n!

4n(n + 1)!
|x| =

4|x|

n + 1
−→ 0

as n → ∞. Thus the given power series
converges for all x and so

interval = (−∞, ∞) .

keywords:

012 (part 1 of 1) 10 points

Determine the interval of convergence of
the series

∞
∑

n = 1

(−1)n

n 4n
(x + 2)n .

1. converges only at x = −2

2. interval convergence = [−6, 2)

3. interval convergence = [−2, 6]

4. interval convergence = (−6, 2] correct

5. interval convergence = (−∞, ∞)

6. interval convergence = [−2, 6)

7. interval convergence = (−6, 2)

Explanation:

The given series has the form

∑

n = 1

an(x + 2)n , an =
(−1)n

n 4n
.

Now

lim
n→∞

∣

∣

∣

an+1

an

∣

∣

∣
= lim

n→∞

n

4(n + 1)
=

1

4
.

By the Ratio Test, therefore, the given series

(i) converges when |x + 2| < 4, and

(ii) diverges when |x + 2| > 4.

On the other hand, at the points x + 2 = −4
and x + 2 = 4 the series reduces to

∞
∑

n = 1

1

n
,

∞
∑

n = 1

(−1)n

n

respectively. But by the p-series Test with
p = 1, the first of these series diverges; while
by the Alternating Series Test the second is
convergent. Consequently,

interval convergence = (−6, 2] .

keywords:

013 (part 1 of 1) 10 points
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Suppose

T4(x) = 6− 3(x− 1) + 7(x− 1)2

− 8(x− 1)3 + 4(x− 1)4

is the degree 4 Taylor polynomial centered at
x = 1 for some function f .

What is the value of f (3)(1)?

1. f (3)(1) = −
8

3

2. f (3)(1) = −48 correct

3. f (3)(1) =
8

3

4. f (3)(1) = −8

5. f (3)(1) = 48

6. f (3)(1) = 8

Explanation:

Since

T4(x) =

f(1) + f ′(1)(x− 1) +
f ′′(1)

2!
(x− 1)2

+
f (3)(1)

3!
(x− 1)3 +

f (4)(1)

4!
(x− 1)4,

we see that

f (3)(1) = −3!× 8 = −48 .

keywords:

014 (part 1 of 1) 10 points

Find the degree 3 Taylor polynomial T3(x)
for f centered at the origin when

f(x) = xe−3x .

1. T3(x) = x− 3x2 +
9

2
x3 correct

2. T3(x) = 1 + x− 3x2 −
9

2
x3

3. T3(x) = 1 + x + 3x2 −
9

2
x3

4. T3(x) = 1 + x− 3x2 +
9

2
x3

5. T3(x) = x + 3x2 −
9

2
x3

6. T3(x) = x− 3x2 −
9

2
x3

Explanation:

The degree 3 Taylor polynomial centered at
the origin for a general f is given by

T3(x) = f(0)+f ′(0)x+
f ′′(0)

2!
x2+

f ′′′(0)

3!
x3 .

Now when f(x) = xe−3x,

f ′(x) = e−3x − 3xe−3x,

f ′′(x) = −6e−3x + 9xe−3x ,

while

f ′′′(x) = 27e−3x − 27xe−3x .

At x = 0, therefore,

f(0) = 0, f ′(0) = 1,

while

f ′′(0)

2!
= −3,

f ′′′(0)

3!
=

9

2
.

Consequently,

T3(x) = x− 3x2 +
9

2
x3 .

keywords:

015 (part 1 of 1) 10 points

Use the degree 2 Taylor polynomial cen-
tered at the origin for f to estimate the defi-
nite integral

I =

∫ 1

0
f(x) dx
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when

f(x) =
√

1 + x2 .

1. I ≈
3

2

2. I ≈ 1

3. I ≈
7

6
correct

4. I ≈
5

3

5. I ≈
4

3

Explanation:

When

f(x) =
√

1 + x2 = (1 + x2)1/2 ,

we see that

f ′(x) = x(1 + x2)−1/2 ,

while

f ′′(x) = (1 + x2)−1/2 − x2(1 + x2)−3/2 .

In this case,

f(0) = 1, f ′(0) = 0, f ′′(0) = 1 .

Thus the degree 2 Taylor polynomial for f
centered at the origin is

T2(x) = 1 +
1

2
x2 .

But then

I ≈

∫ 1

0
T2(x) dx =

∫ 1

0

(

+
1

2
x2
)

dx .

Consequently,

I ≈
[

x +
1

6
x3
]1

0
=

7

6
.

keywords:

016 (part 1 of 1) 10 points

Find a power series representation for the
function

f(z) =
1

z − 3
.

1. f(z) =
∞
∑

n = 0

(−1)n−13n+1 zn

2. f(z) =

∞
∑

n = 0

1

3n+1
zn

3. f(z) =

∞
∑

n = 0

(−1)n3n zn

4. f(z) = −
∞
∑

n = 0

1

3n+1
zn correct

5. f(z) = −
∞
∑

n = 0

3n zn

Explanation:

We know that

1

1− x
= 1 + x + x2 + . . . =

∞
∑

n = 0

xn .

On the other hand,

1

z − 3
= −

1

3

( 1

1− (z/3)

)

.

Thus

f(z) = −
1

3

∞
∑

n = 0

(z

3

)n
= −

1

3

∞
∑

n = 0

1

3n
zn .

Consequently,

f(z) = −
∞
∑

n = 0

1

3n+1
zn

with |z| < 3.

keywords:

017 (part 1 of 1) 10 points
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Find a power series representation centered
at the origin for the function

f(x) =
1

(5− x)2
.

1. f(x) =

∞
∑

n = 0

n + 1

5n
xn

2. f(x) =
∞
∑

n = 1

1

5n+1
xn

3. f(x) =
∞
∑

n = 0

1

5n+1
xn

4. f(x) =
∞
∑

n = 1

n

5n+1
xn−1 correct

5. f(x) =

∞
∑

n = 1

n

5n
xn−1

6. f(x) =

∞
∑

n = 0

(n + 1)xn

Explanation:

By the known result for geometric series,

1

5− x
=

1

5
(

1−
x

5

)

=
1

5

∞
∑

n = 0

(x

5

)n
=

∞
∑

n = 0

1

5n+1
xn .

This series converges on (−5, 5).
On the other hand,

1

(5− x)2
=

d

dx

( 1

5− x

)

,

and so on (−5, 5),

1

(5− x)2
=

d

dx

(

∞
∑

n = 0

xn

5n+1

)

=

∞
∑

n = 1

n

5n+1
xn−1 .

Consequently,

f(x) =
∞
∑

n = 1

n

5n+1
xn−1 .

keywords:

018 (part 1 of 1) 10 points

Find the Taylor series centered at the origin
for the function

f(x) = x cos(3x) .

1. f(x) =
∞
∑

n = 0

(−1)n32n

(2n)!
x2n+1 correct

2. f(x) =
∞
∑

n = 0

3n

n!
xn+1

3. f(x) =

∞
∑

n = 0

(−1)n3n

n!
xn+1

4. f(x) =
∞
∑

n = 0

32n

(2n)!
x2n+1

5. f(x) =

∞
∑

n = 0

(−1)n

(2n)!
x2n+1

Explanation:

The Taylor series centered at the origin for
cosx is

cosx =
∞
∑

n = 0

(−1)n

(2n)!
x2n .

But then

x cos(3x) = x

∞
∑

n = 0

(−1)n

(2n)!
(3x)2n .

Consequently, the Taylor series representa-
tion for f centered at the origin is

f(x) =

∞
∑

n = 0

(−1)n32n

(2n)!
x2n+1 .

keywords:


