Depicting Relations

Let A ={aj,a9,...,ay} be a set of modest
size n and R a relation on A. Here is a
way of depicting R by a Directed Graph:
Call the members of A Vertices and plunk
them down on a sheet of paper or a black-
board; whenever a pair (a;,a;) is in R draw
a line from the vertex a; to the vertex a;
with an arrow at the end next to a;; call
this line an Edge.



Directed Graph of

R ={(b,a),(c,c),(e,b), (e,a), (e, d), (be), (d,d)}
on A={a,b,c,d,e, f}
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Directed Graph of the reflexive relation
{(a,a), (b,0),(c,c), (d,d), (e, e), (f, [): (e,b), (e, a), (e, d), (b, e)}
on {a,b,c,d, e, f}
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Graph of the Symmetric relation
{(b,0),(f, 1), (d,d), (a,€), (e, a), (e,b), (b,e), (e,d), (d, €) }
on {a,b,c,d,e, f}

or



Graph of the Eqivalence relation
{(a7 CL), T (f7 f)) (CL, b)) (b7 CL), (CL, d)a (da a)7 (67 d)7 (d? 6), (d7 b)’ (b’ d)’ (C7 f)’ (f’ C)}
on {a,b,c,d,e, f}
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Incidence Matrices

We’ll restrict attention to relations
R : A— B, where both A and B are finite,
say |A| =m and |B| = n.
Definition: Let R be a relation from
A=A{ay,a9,...,am} to B=1{by,by,..., by}
The Incidence Matrix of such a relation
R : A — B is the m x n—matrix M = M|R]
(m rows and n columns) whose element in
the i*® row and jth column is

=40 it ()R

(2



Example: Let A ={a,b,c}, B={1,2}, and

R =A{(a,1),(a,2),(c,2),(b1)} .

Then _
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Example: The incidence matrix of the equal-
ity relation =4 on a set A with n elements
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Mnemonics: The incidence matrix of a re-
lation R : A — B has as many rows as A
has elements and as many columns as B
has elements.



Theorem: Let A = {ay,a9,...,am},

B = {by,by,...,bp}, and C = {cy,¢9,...,cp}
be finitesetsand R : A —- Band S$: B —C
relations. Then the incidence matrix of
the composition R oS (“R before §”) is

MR oS|=M[R|o M|S],

where this product of an m x n—matrix M
with an n x k—matrix N is defined by

(MON)Z.J =\V_1 M;, NN,
ef
< sup_ M, AN,
for 1 <i<mand 1<y <k,



Proof: Fix ¢ and j as above.

M; j/RoS]=1

< (CL@,C]') cRoS

< dby€B 5 (a;,by) €ERA(by,cj) €S
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— ve{l,...,n} s (M, [RIAM,[S]) =1
= Vo1 M )[RINM,, 48] =1

Example:A={a,b,c} B={1,2,3} C={x,y, z,u}.
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Other Operations on Incidence Matrices

Definition: Let M, N be m X n—matrices.
We say M is smaller than N and write

M < N it M; ; <N, Vi, 9 .
We say M is larger than N and write
M > N it M; ; > N; Vi, 7 .

We call the minimum of M and N the ma-
trix M AN N with entries

(M/\N)i’jd:efMi,j/\Nijj Vi, g .

We call the maximum of M and N the
matrix M V N with entries

(MVN)Z'jjd:efMi)j\/Ni,j Vi, 7 .

The Transpose of an m X n—matrix M is



the n x m—matrix M! with entries
T def ..
(M )2] :Mj,’i VZ,] .

Examples: Let R,S : A — B be relations
from a finite set to another. Then

RCS «— M[R] < MIS].

Examples: Let R : A — A be a relation on
a set A with n elements, and M % M[R] its
incidence matrix. Then

a) R is reflexive iff I,, < M.

b) R is transitive iff M o M < M.

c) R is symmetric iff M = M 7',

d) R is antisymmetric iff M A M1 < I,,.

Example: If |A| = m, how many relations



on A are there that are

reflexive? symmetric? antisymmetric?
both symmetric and antisymmetric?
both reflexive and symmetric?

both reflexive and antisymmetric?
transitive?



on A are there that are

reflexive? symmetric? antisymmetric?
both symmetric and antisymmetric?
both reflexive and symmetric?

both reflexive and antisymmetric?
transitive?

Answer: as many as there are matrices
with the corresponding features.



