The Pidgeon Hole Princif

Let PH Cc U. If |P| > |H| then here is
no injective function f : P — H; in other
words, then for every function

f.:P—H

there are distinct points p,p’ € P with
f(p) = f(0").

Example: If S C Z has |S| > 37 then there
are two numbers a,b € S that have the
same remainder modulo 306.
[Writing a = ¢36 + 7, 0 < r < 36, r is the
remainder of ¢ modulo 36.]



Example: Any subset S of size 6 of the set
{1,2,3,4,5,6,7,8,9} contains two numbers
whose sum is 10.

Proof: Set H% {{1,9},{2,8}, {3,7}, {4,6}, {5}}
and let the pidgeons fly.

Example: Let S C {1,2,...,14} with |S| = 6.
For every A C S set s,4% > icat- There
are two subsets A, B C S with s4 = sp.

E?ca.mple: A sequence (a,l,.a,g, L ,C.L,n2+1) of
distinct reals contains an increasing or a
decreasing subsequence of length n + 1.

Example: For m € N odd there exists an
n € N with m|(2" — 1).



Example: During his 4—week vacation Her-
bert will play at least one set of tennis per
day, but not more 40 sets total. Show that
there exists a stretch of consecutive days
during which he plays precisely 15 sets.



Example: During his 4—week vacation Her-
bert will play at least one set of tennis per
day, but not more 40 sets total. Show that
there exists a stretch of consecutive days
during which he plays precisely 15 sets.

Solution: Let x; denote the total number
of sets played by the end of day . Then

I <z <ry <... <I9% <40 <959
I <x1+15 <x9o+15 <... <x9g+15 <40+15 =55

The two rows list a total of 56 blue num-
bers, all between 1 and 55. At least two
of them must coincide. These two do not
lie in the same row (why?). Thus there
exist a z; in the first row and a x;+15 in
the second row that are equal:

x;,+15 = Tj .



This means that on the (consecutive) days
1+ 1,...,5, Herbert played a total of 15
sets.



Composition of Functions

Definition: Let A, B, C be sets and let
f:A— Band g: B — C be functions. The
Composition of g with f is the function

gof:A—=C, ar g(f(a)).

It is pronounced “g after f.”




Lemma: Let A B2 C. Then
a) go f injective =—f injective
b) go f surjective =g surjective

Proof: a) Let a,a € A. Then

fla) = f(@) = g(f(a)) =g(f(a))
< go f(a)=go f(a)
— a=a.
b) Let ¢ € C. As go f is surjective there is
an a € A with ¢ = gof(a). Then b¥ f(a) € B
and ¢(b) = c. QED



Theorem: Let A5 B& CXS D. Then

(hog)of=ho(gof).
Proof: Let a € A. Then
[(hog) o fla) = (hog)(f(a)




Inverses

First recall the Identity Function [ 4:
Ip:A—A,a—a Vae A.

Clearly [, is both injective and surjective.
Observation: If f : A — B is a function

then foly=f and Ipof=1f.

Definition: Let f : A — B be a function.
A function g : B — A is an Inverse of f if
both

gof=14 and fog=1Ip.

Lemma: A function f: A — B has at most
one inverse.



Proof: If g, g are two inverses of f then

g=golp
=go(fog) =(gof)oyg
=1lg0g9=g.

Definition: If a function f : A — B has an
inverse we call f invertible and we may
and will talk about THE Inverse of f, and
denote it by f~1.

Remark: f~1 : P[B] — P[A] is defined al-
ways, f~1: B — A only if f is invertible.
Theorem: A function f: A — B is invert-
ible if and only if it is bijective.

Proof of —:

Iy = f_1 o f injective = = [ is injective .
Ip=fof -1 surjective = f is surjective .



Proof of <=: Assume then that f: A — B
is bijective. We need a candidate for the
inverse. The transposed relation comes to
mind:

defdeef{(b a) e Bx A, (a,b) € f}.

g certainly is a relation from B to A. Isit a
function? Let b € B. Since f is surjective,
there exists an a € A with f(a) = b, i.e.,
(b,a) € g; since f is injective, there is only
one such a € A: ¢ is, indeed a function.

Is it an inverse of f?7 Let a € A and set
b f(a). Since (a,b) € f, (b,a) € g, i.e.,
g(b) = a. That is to say g¢g(f(a)) = a. Since
this is true for abitrary a € A, we get gof =
4.

Let b € B and set ™ ¢(b). That is, (b,a) €



g, which says (a,b) € f or b = f(a). In other
words b = f(g(b)) or b= (fog)(b). Since this
is true for abitrary b € B, we get fog = Ip.
Thus ¢ is an (and then THE) inverse of f
and deserves the name f~1. QED



Theorem: If f : A —- Band g: B — C
are both invertible then go f : A — (' is
invertible and

(gof) '=fltog™".
Proof:
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Proof:
Set h¥ f=log=1.C — A. Then
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The function h is therefore an (and then
THE) inverse of go f. QED



