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Control of Integral and Integrator

4.1 Change of Measure — Factorization

Let Z be a global LP(P)-integrator and 0 < p < ¢ < oo. There is a
probability P’ equivalent with P such that Z is a global L7(P’)-integrator;
moreover, there is sufficient control over the change of measure from P to
P’ to turn estimates with respect to P’ into estimates with respect to the
original and presumably intrinsically relevant probability P. In fact, all of this
remains true for a whole vector Z of LP-integrators. This is of great practical
interest, since it is so much easier to compute and estimate in Hilbert space
L?(P"), say, than in LP(P), which is not even locally convex when 0 < p < 1.

When ¢ < 2 or when Z is previsible, the universal constants that
govern the change of measure are independent of the length of Z, and
that fact permits an easy extension of all of this to random measures
(see corollary 4.1.14).  These facts are the goal of the present section.

A Simple Case

Here is a result that goes some way in this direction and is rather easily
established (pages 188-190). It is due to Dellacherie [18] and the author [6],
and, in conjunction with the Doob—Meyer decomposition of section 4.3 and
the Girsanov-Meyer lemma 3.9.11, it suffices to show that an L°-integrator
is in fact a semimartingale (proposition 4.4.1).

Proposition 4.1.1 Let Z be a global L°-integrator on (0, F.,P). There
exists a probability P’ equivalent with P on F. such that Z is a global
LY(P)-integrator. Furthermore, g ‘< dP/dP' is bounded away from zero, and
there exist universal constants D[ Z | [-]] and By = Eig[1 Z [-]] depending

only on a € (0,1) and the modulus of continuity ' Z L] 0 that

Zigipy < DUZi) and (gl < Bl 2], (411)

o 2B\ "
which implies || f||.p < . Nl e (4.1.2)
for any a € (0,1), r € (0,00), and f € Fuo.

187
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A remark about the utility of inequality (4.1.2) is in order. To fix ideas assume
that f is a function computed from Z, for instance, the value at some time T’
of the solution of a stochastic differential equation driven by Z. First, it is
rather easier to establish the existence and possibly uniqueness of the solution
computing in the Banach space L!(P") than in L°(P) — but generally still not
as easy as in Hilbert space L?(P'). Second, it is generally very much easier
to estimate the size of f in L"(P’) for r > 1, where Hélder and Minkowski
inequalities are available, than in the non-locally convex space L°(P). Yet it
is the original measure P, which presumably models a physical or economical
system and reflects the “true” probability of events, with respect to which
one wants to obtain a relevant estimate of the size of f. Inequality (4.1.2)
does that.

Apart from elevating the exponent from 0 to merely 1, there is another
shortcoming of proposition 4.1.1. While it is quite easy to extend it to cover
several integrators simultaneously, the constants of inequality (4.1.1) and
(4.1.2) will increase linearly with their number. This prevents an application
to a random measure, which can be viewed as an infinity of infinitesimal
integrators (page 173). The most general theorem, which overcomes these
problems and is in some sense best possible, is theorem 4.1.2 below.

Proof of Proposition 4.1.1. This result follows from part (ii) of theorem 4.1.2,
whose detailed proof takes 20 pages. The reader not daunted by the prospect
of wading through them might still wish to read the following short proof of
proposition 4.1.1, since it shares the strategy and major elements with the
proof of theorem 4.1.2 and yields in its less general setup better constants.

The first step is the following claim: For every « in (0,1) there exist a
measurable function k. : Q — [0,1] and a constant (,

with 0<ka<1,E[ky>1-a,

and E [

k;a-/XdZH < ¢ (4.1.3)

for all X in the unit ball & < {X € £: [ X[, < 1}.

To see this fix an « in (0,1) and set T % inf{t: |Z;] > 1 Z1 [a/2]}'
Now IPH/[[O,T]] dZ‘ > iZi[a/z]: < a/2

means that IP“ZT‘ > EZE[Q/Q]: < /2

and produces PT < 0] < IP’DZT} > Zi [a/2]: <a/2.

The complement G ¥ [T' = oo = [Z%, < 1 Z: (/) thus has P[G] > 1 —a/2.
Consider now the collection K of measurable functions k with 0 < k < @
and E[k] > 1 — a. K is clearly a convex and weak*-compact subset of L>(PP)
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(see A.2.32). As it contains G, it is not void. For every X € &; define a
function hx on K by

hx (k) % i /Xde ke K.
Since, on G, [X dZ is a finite linear combination of bounded random
variables, hyx is well-defined and real-valued. Every one of the functions hx
is evidently linear and continuous on K, and is non-negative at some point
of K, to wit, at the set

Fx % G N H/XdZ‘ <2

Indeed, hx(kx)=1Z}, .~ UXdZ Gm /XdZ‘Sii H

. {/Xdz‘ /XdZ‘S. ] /2]H>o.

and since E[kx] =P [Gﬁ H/X dZ‘ < |7 [a/z]H

%
N

zl—a/2—IPU/XdZ)> ;ZE[Q/QJ >1-a

kx belongs to K. The collection H % {hX : X € 51} is easily seen to be
convex; indeed, shx 4 (1—s)hy = hyx4(1—s)y for 0 <s < 1. Thus Ky-Fan’s
minimax theorem A.2.34 applies and provides a common point k, € K at
which every one of these functions is non-negative. This says that

/XdZ <|Z' vXe&.

Note the lack of the absolute-sign under the expectation, which distinguishes
this from (4.1.3). Since |Z] is k,-P-a.s. bounded by | Z! (/2] though, part (i)
of lemma 2.5.27 on page 80 applies, with subprobability k. -P, and produces

E[ka"/XdZH SV2(1Z 0ot iZi ) <3120

for all X € &, which is the desired inequality (4.1.3), with (, =3 {71 (/2]
Now to the construction of P’ = ¢'P. First we pick a — (, > 1 and
decreasing on (0, 1), for instance (, ¢ 1V 3iZi (a2 OF

Ca:C;d:‘“c:}iZi[al/\a/m, (C+>

where a1 > 0 has been picked so that 17 o] 2 1/3 — if no such «ay existed

then Z would already be an LP(P)-integrator for all p < oo.
Since Plk, = 0] =1 —P[k, > 0] <1—-E[k,] < a for 0 < a < 1, the bounded
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function

0 —-n k2—n
g A Zn:12 o (4.1.4)

is P-a.s. strictly positive and bounded, and with the proper choice of

v € (C1/2,4¢1/2)

it can be made to have P-expectation one. The measure P’ % ¢’ - P is then
a probability equivalent with P. Let E’ denote the expectation with respect
to P'. Inequality (4.1.3) implies that for every X € &;

|

/X dZH <y <Al
That is to say, Z is a global L(P')-integrator of size iZizl[p/] < 4y /2.
Towards the estimate (4.1.1) note that for any «, A € (0,1)

E[1 — k] < @
1—-X —1-X"

Plko <A =Pl —ky>1-) <

= G T COY
2" Gy 2" Gy
f i 1 N: < IP)|:]€ —_n < :| < IP)|:]€ —_n < :|
or every single n € 2 O’Y’ >~ 2 = <1/2
2

i Crya > 2Gyn ST%/<L'02;)'

Given a € (0,1), we choose n so that a/4 < 27™ < /2 and set

qer SGa/a S 2"t (5n ‘

C &
aCiya — Qi
2" (5-n
Then G2 <1/2 andso Plg>C] < 2t <o,
C ¢y
. 8<a/4
which says 9]l [p) < < 8Cay4/ @ and proves (4.1.1) .
’ aCy/2

For the choice ¢ = ¢T this gives the estimates

DU VZy ] <1217

[a1 A 1/4]

<2417

(4.1.1)[1 )
and B, [1Z [-]] [al/\a/s]/a .

The last inequality (4.1.2) follows from a simple application of exercise A.8.17
to inequality (4.1.1). 1
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The Main Factorization Theorem

Theorem 4.1.2 (i) Let 0 < p < ¢ < oo and Z a d-tuple of global
LP(P)-integrators. There exists a probability P' equivalent with P on Fu
with respect to which Z is a global L2-integrator; furthermore dP'/dP is
bounded, and there exist universal constants D = Dy, , 4 and E = E, , de-
pending only on the subscripted quantities

such that iZin[P,] <Dpgd- EZEIP[P] , (4.1.5)

and such that the Radon—Nikodym derivative g% dIP/dP" satisfies

||gHLp/(qu)(Ip>) S Ep,q (416)
— this inequality has the consequence that for any r > 0 and f € Fu
HfHLT(IP) S Eg/qqr : ||fHL“1/P(]P>’) . (417)

If 0<p<q<2orifZ is previsible, then D does not depend on d.

(ii) Let p=0 < q < oo, and let Z be a d-tuple of global L°(P)-integrators
with modulus of continuity! |Z: ok There exists a probability P’ = P/g
equivalent with P on F. , with respect to which Z s a global Li-integrator;
furthermore, g~! = dP'/dP is bounded and there exist universal constants
D =D,4iZ! [_]] and E = By 41 Z! [_]], depending only on q,d,a € (0,1)
and the modulus of continuity | Z ok

such that iZin[P,] < DydliZ [-]] , (4.1.8)

and HgH[a] < E[a],q[iZi [,]] Va € (07 1) (4'1'9)
o o 1/r

— this tmplies HfH[a—l—ﬁ;]P] < (E[a],q[lZ:H]/ﬁ> . HfHL’“(IP”) (4.1.10)

for any f € Foo, ¥ >0, and o, 3 € (0,1). Again, in the range ¢ < 2 or
when Z is previsible the constant D does not depend on d.

Estimates independent of the length d of Z are used in the control of random
measures — see corollary 4.1.14 and theorem 4.5.25. The proof of theorem 4.1.2
varies with the range of p and of ¢ > p, and will provide various estimates?
for the constants D and E. The implication (4.1.6) = (4.1.7) results from
a straightforward application of Holder’s inequality and is left to the reader:

Exercise 4.1.3 (i) Let p be a positive o-additive measure and 0 < p < ¢ < 0.
The condition 1/g < C has the effect that HfHLT(M/g) < C’l/THfHLT(M) for all

Ligi def SuP{HfXdZH[a;IP’] : X €&} for 0 < a < 1;see page 56.

o] =

2 See inequalities (4.1.6), (4.1.34), (4.1.35), (4.1.40), and (4.1.41).
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measurable functions f and all 7 > 0. The condition [|g||,,/q-p ) < ¢ has the
effect that for all measurable functions f that vanish on [¢g = 0] and all » > 0

HfHL’”(u) < CP/(Q"") ' HfHLTQ/P(dp/g) :

(ii) In the same vein prove that (4.1.9) implies (4.1.10).
(iii) £'[Z—q;P'] C £'[Z—p;P], the injection being continuous.

The remainder of this section, which ends on page 209, is devoted to a detailed
proof of this theorem. For both parts (i) and (ii) we shall employ several times
the following

Criterion 4.1.4 (Rosenthal) Let E be a normed linear space with norm || |,
[ a positive o-finite measure, 0 < p < q < oo, and I : E — LP(u) a linear
map. For any constant C' > 0 the following are equivalent:

(i) There exists a measurable function g > 0 with ||g||Lp/(q,p)(u) <1 such

that for all x € £
duN1/a
(/\Ia:\q ?“) <Czlly . (4.1.11)

(ii) For any finite collection {z1,...,x,} C E

|5 er)

(11i) For every measure space (T, T,7>0) and q-integrable f : T — E

- 1/q
o =€ @1”“”%) . (4.1.12)

N1z 100y

i SO I8 agry (4.1.13)
The smallest constant C' satisfying any and then all of (4.1.11), (4.1.12), and
(4.1.13) is the p—g-factorization constant of 7 and will be denoted by

np,q(z> .

It may well be infinite, of course. Its name L ()
comes from the following way of looking
at (i): the map Z has been “factored as”
T =DoZ,whereZ:E — Li(u) is defined
by Z(z) = Z(z) - g~%/9 and D : LI(pu) —
LP(p) is the “diagonal map” f — f-g'/9. E z LP(p)
The number 7, ,(Z) is simply the opera-

al

D

tor (quasi)norm of Z — the operator (quasi)norm of D is || g HlL/pq/(q_p) G <1
Thus, if 1, ,(Z) is finite, we also say that Z factorizes through L9.

We are of course primarily interested in the case when 7 is the stochastic
integral X — [ X dZ, and the question arises whether p/g is a probability
when g is. It won’t be automatically but can be made into one:
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Exercise 4.1.5 Assume in criterion 4.1.4 that p is a probability P and n, 4(Z) < oco.
Then there is a probability P’ equivalent with P such that Z is continuous as a map
into LY(P'):

HIH P’ < p,q(2) ,
and such that ¢’ %f dP’/dP is bounded and g 4f dP/dP’ = ¢/~ ' satisfies

HgHLp/(q p)(p) < oPvia- p))/p’ (4.1.14)

and therefore HfHLr(P) < glPvlas p))/rquHqu/p(p' < 21/THfHqu/p(P') (4.1.15)

for all measurable functions f and exponents r > 0.

Exercise 4.1.6 (i) 7p,q(Z) depends isotonically on q.
(ii) For any two maps Z,Z' : E — LP(u) and 0 < p < ¢ < oo we have

Mpyg(Z+T') < 20V -0/ VE=R/P o Ty (T) + 1pq(T')] -

Proof of Criterion 4.1.4. If (i) holds, then [ [Zz[?% < C7- |z[|}, for all
x € FE, and consequently for any finite subcollection {z1,...,2,} of E,

S [iznlr L <on Y al
v=1 9 v=1
" 1/q
S O : ( Ty q>
La(dp/g) ; | HE

Inequality (4.1.11) implies that Zx vanishes p-almost surely on [¢g = 0], so
exercise 4.1.3 applies with » =p and ¢ =1, giving

(S e < (o)

This together with the previous inequality results in (4.1.12).
The reverse implication (ii)=- (i) is a bit more difficult to prove. To start
with, consider the following collection of measurable functions:

K= {kZO ||k‘l||Lq/(q7p)(u) < 1}‘

Since 1 < q/(q—p) < oo, this convex set is weakly compact — see the proof of
theorem A.2.25 on page 379 (iv) in the Answers. Next let us define a host H
of numerical functions on K, one for every finite collection {z1,...,2,} C F,

by
b b, (92 €1l [ Zlmlq e

The idea is to show that there is a point k € K at which every one of
these functions is non-negative. Given that, we set ¢ = k9/? and are done:
||k||Lq/(q,p)(u) < 1 translates into ||g||Lp/(q,p)(u) <1, and h,(k) > 0 is in-

wi (S )]
v=1

La(dp/g)

equality (4.1.11). To prove the existence of the common point k of positivity
we start with a few observations.
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a) An h = hy, . », € H may take the value —oo on K, but never +o0.

b) Every function h € H is concave — simply observe the minus sign in front
of the integral in () and note that k — 1/k%/? is convex.

c) Every function h = hg, . ., € H is upper semicontinuous (see page 376)
in the weak topology o(L/(9=P) L4/P)  To see this note that the subset
[hay,...z, > 7] of K is convex, so it is weakly closed if and only if it is norm-
closed (theorem A.2.25 (iii)). In other words, it suffices to show that hy, . ..
is upper semicontinuous in the norm topology of L%/(9=P) or, equivalently,

that
’fH/ZWV“ kQ/p

is lower semicontinuous in the norm topology of L%/(¢=P) Now

/|Ia:l,|q-k_q/pduzsup/(6_1/\|Ia:l,|q) eV k)P dy
e>0

and the map that sends k£ to the integral on the right is norm-continuous
on L9/(4=P)  ag a straightforward application of the Dominated Convergence
Theorem shows. The characterization of semicontinuity in A.2.19 gives c).
d) For every one of the functions h = hy, .., € H there is a point
kz,....x, € K (depending on h!) at which it is non-negative. Indeed,

p/q (r—a)/q p(a—p)/qa*
Kar,vooion = (/( > (Tw 7)) (X )
1<v<n 1<v<n

meets the description: raising this function to the power ¢/(¢ — p) and
integrating gives 1; hence k;, . ., belongs to K. Next,

kpole = (/( 3 |Ig;,,|q)p/q du><q—p>/p_< 3 |I%|q><p—q>/q;

1<v<n 1<v<n
thus
p/q (¢—p)/p p/q
> Tk, = ([ (2 )™ an) (X )™
1<v<n 1<v<n 1<v<n

and therefore
p/q q/p
s (i n) = O 3 Nl = ([ (30 ault) " )"
1<v<n 1<v<n

Thanks to inequality (4.1.12), this number is non-negative.
e) Finally, observe that the collection H of concave upper semicontinuous
functions defined in (x) is convex. Indeed, for A\, A’ > 0 with sum A4+ X =1,

/
A hmlp.wmn'+'A : hxap.qm;,'_'hkl/qxlV.”Al/qxn,kﬂjqxgVU,Ad/qx;,
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Ky—Fan’s minimax theorem A.2.34 now guarantees the existence of the de-
sired common point of positivity for all of the functions in H.
The equivalence of (ii) with (iii) is left as an easy excercise. 1

Proof for p > 0

Proof of Theorem 4.1.2 (i) for o < p < g < 2. We have to show that 7, ,(Z)
is finite when Z : £4 — LP(P) is the stochastic integral X — [ X dZ, in fact,
that 1, 4(Z) < Dpg.a- iZin[]p] with D, , 4 finite. Note that the domain &4
of the stochastic integral is the set of step functions over an algebra of sets.
Therefore the following deep theorem from Banach space theory applies and
provides in conjunction with exercises 4.1.6 (i) and 4.1.5 for 0 < p < ¢ < 2
the estimates

DM <387 and B < o@Via—)/p (4.1.16)

Theorem 4.1.7 Let B be a set, A an algebra of subsets of B, and let £
be the collection of step functions over A. &£ is naturally equipped with the

def

sup-norm ||z| . < sup{|z(w)|: @€ B}, v €£.
Let p be a o-finite measure on some other space, let 0 < p < 2, and let
Z:&— LP(u) be a continuous linear map of size

1Z1, % sup { 17wy Nzl <1}
There exist a constant Cp, and a measurable function g > 0 with
||g||Lp/(2—p)(u) S 1

dpy 1/2
such that (/ | Zz|? ?) < CplIZl, [zl ¢

for all x € £. The universal constant C, can be estimated in terms of the
Khintchine constants of theorem A.8.26:

3/2
Cp < ((21/3 + 2—2/3) 90V (1—p)/p K}()A.s.s) K%A.8.5)>

< (2v2) PTI98 HR) /20 < 3. 81/

(4.1.17)

Exercise 4.1.8 The theorem persists if K is a compact space and 7 is a
continuous linear map from C(K) to LP(u), or if £ is an algebra of bounded
functions containing the constants and 7 : £ — L?(u) is a bounded linear map.

Theorem 4.1.7 was first proved by Rosenthal [96] in the range 1 <p < ¢ <2
and was extended to the range 0 < p < ¢ < 2 by Maurey [67] and Schwartz
[68]. The remainder of this subsection is devoted to its proof. The next two
lemmas, in fact the whole drift of the following argument, are from Pisier’s
paper [85]. We start by addressing the special case of theorem 4.1.7 in which &
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is £>°(k), i.e., R* equipped with the sup-norm. Note that ¢*°(k) meets
the description of £ in theorem 4.1.7: with B = {1,...,k}, ¢°°(k) consists
exactly of the step functions over the algebra A of all subsets of B. This case
is prototypical; once theorem 4.1.7 is established for it, the general version is
not far away (page 202).

If 7:¢>°(k) — LP(p) is continuous, then n, o(Z) is rather readily seen to
be finite. In fact, a straightforward computation, whose details are left to the
reader, shows that whenever the domain of Z : E — LP(u) is k-dimensional
(k < o0),

1/2 3
| zel®) 7, < I - (3 eliiegy)”

which reads Npo(T) < kH/PHY/2. 1Z]], < oo (4.1.18)

Thus there is factorization in the sense of criterion 4.1.4 if 7 : £*°(k) — LP(u)
is continuous. In order to parlay this result into theorem 4.1.7 in all its
generality, an estimate of 1, 2(Z) better than (4.1.18) is needed, namely, one
that is independent of the dimension k. The proof below of such an estimate
uses the Bernoulli random variables ¢, that were employed in the proof of
Khintchine’s inequality (A.8.4) and, in fact, uses this very inequality twice.
Let us recall their definition:

We fix a natural number n — it is the number of vectors x, € ¢*°(k)
that appear in inequality (4.1.12) — and denote by T"™ the n-fold product
of two-point sets {1, —1}. Its elements are n-tuples ¢t = (¢1,t,...,t,) with
t, = +1. €, :t+ t, is the v** coordinate function. The natural measure
on T" is the product 7 of uniform measure on {1, —1}, so that 7({t}) =27"
for t € T™. T" is a compact abelian group and 7 is its normalized Haar
measure. There will be occasion to employ convolution on this group.

The €,,v = 1...n, are independent and form an orthonormal set in L?(7),
which is far from being a basis: since the o-algebra 7™ on T" is generated
by 2" atoms, the dimension of L?(7) is 2". Here is a convenient extension
to a basis for this Hilbert space: for any subset A of {1,...,n} set

wA:HGV, with wg = 1.
veA

It is plain upon inspection that the w4 are characters® of the group 7" and
form an orthonormal basis of L?(7), the Walsh basis.

Consider now the Banach space L?(7,£>°) of ¢*°(k)-valued functions f
on 17" having

1/2
171y & (15O ey 71d0)) " < o0

3 A map x from a group into the circle {z € C : |z| = 1} is a character if it is multiplicative:
x(st) = x(s)x(t), with x(1) =1.
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Its dual can be identified isometrically with the Banach space L?(7, /(') of
01 (k)-valued functions f* on T™ for which

2
17 s ([ 1O 7ian) ™ < oo

under the pairing  (f|f*) = / CFOLF(0) (dt) .

Both spaces have finite dimension k2". L?(7,£>) is the direct sum of the
subspaces

E(¢) {i Ty €0 X, € Zoo(k)} and
v=1

W(Zoo)déf{ZxA-wA: Ac{l,.. . ,n}, |A|7é1,a:Ae£°O(k)}.

|A| is, of course, the cardinality of the set A C {1,...,n}, and wy = 1. It is
convenient to denote the corresponding projections of L2(7, () onto E({>)
and W (¢>°) by E and W, respectively. Here is a little information about
the geometry of these subspaces, used below to estimate the right-hand side
of inequality (4.1.12) on page 192:

Lemma 4.1.9 Let x1,...,2, € €°°(k). There is a function f € L*(1,0>°(k))

of the form f= Zx,,ey-l- Z TAWA
A1
(A.8.5) - 2 \1/2
such that £l 2y < K .(Z nyugoo) . (4.1.19)
v=1

Proof. Set f< =) x,€,, and let a denote the norm of the class of f¢ in
the quotient L2(7, ) /W (£>°):

a = inf{“fe'i_w”LZ(T’eoo) LW E W(EOO)} .
Since L?(7,¢>°(k)) is finite-dimensional, there is a function of the form
f=f+w, w € W), with HfHL?(Teoo) =aqa. This is the function
promised by the statement.

To prove inequality (4.1.19), let B, denote the open ball of radius a about
zero in L?(7,0°°). Since the open convex set

CE By — (F+W(™)={g—(f+w) : g€ Ba, we W)}

does not contain the origin, there is a linear functional f* in the dual L?(r,¢!)
of L?(7,£>) that is negative on C, and without loss of generality f* can be
chosen to have norm 1:

157 @1 wte) = (4.1.20)

Since {glf) < {f +wlf) Vg € Ba(0), Vw € W(£>),
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it is evident that (w|f*) =0 for all w € W (£*>°), so that f* is of the form
fr=> aje,, z* e (k).
v=1

Also, then (g|f*) < (f|f*) for all g € B,(0), whence
a =sup{(g|f*) : g € Ba(0)} < {f[f") <a.

Therefore

n

a=(fIf)= /(f(t)\f*(t» T(dt) =) (z,]a})

v=1
n n 1/2 n 1/2
2 2
<l il < (X lanlie) - (3 lenlin)
v=1 v=1 v=1

n k n

Now (é "$;’|?1>1/2 _ (Z (Z |xj’*\)2>1/2 . ;i:l (2 |$§“\2>1/2

v=1 k=1 )
< gA89) /Z ‘in“ey(t)’r(dt)
:Kl./HVi:leGV(t)
< K- (/ IS wze)

by equation (4.1.20): =K - Hf*HL?(T,él) =K,

T(dt)

(dt)) 1/2

e (k)

2
-
(k)

and we get the desired inequality
. (A.8.5) . 2 \1/2
[fll L2 (r o0y = @ < K3 (Do) —1
v=1

We return to the continuous map Z : ¢*°(k) — LP(u). We want to estimate
the smallest constant 7, 2(Z) such that for any n and z1,...,z, € £>(k)

(S zel) | <na@ (Sl lie)

Lemma 4.1.10 Let x1,...,z, € £°(k) be given, and let f € L*(1,0>°) be any
function with Ef =" _ x,€,, i.e.,

LP(p)

f:Z.’El,Gl,—l— Z TAWA , .’EA€€OO<]{7)
v=1

AC{1,...n} | A|£1
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For any 6 € [0,1] and p € (0,2] we have

(2 )

v=1

< 90v(1- p)/pK(A 8.5) (4.1.21)
Lr(p)

% [IZl1,/ V5 + 1p2(T) - 8] - Il

Proof. For 6 € [—1,1] set

n

g &L H(l +0e,) = Z Ol 4

v=1 AcC{1,...,n}

Then g > 0, [|vo(t)| 7(dt) = [e(t) T(dt) =1, and [wa(t)ye(t) T(dt) =
0141 . The function

Ps = 2%/3 (1#\/3 - 1?_\/3)

is easily seen to have the following properties:

e / 165(8)| r(dt) < 1V |

if |A| is even

Justwostran ={ Sz FhEo @)

For the proof proper of the lemma we analyze the convolution

f*os(t) /f (st)ps(s) T(ds)

of f with this function. For definiteness’ sake write
f:nyey-i- Z rxawa=FEf+WFf.
v=1 |A|£1
As the wy are characters,® including the €, = wyyy, (4.1.22) gives
0 if |A] is even,

waxgs(t) = /wA<st)<z>a(s) 7(ds) = wa(t) - { VEIAILif | Al s odd;

thus  fx¢ps = nyey-l- Z AV wy = Ef + W fxgs

v=1 3<|A| odd
whence FEf = fx¢ps — W fx¢ps and ZEf =T fxps — IW fxops .
Here Zf denotes the function ¢t — Zf(t) from T to LP(u), etc. Plainly,

H @ I I [T

Le(p)



200 4 Control of Integral and Integrator

Theorem A.8.26 permits the following estimate of the right-hand side:

HHIEfHLz(T) LP (1) <K HHIEfHLp(T) L (p)
< VO-P/Pf :H||If*¢5||Lp(T) oo + ‘ IZW fx9sll 1o (r) Lp(u)]
< V(PP H||If*¢5||Lp(u)) o) ‘ IZW fx&sl 2y Lp(m]
< oVU-P)/pR . :||I||p N xsll p2rpoey + ‘”IWf*%”L?(T) Lp(u)]
_ 20v(1—p)/pr Q1+ Q2] . (4.1.23)

The first term @) can be bounded using Jensen’s inequality (A.3.10) for the
probability |¢s|/7 - T, where v 4 [|p5(s)| T(ds) < 1/V/6:

[l rian = [ | [ fsosts) as)|,_rtar

by A325 < [ ([ 150l lo5(3)] 7)) "
=% [ ([ 1760l 6561/ 7(ds)) (e
<o [ [ 15601 losts)l /3 m(ds) m(a
—* [ 1@~ rtde) [ 165(s)1/ 7(as)
= [l ) <67 17012 (@),

1
so that [|Fxdllzagree) < 7= I lgagee - (1.1.24)

The function W fx¢s in the second term @2 of inequality (4.1.23) has the
form

(Whxgs)(t) = > waVs I wy(t) .

3<|A| odd

Thus ||IWf*¢5||iZ(T):/ Z ToaVe A= 1wA(t)>27(dt)

3<|A| odd

— Z (Zzq)? - oHAI-1

3<|A| odd

<2 > (Zwa)? =06 |Zf1 a0 s
Ac{1,...,n}
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and therefore, from inequality (4.1.13),
1w x5l <0 2@ - 1 i -

Putting this and (4.1.24) into (4.1.23) yields inequality (4.1.21). 1

If for the function f of lemma 4.1.10 we choose the one provided by lem-
ma 4.1.9, then inequality (4.1.21) turns into

IS )

20V(1 P)/PE LK

LP ()
1]l - 2 \1/2
x [ (D) 8] (D el )
\/g P VZ:1 y4
Since this inequality is true for all finite collections {zi,...,z,} C &, it

implies

IZ1,

(D) < YOI [ o 0(T) -] ()

The function § — ”\I/g” Np,2(Z) - § takes its minimum at

2/3
5= (I1Z,/(2n2)) " <1,
where its value is (21/3 +27 2/3) ||I||2/3 1/3 . Therefore (x) gives
Np,2(Z) < (21/3 + 2—2/3) 90V (1—p)/p K K - ||I||2/3 1/3

Mp2 >

and so 1y 2(Z 21/3—1—2 2/3 20VA-P)/P ¢ K1> -|IZ11,,

by (A.8.9):

IN

1IVi/p

Iz,

(2 Q0V(1=p)/p 91/p—1/2 21/2> Iz
p

21v1/p21/P> izl = (2@)1/
Corollary 4.1.11 A linear map T : £>°(k) — LP(u) is factorizable with
mp2(I) < Cp - |IZ]],, (4.1.25)
where C, < ((21/3 +272/3) 90v(-P)/p KpK1)3/2
< (2v2)/P I < 93Cm)/2p

Theorem 4.1.7, including the estimate (4.1.17) for Cp, is thus true when
E=1>(k).



202 4 Control of Integral and Integrator

Proof of Theorem 4.1.7. Given {z1,...,z,} C &, there is a finite subal-
gebra A" of A, generated by finitely many atoms, say {Ai,..., Ax}, such
that every x, is a step function over A': z, = ZK A,zy. The linear map
T’ : (k) — LP(u) that takes the s'™™ standard basis vector of £*°(k)
to ZA. has [|Z| ) < || 7|, and takes (z})i<n<i € £>°(k) to Zz,. Since

| (25)1<n<k ”eoo(k;) = ||z, ||g, inequality (4.1.25) in corollary 4.1.11 gives

() = 080207 (S E)
v=1

and another application of Rosenthal’s criterion 4.1.4 yields the theorem. 1

Proof of Theorem 4.1.2 for 0 < p < 2 < g < oo. Theorem 4.1.7 does not
extend to exponents ¢ > 2 in general — it is due to the special nature of
the stochastic integral, the “closeness of the arguments of Z to its values”
expressed for instance by exercise 2.1.14, that theorem 4.1.2 can be extended
to ¢ > 2. If Z is previsible, then “the values of Z are wvery close to the
arguments,” and the factorization constant does not even depend on the
length d of the vector Z.

We start off by having what we know so far produce a probability P’ = P/g
with || g ]|Lp/(2_p)(P) < E,» for which Z is an L?-integrator of size

(4.1.5) 1y
A | 2P <D,5 " -1Z | o[p] - (4.1.26)

Then Z has a Doob—Meyer decomposition Z = Z + Z with respect to P’
(see theorem 4.3.1 on page 221) whose components have sizes

'Z:Iz[P’] <24 Z:I2[1P"] and Z:I2[JP>'] <2 Z:I2[IP>'] ’ (4.1.27)

respectively. We shall estimate separately the factorization constants of the
stochastic integrals driven by Z and by Z and then apply exercise 4.1.6.

Our first claim is this: if Z : £7 — LP is the stochastic integral driven by
a d-tuple V' of finite variation processes, then, for 0 < p < ¢ < 00,

(4.1.28)

Since the right-hand side equals iVin when V is previsible, this together

with (4.1.27) and (4.1.26) will result in

~ (415) [
np,q(/.dZ> <21Zi,,, <2DN 1 zi (4.1.29)

for 0 < p < g < co. To prove equation (4.1.28), let X!,..., X™ be a finite
collection of elementary integrands in £¢. Then

> [xvav| < )HX”HSd > v |

1<6<d
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Applying the LP-mean to the qth root gives

(] fxeav )], <] 52 v

<6<d
which is equation (4.1.28).
Now to the martingale part. With X" as above set

MY ¥ XY%Z | v=1,....,n,
1

and for m = (m*,...,m") set

- 1/q
(i)
v=1

O (1) = Q*/U(m) , where Qi) Y |m¥|”.
v=1

2—q
q

Then &, (1) (m) - ‘m“‘q_l sgn(m*)

2Q

and @7 (m) = 2(q — 1)Q%(7ﬁ) . ‘m“‘q_z -0, (no sum over p intended)

+22—q)Q 7 () - |m*|T  sgn(m®)|m¥ | sen(m?)  (+)

2—q, q—2
<2(¢g—-1)Q« (m)~‘m“‘ O
on the grounds that the pr-matrix in (%) is negative semidefinite for ¢ > 2.
Our interest in ® derives from the fact that criterion 4.1.4 asks us to estimate
the expectation of ®(M.). With ME & (1 — N)ME + XM* for short, 1t6’s
formula results in the inequality

O(Moo) < d(Mo)+2 [ QT (M ~Z\M“\q‘1sgn(Mfi)dM“
0+

+2(q—1)/ (1— A\ dA/ Q" Z\M“\q 2 dMH, MM |
<2/ Q" Z}M“\q‘lsgn(M“)dM“

+2(q—1)/ (1—\ dA/ Q" Z\M“\“ [M*, M.

Now (MMM = > XEXH[Z7, 2% (4.1.30)
1<n,0<d

whence? E' [@(MOO)} §2(q—1)/01(1—>\)><

E’[/ Q7 (M) Y [MY|"EXEX d(Z, 2% dX. (4.1.31)
0 H

4 Einstein’s convention, adopted, implies summation over the same indices in opposite
positions.
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Consider first the case that d = 1, ertlng Z X* for the scalar © processes
Zy,X{'. Then X!'X}d[Z",Z°] = (X w2 d[Z,Z) < | X*|3 d[Z,Z], and
using Holder’s inequality with conjugate exponents ¢/2 and ¢ / (¢ —2) in the
sum over p turns (4.1.31) into

£ [2(11)] < 2(4-1) / (e (11.32)
o [T am) (Shwr)
x(;nxuuz) " az.21)
=201 [ (1 (S 1) e (2.2
e (S 1012) ™
= (=11 Zi 32, (ZHX“H)

-]

Taking the square root results in
~ 4. . 1 I
nz,q(/-dz) SNVA 12 oy <2/q—1D5S 12,0 (41.33)

Now if Z and with it the [277,29] are previsible, then the same inequal-
ity holds. To see this we pick an increasing previsible process V so that
d[Z", Z%] < dV , for instance the sum of the variations {[Z7, Z?]!, and let
G" be the previsible Radon-Nikodym derivative of d[Z n.Z 9] with respect
to dV'. According to lemma A.2.21 b), there is a Borel measurable function ~
from the space G of d x d-matrices to the unit box ¢$°(d) such that

sup{z, oG : x € (3°} = 7, (G)7e(G)G" Geg.

We compose this map ~ with the G-valued process (G”e) and obtain a

=1
previsible process Y with |Y| < 1. Let us write M = Y*Z. Then

and in (4.1.30) d[M* MM < | X2, - d[M, M] .
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We can continue as in inequality (4.1.32), replacing [Z, Z] by [M, M], and
arrive again at (4.1.33). Putting this inequality together with (4.1.29) into
inequalities (4.1.26) and (4.1.27) gives, using exercise 4.1.6,

lp,q (/ : dZ) < 21V1/p(v q—1+1)Dp 2 iZizp[]p]

or Dy ga < 2VYP(14+\/qg=1)Dp o < 3:2'T4/P.(1 4 /g—1) (4.1.34)

if d =1 orif Z is previsible. We leave it to the reader to show that in general
Dpga =< vVd- dp,g - Dp2 - (4.1.35)

Let P” = P/g" be the probability provided by exercise 4.1.5. It is not hard
to see with Holder’s inequality that the estimates || g||;, -y @ < 22/7 and

Hg, ||L2/(q—2)([P>/) < 2q/2 ].ead tO

E,, <4YP for 0 <p<2<gq.

Proof of Theorem 4.1.2 (i) Only the case 2 < p < ¢ < oo has not yet been
covered. It is not too interesting in the first place and can easily be reduced
to the previous case by considering Z an L?-integrator. We leave this to the
reader.

Proof for p =0

If Z is a single L°-integrator, then proposition 4.1.1 together with a suitable
analog of exercise 4.1.6 provides a proof of theorem 4.1.2 when p = 0. This
then can be extended rather simply to the case of finitely many integrators,
except that the corresponding constants deteriorate with their number. This
makes the argument inapplicable to random measures, which can be thought
of as an infinity of infinitesimal integrators (page 173). So we go a different
route.

Proof of Theorem 4.1.2 (ii) for 0 < ¢ < 1. Maurey [67] and Schwartz [68]
have shown that the conclusion of theorem 4.1.2 (ii) holds for a continuous
linear map Z : E — L°(P) on any normed space E, provided the exponent ¢
is strictly less than one.® In this subsection we extract the pertinent argu-
ments from their immense work. Later we can then prove the general case
0 < ¢ < oo by applying theorem 4.1.2 (i) to the stochastic integral regarded
as an L7(P’)-integrator for a probability P’ ~ P produced here. For the ar-
guments we need the information on symmetric stable laws and on the stable
type of a map or space that is provided on pages 458-463.

The role of theorem 4.1.7 in the proof of theorem 4.1.2 is played for p =0
by the following result, reminiscent of proposition 4.1.1:

5 Theorem 4.1.7 for 0 < p < 1 is also first proved in their work.
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Proposition 4.1.12 Let E be a normed space, (2, F,P) a probability space,
T:E — L°%P) a continuous linear map, and let 0 < q < 1.

(i) For every a € (0,1) there is a smallest number Ciqy), q[||IH ]] < 00,
which depends only on the modulus of continuity ||IH , a, and q, and which
has the property that for every finite subset {x1,.. ZEn} of E

H(ZU(‘””)'Q)IMH[Q]<C[a1q||1|| (ZII%HE) : (4.1.36)

(1i) For every a € (0,1) there exist a positive measurable function ko, <1
satisfying E[ko| > 1—a and a constant (. such that for all x € E

[ @I kad? < o

(iii) There exists a probability P’ =P/g equivalent with P on F such that
T is continuous as a map into LI(P'): for all x € E

7)o, < Dalll) -l < o0 (1137
and such that 1901 < Elag,ollZllg] <00, Vae(0,1). (4.1.38)
Again, Dq[||I||H] and E[a],q[HIH ] depend only on «, q, and ||I||[.]

Proof. (i) Let 0 < p < ¢ and let (v (q)) be a sequence of independent g-stable

random variables, all defined on a probability space (X, X, dx) (see pages
458-463). In view of lemma A.8.33 (ii) we have, for every w € Q,

(X Za)er) " < BGS Y 16

(B;da] ’
and therefore
1/q
H(ZV \I(a:l,)lq) Blg).q HHZ Z(wy )y (8;da] || [ P]
by A.8.16 with 0 < § < af3: 6] q HHI<Z xlj’y(Q)) H [6:P] | [a8—5;da]
< B 120y [, 2] |y
. Big),q HIH Pl8la " =)
by exercise A.8.15: < (af — 9) oA — /P HHZ 1/’75‘1) ‘ ‘ L)
A
by definition A.8.34: < ﬁ] q( Hﬁ H 6(]5 1/:;7(1 (Z quH >
o

Due to proposition A.8.39, the quantity Cpa) 4[| Z]l|, ](4'1'36) is finite. In fact,

B8 . (E)-||Z||
. 8),q [9]
<
CloyallZli) = inf (aﬁ—é)”p
0<é<ap
0<p<q
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< B[1/2]:qTq/2,q(E> : ||I||[a/4]
. (007

Exercise 4.1.13 Cla],8,17); < 5000HIH[Q/8]/042-

with § = a/4:

(4.1.39)

(ii) Following the proof of theorem 4.1.7 we would now like to apply
Rosenthal’s criterion 4.1.4 to produce k.. It does not apply as stated, but
there is an easy extension of its proof, due to Nikisin and used once before in
proposition 4.1.1, that yields claim (ii). Namely, inequality (4.1.36) can be
read as follows: for every random variable of the form

0= orwn 2 ) |T(@)]7, neN,z, €E,
on {2 there is the set

B 2 160 < O IT I (0 Il )]

of measure P[kxlxn] > 1 — « so that

Elba,,...zn k] < C[qa],q[HIH[.]] : ZV:1 v |5 -

Let K be the collection of positive random variables £ < 1 on () satisfying
E[k] > 1—a. K is evidently convex and o (L, L')-compact. The functions
k — E[¢s, . 2, - k| are lower semicontinuous as the suprema of integrals
against chopped functions ¢, .. ., AJj, j € N. Therefore the functions

(PR Ee BN (4 IR RS S E01 13 S

are upper semicontinuous on K, each one having a point of positivity
ks, ...z, € K. Their collection clearly forms a convex cone H. Ky-Fan’s
minimax theorem A.2.34 furnishes a common point k, € K of positivity,
and this function evidently answers claim (ii), with (, = C’[qa]’q[HIH[.]].

(iii) We construct now P’ as on page 190: We may pick a — (, > 1 be
decreasing on (0,1) — for instance choosing «; so that ||IH[Q1] >1

Bl jo1.q" Tar.g(E) - IZII

we might set (, = (& & 1/2).q q/2(’2/4)2 [loano/4] (see (4.1.39)).
00 ko—n
Then we set ¢’ 4~/ anl 2_”5—_ ,  where ' € ((1/2,4C1)2)

is chosen so as to make P’ a probability equivalent with P. Then we proceed
as after equation (4.1.4) on page 190 to produce (4.1.37) and (4.1.38):

8Co¢/4
O4(1/2 '

Applying this with £ = € and Z = [ - dZ finishes the proof of theorem 4.1.2
for p =0 < ¢ < 1. The choice ¢ = (T results in the estimates

1Z@) [l agery < (4G22l and gl < -
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4.1.8 1.
D2 < D[] < 4V Bl o) o Tyyo.g(E) - 2 p s

where z, & ||I||[.] =iZi oK (0,1) — (0,00) with z,, > 1, and
q q
E(4.1.9)[z | < E(4.1.38)[z | < 322, najie _ 32Zaina)16 (4.1.40)
[Oz],q o= [a]’q = 063 . zilAl/S - 053
|

Proof of Theorem 4.1.2 (ii) for 1 < g < co. Let 0 < p < 1. We know now
that there is a probability P’ = P/g with respect to which Z is a global
LP-integrator. Its size and that of g are controlled by the inequalities

2l < Dy L2

4.1.9)1 1
1 ZP[P'] and HgH[oz,IP’] < E( )[I Z:

8l ol L2l

By part (i) of theorem 4.1.2 there exists a probability P = P’/¢" with respect
to which Z is an L%-integrator of size

- (4.1.8) 11 1 (4.1.5)
:Z:Iq[]pu] < Dp,d [lZ:[,]] 'Dp,q,d :
This implies D5 [124)) < Dy - D, V124
. (4.1.9) 11 1 (4.1.9) r1 1 WP a1 (2\lP/P
similarly, E[a]’q [1Z [-]] < (E[a/z]’p[:Z: H]) 'Ez(a,q ). (a> )

The parameter p € (0,1) is arbitrary but the same in the previous two
inequalities. We leave the last inequality above as an exercise (a sketch of the
proof can be found in the Answers).

The following corollary makes a good exercise to test our understanding
of the flow of arguments above; it is also needed in chapter 5.

Corollary 4.1.14 (Factorization for Random Measures) (i) Let ( be a spa-
tially bounded global LP(IP)-random measure, where 0 < p < 2. There exists
a probability ' equivalent with P on Fo with respect to which ( is a spa-
tially bounded global L?*-random measure; furthermore, dP'/dP is bounded

and there exist universal constants D, and E, depending only on p such
that

I I . (4.1.5)
:C:IZ[]P:/] SDP :C:Ip[[P] ’ Dp_Dp,2,d ’

and such that the Radon—Nikodym derivative g dP/dP’ is bounded away
from zero and satisfies

4.1.6
||g||LP/(2—P)(]P’) < Ep, Ep = Ezg,2 ) ’
which has the consequence that for any r > 0 and f € F

10 2rey < B2 115 oo -
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(ii) Let ¢ be a spatially bounded global L°(P)-random measure with modulus
of continuity® ¢ o There exists a probability P’ = P/g equivalent with P
on Fs with respect to which ¢ is a global L?-integrator; furthermore, there
exist universal constants D[i( [-]] and E = Eiy[i(: [-]] , depending only on
a € (0,1) and the modulus of continuity i ok

such that igin[P/] < D[i¢! [-]] , D= Défl;ll's) 7
o (4.1.9) 1 -1
and Il < Bragli¢iy) Vo€ (0,1), B=ELLV ]

L o 1/r
~ this implies ||flaspe < (BlaaliCHgl/8) " 1l

forany f € Foo, 7 >0 and o, € (0,1).
(1ii) When ( is previsible, the exponent 2 can be replaced by any q < oo.

4.2 Martingale Inequalities

Exercise 3.8.12 shows that the square bracket of an integrator of finite varia-
tion is just the sum of the squares of the jumps, a quantity of modest interest.
For a martingale integrator M , though, the picture is entirely different: the
size of the square function controls the size of the martingale, even of its
integrator norm. In fact, in the range 1 < p < oo the quantities | M EIP,
| M5, and || Seo[M]]|;, are all equivalent in the sense that there are
universal constants C), such that

ML, S CprlIME e s IME e < CpellSc[M]

and 1SwM]ll,, < CpriM1, (4.2.1)

e

for all martingales M. These and related inequalities are proved in this
section.

Fefferman’s Inequality

The K9-seminorms are auxiliary seminorms on L?-integrators, defined for
2 < g < co. They appear in Fefferman’s famed inequality (4.2.2), and
they simplify the proof of inequality (4.2.1) and other inequalities of interest.
Towards their definition let us introduce, for every L°-integrator Z, the class
K[Z] of all g € L?[F.] having the property that

E|(2, Z)o ~ (2, Z)r- | Fr| <E[g* | o]

at all stopping times T'. K[Z] is used to define the seminorm || Z||,., by
1Z]lxca =inf {Ilgllz. : g €K[Z]}, 2<q< oo

6 ici[a] def SUP{HfXdC”[a;]P] : X €&, |X| <1} for 0<a<1;see page 56.
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As usual, this number is oo if K[Z] is void. When ¢ = oo it is customary to
write || Z | o = [|Z | 550 and to say Z has bounded mean oscillation if
this number is finite. We collect now a few properties of the seminorm || |-,

Exercise 4.2.1 || Z|.,<||Sw|Z]|l .- d[Z, Z]<d[Z', Z'] implies || Z| ., <||Z’

HLq' HK‘I'

Lemma 4.2.2 Let Z be an LC°-integrator and I > 0 an adapted increasing
right-continuous process. Then, for 1 < p < 2 with conjugate p' < p/(p — 1)

E[/Ooold[Z, Z]] < mf{ E[l-¢?2: g€ /C[Z]}

< (E[Ig({@—p)])@_l’)/p .

2
1Z2]icer -

Proof. With the usual understanding that [Z, Z]o- = 0 = I, integration by
parts gives

/OOI d[Z,7] = /OO([Z, 2o —12,2).0) dI
= /OO([Z, Z)oe — 12, Z)pa) - [T < 00] dA,

where T? = inf{t : I; > A} are the stopping times appearing in the change-
of-variable theorem 2.4.7. Since [T* < 0] € Fpa,

E[/Oold[Z,Z]] :E[/OOOE[[Z,Z]OO—[Z,Z]TL | ] - [T < o] dA}
ginf{E[/oogz-[TA<oo] d)\} : gGIC[Z]}

ginf{E[g2~/oo[Ioo>A] dA} : ge/qZ]}
=inf{E[l - ¢°] : g € K[Z]}

< (Blr2) " 21

The last inequality comes from an application of Holder’s inequality with
conjugate exponents p/(2 — p) and p’/2. 1

On an L?-bounded martingale M the norm || M ||,., can be rewritten in a
useful way:

Lemma 4.2.3 For any stopping time T
E[ [M,M]o — [M,M]r_ | Fr | =E[ (Mo — Mr_)* | Fr ],
and consequently KC[M] equals the collection

{g € Fuo: E[(Moo — Mg )? ‘ ]:T] < IE[g2 ‘ fT} YV stopping times T} .
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Proof. Let U > T be a stopping time such that (MY — M7T)._ is bounded.
By proposition 3.8.19

(MY — M"Y =2(MY — MT)_x(MY — MT) + [M, MY — [M, M7,
and so

(M, My — [M,M]r_ = (My — Mr)? + (AMr7)?

—2/U(M—MT)._d(M—MT) .
T+

The integral is the value at U of a martingale that vanishes at 7', so its
conditional expectation on Fr vanishes (theorem 2.5.22). Consequently,

E[ [M,M]y — [M,M]r_ | Fr | =E[ (My — M7)* + (AM7)? | Fr |
=E[ (My — Mr— — AMr)* 4+ (AMr)* | Fr |
=E[ (My — M7-)* = 2(My — Mr—)AM7 + 2(AMr)* | Fr |
E[ (My — Mr_)* | Fr].

Now U can be chosen arbitrarily large. As U — oo, [M, M|y — [M, M|
and M7 — M2 in L'-mean, whence the claim. 1

Since |[Moo — Mp_| < 2MZ , the following consequence is immediate:
Corollary 4.2.4 For any martingale M, 2M?* € K9[M] and consequently
M [[ca < 2| M 1a 2<¢<o0.

Lemma 4.2.5 Let I, D be positive bounded right-continuous adapted processes,
with I increasing, D decreasing, and such that I-D 1is still increasing. Then
for any bounded martingale N with |Noo| < Do and any q € [2,00)

2l Doo € K[I_xN] and thus ||I—*N|/;cq <2 |[Ioc - Doo|lfa -
Proof. Let T be a stopping time. The stochastic integral in the quantity
QU E[((I_#N)o — (I_*N)y_ ) | Fr]

that must be estimated is the limit of
Ir-ANp + > I, (Ns,,, — Ns,)
k=0

as the partition & = {T' = Sy < 51 < Sy < ...} runs through a sequence
(8™) whose mesh tends to zero. (See theorem 3.7.23 and proposition 3.8.21.)
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If we square this and take the expectation, the usual cancellation occurs, and

0<k

. 2 2 2 2 2
< lgnE[(IT_ANT) +O<Zkfsk+1'Nsk+1 _ (szjsk.NSk | fT}

— E[I3_(Np — Ny )? + I2-N2, — I3-N3 | fT}

< E_I%_ - (N7 = 2Ny Ny + N7 ) + I5-NZ — I -N7 | }—T}

<E[f3 - 2INp||N| + [N ) + I2-N% | Frl
results. Now |Np| < Dp < Dy and |Np_| < Dy, so we continue

Q <E[3I7_-Dj_+1I2-D% | Fr| <4 -E[I% - D% | Fr] .
This says, in view of lemma 4.2.3, that 2/-Do, € K[I._*N]. 1
Exercise 4.2.6 The conclusion persists for unbounded [ and D.

Theorem 4.2.7 (Fefferman’s Inequality)  For any two L°-integrators Y,Z
and 1 <p<2

E[{[Y, 2]} ] < v2/p [1SlYTlo - 1 Z ]Ik - (4.2.2)
Proof. Let us abbreviate S = S[Y]. The mean value theorem produces
Sy - st = (52)"" = (82)" = (/2 02t (57— 82)

where o is a point between S? and S?. Since p < 2, we have

p/2-1<0
and (Stz)p/2 1< gp/2-1
thus (p/2) - SP™*- (SF —82) <87 — 5%,

and by the same token (p/2)-SP—2.82 < SP.
We read this as a statement about the measures d(S?) and d(S?):
SP72-d(S?) < (2/p) d(SP)

(exercise 4.2.9). In conjunction with the theorem 3.8.9 of Kunita-—Watanabe,
this yields the estimate

E[Y,Z]iooz/ P2 1. 51 p/2 g1y, 7);
0

< (/OOO SP—2. d(52)>1/2 . (/Ooo S2-p d[Z, Z]>1/2
<V ([ asn) ([ straza) "
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Upon taking the expectation and applying the Cauchy—Schwarz inequality,

B[} Y, 2]}, < v2/p- (BISL)* - (E] / " straz.7)))

0

1/2

follows. From lemma 4.2.2 with I = S?7P,

BLIY. 2]} ] < v/2/p- (BlSe) - (E[se)) 7 z)2,)
= V270 150l - 1Z - B

From corollary 4.2.4 and Doob’s maximal theorem 2.5.19, the following con-
sequence is immediate:

Corollary 4.2.8 Let Z be an L°-integrator and M a martingale. Then

E[}[Z,M]! ] <2v2/p- [Ssc[Z]ll 1o - 1M 1o
< 2v2p - (1Sl Z]l 1o - [ Mool Lo -

Exercise 4.2.9 Let y,z, f: [0,00) — [0,00) be right-continuous with left limits,
y and z increasing. If fo-yo < zo and fr- (yr —ys) < 2zt —2s Vs <t, then

f-dy<dz.

1<p<2

Exercise 4.2.10 Let M, N be two locally square integrable martingales. Then

E[ |[M,N]}_ | < V2 -E[Se[M]]- [N gro -

oo
This was Fefferman’s original result, enabling him to show that the martingales N
with | N 5,,0 < oo form the dual of the subspace of martingales in Z".

Exercise 4.2.11 For any local martingale M and 1 < p < 2,
M, < Gy l|SulMIl, (4.23)

' Tp
with Co =1 and C, < 2/2p.
The Burkholder-Davis—Gundy Inequalities

Theorem 4.2.12 Let 1 < p < oo and M a local martingale. Then
1M < Cp - [[Sec[M]][ 1 (4.2.4)

and 1Socl Ml 0 < Cp - IMZ (4.2.5)

The arguments below provide the following bounds for the constants C),:

V10p, 1<p<2, 6/vp, 1<p<2,
p=2 ;CH2H <L 1, p=2 (4.2.6)

2,
pVe/2, 2<p<oo V2p, 2<p<oo.
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Proof of (4.2.4) for 2 <p < oco. Let K >0 and set T"=inf{t: |M;| > K}.
1t6’s formula gives

T
|Mr[? = \M0|p+p/ |M._|P~ sgn M. dM
0+

+p(p—1) /01(1—A) /(: |(1=X)M._ + AM |~ d[M, M]dA

r . plp—1) [T -
Sp/ M. [P~ sgn M._ dM + 7/ |M|*P=2) d[M, M) .
0+ 2 0
If ||Seo[M]||;, = oo, there is nothing to prove. And in the opposite case,
My < K + St[M] belongs to LP, and M7 is a global LP-integrator (theo-
rem 2.5.30). The stochastic integral on the left in the last line above has a
bounded integrand and is the value at T of a martingale vanishing at zero
(exercise 3.7.9), and thus has expectation zero. Applying Doob’s maximal
theorem 2.5.19 and Holder’s inequality with conjugate exponents p/(p — 2)
and p/2, we get

D
E[| M) < —2— E[|My|?]

(p—1)7
= % 'E[Mc?(p_z) : (ST[M])Q] (4.2.7)

2 (p—
< B (e ) ()" (s any)) < o

Division by E[M}”] 172/ and taking the square root results in

HM;HLPSM/(H—) /2150l < p/er2- |Se M

Now we let K and with it T increase without bound. _ 1
Exercise 4.2.13 For 2 < g < oo, || M||,,/2 < ||M% |, < Ve/2q- | M|l

Proof of (4.2.4) for 1 < p < 2. Let 7 be the collection of stopping times
reducing M to a martingale. Doob’s maximal theorem 2.5.19 and exer-
cise 4.2.11 produce

IME e <9 sup || M

t<oo,T€T ‘Lp < p’C']f)4'2'3) ) HSOO [M] ||Lp .

This applies only for p > 1, though, and the estimate p’ 2,/2p of the constant
has a pole at p = 1. So we must argue differently for the general case. We use



4.2 Martingale Inequalities 215

the maximal theorem for integrators 2.3.6: an application of exercise 4.2.11
gives

1ML I, < CpE3ICH2D || S [M] |, < 6.7- 2P\ /p - || Suo[M] |l 1 -

The constant is a factor of 4 larger than the /10p of the statement. We
borrow the latter value from Garsia [36]. S |

Proof of (4.2.5) for 1 < p < 2. By homogeneity we may assume that
|MZ||;,=1. Then, using Holder’s inequality with conjugate exponents 2/p
and 2/(2 —p),
p/2
E[ (Seo[M])) = E[ (M0 - M, M) - sz

< (E[Méép‘” -[M, M]oo])p/2 ,

1Sea[M]|[7, < E[MAP=2 . [M, M].] .
With [M, M)oo = M2 —2 / M. dM
0

gM;?—z/ M. dM ,
0

this turns into ||SOO[M]||2LP <1+2- ‘E[M;O(I’_Q) / M. dM” .
0

Now, if M;o(p_z) is bounded let N be the martingale that has N, = Mgép‘” .
We employ lemma 4.2.5 with I = M* and D = M*®=2)_ The previous
inequality can be continued as

I1Sso[M]||7, <1+2- ‘E[Noo : M._*MOOH

= 1+2-|E[[M, M_+N]] |

by theorem 4.2.7: <1+22/p- HSOO[M]HL,, . ||M._*NH,C,,/
by exercise 4.2.1: <142y2/p- ||SOO[M]||LP . HM-*—*NHICP’
by lemma 4.2.5: <1+4v2/p - |SeclM]|l,, - HM;@—U‘ i

=1+4v2/p- ||S[M]| 1, -
Completing the square we get
1S IM]|l 1o < V/1+8/p+/8/p<6/Vp.

If M;o(p ~2) is not bounded, then taking the supremum over bounded martin-
gales N with N, < M&Ep ~2) achieves the same thing. 1
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Proof of (4.2.5) for 2 < p < 0co. Set § = S[M]. An easy argument as in the
proof of theorem 4.2.7 gives

d(S7) < 55772 d(S?) = 57~ d[M, M),

and thus E[SZ] <

N3

E[/OOO SP=2 d[M, M]] .
Lemma 4.2.2 and corollary 4.2.4 allow us to continue with

E[S%] < 2p- E[S%2 - M22] < 2p- (E[sE]) "7 - (M)
We divide by E[Sgo} -2/ P take the square root, and arrive at

[ Soc[M] o < V2P [|MZ 10 -

|
Here is an interesting little application of the Burkholder-Davis—Gundy in-
equalities:

Exercise 4.2.14 (A Strong Law of Large Numbers) In a generalization of ex-
ercise 2.5.17 on page 75 prove the following: let F1, Fo,... be a sequence of random
variables that have bounded ¢"* moments for some fixed ¢ > 1: [|F,||,, < 04, all
having the same expectation p. Assume that the conditional expectation of F, 41
given Fi, Fs, ..., F, equals p as well, for n = 1,2,3,.... [To paraphrase: knowledge
of previous executions of the experiment may influence the law of its current replica
only to the extent that the expectation does not change and the qt moments do
not increase overly much.] Then

1 n
lim - Z F, =p almost surely.
v=1

The Hardy Mean

The following observation will throw some light on the merit of inequal-
ity (4.2.4). Proposition 3.8.19 gives [X*M, X*M] = X2x[M, M] for elemen-
tary integrands X . Inequality (4.2.4) applied to the local martingale XM

therefore yields
o° p/2 1/p
< C, 2 2.
<Gy (/ (/0 X d[M,M]) dIP’) (4.2.8)

H/X dM)

for 1 < p < 0o. The corresponding assignment

F o 1 ([ ([ an ) paw) " a)

is a pathwise mean in the sense that it computes first for every single path
t — Fy(w) separately a quantity, ([ F2(w) d[M, ]\4]t(u)))1/2 in this case,
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and then applies a p-mean to the resulting random variable. It is called the
Hardy mean. It controls the integral in the sense that

| o], <o i,

for elementary integrands X, and it can therefore be used to extend the
elementary integral just as well as Daniell’s mean can. It offers “pathwise”
or “w—by—w” control of the integrand, and such is of paramount importance
for the solution of stochastic differential equations — for more on this see
sections 4.5 and 5.2.

The Hardy mean is the favorite mean of most authors who treat stochastic
integration for martingale integrators and exponents p > 1.

How do the Hardy mean and Daniell’s mean compare? The minimality of
Daniell’s mean on previsible processes (exercises 3.6.16 and 3.5.7(ii)) gives

* 2. H
IF Iy < OS2V - I F I3, (4.2.10)

for 1 < p < oo and all previsible F'. In fact, if M is continuous, so that
S[M] agrees with the previsible square function s[M], then inequality (4.2.10)
extends to all p > 0 (exercise 4.3.20). On the other hand, proposition 3.8.19
and equation (3.7.5) produce for all elementary integrands X

R p/2 1/p (3.8.6) 1 | *
(J(f xamean)"ae) ™ < KPS0 X001 1, = 11X
which due to proposition 3.6.1 results in the converse of inequality (4.2.10):
H* *
HFHM—p < Kp ’ ||FHM—p

for 0 < p < oo and for all functions F' on the ambient space. In view of
the integrability criterion 3.4.10, both || ||}kw_p and || ||3\14ip have the same
previsible integrable processes:

POL Thl =Pl 155,) and T Tie, = I 155,

on this space for 1 < p < oo, and even for 0 < p < oo if M happens to

be continuous. Here is an instance where || ”3\14*_1; is nevertheless preferable:
Suppose that M is continuous; then so is [M, M], and || ”71\{4; annihilates
the graph of any random time — Daniell’s mean || ||}kw_p may well fail to do

so. Now a well-measurable process differs from a predictable one only on
the graphs of countably many stopping times (exercise A.5.18). Thus a well-

. H *
measurable process is || ||, -measurable, and all well-measurable processes

with finite mean are integrable if the mean || HZ\{/[; is employed. For another
instance see the proof of theorem 4.2.15. ____
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Martingale Representation on Wiener Space

Consider an LP-integrator Z. The definite integral X — [ X dZ is a map
from £!'[Z—p] to LP. One might reasonably ask what its kernel and range are.
Not much can be said when Z is arbitrary; but if it is a Wiener process and
p > 1, then there is a complete answer (see also theorem 4.6.10 on page 261):

Theorem 4.2.15 Assume that W = (W', ... . W%) is a standard d-dimensional
Wiener process on its natural filtration F. W], and let 1 < p < 0.
Then for every f € LP(Foo[W]) there is a uniqgue W—p-integrable vector
X = (X1,..., X9 of previsible processes so that

f:E[f]+/ X dW .
0
Put slightly differently, the martingale M << E[f|F.[W]] has the representation

t
Mtf:E[f]-l—/ X dW .
0

Proof (Si-Jian Lin). Denote by H the discrete space {1,...,d} and by B
the set H x B equipped with its elementary integrands & & C' (H)®E. As
on page 109, a d-vector of processes on B is identified with a function on B.
According to theorem 2.5.19 and exercise 4.2.18, the stochastic integral

d 00
XH/XdW:Z/ X qW
n=1"0

is up to a constant an isometry of P N L[] ||;V_p] onto a subspace of
LP(Foo[W]). Namely, for 1 < p < oo and with M & X«W

| [xaw| =1,

by theorems 2.5.19 and 4.2.12: ~ ||M;O||p ~ ||Soo [M]Hp = ||X||’C“,*_p
by definition (4.2.9): ~ HXH;V—p .

The image of L[] ||;V_p] under the stochastic integral is thus a complete and

therefore closed subspace S C {f € LP(Fo[W]) : E[f] = 0}. Since bounded
pointwise convergence implies mean convergence in L?, the subspace S(C)
of bounded functions in the complexification of R ® S forms a bounded
monotone class. According to exercise A.3.5, it suffices to show that S;(C)
contains a complex multiplicative class M that generates Foo[W]. &(C)
will then contain all bounded F.,[W]-measurable random variables and its
closure all of L{.. We take for M the multiples of random variables of the
form -

exp (ipxWoo ) = €' Jo 22, 9n () awy

Y
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the ¢" being real bounded Borel functions that vanishing past some instant
each. M is clearly closed under multiplication and complex conjugation and
contains the constants. To see that it is contained in S,(C), consider the
Doléans—Dade exponential

t
& =1 +/ 16,3 ¢7(s) AW =1+ (Exi( W),
0

7
t
by (3.9.4): = exp (iqﬁ*Wt + 1/2/ |p(s)|? ds)
0

of i¢pxW . Clearly &, = exp (7,'¢)>|<Woo + c) belongs to S,(C), and so does
the scalar multiple exp (iqb*Woo). To see that the o-algebra F generated
by M contains F..[W], differentiate exp (it [ ¢ dW) at 7 =0 to conclude
that [[@dW € F. Then take ¢" = [0,t] for n =1,...,d to see that W} € F
for all t. We leave to the reader the following straightforward generalization
from finite auxiliary space to continuous auxiliary space: 1

Corollary 4.2.16 (Generalization to Wiener Random Measure) Let 5 be
a Wiener random measure with intensity rate v on the auziliary space H , as in
definition 8.10.5. The filtration F. is the one generated by (3 (ibidem).

(i) For 0 < p < oo, THE Daniell mean and the Hardy mean

P E e ([0 [ mone) viands)” )

agree on the previsibles F' € P &<f B* (H)® P, up to a multiplicative constant.
(i) For every € LP(Fx), 1 < p < oo, there is a [—p-integrable predictable
random function X, unique up to indistinguishability, so that

f=E[f]+ /B X(n,s) B(dn, ds) .

Additional Exercises

Exercise 4.2.17 || 7|, < [|S<[Z]|ls < Va/2- | Z];q for 2 < g < oo.
Exercise 4.2.18 Let 1 <p < oo and M a local martingale. Then

[M&|,, < Co- iMiL, , (4.2.11)
M, < Cp-[1Sso[M][| s (4.2.12)
T 1/2
* (4.2.4) 2
N e VARSI

for any previsible X and stopping time T, with

C(+2H g (386) < 9l/p, [55 <5 for 1 < p< 1.3,
01(34.2.11) < o = p/(p—1) <5 for 1.3 <p <2,
P =p/(p-1) <2 for 2 < p < oo,
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2+/2p for 1 <p <2,

and 01(74.2.12) < 01(74.2.3) A 01(74.2.4) <! for p— 2,
ve/2-p for2<p<oo.
Inequality (4.2.6) permits an estimate of the constant A;2'5'6):
17p’ for 1 <p <2,
ARSBE) < ((4212) (425) 1 for p= 2.

\/Epg/Qp/ for 2 < p < o0.
Exercise 4.2.19 Let p,q,r > 1 with 1/r = 1/¢+ 1/p and M an LP-bounded
martingale. If X is previsible and its maximal function is measurable and finite in
L%mean, then X is M—r-integrable.

Exercise 4.2.20 A standard Wiener process W is an LP-integrator for all p < oo,

of size thin < py/et/2 for p > 2 and thin <Vt for 0 <p<2.

Exercise 4.2.21 Let T°7 = inf{t : |Wi| > ¢} and T° = inf{t : |Wi| > c},
where W is a standard Wiener process and ¢ > 0. Then E[T°"] = E[T°] = 2.

Exercise 4.2.22 (Martingale Representation in General) For 1 < p < oo
let H? denote the Banach space of P-martingales M on F, that have My =0 and
that are global LP-integrators. The Hardy space H} carries the integrator norm
M — iMin ~ || Soc[M]]|, (see inequality (4.2.1)). A closed linear subspace S of
H? is called stable if it is closed under stopping (M €S = M*eS VTeT). The
stable span Al of a set A C H{ is defined as the smallest closed stable subspace
containing A. It contains with every finite collection M = {M"' ... M"} C A,
considered as a random measure having auxiliary space {1,...,n}, and for every
X = (X;) € £'[M-p], the indefinite integral X+M = >°. X;+M*; in fact, Al is
the closure of the collection of all such indefinite integrals.

If A is finite, say A= {M"',...,M"}, and a) [M*,M’] =0 for i #j or b) M
is previsible or b’) the [M*, M7?] are previsible or ¢) p = 2 or d) n = 1, then the
set {X+M : X € £'[M-p]} of indefinite integrals is closed in H} and therefore
equals Al'; in other words, then every martingale in Al has a representation as an
indefinite integral against the M"*.

Exercise 4.2.23 (Characterization of Al) The dual HE* of HE equals HE
when the conjugate exponent p’ is finite and equals BMOy when p = 1 and
then p’ = oco; the pairing is (M, M') — (M|M') < E[Ms - M..] in both cases
(M € HE, M' € HE™). A martingale M’ in H}™ is called strongly perpendicular
to M € HY, denoted MU M', if [M,M'] is a (then automatically uniformly
integrable) martingale. M’ is strongly perpendicular to all M € A C H} if and
only if it is perpendicular to every martingale in Al that is to say, if and only if
E[M), - M.] =0 ¥ M € Al. The collection of all such martingales M’ € H5* is
denoted by A*-. Tt is a stable subspace of H5*, and (A*)* = Al

Exercise 4.2.24 (Continuation: Martingale Measures) Let G’ <f 1+ M’
with A% 5 M’ > —1. Then P’ ¢f G/ P is a probability, equivalent with P and
equal to P on Fo, for which every element of Al is a martingale. For this reason
such P’ is called a martingale measure for A. The set M[A] of martingale
measures for A is evidently convex and contains P. A* contains no bounded
martingale other than zero if and only if P is an extremal point of 9[A]. Assume
now M = {M",...,M™} C H} has bounded jumps, and M* 1L M7 for i # j. Then
every martingale M € HY has a representation M = X*M with X € £'[M-p| if
and only if P is an extremal point of 9[M].
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4.3 The Doob—Meyer Decomposition

Throughout the remainder of the chapter the probability P is fized, and the
filtration (F.,P) satisfies the natural conditions. As usual, mention of P is
suppressed in the notation.

In this section we address the question of finding a canonical decomposition
for an LP-integrator Z. The classes in which the constituents of Z are sought
are the finite variation processes and the local martingales. The next result
is about as good as one might expect. Its estimates hold only in the range
1<p< .

Theorem 4.3.1 An adapted process Z is a local L' -integrator if and only if it
is the sum of a right-continuous previsible process Z of finite variation and
a local martingale Z that vanishes at time zero. The decomposition

Z=7+7Z

is unique up to indistinguishability and is termed the Doob—Meyer decom-
position of Z. If Z has continuous paths, then so do Z and Z. For
1 < p < o there are universal constants C and C such that

21, <Cp-1Zi,, and 17, <C AT (4.3.1)

The size of the martingale part Z is actually controlled by the square function
of Z alone:

215, <Cp 115l Z) o - (4.3.2)

The previsible finite variation part 7 is also called the compensator or
dual previsible projection of Z, and the local martingale part Z is called
its compensatrixz or “Z compensated.”

The proof below (see page 227 ff.) furnishes the estimates

N 24/2p < 4 for 1 <p <2,
Cp(4'3'2) < 1 for p = 2,
pC’Z(f'M) < 6p/\/p’ for 2 < p < oo,

4.1 for 1 <p <2,

G < g1 for p = 2, (4.3.3)
6p for 2 < p < oo,
1 forp=1,
A(4.3.1) 5.1 for 1 <p <2,
Cp - 2 for p = 2,

6.5p for 2 < p < 0.

In the range 0 < p < 1, a weaker statement is true: an LP-integrator
is the sum of a local martingale and a process of finite variation; but the
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decomposition is neither canonical nor unique, and the sizes of the summands
cannot in general be estimated. These matters are taken up below (sec-
tion 4.4).

Doléans—Dade Measures and Processes

The main idea in the construction of the Doob—Meyer decomposition 4.3.1 of
a local L'-integrator Z is to analyze its Doléans-Dade measure ji,. This
is defined on all bounded previsible and locally Z—I1-integrable processes X
by

1y (X) :E[/X dz}

and is evidently a o-finite o-additive measure on the previsibles P that van-
ishes on evanescent processes. Suppose it were known that every measure u
on P with these properties has a predictable representation in the form

u(X):E[/de], XePy,

where VH# is a right-continuous predictable process of finite variation —
such V# is known as a Doléans—Dade process for p. Then we would
simply set Z ¢ V#z and Z ¥ Z — Z. Inasmuch as

E[/Xdﬂ :E[/XdZ]—E[/XdV“Z]zo

on (many) previsibles X € Py, the difference Z would be a (local) martingale
and Z = Z + Z would be a Doob—Meyer decomposition of Z: the battle plan
is laid out.”

It is convenient to investigate first the case when g is totally finite:

Proposition 4.3.2 Let u be a o-additive measure of bounded variation on the
o-algebra P of predictable sets and assume that p vanishes on evanescent sets
i P. There exists a right-continuous predictable process V* of integrable
total variation EV“EOO, unique up to indistinguishability, such that for all
bounded previsible processes X

u(X) = E[/OOO X dV“] . (4.3.4)

Proof. Let us start with a little argument showing that if such a Doléans—
Dade process V# exists, then it is unique. To this end fix ¢ and g € L*>°(F;),
and let M9 be the bounded right-continuous martingale whose value at any
instant s is MJ = E[g|Fs] (example 2.5.2). Let M7 be the left-continuous

7 There are other ways to establish theorem 4.3.1. This particular construction, via the
correspondence Z — puz and p — V# | is however used several times in section 4.5.
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version of MY and in (4.3.4) set X = M{-[0] + M2 -(0,¢]. Then from coroll-
ary 3.8.23

u(X) = E[MV{)+E| [ M2 av+ ] =E[gVf].

0+

In other words, V" is a Radon-Nikodym derivative of the measure
p' g p(MG-[0] + MZ-(0,1]) , g€ L*(F),

with respect to P, both ! and P being regarded as measures on F;. This
determines V' up to a modification. Since V*# is also right-continuous, it is
unique up to indistinguishability (exercise 1.3.28).

For the existence we reduce first of all the situation to the case that p is
positive, by splitting u into its positive and negative parts. We want to show
that then there exists an increasing right-continuous predictable process [
with E[l.] < oo that satisfies (4.3.4) for all X € P,. To do that we stand
the uniqueness argument above on its head and define the random variable
I; € L}F(ft,IP’) as the Radon-Nikodym derivative of the measure u' on F;
with respect to P. Such a derivative does exist: u! is clearly additive. And
if (gn) is a sequence in L>°(F;) that decreases pointwise P-a.s. to zero, then
(M 9") decreases pointwise, and thanks to Doob’s maximal lemma 2.5.18,
inf,, (M g_") is zero except on an evanescent set. Consequently,

lim pf(gn) = lim pu(Mg™-[0] + M- (0,¢]) = 0.
This shows at the same time that u' is o-additive and that it is absolutely
continuous with respect to the restriction of P to F;. The Radon—Nikodym
theorem A.3.22 provides a derivative I, = du'/dP € L (F;,P). In other
words, I; is defined by the equation

p(Mg-[0] + ML - (0,1]) =E[M{ - 1] , g€ L*(Fx) -
Taking differences in this equation results in

p(MZ - (s,t]) = E[M{L, — M{I| =E[g- (I — )] (4.3.5)

_ E[/g-((s,t]] |

for 0 < s <t <oo. Taking g = [Is > I;] we see that I is increasing. Namely,
the left-hand side of equation (4.3.5) is then positive and the right-hand side
negative, so that both must vanish. This says that I; > I, a.s. Taking
t, | s and g = [inf, I; > Is] we see similarly that [ is right-continuous in
L'-mean. I is thus a global L!-integrator, and we may and shall replace it
by its right-continuous modification (theorem 2.3.4). Another look at (4.3.5)
reveals that p equals the Doléans—Dade measure of I, at least on processes
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of the form ¢ - (s,t], g € Fs. These processes generate the predictables, and
so = p! on all of P. In particular,

t

E[M,I, — MoIy) = u(M._(0,¢]) = E[ M. df]

0+

for bounded martingales M . Taking differences turns this into

E[/g.(t,oo)) al | :E[/Mﬂ~((t,oo)) ai

for all bounded random variables g with attached right-continuous martin-
gales MJ = E[g|F]. Now MY - (t,o0) is the predictable projection of
(t,0) - g (corollary A.5.15 on page 439), so the equality above can be read

) E[/Xd[]:E[/XP’PdI}, (+)

at least for X of the form (¢,00) - ¢g. Now such X generate the measurable
o-algebra on B, and the bounded monotone class theorem implies that (x)
holds for all bounded measurable processes X (ibidem).

On the way to proving that I is predictable another observation is useful:
at a predictable time S the jump Alg is measurable on Fg_:

Alg € Fs_ . (>l<>l<)

To see this, let f be a bounded Fg-measurable function and set g &

E[f|Fs-] and M7 % E[g|F;]. Then MY is a bounded martingale that
vanishes at any time strictly prior to S and is constant after S. Thus
M?9-]0,S] = M9-[S] has predictable projection M? [S] =0 and

E[f - (Als — E[AIs|Fs )] = E[gALs] = E[/MQHO,S]] dr] =0

This is true for all f € Fg,so Alg =E[AIg|Fs_].
Now let @ > 0 and let P be a previsible subset of [Al > a], chosen so
that E[ [ P dI] is maximal. We want to show that N % [A] > a] \ P is

evanescent. Suppose it were not. Then

O<E[/Nd[} :E[/NP’PdI],

so that N7F could not be evanescent. According to the predictable sec-
tion theorem A.5.14, there would exist a predictable stopping time S with
[S]  [N?*F > 0] and P[S < oc] > 0. Then

0 <E[NEF[S < o0]] = E[Ns[S < o0]] .
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Now either Ng =0 or Alg > a The predictable® reduction S’ 4 S|ATs>a]
still would have IE[NS/ [S' < oo > 0, and consequently

s [ nistar] 0.

Then Py ¢ [S] \ P would be a previsible non—evanescent subset of N with
E[[ Py dI] > 0, in contradiction to the maximality of P.

That is to say, [Al > a| = P is previsible, for all a > 0: AT is previsible.
Then so is I = I_ + AI; and since this process is right-continuous, it is even
predictable. |

Exercise 4.3.3 A right-continuous increasing process I € ® is previsible if and
only if its jumps occur only at predictable stopping times and if, in addition, the
jump Alr at a stopping time T is measurable on the strict past Fr— of T'.

Exercise 4.3.4 Let V = V + 7V be the decomposition of the cadlag predictable
finite variation process V' into continuous and jump parts (see exercise 2.4.6). Then
the sparse set [AV # 0] = [A’V # 0] is previsible and is, in fact, the disjoint union
of the graphs of countably many predictable stopping times [use theorem A.5.14].

Exercise 4.3.5 A supermartmgale Z >0 rlght contlnuous in probability has
a Doob—Meyer decomposition Z = Z + Z with Z | ;1 < oo and with uniformly
integrable martingale part Z iff {Zr : T € S[F.], T < 0o} is uniformly integrable.

Proof of Theorem 4.3.1: Necessity, Uniqueness, and Existence

Since a local martingale is a local L!-integrator (corollary 2.5.29) and a
predictable process of finite variation has locally bounded variation (exer-
cise 3.5.4 and corollary 3.5.16) and is therefore a local LP-integrator for every
p > 0 (proposition 2.4.1), a process having a Doob—Meyer decomposition is
necessarily a local L!-integrator.

Next the uniqueness. Suppose that Z :~2 —|—~Z = 7'+ 7' are two Doob-
Meyer decompositions of Z. Then M % Z — 7' = 7' — 7 is a predictable
local martingale of finite variation that vanishes at zero. We know from
exercise 3.8.24 (i) that M is evanescent.

Let us make here an observation to be used in the existence proof. Suppose
that Z stops at the time T: Z = ZT. Then Z = Z+Z7 and Z = (E)T-l-(Z)T
are both Doob—Meyer decompositions of Z, so they coincide. That is to
say, if Z has a Doob—Meyer decomposition at all, then its predictable finite
variation and martingale parts also stop at time 7T'. Doing a little algebra one
deduces from this that if Z vanishes strictly before time S, i.e., on [0,.5), and
is constant after time T, i.e., on [T, ), then the parts of its Doob—Meyer
decomposition, should it have any, show the same behavior.

Now to the existence. Let (T,) be a sequence of stopping times that
reduce Z to global L!-integrators and increase to infinity. If we can produce
Doob—Meyer decompositions

ZT"+1 o ZTn — Vn + M

8 See (*#) and lemma 3.5.15 (iv).
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for the global L'-integrators on the left, then Z =3 V™45 M" will be a

Doob—Meyer decomposition for Z — note that at every point @w € B thisis a

finite sum. In other words, we may assume that Z is a global L'-integrator.
Consider then its Doléans—Dade measure p:

:E[/Xdz], XeP,,
and let Z be the predictable process V# of finite variation provided by pro-

position 4.3.2. From
E[/Xd(z—é)] ~0

it follows that Z % Z — Z is a martingale. Z = Z + Z is the sought-after
Doob—Meyer decomposition. |

Exercise 4.3.6 Let T' > 0 be a predictable stopping time and Z a global
L'-integrator with Doob—Meyer decomposition Z = Z + Z. Then the j jump AZr
equals E [AZﬂJ—" 7] The predictable finite variation and martingale parts of any

continuous local L'-integrator are again continuous. For any local L'-integrator Z
|5=121| , < VarZ - I5=1Z]ll,. 2<q<oo.

Exercise 4.3.7 If [ and J are 1ncreasmg processes with pu, < p; — which we also
write dI < dJ, see page 406 — then dl <dJ and I < J.

Exercise 4.3.8 A local L'-integrator Z with bounded jumps is locally an
Li-integrator for all g € (0,00) (see corollary 4.4.3 on page 234 for much more).
Exercise 4.3.9 Let Z be alocal L'-integrator. There are arbitrarily large stopping
times U such that Z agrees on the right-open interval [0,U) with a process that
is a global L%-integrator for all ¢ € (0, 00).

Exercise 4.3.10 Let X be a bounded previsible process. The Doob-Meyer
decomposition of X*Z is XxZ = X7 + X*Z.

Exercise 4.3.11 Let u,V* be as in proposition 4.3.2 and let D be a bounded
previsible process. The Doléans—Dade process of the measure D -y is DxV*.
Exercise 4.3.12 Let V.V’ be previsible positive increasing processes with as-
sociated Doléans-Dade measures py,pys on P. The following are equivalent: (i)
for almost every w € € the measure dV;(w) is absolutely continuous with re-
spect to dV{ (w) on B*(R4); (ii) pv is absolutely continuous with respect to gy ;
and (iii) there exists a previsible process G such that puy = G-py. In this case
dVi(w) = G¢(w)-dV{ (w) on Ry, for almost all w € Q.

Exercise 4.3.13 Let V be an adapted right-continuous process of integrable total
variation V| and with Vo = 0, and let u = py be its Doléans-Dade measure.
We know from proposition 2.4.1 that 'V:Ip < EVEOOHLP, O<p<oo. IfVis
previsible, then the variation process 1V is indistinguishable from the Doléans—
Dade process of iui, and equality obtains in this inequality: for 0 < p < oo

¥l = [ Y aivi]

and Vi :H

LP ‘zr

, Ye&,.
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Exercise 4.3.14 (Fundamental Theorem of Local Martingales [76]) A local
martingale M is the sum of a finite variation process and a locally square integrable
local martingale (for more see corollary 4.4.3 and proposition 4.4.1).

Exercise 4.3.15 (Emery) With the natural conditions in force, let 0 < p < oo,
0<g<oo,and = % —|— . There are universal constants Cj 4 such that for every
global L9- 1ntegrator Z and previsible integrand X

| XxZ ., < Cpq-||X

II""

1 1
OOHLP' :Z:Iq‘

Proof of Theorem 4.3.1: The Inequalities

Let Z = Z + Z be the Doob—Meyer decomposition of Z. We may assume
that Z is a global LP-integrator, else there is nothing to prove. If p = 1,
then

:sup{E[/XdZ} : XG&}S EZEIU

so inequality (4.3.1) holds with Cy = 1.

For p # 1 we go after the martingale term instead. Since Z vanishes
at time zero, it suffices to estimate the size of (X*Z)s for X € & with
Xo = 0. Let then M be a martingale with [[ M|, < 1. Let T" be a

stopping time such that (X*Z_)T and ML are bounded and [2, M]T is a

martingale (exercise 3.8.24 (ii)). Then the first two terms on the right of
(X+ZTYMT = XsZ_«MT + (XM_)«Z" + X«[Z, M]"

are martingales and vanish at zero. Further, X *[2 M and X*[Z, M]T

differ by the martingale X*[Z, M]T. Therefore

T

E[(X*Z)7Mr] :E[ Xd[Z,M]} gE[i[Z,M]ioo} .

0+

Now X*Z is constant after some instant. Taking the supremum over 7' and
X € &; thus gives

Zi g, <sw {E[HZ, M) | 1Ml <17 (+)
If 1 <p <2, we continue this inequality using corollary 4.2.8:

(2410 <202 Sl Z) |l e <2V2 K491 20, <4174,

If 2 < p, we continue at (%) instead with an application of exercise 3.8.10:

741 < 1550121 o - 50D {1 S0 M| 1y ¢ [ Mool < 1} ()
4.2. *
<NSul 21 - OS2 - sup (I M| = Mool <1}
by 2.5.19: < S Z]|| 10 -C,Sf"z'f’) < 1Sx0lZ)l,s - (6/A/P) -

by 3.8.4: <(6p/\P) i1Zi, <6piZi,.
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For p = 2 use ||Se[M]]|;,» < 1 at (x*) instead. This proves the stated

inequalities for Z ; the ones for 7 follow by subtraction. Theorem 4.3.1 is
proved in its entirety. 1

Remark 4.3.16 The main ingredient in the proof of proposition 4.3.2 and thus
of theorem 4.3.1 was the fact that an increasing process I that satisfies

E[M.I] = E| /0 M | (+)

for all bounded martingales M is previsible. It was Paul-André Meyer who
called increasing processes with (%) natural and then proceeded to show
that they are previsible [71], [72]. At first sight there is actually something
unnatural about all this [73, page 111]. Namely, while the interest in previsi-
ble processes as integrands is perfectly natural in view of our experience with
Borel functions, of which they are the stochastic analogs, it may not be alto-
gether obvious what good there is in having integrators previsible. In answer
let us remark first that the previsibility of 7 enters essentially into the proof
of the estimates (4.3.1)—(4.3.2). Furthermore, it will lead to previsible path-
wise control of integrators, which permits a controlled analysis of stochastic
differential equations driven by integrators with jumps (section 4.5).

The Previsible Square Function

If Z is an LP-integrator with p > 2, then [Z,Z] is an L!-integrator and
therefore has a Doob—Meyer decomposition

—

12.2] =[Z.2)+ 2. 7] .

Its previsible finite variation part m is called the previsible or oblique
bracket or angle bracket and is denoted by (Z,Z). Note that (Z,Z)y =
(Z,Z)o = ZZ. The square root s[Z] % \/(Z,Z) is called the previsible
square function of Z. The processes (Z,Z) and s[Z] evidently can be
defined unequivocally also in case Z is merely a local L?-integrator. If Z is
continuous, then clearly (Z,Z7) = [Z, Z] and s[Z] = S[Z].

Let Y, Z be local L2-integrators. According to the inequality of Kunita—
Watanabe (theorem 3.8.9), [V, Z] is a local L!-integrator and has a Doob—
Meyer decomposition

Y, 2] =, 2]+ Y, Z]
with . Z), = [V, Z)o = Yo Zo -

Its previsible finite variation part m is called the previsible or oblique
bracket or angle bracket and is denoted by (Y, Z). Clearly if either of Y, Z
is continuous, then (Y, Z) = [Y, Z].
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Exercise 4.3.17 The previsible bracket has the same general properties as [+, +]:

(i) The theorem of Kunita—Watanabe holds for it: for any two local L*-integrators
Y, Z there exists a set Q¢ € F of full measure P[{29] = 1 such that for all w € Qo
and any two B*(R) ® Foc-measurable processes U,V

< (/Ooo U2 d(Y,Y))l/Q. (/Ooov2 d(Z,Z>)1/2.

(ii) s[Y 4+ Z] < s[Y] + s[Z], except possibly on an evanescent set.
(iii) For any stopping time T and p,q,r > 0 with 1/r =1/p+1/q

/oo UV di(Y, 2)

ltwz) i < lsclZllg, - lseYTl,,

(iv) Let Z',Z* be local L*-integrators and X', X? processes integrable for both.
Then
(X'Z', X+ 2% = (X' - XH«(Z", Z%) .

Exercise 4.3.18 With respect to the previsible bracket the martingales M
with My = 0 and the previsible finite variation processes V are perpendicular:
(M,V)=0. If Z is a local L*integrator with Doob-Meyer decomposition Z =

7+ Z, then

(2,2) =(Z,Z)+(Z,Z) .
For 0 < p < 2 the previsible square function s[M] can be used as a control
for the integrator size of a local martingale M much as the square function
S[M] controls it in the range 1 < p < oo (theorem 4.2.12). Namely,

Proposition 4.3.19 For a locally L?-integrable martingale M and 0 < p < 2

1M e < Cp - l[Soc[M]l s (4.3.6)
with unitversal constants
054.3.6) <9
and 39 < 4/2/p p#2.

Exercise 4.3.20 For a continuous local martingale M the Burkholder—Davis—
Gundy inequality (4.2.4) extends to all p € (0,00) and implies

MY, < Gy [swln]

. . (4.3.7)

4.3.6
for all ¢, with Cc43.7) < { C'Ig ) for 0 < p <2

P = | 29 for 1 <p<oo.

Proof of Proposition 4.3.19. First the case p = 2: thanks to Doob’s maximal
theorem 2.5.19 and exercise 3.8.11

E[M;ﬂ < 4E[M%} - 4E[[M, M]T] - 4E[<M, M)T]

for arbitrarily large stopping times 7. Upon letting T — oo we get
E[M?] <AE[(M,M)s].
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Now the case p < 2. By reduction to arbitrarily large stopping times we may
assume that M is a global L?-integrator. Let s = s[M]. Literally as in the
proof of Fefferman’s inequality 4.2.7 one shows that s?=2-d(s?) < (2/p) d(sP)
and so

/0 2 d(M, M) < (2/p) - 5" . (+)

Next let € > 0 and define 5 = s[M]+¢ and M = 5P~2/2x]M . From the first
part of the proof

E[Mﬂ §4-E[Mf] :4-E[<M,M>t} :4~E[/t§p—2 d(M, M)

t

b <CE[[ o dpnan] < /) B[ (%)
0

Next observe that for ¢t > 0

t t
M, — / 52012 gif — 5202 37, - [ T asep
0 0+
< 2.3 P2 377
The same inequality holds for —M, and since the process on the previous

line increases with ¢,
*

From this, using Ho6lder’s inequality with conjugate exponents 2/(2—p) and
2/p and inequality (kx),

B <220 <o (B) 7 (mE1)

(2-p)/2 p/2 p
< 2(8/p)"* - (E[3}]) (E[H) =0 (4v2/p) B[]
We take the p' root and get | M|, <4v2/p- [ s:M]|l,,- 1

Exercise 4.3.21 Suppose that Z is a global L'-integrator with Doob—Meyer de-
composition Z = Z+Z. Here is an a priori LP-mean estimate of the compensator Z
for 1 <p < co: let P, denote the bounded previsible processes and set

p

| Z||) det sup{IE[/X dZ] : X ePy, X;OHLP/ < 1}.

=1Zi, <p-lZl) .
Lp

P

Then 121 < |12

|

Exercise 4.3.22 Let I be a positive increasing process with Doob—Meyer decom-

position I = T+ 1. In this case there is a better estimate of @(,4'3'1) and 6’54'3'1)

than inequality (4.3.3) provides. Namely, for 1 < p < oo,

T, = and {11, <(@+1)-ili,,.

L SP .
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Exercise 4.3.23 Suppose that Z is a continuous L”-integrator for some p > 2.
Then S[Z] = S[Z] and inequality (4.2.4) can be used to improve the estimate (4.3.3)

minutely to _
Cpr <p+e/2.
The Doob—Meyer Decomposition of a Random Measure

Let ¢ be a random measure with auxiliary space H and elementary inte-
grands &£ (see section 3.10). There is a straightforward generalization of
theorem 4.3.1 to (.

Theorem 4.3.24 Suppose ( s a local Ll—Amndom measure. There exist a
unique previsible strict random measure ¢ and a unique local martingale
random measure  that vanishes at zero, both local L'-random measures, so
that L

(=C+¢.
In fact, there exist an increasing predictable process V' and Radon measures
Ve = Vs, on H | one for every w = (s,w) € B and usually written vy = z/g ,
so that Z has the disintegration

/ H,( dn,ds / / H,(n) ve(dn) dV (4.3.8)

which is valid for every H € P. We call C the intensity or intensity
measure or compensator of (, and vs its intensity rate. E s the
compensated random measure. For 1 < p < oo and all h € EL[H]|
and t > 0 we have the estimates (see definition 3.10.1)

Ct h :Ip < 0(43 1)1 ¢t h —— igt,h EIP < 52(?4.3.1) i cth izp .
Proof. Regard the measure 0 : H — E[ [ H d(], H € P, as a o-finite scalar
measure on the product B % H x B equipped with Coo(H)®E. According
to corollary A.3.42 on page 418 there is a disintegration 6 = fB Ve (dw),
where p is a positive o-additive measure on £ and, for every w € B, v, a
Radon measure on H , so that

| sanam) = [ [ @ watn) i)

for all f-integrable functions H € P. Since p clearly annihilates evanescent
sets, it has a Doléans—Dade process V#. We simply define { by

/H nw) Cldn, ds; ) — //H 0,0) Vs (dn) dVE(w) . weQ,

which clearly has previsible indefinite integrals H *C for arbitrarily large
stopping times Tand H € 5 making it locally a premszble strict random
measure. Then we set C dCfC C. Clearly H *CT is a martingale for
arbitrarily large T and H € £, making it a local martingale random
measure. . 1
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If ¢ is the jump measure j, of an integrator Z, then E = j, is called
the jump intensity of Z and v, = vZ the jump intensity rate. In this
case both Z =7, and Z = 7, are strict random measures. We say that Z
has continuous jump intensity 7, if Y. fI]IO,-]]] ly?| A1 7,(dy, ds) has
continuous paths.

Proposition 4.3.25 The following are equivalent: (i) Z has continuous jump
intensity; (ii) the jumps of Z, if any, occur only at totally inaccessible
stopping times; (iii) Hx), has continuous paths for every previsible Hunt
function H .

Definition 4.3.26 A process with these properties, in other words, a process
that has negligible jumps at any predictable stopping time is called quast-left-
continuous. A random measure ( is quasi-left-continuous if and only if all
of its indefinite integrals X« are, X € £.

Proof. (i) = (ii) Let S be a predictable stopping time. If AZg is
non-negligible, then clearly neither is the jump AYgs = |AZg|? A1 of the
increasing process Y; & fﬂ[o,t]]] ly|? A1 j,(dy,ds). Since AYs > 0, then
AYg = E[AYs|Fs_] is not negligible either (see exercise 4.3.6) and Z does
not have continuous jump intensity. The other implications are even simpler
to see. |

Exercise 4.3.27 If Z is a vector of L'-integrators, then (2, AR Ze],j/z\) is called
the characteristic triple of Z. The expectation of any random variable of the
form ®(Z;), ® € CZ, can be expressed in terms of Zy , Z._ and the characteristic
triple.

4.4 Semimartingales

A process Z is called a semimartingale if it can be written as the sum of
a process V of finite variation and a local martingale M. A semimartingale
is clearly an L%-integrator (proposition 2.4.1, corollary 2.5.29, and proposi-
tion 2.1.9). It is shown in proposition 4.4.1 below that the converse is also
true: an LP-integrator is a semimartingale. Stochastic integration in some
generality was first developed for semimartingales Z = V + M. It was an
amalgam of integration with respect to a finite variation process V', known
forever, and of integration with respect to a square integrable martingale,
known since Courrege [16] and Kunita—Watanabe [60] generalized 1t6’s pro-
cedure. A succinct account can be found in [75]. Here is a rough description:
the dZ-integral of a process F is defined as [F dV + [ F dM, the first
summand being understood as a pathwise Lebesgue—Stieltjes integral, and
the second as the extension of the elementary M-integral under the Hardy
mean of definition (4.2.9). A problem with this approach is that the decom-
position Z = V + M is not unique, so that the results of any calculation
have to be proven independent of it. There is a very simple example which
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shows that the class of processes F' that can be so integrated depends on the
decomposition (example 4.4.4 on page 234).

Integrators Are Semimartingales

Proposition 4.4.1 An L-integrator Z is a semimartingale; in fact, there is a
decomposition Z =V + M with |[AM| < 1.

Proof. Recall that Z" is Z stopped at n. "Z % Zntl _ Z" is a global
L°(P)-integrator that vanishes on [0,n], n = 0,1,.... According to propo-
sition 4.1.1 or theorem 4.1.2, there is a probability "P equivalent with P on
Foo such that "7 is a global L!("P)-integrator, which then has a Doob—Meyer
decomposition "Z = nZ +17 with respect to "P. Due to lemma 3.9.11, "7 is
the sum of a finite variation process and a local P-martingale. Clearly then
sois "Z,say "Z =™ +"M. Both "V and "M vanish on [0,n] and are
constant after time n+ 1. The (ultimately constant) sum Z =5 "V +> "M
exhibits Z as a P-semimartingale.

We prove the second claim “locally” and leave its “globalization” as an
exercise. Let then an instant ¢ > 0 and an € > 0 be given. There exists
a stopping time Ty with P[T} <t] < ¢€/3 such that Z7' is the sum of a
finite variation process V1) and a martingale M) . Now corollary 2.5.29
provides a stopping time 75 with P[T, < t] < €/3 and such that the stopped
martingale MM7T2 is the sum of a process V(2 of finite variation and a
global L%-integrator Z(®). Z®) has a Doob-Meyer decomposition Z(2) =
Z@ 4 Z(®) whose constituents are global L2-integrators. The following little
lemma 4.4.2 furnishes a stopping time 73 with P[T5 < t] < ¢/3 and such
that Z@7T: = V3 4+ M, where V3 is a process of finite variation and M a
martingale whose jumps are uniformly bounded by 1. Then T'=T; ATy, AT3
has P[T < t] < ¢, and

ZT =V + M , where V = (v<3> 4+ ZOT L y@T | V<1>T)
is a process of finite variation: Z7 meets the description of the statement. B

Lemma 4.4.2 Any L?-bounded martingale M can be written as a sum
M =V + M', where V is a right-continuous process with integrable total
variation 1V ., and M’ a locally square integrable globally I'-bounded mar-
tingale whose jumps are uniformly bounded by 1.

Proof. Define the finite variation process V' by
V=Y {AM,: s<t, |AM,] >1/2}, t<oo.
This sum converges a.s. absolutely, since by theorem 3.8.4

Vo = 2{IAM]: [AM,| > 1/2})

<23, (AM)? <2 [M, M]
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is integrable. V' is thus a global L!-integrator, and sois Z = M — V', a
process whose jumps are uniformly bounded by 1/2. Z has a Doob—Meyer
decomposition Z = 7+ Z. By exercise 4.3.6 the jump of Z is uniformly
bounded by 1/2, and therefore by subtraction |[AZ| < 1. The desired
decomposition is M = (2 + V') + Z: M’ = Z is reduced to a uniformly
bounded martingale by the stopping times inf{t : |M’|; > K}, which can be
made arbitrarily large by the choice of K (lemma 2.5.18). V' has integrable
total variation as remarked above, and clearly so does Z (inequality (4.3.1)
and exercise 4.3.13). |

Corollary 4.4.3 Let p > 0. An L°-integrator Z is a local LP-integrator if and
only if |AZ|5 € LP at arbitrarily large stopping times T or, equivalently, if
and only if its square function S[Z] is a local LP-integrator. In particular,
an L%-integrator with bounded jumps is a local LP-integrator for all p < oo.

Proof. Note first that |AZ|} is in fact measurable on F; (corollary A.5.13).
Next write Z = V + M with |[AM| < 1. By the choice of K we can
make the time T < inf{t : Vi V M} > K} A K arbitrarily large. Clearly
My < K +1,s0 MT is an LP-integrator for all p < oo (theorem 2.5.30).
Since A1V} <1+]AZ|, we have |V < K+14|AZ[} € L?, so that V7T
is an LP-integrator as well (proposition 2.4.1). 1

Example 4.4.4 (S. J. Lin) Let N be a Poisson process that jumps at the times
Th,T3,... by 1. It is an increasing process that at time T, has the value n, so it is a
local Lq—integrator for all ¢ < co and has a Doob—Meyer decomposition N = N+N;
in fact Ny = t. Considered as a semimarting&ile, there are two representations of
the foorm N=V +M: N=N+0and N=N+ N.

Now let Hy = (0,71]:/t. This predictable process is pathwise Lebesgue—
Stieltjes—integrable against N, with integral 1/771. So the disciple choosing the
decomposition N = N 4 0 has no problem with the (A:'leﬁnijion of the integral
[ H dN. A person viewing N as the semimartingale N + N — which is a very
natural thing to do? — and attempting to integrate H WithAdNt and with dN; and
then to add the results will fail, however, since [ H;(w) dN¢(w) = [ H¢(w) dt = oo
for all w € 2. In other words, the class of processes integrable for a semimartingale
Z depends in general on its representation Z = V + M if such an ad hoc integration
scheme is used.

We leave to the reader the following mitigating fact: if there exists some repre-
sentation Z =V + M such that the previsible process F' is pathwise dV-integrable
and is dM-integrable in the sense of the Hardy mean of definition (4.2.9), then F'
is Z-0-integrable in the sense of chapter 3, and the integrals coincide.

Various Decompositions of an Integrator

While there is nothing unique about the finite variation and martingale parts
in the decomposition Z =V + M of an L%integrator, there are in fact some
canonical parts and decompositions, all related to the location and size of its

9 See remark 4.3.16 on page 228.
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jumps. Consider first the increasing L°-integrator Y 4 hox),, where hg is
the prototypical sure Hunt function y — |y|?A1 (page 180). Clearly Y and Z
jump at exactly the same times (by different amounts, of course). According
to corollary 4.4.3, Y is a local L2-integrator and therefore has a Doob-Meyer
decomposition Y = Y+Y whose only use at present is to produce the sparse
previsible set P % [AY # 0] (see exercise 4.3.4). Let us set

PZ 4t PxZ and 2% Z —PZ = (1 - P)xZ . (4.4.1)

By exercise 3.10.12 (iv) we have j,, = (1 — P) -, and this random measure

has continuous previsible part j,, = (1 — P)-7,. In other words, Z has
continuous jump intensity. Thanks to proposition 4.3.25, A%g = 0 at all
predictable stopping times S':

Proposition 4.4.5 Every L°-integrator Z has a unique decomposition
Z =7+

with the following properties: there exists a previsible set P, a union of the
graphs of countably many predictable stopping times, such that *Z = Px"Z 10,
and Z jumps at totally inaccessible stopping times only, which is to say that
7 is quasi-left-continuous. For 0 < p < oo, the maps Z — *Z and Z — Z
are linear contractive projections on IP.

Proof. If 7 =YZ +% = 7 =77 + 97", then *Z —YZ' = 7' — 7 is
supported by a sparse previsible set yet jumps at no predictable stopping time,
so must vanish. This proves the uniqueness. The linearity and contractivity
follow from this and the construction (4.4.1) of ¥Z and %Z, which is therefore
canonical. 1

Exercise 4.4.6 Every random measure ¢ has a unique decomposition ¢ = ¢ 4+ %
with the following properties: there exists a previsible set P, a union of the graphs
of countably many predictable stopping times, such that ?¢ = (HxP)-¢ '>*!; and
% jumps at totally inaccessible stopping times only, in the sense that H*% does
for all H € P. For 0 < p < oo, the maps ¢ — * and ¢ — % are linear contractive
projections on the space of LP-random measures.

Proposition 4.4.7 (The Continuous Martingale Part of an Integrator)  An
LC-integrator Z has a canonical decomposition

Z2=Z+"7,

where °Z is a continuous local martingale with *Zy = 0 and with continuous
bracket [°Z,°Z) = 927, Z] and where the remainder "Z has continuous bracket
1Z,7Z) = 0. There are universal constants C, such that at all instants t

2 S GiZty, and 12N, < G2, 0<p<oo. (442)

Tp

10 We might paraphrase this by saying “d’Z is supported by a sparse previsible set.”
1 This is to mean of course that H+’¢ = (H - (HxP))*( for all H € P.
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Exercise 4.4.8 Z and Z have the same continuous martingale part. Taking the
continuous martingale part is stable under stopping: (Z7) = (2)" at all T € ¥.
Consequently (4.4.2) persists if ¢ is replaced by a stopping time 7.

Exercise 4.4.9  Every random measure ( has a canonical decomposition as
¢ =C+"C, given by H+C = (Hx() and H+'¢ = "(H*(). For 0 < p < oo, the
maps ¢ — < and ¢ — "¢ are linear projections on the space of LP-random measures
with i&Ch,tiIP < Cp(4.4.2) ich,t i . and irCh,t i . < Cp(4.4.2) iCh,tin’ he €+[H].

Proof of 4.4.7. First the uniqueness. If also Z =2’ +"Z', then °Z -7’ is a
continuous martingale whose continuous bracket vanishes, since it is that of
7' —"Z; thus °Z — 7’ must be constant, in fact, since Zy = 7}, it must
vanish.

Next the inequalities:

2ty <O |82l = Glledzll, < Glsi2)l,

< CPKZ()&&G) iZt i -
Now to the existence. There is a sequence (T*) of bounded stopping times
with disjoint graphs so that every jump of Z occurs at one of them (exer-
cise 1.3.21). Every T° can be decomposed as the infimum of an accessible
stopping time Tf;‘ and a totally inaccessible stopping time T} (see page 122).
For every i let (S%7) be a sequence of predictable stopping times so that
[T%] € U;[5™7], and let A denote the union of the graphs of the S™7.
This is a previsible set, and AxZ is an integrator whose jumps occur only
on A (proposition 3.8.21) and whose continuous square function vanishes.
The jumps of Z' ¥ Z — AxZ = (1 — A)*Z occur at the totally inaccessible
times T%.

Assume now for the moment that Z is an L2-integrator; then clearly so is
Z'. Fix an i and set J® %! AZ}; - [T%, o). This is an L?-integrator of total
variation |AZ!,| € LQA and has a Doob-Meyer decomposition Jt=Ji+ Ji.
The previsible part Ji is continuous: if [AJ? > 0] were non-evanescent, it
would contain the non-evanescent graph of a previsible stopping time (theo-
rem A.5.14), at which the jump of Z’ could not vanish (exercise 4.3.6),
which is impossible due to the total inaccessibility of the jump times of Z’.
Therefore J¢ has exactly the same single jump as J*, namely AZ/ i at T?.

=2 (EL X 18717)

I<i<J

Now at all instants ¢

I3 AL =2l 2
I1<i<J 1<i<J

gz@[z:m%w

I<i<J

1/2

*
t

1/2
2 =150
i|> I<J;I,J—oo Y+

The sum M 4 5", Ji therefore converges uniformly almost surely and in L?
and defines a martingale M that has exactly the same jumps as Z’. Then

7" 7 M= (1-A)xZ—M
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is a continuous L2-integrator whose square function is 9Z, Z]. Its martingale
part evidently meets the description of ¢Z.

Now if Z is merely an L°(P)-integrator, we fix a ¢ and find a probability
P’ ~ P on F; with respect to which Z¢ is an L?-integrator. We then write Z°
as Z'"" + 77" where °Z’t is the canonical P’-martingale part of Z*. Thanks
to the Girsanov-Meyer lemma 3.9.11, whose notations we employ here again,

7" = (2~ GosZ",G) + (Gos(2"C) ~ (7GsG

is the sum of two continuous processes, of which the first has finite variation
and the second is a local P-martingale, which we call ¢Z*. Clearly °Z? is
the canonical local P-martingale part of the stopped process Z!. We can
do this for arbitrarily large times t. From the uniqueness, established first,
we see that the sequence (EZ ”) is ultimately constant, except possibly on an
evanescent set. Clearly °Z % lim,, ., °Z™ is the desired canonical continuous
martingale part of Z; and "Z is defined as the difference Z — 7. _ 1

In view of exercise 4.4.8 we now have a canonical decomposition
Z="Z+Z2+"Z
of an L% integrator Z, with the linear projections
Z—"Z,7Z—°Z ,and Z—"Z

continuous from ZP to ZIP for all p > 0. Z — PZ is actually contractive, the
other two have iéZin < Ccr442) \Z: ., and {"Zi_, < Cr(44.2) \Z: ., for
p > 0 (see exercises 4.4.8 and 4.4.9).

D

Exercise 4.4.10 "Z can be decomposed further. Set
zeet [ ylyl<tdin = [ yelul<1dr.
[o,¢1 [o,¢1

%ﬁg/' ynm>1hmzz/ﬁ y-[lyl>1]djz,
[o,t] [o,t]
and ACRY A S

Then °Z is a martingale with zero continuous part but jumps bounded by 1, the
small jump martingale part;, 'Z is a finite variation process without a continuous
part and constant between its jumps, which are of size at least 1 and occur at
discrete times, the large jump part; and °Z is a continuous finite variation process.
The projections "Z — °Z, "Z — 'Z , and "Z — °Z are not even linear, much less
continuous in Z?. From this obtain a decomposition

Z="2+%2)+(2)+("2+°Z2+'2) (4.4.3)

and describe its ingredients.
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4.5 Previsible Control of Integrators

A general LP-integrator’s integral is controlled by Daniell’s mean; if the
integrator happens to be a martingale M and p > 1, then its integral can
be controlled pathwise by the finite variation process [M,M] (see defini-
tion (4.2.9) on page 216). For the solution of stochastic differential equations
it is desirable to have such pathwise control of the integral not only for
general integrators instead of merely for martingales but also by a previsible
increasing process instead of [M, M], and for a whole vector of integrators
simultaneously. Here is what we can accomplish in this regard — see also
theorem 4.5.25 concerning random measures:

Theorem 4.5.1 Let Z be a d-tuple of local L1-integrators, where 2 < q < oo.
Fiz a (small) « € (0,1). There exists a strictly increasing previsible process
A=AD[Z] such that for every pe(2,q|, every stopping time T, and every
d-tuple X = (Xq,...,Xq) of previsible processes

T 1/p
X+Z[%||,, <C° H(/ XpdA) H , 4.5.1
IX*Z7ll, < €y max ; | X5 dA, . (4.5.1)
with | X | ¥ | X | = max }Xn‘ and universal constant CS < 9.5p.
* 1<n<d P

2 if Z is a martingale

o __ 10 def
Here 17 =17[Z]= { 1 otherwise,

1 of Z is continuous and has finite variation
and p®=p°[Z]¥ < 2 if Z is continuous and Z # 0
p if Z has jumps.

Furthermore, the previsible controller A can be estimated by

E[A§5’> [Z]} < oE[T] + 3<EZTin v iZTi;) (4.5.2)
and Aéﬂn [Z] > oT  at all stopping times T .

Remark 4.5.2 The controller A constructed in the proof below satisfies the
four inequalities

a-dt < dAy; (4.5.3)
and X, ls 4127 < | X, dAs
d| X, Xgx(Z", Z°)|" < | X |2 dA,

| X" T ds) < X120,

for all previsible X, and is in fact the smallest increasing process doing so.
This makes it somewhat canonical (when « is fixed) and justifies naming it
THE previsible controller of Z .
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The imposition of inequality (4.5.3) above is somewhat artificial. Its purpose
is to ensure that A is strictly increasing and that the predictable (see exer-
cise 3.5.19) stopping times

TA < inf{t: Ay > A} and T < inf{t: A, > \} (4.5.4)

agree and are bounded (by A/«a); in most naturally occurring situations one
of the drivers Z" is time, and then this inequality is automatically satis-
fied. The collection T* = {T? : A > 0} will henceforth simply be called
THE time transformation for Z (or for A). The process A?[Z] or the
parameter A, its value, is occasionally referred to as the intrinsic time. It
and the time transformation 7" are the main tools in the existence, unique-
ness, and stability proofs for stochastic differential equations driven by Z in
chapter 5.

The proof of theorem 4.5.1 will show that if Z is quasi-left-continuous,
then A is continuous. This happens in particular when Z is a Lévy process
(see section 4.6 below) or is the solution of a differential equation driven by
a Lévy process (exercise 5.2.17 and page 349). If A is continuous, then the
time transformation A — T is evidently strictly increasing without bound.
Exercise 4.5.3  Suppose that inequality (4.5.1) holds whenever X € P? is

bounded and T reduces Z to a global LP-integrator. Then it holds in the generality
stated.

Controlling a Single Integrator

The remainder of the section up to page 249 is devoted to the proof of theo-
rem 4.5.1. We start with the case d = 1: in this subsection Z is a single
local Li-integrator Z for some g € [2,00).

The main tools are the higher order brackets Z!P) defined for all ¢

by 12 zM ez, le]déf[Z,Z]tZC[Z,Z]ﬁr/ y? 95 (dy, ds) ,
[0,¢]
Z) > (AZS)”Z/ y” 3,(dy,ds) , for p=3,4,...,
0<s<t [0,
and (70 e 3 \Azs}p:/ 191° 25(dy, ds)
0<s<t fo,t]

defined for any real p > 2 and satisfying

711 < ( 3 |az, |) < S,[7] . (4.5.5)

0<s<t

For integer p,

1 ZIPll is the variation process of ZP!. Observe now that
equation (3.10.7) ¢

an be rewritten in terms of the Z[P! as follows:

12 10,] is the product R? x [0,t] of auziliary space R with the stochastic interval [0, ].
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Lemma 4.5.4 For an n-times continuously differentiable function ® on R
and any stopping time T

®(Zp) = B(Z) +Z /q><”> ) dzl!
0+

taenmt (n) ]
+ | i (Z +AAZ) dZI") d) . 1
o (m=1! Jou

Let us apply lemma 4.5.4 to the function ®(z) = |z|P, with 1 < p < co. If
n is a natural number strictly less than p, then ® is n-times continuously
differentiable. With € = p — n we find, using item A.2.43 on page 388,

n—1 t

2 =1z + 32 () / 217 (sgn Z.)" dZV
— V7 Jo+
v=1

1 t
+/ n(l—A>”‘1/ ( )\Z +AAZ| (sgn(Z.- +AAZ))" dz™ dXx .
0 0+

Writing |Zo|P as | oy ¢ 1 ZIPl1 produces this useful estimate:

Corollary 4.5.5 For every L°-integrator Z, stopping time T, and p > 1 let
n = |p| be the largest integer less than or equal to p and set € < p—n < 1.

T n—1 T
Then ‘Z|I:)p§p/ |Z\I,7__1-sgnZ._ dZ—f—Z(p)/ | Z|P~Y diZ[V]i
0 —\v/ )y

+/01n(1_w—1/0i (i)(}Z}__-l-)\}AZ} dizZMax . (4.5.6)

Proof. This is clear when p > |p|. In the case that p is an integer, apply
this to a sequence of p,, > p that decrease to p and take the limit. .

Now thanks to inequality (4.5.5) and theorem 3.8.4, [Z¥li is locally inte-
grable and therefore has a Doob—Meyer decomposition when p is any real
number between 2 and ¢g. We use this observation to define positive increas-
ing previsible processes Z'?) as follows: Z{1 = 525, and for p € [2,q],
Z(P) is the previsible part in the Doob-Meyer decomposition of ! ZP!! . For
instance, Z‘? = (Z, Z). In summary

—
~

ARR RV ANYACE SRR ANENT EVACE VAL for 2<p<gq.

Exercise 4.5.6 (XxZ)" = |X|?+Z) for X € P, and p € {1} U[2,q].

In the following keep in mind that Z¢ =0 for p > 2 if Z is continuous, and
Z() =0 for p > 1 if in addition Z has no martingale component, i.e., if Z is
a continuous finite variation process.The desired previsible controller A(%)[Z]
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will be constructed from the processes Z‘), which we call the previsible
higher order brackets. On the way to the construction and estimate three
auxiliary results are needed:

Lemma 4.5.7 For 2 < p < o < 1 < q, we have both zo) <z Z(m)
and (Z<">)1/U < (Z<p>)1/p V (Z<T>)1/T , except possibly on an evanescent set.

50,
1/7

o 1/o 1/ T
[, <fl@ ), v @,
for any stopping time T and p € (0,00) — the right-hand side is finite for
sure if ZT is T9-bounded and p < q.

(4.5.7)

Proof. A little exercise in calculus furnishes the equality

inf {AN"7 £ BN"7 A >0} =C- AT B | (4.5.8)
_ (0 =P\ o—p\ s
with ¢= (T—O’) +(7‘—0) '

The choice A=B =1 and A = ‘AZS} gives

C-|AZ|" <|AZ|" +|AZ]", 0<s<oo,
which says  C-dizl°ll <adizlPli +qizl7
and implies C-dz\% <dzP +dz{") (4.5.9)
and C .79 <z 4 71 ,
except possibly on an evanescent set. Homogeneity produces

C-NZ9) < ez 4 \"Z(T) A>0.
By changing Z{°) on an evanescent set we can arrange things so that this
inequality holds at all points of the base space B and for all A > 0. Equa-
tion (4.5.8) implies

o—p

C.-z9 <C. (Z<”>)% : (Z<T>)T—p ’

ie., ASES (Z<p>)% . (Z(T>)::£
and (Z<">)1/" < (%p)l/p)% . (%r}lﬁ)% ‘ (*)

The two exponents e, and e, on the right-hand side sum to 1, in either of the
previous two inequalities, and this produces the first two inequalities of lem-
ma 4.5.7; the third one follows by taking the pth root after a%plying Holder’s
inequality with conjugate exponents 1/e, and 1/e, to the pt power of (x).
|

Exercise 4.5.8 Let p'” denote the Doléans-Dade measure of Z” . Then
' < pfP v 7 whenever 2 < p< o<1 <gq.
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Lemma 4.5.9 At any stopping time T and for all X € Py and all p € [2,¢]
T 1/p

(/ 1X|P dz<p>) H . (4.5.10)
0 L

T
(/ | X|P dz(m)l/p‘
0
with universal constant C’; < 9.5p.

Proof. First assume that Z is a global L%-integrator. Let n = |p| be the
largest integer less than or equal to p, set e =p —n

H}X*z\;‘

<C,- max
p=1°,2,p°

Lp

< C°. max
p p:1<>727q<>

4.5.11
RSNCEREY

and ¢=([Z]%  max H (Z§g>)1/p‘ (4.5.12)
p:17"'7n7p Lp
by inequality (4.5.7): = max (Z<p>)1/p‘ = max (Z<p>)1/p‘
p:1,2,p & Lp p:10’2’p0 & Lr
< max (Zéé’))l/p . (4.5.13)
p=1°,2,q° Lp

The last equality follows from the fact that Z() = 0 for p > 2 if Z is
continuous and for p = 1 if it is a martingale, and the previous inequality
follows again from (4.5.7). Applying the expectation to inequality (4.5.6) on
page 240 produces

n—1

E[|Z]E,] SPE[/OOO |Z|I.)__1 -sgn Z._ dZ] + Z (5)1%3[/000 \Z|P~v diZ[u]i}

v=2

+/01n(1—)\)”_1<p)E[/0 (12| +A|az])* aiz] ax.

n +
<SS (][ )

+ /01 n(l - A>“—1(2>E[/:(\2\__ +2|Az))" dizl ] da

Let us estimate the expectations in the first quantity Q;:
E[/ \Z|P= dZ<“>} < E[\Z;O\p_” : Z§g>]
0

v

using Hélder’s inequality: < ||Z%| i;y . H (Zé?)l/u

Lp

by definition (4.5.12): < ||Z;o ||I£;V ¢V

n—1
Therefore Q<Y (p) 1z |57 ¢ (4.5.15)
14
v=1
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To treat ()2 we assume to start with that ¢ = 1. This implies that the
measure X — E[ [ X diZ[Pl}] on measurable processes X has total mass

o f1020) -] - |20

(For the first equality see inequality (4.3.1) on page 221 and exercise 2.5.33
on page 86) and makes the Jensen inequality of exercise A.3.25 applicable to
the concave function R4 3 z — 2¢ in (*) below:

<¢'=1
P

E[/ (1Z].- + NAZ|) d;zM ]
0+

— [ [~ (211827 4 2" aiz?] (4

< (E_/O+ Z|._|AZ) diZP), }HE[/

0+

- (IE _/0+ 1Z]._ diZ[p‘”i] +AE[Z§§>])

< (B[22.2870] + A)E

diZ[p]iDE

by Holder: (||Z;||Lp - H}Zgg—”\

—1 €
—l—)\)
as (=1 < (2%l - T A = (125 + 20 - ¢

We now put this and inequality (4.5.15) into inequality (4.5.14) and obtain

E| 2% Z()HZ s

1

| n( =" (D) (122l +20) - ¢

by A.2.43: (HZ;OHLP + C) ||Z* ||Lp )

which we rewrite as
1 Zoo 70 + 1 25110 < (1125 N1 1o + C[2])7 (4.5.16)

If ¢[Z] # 1, we obtain ([pZ] =1 and with it inequality (4.5.16) for a suitable
multiple pZ of Z; division by pP produces that inequality for the given Z.

We leave it to the reader to convince herself with the aid of theorem 2.3.6
that (4.5.10) and (4.5.11) hold, with CJ < 4P. Since this constant increases
exponentially with p rather than linearly, we go a different, more labor-
intensive route:
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If Z is a positive increasing process I, then I = I'* and (4.5.16) gives
2P | Il o < S o +€CID

ie., ISl < (21/p - 1)_1 [ (4.5.17)

It is easy to see that (21/p — 1)_1 <p/In2 < 3p/2. If I instead is predictable
and has finite variation, then inequality (4.5.17) still obtains. Namely, there
is a previsible process D of absolute value 1 such that DxI is increasing.
We can choose for D the Radon-Nikodym derivative of the Doléans-Dade
measure of I with respect to that of {I}. Since I‘?) = T ) for all p and
therefore ([I] = ([iI!], we arrive again at inequality (4.5.17):

125, < | 4142,

‘Lp < Bp/2) <[ T1] = Bp/2) 1] . (4.5.18)

Next consider the case that Z is a ¢-integrable martingale M. Doob’s
maximal theorem 2.5.19, rewritten as

(/)P +1) - IMLNT e < Mool + IIMZ
turns (4.5.16) into
1/ * *
((/p")P + 1) IME e < IME Lo +C[M]
: * / 1/p -1
which reads 1ML, < (((1/p P4+ 1)P - 1) M) . (4.5.19)

We leave as an exercise the estimate (((1/p)? + 1)1/p — 1)_1 < 5p for p > 2.

Let us return to the general LP-integrator Z. Let Z :AE + Z be its
Doob-Meyer decomposition. Due to lemma 4.5.10 below, ¢([Z] < ([Z] and
¢[Z] < 2¢[Z]. Consequently,

1255 < | 2%

+ HZ;O
Lp

Lp
by (4.5.18) and (4.5.19): < (3p/2+2-5p)([Z]) < 12p-([Z] .
The number 12 can be replaced by 9.5 if slightly more fastidious estimates

are used. In view of the definition (4.5.12) of ¢ and the bound (4.5.13) for it
we have arrived at

* < 9, (p) 1/p H <9,
25 HLP = 959 pznll%}fp<> H (ZOO ) Ly )-op p:Hll,%}fq<>

(20)""|

Le

Inequality (4.5.10) follows from an application of this and exercise 4.5.6 to
X+ ZTANTn  for which the quantities ¢, etc., are finite if 7}, reduces Z to
a global LY-integrator, and letting 7;, T oo. This establishes (4.5.10) and
(4.5.11). |
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Lemma 4.5.10 Let Z = Z + 7 be the Doob—Meyer decomposition of Z. Then
7% < z®)  and  ZP < orziP , pe{llUl2,q.

Proof. We clearly may reduce this to the case that Z is a global L9-integrator.
First the case p = 1. Since ZIW=Z is previsible, Z\'=1Zi=21)
Next let 2 < p < ¢. Then if[p]it =) . ‘A?S‘p is increasing and
predictable on the grounds (cf. 4.3.3) that it jumps only at predictable
stopping times S and there has the jump (see exercise 4.3.6)

AV ZPL = |AZs|” = [E[AZs|Fs |,

which is measurable on the strict past Fs_. Now this jump is by Jensen’s
inequality (A.3.10) less than

E[|AZs|?|Fs] =E[A}1 2P} | Fs ] = AZY

That is to say, the predictable increasing process 7 = EZ [P} which has
no continuous part, jumps only at predictable times S and there by less than
the predictable increasing process Z?). Consequently (see exercise 4.3.7)
dZ(?) < dZP) and the first inequality is established.

Now to the martingale part. Clearly ZM = 0. At p = 2 we observe
that [Z, Z] and [Z,Z] + [Z,Z] differ by the local martingale 2[Z, Z] — see
exercise 3.8.24(iii) — and therefore

AR [Z, 21<(2.2]=(2,2) = 2 .

If p > 2, then |AZ,|" <2071 (|AZs| + |AZ)) |
which reads diZPy <2071 (di 2P 4 4} Z0P))
by part 1: §2p—1(diz[p]i +dZ<p>).

The predictable parts of the Doob—Meyer decomposition are thus related by
AR 2p—1(Z<p> + Z(ﬁ)) —orz{p) I

Proof of Theorem 4.5.1 for a Single Integrator. While lemma 4.5.9 affords
pathwise and solid control of the indefinite integral by previsible processes of
finite variation, it is still bothersome to have to contend with two or three
different previsible processes Z{?) . Fortunately it is possible to reduce their
number to only one. Namely, for each of the Z?, p = 1°,2,¢°, let pi”
denote its Doléans-Dade measure. To this collection add (artificially) the
measure (% 4 o . dt x P. Since the measures on P form a vector lattice
(page 406), there is a least upper bound v % p{0 v 1 v (2 v 6 1f 7
is a martingale, then () =0, so that v = (O v u<10> VATIAY; u<q0>, always.
Let A9 [Z] denote the Doléans-Dade process of v. It provides the pathwise
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and solid control of the indefinite integral X+Z promised in theorem 4.5.1.
Indeed, since by exercise 4.5.8

dz{?) < dA'? (7], pe{1%2,p° 4%},

each of the Z() in (4.5.10) and (4.5.11) can be replaced by A{?[Z] without
disturbing the inequalities; with exercise A.8.5, inequality (4.5.1) is then
immediate from (4.5.10).

Except for inequality (4.5.2), which we save for later, the proof of theo-
rem 4.5.1 is complete in the case d = 1. 1

Exercise 4.5.11 Assume that Z is a continuous integrator. Then Z is a local
L%integrator for any ¢ > 0. Then A = A‘? = A® is a controller for [Z, Z]. Next
let f be a function with two continuous derivatives, both bounded by L. Then A
also controls f(Z). In fact for all T € T, X € P, and p € [2,¢]

L B T (FAET O

Previsible Control of Vectors of Integrators

A stochastic differential equation frequently is driven by not one or two but
by a whole slew Z = (Z',22,...,Z%) of integrators — see equation (1.1.9)
on page 8 or equation (5.1.3) on page 271, and page 56. Its solution requires
a single previsible control for all the Z"7 simultaneously. This can of course
simply be had by adding the A{?[Z"]; but that introduces their number d
into the estimates, sacrificing sharpness of estimates and rendering them
inapplicable to random measures. So we shall go a different if slightly more
labor-intensive route.

We are after control of Z as expressed in inequality (4.5.1); the problem
is to find and estimate a suitable previsible controller A = A{?[Z] as in
the scalar case. The idea is simple. Write X = | X |- X', where X' is a
vector field of previsible processes with |X(|(w) % sup, [X, (w)| <1 for all
(s,w) € B. Then X*Z = | X |*(X'«Z), and so in view of inequality (4.5.11)

(/OT X | d(X’*Z)<p>>

whenever 2 < p < ¢. It turns out that there are increasing previsible
processes Z'P) p=1°,2, ¢°, that satisfy

1/p
Xzl <G, \

Lp

d(X'*Z)<p> < dz®

simultaneously for all predictable X’ = (X{,..., X)) with |X’| < 1. Then

(/OT X7 dZ<P>>1/pHLp . (4.5.20)

* &
I XZ]p ]l < G max
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The Z{?) can take the role of the Z( in lemma 4.5.9. They can in fact be
chosen to be of the form Z() = (PX*Z){¥) with PX predictable and having
|PX | < 1; this latter fact will lead to the estimate (4.5.2).

1) To find Z‘" we look at the Doob-Meyer decomposition Z = Z+Z ,
in obvious notation. Clearly

d(X'*2)V =Y, X dZn <Y, |X)|dizni <dz®  (45.21)
for all X’ € P? having | X’| < 1, provided that we define
ZzWaer Nz

1<n<d

To estimate the size of this controller let G" be a previsible Radon-Nikodym
derivative of the Doléans-Dade measure of Z" with respect to that of i2 ni.
These are previsible processes of absolute value 1, which we assemble into a
d-tuple to make up the vector field *X . Then

E[Z{)] :E[/leZ] < PXZi,

by inequality (4.3.1): < ilX*ZiI1 < iZiIl . (4.5.22)
Exercise 4.5.12 Assume Z is a global L%integrator. Then the Doléans—Dade

measure of Z! is the maximum in the vector lattice MM*[P] (see page 406) of the
Doléans-Dade measures of the processes {X'*Z : X’ € (£4)7,|X'| < 1}.

2) To find next the previsible controller Z (2) | consider the equality

dX'+2)% = Y X Xpd(2",2°%) .
1<n,0<d
Let ™% be the Doléans-Dade measure of the previsible bracket (Z7, Z?).
There exists a positive o-additive measure p on the previsibles with respect
to which every one of the u? is absolutely continuous, for instance, the sum
of their variations. Let G™? be a previsible Radon-Nikodym derivative of
u™? with respect to p, and V the Doléans-Dade process of . Then

(z", 7% = G5V .

On the product of the vector space G of d x d-matrices g with the unit ball
(box) of £>°(d) define the function ® by ®(g,y) < > 5 ynye g™? and the

def

function o by o(g) & sup{®(g,y) : y € ¢5°}. This is a continuous function
of g € G, so the process o(G) is previsible. The previous equality gives

Ad(X'+2)? =" X, Xy G dV < o(G) dV =dZ?
n,0

for all X’ € P? with | X’| < 1, provided we define
Z2) = 5(Q)V .
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To estimate the size of Z{?, we use the Borel function v : G — ¢3¢ with
o(g) = ®(g,7(g)) that is provided by lemma A.2.21 (b). Since 2X % yo0 G
is a previsible vector field with [2X | <1,

E[ngj} :E[/Ooo (@) dv} - /O‘(G) dy

= /ZQXUQXG G"Y dy = E[/Oo Z2XU2X9 a(z", Ze)}
7,0 0 7,0

=E[(?X*Z,?X*Z) ) = E[[’X*Z,°X xZ] (4.5.23)
= E|(Sx[X+2))°| < 1*X+213, < 1213, (4.5.24)

Exercise 4.5.13 Assume Z is a global L?-integrator, ¢ > 2. Then the Doléans—
Dade measure of Z? is the maximum in the vector lattice 9t*[P] of the Doléans—
Dade measures of the brackets {[X'+Z, X'*Z]: X' € (£%)7,|X'| < 1}.

q) To find a useful previsible controller Z'9 now that Z‘V and
Z2) have been identified, we employ the Doob-Meyer decomposition of the
jump measure 7, from page 232. According to it,

B[ [ aixezi] B[ ) gy, ds)
0 R x[0,00)

=E[[ [ v av]

Now the process o'? defined by

o = s [ (@) veldy) = sup (@',
|:c’|§1 | /|<1

is previsible, inasmuch as it suffices to extend the supremum over &’ € £3°(d)
with rational components. Therefore

5[ [ 1oz @] <[ [Tz [ jocm ) v,

gE[/O 1X]? o dv]

From this inequality we read off the fact that d(X’+Z){? < dZ(9 for all
X' € P4 with | X'| < 1, provided we define

Z.a) daef (@) 1/

To estimate Z'? observe that the supremum in the definition of o(? is
assumed in one of the 2¢ extreme points (corners) of £5°(d), on the grounds
that the function

T — bz /\wly Ve (dy)
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is convex.!'3 Enumerate the corners: ¢, cs,... and consider the previsible
sets P, {w : ¢x(cr) = o(w)} and P, P\ U, Pi, k= 1,...,2%
The vector field 2X which on P| has the value ¢; clearly satisfies

ztla) — (qX*Z)@ i
Thanks to inequality (4.5.5) and theorem 3.8.4,

E|2{] = E[(X+2)@)] = E[i(QX*zﬂq]em]

by 3.8.21: [Z (1X \AZ> / (1X | y)|? jz(dy,ds)] (4.5.25)
s§<o0
<E[SL[X*Z]] < {'XxZ{1 <iZi% . (4.5.26)

Proof of Theorem 4.5.1. We now define the desired previsible controller

A‘D[Z] as before to be the Doléans-Dade process of the supremum of (%

and the Doléans—Dade measures of Z1, Z2) and Z(? and continue as in

the proof of theorem 4.5.1 on page 245, replacing Z¥) by Z{) for p=1,2,q.
To establish the estimate (4.5.2) of A{?[Z] observe that

AN1Z) <a-T+ 20 + 282 + 23

so that E[M7(2] <o BT +E[ 2] + E[ 2] +E[2{?]

by (4.5.22), (4.5.24), and (4.5.26): < a-E[T]+1Z"7!_ , + | Z,I2 + ZT:Iq
<a-E[T|+1Z7,, + ZT:Iq z"7,
ga-E[T]+3< Z: Vi Z,Iq). I |

Exercise 4.5.14 Assume Z is a global L?-integrator, ¢ > 2. Then the Doléans—
Dade measure of Z? is the maximum in the vector lattice 9t*[P] of the Doléans—
Dade measures of {|H|%%7, : H(y,s) < (Xl|y), X' € (£)7,|X’'| < 1}.
Exercise 4.5.15 Repeat exercise 4.5.11 for a slew Z of continuous integrators:
let A be its previsible controller as constructed above. Then A is a controller for
the slew [Z",Z°], 1,6 = 1,...,d. Next let f be a function with continuous first
and second partial derivatives: '

(@ < L-Jul, and [fopu™e’| < L-Jul?, uweR?,

Then A also controls f(Z). In fact, for all T € ¥ and X € P

11X(2)7|,, < (C’?“)L'Fiﬁ‘,’éH(/oT\X!’: dAs>1/p‘

Ly

13 Recall that @ = (s,w). Thus v is vs with w in evidence.

2
14 Subscripts after semicolons denote partial derivatives, e.g., ®., 4f gf; , D 89?77%'
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Exercise 4.5.16 If Z is quasi-left-continuous (°Z = 0), then A{?[Z] is contin-
uous. Conversely, if A(@ [Z] is continuous, then the jump of X *Z at any predictable
stopping time is negligible, for every X € P<.

Exercise 4.5.17 Inequality (4.5.1) extends to 0 < p < 2 with

Cz < 20\/(1—p)/p(1 + CI()4.3.6)) ‘

Exercise 4.5.18 In the case d = 1 and when Z is an L”-integrator (not merely a
local one, p > 2) then the functional || HZ_Z on processes F': B — R defined by

(/ Talk dA)l/p )

|F|° , %< Cp - max
Lp

p—Z =19 p°

is a mean on £ that majorizes the elementary dZ-integral in the sense of L”.

If Z is a continuous local martingale, then 1° = p® = 2 and, up to the factor
Cy <pve/2, | H;Z agrees with the Hardy mean of definition (4.2.9); thus || ||;Z
is an extension to general integrators of the Hardy mean when 2 < p < cc.

Exercise 4.5.19 For a d-dimensional Wiener process W and g > 2,
AP W= W2 =dt .

Exercise 4.5.20 Suppose Z is continuous and use the previsible controller
A of remark 4.5.2 on page 238 to define THE time transformation (4.5.4). Let

0 S gn € ‘FT"“ a‘nd 1 S 77’97L S d Set HgHLp déf Hz(yi,:1|g77|”[,z7'
(i) For £=0,1,... there are constants C, < £!(C5)" such that,

*£
. <C, (:U*_’Q)Z/Q |8l e (4.5.27)

for k < p < K+1, Hgn~|Z"—Z"T T

~

(n=r)""* " lg]l , - (4.5.28)

S

wd | [Clo 17z iz, 2

< ¢
e~ L/241
(ii) For £ = 0,1,... there are polynomials P, such that for any u > &

v < Po(Vi—r)-llgll » - (4.5.29)

Exercise 4.5.21 (Emery) Let Y, A be positive, adapted, increasing, and right-
continuous processes, with A also previsible. If E[Yr] < E[Ar] for all finite stopping
times T, then for all y,a > 0

P[Yoo >y, Ao < a] <E[Ax Aa]/y; (4.5.30)

K%l
Hgn'|Zn z"t ;u

~

in particular, [Yoo = 0] C [Ass = 00| P-almost surely. (4.5.31)
Exercise 4.5.22 (Yor) Let Y, A be positive random variables satisfying the
inequality P[Y >y, A < a] <E[AAa]/y for y,a > 0. Next let ¢, : Ry — R4 be
cadlag increasing functions, and set

@(m)‘i:ef¢(m)+x/OOd¢—(gv).

(= T -
Then  Blo(y) - w()] <E[(@)+o(4) - w() + [ e()auw)] . (@532)

In particular, for 0 < a < 8 < 1,

E[y? /4% < <(1—ﬁ)2m) LE[4°9] (4.5.33)
and By’ < 228 g7 (4.5.34)
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Exercise 4.5.23 From THE previsible controller A of the L7-integrator Z define
A 31 (AT v AT
- q

and show that [|Z|*p6/A£}a} < m . E[Ag}(ﬁfa)]

for all finite stopping times T', all p < ¢, and all 0 < a < 8 < 1. Use this to
estimate from below A at the first time Z leaves the ball of a given radius r about
its starting point Zy. Deduce that the first time a Wiener process leaves an open
ball about the origin has moments of all (positive and negative) orders.

Previsible Control of Random Measures

Our definition 3.10.1 of a random measure was a straightforward generaliza-
tion of a d-tuple of integrators; we would simply replace the auxiliary space
{1,...,d} of indices by a locally compact space H, and regard a random
measure as an H-tuple of (infinitesimal) integrators. This view has already
paid off in a simple proof of the Doob—Meyer decomposition 4.3.24 for random
measures. It does so again in a straightforward generalization of the control
theorem 4.5.1 to random measures. On the way we need a small technical
result, from which the desired control follows with but a little soft analysis:

Exercise 4.5.24 Let Z be a global L%-integrator of length d, view it as a column
vector, let C : £'(d) — ¢'('d) be a contractive linear map, and set 'Z i< CZ.
Then 3z = C[j,]. Next, let p be the Doléans-Dade measure for any one of the

previsible controllers ZV, Z(? Z{® A [Z] and ‘u the Doléans-Dade measure for
the corresponding controller of ‘Z. Then ‘u < p.

Theorem 4.5.25 (Revesz [94]) Let ¢ > 2 and suppose ( is a spatially bounded
Li-random measure with auxiliary space H . There exist a previsible increas-
ing process A = AN9[C] and a universal constant C, that control ¢ in the
following sense: for every X € P, every stopping time T, and every p € 12, q]

([ ormixpe o),

Lr

< C?- max
Lp p=1¢,p°®

| (x)3 (4.5.35)

Here | X, | 4 SUp, c pr | X (n, s)| is P-analytic and hence universally P-mea-

surable. The meaning of 1°,p® is mutatis mutandis as in theorem 4.5.1 on
page 238. Part of the claim is that the left-hand side makes sense, i.e., that
[0, T]- X is (—p-integrable, whenever the right-hand side is finite.

Proof. Denote by K the paving of H by compacta. Let (K,) be a sequence
in I whose interiors cover H , cover each K, by a finite collection B, of
balls of radius less than 1/v, and let P,, denote the collection of atoms of the
algebra of sets generated by B1U...UB,,. This yields a sequence (P™) of par-
titions of H into mutually disjoint Borel subsets such that P™ refines P!
and such that B*(H) is generated by (J,, P". Suppose P" has d,, members

., Bj . Then Z % B'x( defines a vector Z™ of Lf-integrators of
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length d,,, of integrator size less than (i and controllable by a previsible

' Tao
increasing process A™ % A[Z"]. Collapsing P™ to P"~! gives rise to a
contractive linear map C"_; : ¢*(d,) — ¢'(d,_1) in an obvious way. By
exercise 4.5.24, the Doléans—Dade measures of the A™ increase with n. They
have a least upper bound p in the order-complete vector lattice 9*[P], and
the Doléans—Dade process A of p will satisfy the description.

To see that it does, let & denote the collection of finite sums of the
form > h; ® X;, with h; step functions over the algebra generated by |J P"
and X; € Pyo. It is evident that (4.5.35) is satisfied when X € &', with
Cy, = 00(4 51 Since both sides depend continuously on their arguments in
the topology of confined uniform convergence, the inequality will stay even
for X in the confined uniform closure of £ = &, which contains Coo[H]®P
and is both an algebra and a vector lattice (theorem A.2.2). Since the right-
hand side is not a mean in its argument X , in view of the appearance of the
sup-norm | |_, it is not possible to extend to X € P by the usual sequential
closure argument and we have to go a more circuitous route.

To begin with, let us ShVOW t}{at | X |, is measurable on thev universal
completion P* whenever X € P. Indeed, for any a € R, [|%( |l > a
is the projection on B of the K x P-analytic (see A.5.3) set [|X| > a] of
B*[H|®P, and is therefore P-analytic (proposition A.5.4) and P*-measurable
(apply theorem A.5.9 to every outer measure on P). Hence | X |l €P". In
fact, this argument shows that | X' |  is measurable for any mean on P that
is continuous along arbitrary increasing sequences, since such a mean is a
P-capacity. In particular (see proposition 3.6.5 or equation (A.3.2)), | X|__
is measurable for the mean || ||° that is defined on F : B — R by

v
IFI° 2 CF e max H /\F\pdA ’

Lp

Next let g € L*" be an element of the unit ball of the Banach-space dual
L?" of LP, and define 6 on Pyy by 0(X) % E[g- ¢(X)]. This is a o-additive
measure of finite variation: 16} (]|X|) < || X|| cp- There is a P-measurable
Radoanikodym derivative G = df/di#! with |G| = 1. Also, 16} has a
disintegration (see corollary A.3.42), so that

0(X) = //Xn, @) (dn) pldw) < ||| X | |I°-  (4.5.36)

The equality in (4.5.36) holds for all X_E P N LYH) (ibidem), while the

inequality so far is known only for X € £’y. Now there exists a sequence
(G,) in &' that converges in || ||9—mean to G = 1/G and has |G, | < 1.
Replacing X by X - G,, in (4.5.36) and taking the limit produces

0}(X) = /B/H X (n, @) vw(dn) pld=) < [IXIL]I°, X €&



4.6 Lévy Processes 253

In particular, when X does not depend on n € H

., X = 1g ® X with
X € Poo, say, then this inequality, in view of v, (H) =1

, results in
[ X@) uta=) < [IX1° = 1x1°
and by exercise 3.6.16 in: / |X(w)| u(dw) < ||AX||<> VX ePr.

Thus for X’ € P with |X’| <1 and X € PN L'[¢] we have
By [ X' d(X0] =0(x" - X) < 161(1X"- X))
= | [ X @%@l (n) i)
s [ K] <1 </ / X (1, )|ves (d) p(de0)
as ve (H) = 1: / 1X| (@) pdw) < [IX]|]°-
Taking the supremum over g € Lll7 and X' € & gives

Xx¢l o, < [1X]

ol

and, finally, H(X*C)Zo < 05(2'3'5) : H|X|ooH<>

Lp

This inequality was established under the assumption that X € P is
(—p-integrable. It is left to be shown that this is the case whenever the
right-hand side is finite. Now by corollary 3.6.10, || X ||Z_p is the supremum
of ||fY d¢ ||, taken over Y € L£'[(p] with |Y| < |X|. Such Y have
1Y [° < HXH whence IX 1, < IX° < co.

Now replace X by [0,7] - X to obtain inequality (4.5.35). 1

Project 4.5.26 Make a theory of time transformations.

4.6 Lévy Processes

Let (Q,F.,P) be a measured filtration and Z. an adapted R%valued process
that is right-continuous in probability. Z. is a Lévy process on F, if it has
independent identically distributed and stationary increments and Z; = 0.
To say that the increments of Z are independent means that for any 0 < s <t
the increment Z; — Z, is independent of Fj; to say that the increments of Z
are stationary and identically distributed means that the increments Z; — Z
and Zy — Z have the same law whenever the elapsed times t—s and t'—s’
are the same. If the filtration is not specified, a Lévy process Z is understood
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to be a Lévy process on its own basic filtration F°[Z]. Here are a few simple
observations:

Exercise 4.6.1 A Lévy process Z on F, is a Lévy process both on its basic
filtration F°[Z] and on the natural enlargement of F,. At any instant s, Fs and
Fo[Z —Z*] are independent. At any finite F.-stopping time T', Z! & Zp,.—Z7 is
independent of Fr; in fact Z. is a Lévy process (on its basic and natural filtrations).
Here Z. is the map t +— Z;, etc.

Exercise 4.6.2 If Z. and Z! are R%valued Lévy processes on the measured
filtration (92, F.,P), then so is any linear combination oZ + 3Z’ with constant
coefficients. If Z(™ are Lévy processes on (Q,F.,P) and |Z™ — Z|; 5= 0 in
probability at all instants ¢, then Z is a Lévy process.

Exercise 4.6.3 If the Lévy process Z is an L'-integrator, then the previsible part
Z. of its Doob—Meyer decomposition has Z; = A - t, with A = E[Z;]; thus then
both Z and Z are Lévy processes.

We now have sufficiently many tools at our disposal to analyze this important
class of processes. The idea is to look at them as integrators. The stochastic
calculus developed so far eases their analysis considerably, and, on the other
hand, Lévy processes provide fine examples of various applications and serve
to illuminate some of the previously developed notions.

In view of exercise 4.6.1 we may and do assume the natural conditions.

Let us denote the inner product on R¢ variously by juxtaposition or by
(|): for ¢ € RY,

d
CZ, = (C|Zy) = ZCUZZ] :
n=1

It is convenient to start by analyzing the characteristic functions of the
distributions g of the Z;. For ¢ € R? and s,t >0

G (O) = E 'ei<cwz5+t>} _ E[ei<4|zs+t—zs>ei<cwzs>]

= E[E[e/(C1Z: =220 | F0[ 7] . ¢i(¢12:)]

by independence: =K ei<C‘Zs+t_Z5>] E [6i<qz5>]

by stationarity: =E éi((\Zﬁ}E [ei@\ZS)] = [L}(C) : ﬁt\(C) . (4.6.1)

From (A.3.16), syt = puskps -

That is to say, {u: : t > 0} is a convolution semigroup. Equation (4.6.1)
says that ¢ — f; (¢) is multiplicative. As this function is evidently right-
continuous in ¢, it is of the form 7 (¢) = e*¥(©) for some number v (¢) € C:

ar(¢) = E[euc\zn} _ () 0<t<o0.

But then ¢ — [z () is even continuous, so by the Continuity Theorem A.4.3
the convolution semigroup {u; : 0 <t} is weakly continuous.
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Since f1; (¢) depends continuously on ¢, so does 1 ; and since fi; is bounded,
the real part of 1(¢) is negative. Also evidently ¢ (0) = 0. Equation (4.6.1)
generalizes immediately to

E[ei<<;|zt—zs>

;8] — o(t=9)¥(Q)

or, equivalently, E[ei<<|zﬁ>A] = e(t_s)'w(C)E[ei<CiZ5>A] (4.6.2)
for 0 < s <t and A € F,. Consider now the process M¢ that is defined by

t
620 —gf 4 () [ % s (4.6.3)
0

—read the integral as the Bochner integral of a right-continuous L (P)-valued
curve. M€ is a martingale. Indeed, for 0 < s < t and A € F,, repeated
applications of (4.6.2) and Fubini’s theorem A.3.18 give

B [ (ME—ME) - A] —E [ez‘<<;|zs>A] (eu—sw(o_l_w(c)/t o(T=)% () d7> 0.

Since | M| < 1+ t[4(¢)], the real and imaginary parts of these martingales
are LP-integrators of (stopped) sizes less than C;(,Q'S'G) (1+¢¥(¢)]), for p > 1,
t < 00, and ¢ € R?, and the processes €*{¢1€) are LP-integrators of (stopped)
sizes .

e 120 <2050 (14 2t)(Q)]) - (4.6.4)
Each of the processes €?(¢/2) has therefore a cadlag modification. Let us show
that Z itself does as well. To this end consider now the set

B¢ def {(w, )eQxR: Q3¢ e¢125) has oscillatory discontinuities} .

First observe that B" belongs to F,, ® Borel([0,u]), by viewing the function
QN0,u]l3q— e(€1Za(@)) a5 a process with underlying measurable space
(@ x R, F, @ Borel([0,u])) and by analyzing the events that the real or
imaginary part of this process upcrosses some rational interval (a, b) infinitely
often, with the help of the stopping times T} of the proof of lemma 2.3.1.
In terms of B* the existence of a cadlag modification of the e*¢/%) can be
expressed as [ BY(w, () P(dw) = 0 for all ¢ € R?. Integrating over ¢ € R?,
applying Fubini’s theorem, and discarding a suitable nearly empty subset of
Q, leads to this situation: for every w € Q, the functions Q > ¢ — e*{¢%a)
have right and left limits, with the possible exception of a d{-negligible
set of points in R?. According to exercise A.3.34 on page 412, the paths
Q > ¢ — Z, themselves have right and left limits, for every w € . We
use this to define a cadlag modification Z' via Z; ¥ limgsg ¢ Z,, which is
adapted to the natural enlargement of the underlying filtration, and is plainly
a Lévy process again. We rename this modification to Z, and arrive at
the following situation: we may, and therefore shall, henceforth assume that
a Lévy process is cadlag and bounded on bounded intervals. In the
remainder of this section Z is a fixed Lévy process on a filtration that satisfies
the natural conditions.
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Lemma 4.6.4 (i) Z is an L°-integrator. (ii) For any bounded continuous
function F :[0,00) — R? whose components have finite variation and com-
pact support

E[eifow@'d”} _ o (4.6.5)

(iii) The logcharacteristic function 1, < ¢ : ¢ — t~11In (g (¢)) there-
fore determines the law of Z .

def

Proof. (i) The stopping times T, ¢ inf{t : |Z|, > n} increase without
bound, since Z € ©. For |¢| < 1/n, the process €*¢12)-[0,T,,) + [T}, o0) is
an L% integrator whose values lie in a disk of radius 1 about 1 € C. Applying
the main branch of the logarithm produces i(¢|Z) - [0,7},). By It6’s theo-
rem 3.9.1 this is an L%-integrator for all such ¢. Then sois Z-[0,7T},). Since
T, 1 oo, Z is a local L%-integrator. The claim follows from proposition 2.1.9
on page 52.

(ii) Assume for the moment that F' is a left-continuous step function with
steps at 0 =59 < s1 < --- < sk, and let t > 0. Then, with o = s A t,

E [ei fot<F|dZ>} = E[ei D icnern(Fon s ZUk_Z”k—1>]

I
=

E |:ei<F3k—1 |Z‘7k _ZUk—1>:|

>
I

1

ew(Fsk_l)(Uk_kal) _ efot Y(Fy) ds ‘

I
=

>
I

1

Now the class of bounded functions F : [0,00) — R for which the equality
E[eifot(Fle>] _ o v ds (t>0)

holds is closed under pointwise limits of dominated sequences. This follows
from the Dominated Convergence Theorem, applied to the stochastic integral
with respect to dZ and to the ordinary Lebesgue integral with respect to ds.
So this class contains all bounded R%valued Borel functions on the half-line.
We apply this equality to a continuous function F' of finite variation and
compact support. Then [(Z|dF) = [[°(—F|dZ) and (4.6.5) follows.

(iii) The functions 2¢ 3 ¢. — €' Js (CldF) where F - [0,00) — R? is con-
tinuously differentiable and has compact support, say, form a multiplicative
class M that generates a o-algebra F on path space 2¢. Any two measures
that agree on M agree on F. 1

Exercise 4.6.5 (The Zero-One Law) The regularization of the basic filtration
FO[Z] is right-continuous and thus equals F.[Z].
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The Lévy—Khintchine Formula

This formula — equation (4.6.12) on page 259 — is a description of the logchar-
acteristic function 1. We approach it by analyzing the jump measure 3, of Z
(see page 180). The finite variation process

e [(i612), oicI2)]

has continuous part Ve = C[ei<c‘z>,e_i<4|z>] =9|Z),(€|Z)] (4.6.6)

. . 2 . 2
and jump part JVf = ngt‘Ae?C'm’ - ngt HCIAZs)

- /ulo,tm

Taking the LP-norm, 1 < p < oo, in (4.6.7) results in

icly) _ 4|7
e —1‘ 97 (dy, ds) . (4.6.7)

j‘/tCHLp < 2K1g3'8'9)01(34'6'4) (1 + 2t|¢(C)|) )

By A.3.29, H/ e d¢ g/ H L d¢ <o
[1¢1<1] Ly [1¢]<1]
Setting ho(y) < / Helw) 1‘ ¢ ,
[1¢1<1]
we obtain i(h{)*jz)ti < o0, Vit<oo, Vp<oo.

1 7p
That is to say, h(*j, is an LP-integrator for all p. Now h{ is a prototypical
Hunt function (see exercise 3.10.11). From this we read off the next result.

Lemma 4.6.6 The indefinite integral Hx*), is an LP-integrator, for every
previsible Hunt function H and every p € (0,00).

Now fix a sure and time-independent Hunt function h : R — R. Then the
indefinite integral h*j, has increment

(hxgz)e — (hxgg)s = > h(AZ,) = h(AlZ - Z),) , s<t,
s<o<t o<t

which in view of exercises 1.3.21 and 4.6.1 is F;-measurable and independent
of Fs; and hxj, clearly has stationary increments. Now exercise 4.6.3 says

that h%j, = hxj, has at the instant ¢ the value
(h%15), = v(h) - t, with v(h) < E[Y,  h(AZ,)

Clearly v(h) depends linearly and increasingly on h: v is a Radon mea-
sure on punctured d-space R? 4f R4\ {0} and integrates the Hunt function
ho : y — |y|*> A 1. An easy consequence of this is the following:
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Lemma 4.6.7 For any sure and time-independent Hunt function h on R?,
hxj, is a Lévy process. The previsible part 7, of 7, has the form

77 (dy,ds) =v(dy) x ds , (4.6.8)

where v, the Lévy measure of Z, is a measure on punctured d-space that
integrates hg. Consequently, the jumps of Z, if any, occur only at totally
inaccessible stopping times; that is to say, Z is quasi-left-continuous (see
proposition 4.5.25). |

In the terms of page 231, equation (4.6.8) says that the jump intensity measure
7, has the disintegration!®

/ ha(dy) T3 (dy, ds) = / /hs<y>v<dy> ds
[0,00)) 0 R?

with the jump intensity rate v independent of w € B. Therefore

iz = [ [ v ds

for any random Hunt function H. Next, since eHelZ) | milelZ) 1, equa-

tion (3.8.10) gives
_de :ei_<c‘Z>d —i(¢| Z) +e” <C‘Z>dei<C|Z>

by (16.3): 1) gap—¢ 4 —ie12) gy
+ p(=¢)dt + p(¢)at

whence VE = —t- ($(=C) +9(0)) -

From (4.6.7) e — . | |eicy 1‘2 v(dy) .

By (4.6.6) (C|Z),(C|Z)] = V€ = VE—Ve =t 4(¢),

where the constant g(¢) must be of the form (,{yB", in view of the bilin-
earity of ¢ — °[(¢|Z),(¢|Z)]. To summarize:

Lemma 4.6.8 There is a constant symmetric positive semidefinite matrix B

with 1€2).€12)],= > €GB™:
1<n,0<d
which is to say, 92",z =B" -t . (4.6.9)

Consequently the continuous martingale part °Z of Z (proposition 4.4.7) is
a Wiener process with covariance matriz B (exercise 3.9.6). _ 1

15 10, 00) 4f RZ x [0,00) and [0,t] 4 R x [0, ¢].
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We are now in position to establish the renowned Lévy—Khintchine formula.

. t )
Since ellClZe) _q :/ i€z<_<|Z> d{¢|Z)s
0+
t
_p / 12 ¢ Gpd2n, 2°),
0+
ST
0<s<t

(22 = (itciz)e— [ [ it il > 1) sy, d)
—1/2¢,¢972", 2%

v [ (49 1l ) < 1)y, )

the integrand of the previous line being a Hunt function. Now from (4.6.3)

Mart, +t9(¢) = i(¢Z4) — 5 CoGoB™

wt [ (4 -1-icly) Iyl < 1)) v(dy)

t
where AR (Zt —/ /y~ [yl > 1] jz(dy,ds)) . (4.6.10)
0

Taking previsible parts of this L-integrator results in
TS t
E Q) = iCFZ) — 5+ GroB™

st [ (W -1-ilcly) ] < 1) v(dy).

Now three of the last four terms are of the form ¢ - const. Then so must be
the fourth; that is to say, e
sZ,=1tA (4.6.11)

for some constant vector A. We have finally arrived at the promised descrip-
tion of ¥:

Theorem 4.6.9 (The Lévy-Khintchine Formula) There are a vector A € R,
a constant positive semidefinite matriz B, and on punctured d-space R? a
positive measure v that integrates hg : y — |y|> A1, such that

¥(¢) = i(C\A>—%CnCeB"9+/ (ei<<\y>—1—¢<¢\y> ly| < 1])y(dy) . (4.6.12)

(A, B,v) is called the characteristic triple of the Lévy process Z. Ac-
cording to lemma 4.6.4, it determines the law of Z.
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We now embark on a little calculation that forms the basis for the next two
results. Let F' = (F}))y=1..q : [0,00) — R be a right-continuous function
whose components have finite variation and vanish after some fixed time, and
let h be a Borel function of relatively compact carrier on RZ x [0, 00). Set

t
M =—-F+«°Z , ie., M%< — / (F,|d°Z,) ,
0
which is a continuous martingale with square function

t
UVt def [M, M]t = C[M, M]t = / Fnngane ds ) (4613)
0

and set 19 Ve hxy,  ie, V= / hs(y) 75(dy, ds) .
fo,t]

Since the carrier [h # 0] is relatively compact, there is an € > 0 such that
hs(y) = 0 for |y| < e. Therefore V is a finite variation process without
continuous component and is constant between its jumps

AVy = hs(AZy) (4.6.14)
which have size at least € > 0. We compute:
E < exp (iM; + v /2 + iV;)

t t
by Tto: =1+i / E, dM, +1i*/2 / E, dIM, M),
0 0

'
+ 1/2/ E,  du,
0

+7;/ E, dV, + Z E,—E, —iE, AV,
[0,]

0<s<t

t
by (4.6.13): =1 +z’/ E, dM,
0

and (4.6.14):  —+1 Z E, AV, + Z E, (eiAVS —1- z’AVS>

0<s<t 0<s<t

t
:1+¢/ E. dM,+ Y Eﬁ(emVs—1).
0

0<s<t

t
Thus E, =1 —i/ES_ (F|d°Z) +/ ES_-(eihs<y>—1) 24(dy, ds) . (4.6.15)
0 fo,¢]
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The Martingale Representation Theorem

The martingale representation theorem 4.2.15 for Wiener processes extends
to Levy processes. It comes as a first application of equation (4.6.15): take
t = oo and multiply (4.6.15) by the complex constant

o (/2 — i [ huty) Tzl )
to obtain exp (z( /O " ez)aF) + /m - he(y) j;(dy,ds>)) (4.6.16)

=C+/ <Xs\dEZs>+/ Hy(y) 15 (dy, ds) , (4.6.17)
0 [0,00))

where ¢ is a constant, X is some bounded previsible C%valued process that
vanishes after some instant, and H : [J0,00)) — C is some bounded previsible
random function that vanishes on [|ly| < €| for some ¢ > 0. Now observe
that the exponentials in (4.6.16), with F' and h as specified above, form a
multiplicative class!® M of bounded FY [Z]-measurable random variables
on (2. As F and h vary, the random variables

| cziir s [ b Gty

0 [0,00))

form a vector space I' that generates precisely the same o-algebra as M = e'F
(page 410); it is nearly evident that this o-algebra is FU [Z]. The point of
these observations is this: M is a multiplicative class that generates FO.[Z]
and consists of stochastic integrals of the form appearing in (4.6.17).

Theorem 4.6.10  Suppose Z is a Lévy process. Fvery random wvariable
F € L*(FY|Z]) is the sum of the constant ¢ = E[F] and a stochastic integral
of the form

| xdazy+ [ ) ay.ds). (4.6.18)
0 [0,00))

where X = (Xy)n=1..a 15 a vector of predictable processes and H a pre-
dictable random function on [J0,00)) = R? x [0,00)), with the pair (X, H)
satisfying

* def " BN 6 ) 2 1/2
|X, H | (E[/X%XQSB" ds+/|H|S(y) v(dy) dsD <.

Proof. Let us denote by “M and IM the martingales whose limits at infinity
appear as the second and third entries of equation (4.6.17), by M their sum,

16 A multiplicative class is by (our) definition closed under complex conjugation. The
complex-conjugate X, equals X, , of course, when X, is real.
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and let us compute E[|M |2 ]: since [*M,’M] =0,

E[[M%] = E[[M, M| = E|[M, Moo + M, /M|

=E [C[CM Moo + /”I [H[2(y))z(dy, dS)}

0,00))

as j, = v X A: =FE [/ anX_gane ds + / |H|§(dy) l/(dy)ds}

— (IX.H]3)” .

Now the vector space of previsible pairs (X, H) with ||X,H||; < oo is
evidently complete — it is simply the cartesian product of two L£2-spaces —
and the linear map U that associates with every pair (X, H) the stochastic
integral (4.6.18) is an isometry of that set into LZ(F%[Z]); its image Z is
therefore a closed subspace of LZ(F2%[Z]) and contains the multiplicative
class M, which generates FO[Z]. We conclude with exercise A.3.5 on
page 393 that Z contains all bounded complex-valued F2 [Z]-measurable
functions and, as it is closed, is all of LZ(F2[Z]). The restriction of U to
real integrands will exhaust all of L3 (F2[Z]). 1

Corollary 4.6.11 For H € L?(vx \), Hxj, is a square integrable martingale.
Project 4.6.12 [94] Eztend theorem 4.6.10 to exponents p other than 2.

The Characteristic Function of the Jump Measure, in fact of the pair
(°Z,7,), can be computed from equation (4.6.15). We take the expectation:

e B[] = 1+E| e 12(dy, ds)|

t
as 7, = v X A: :1+/ eS/ (eihS(y)—l)V(dy) ds
0 R¢

whence e; = ey ¢y with ¢y :/ (eiht(y)—l)z/(dy),
R*

d
t t .
and so e = e.fo Ps ds _ exp </ / (elhs(y)—l)y<d’y) dS) .
0 JRY

Evaluating this at ¢ = oo and multiplying with exp (—voo / 2) gives

E[exp (i/EZdFJri/hs(y)yz(dy,dS)ﬂ

= exp (%/FT,SF(;SB"O ds) X exp (//(eihS(y)—l)V(dy) ds) . (4.6.19)
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In order to illuminate this equation, let V' denote the cartesian product of the
path space €? with the space 9" 4 9 (Rf x [0, oo)) of Radon measures
on RY x [0,00), the former given the topology of uniform convergence on
compacta and the latter the weak™ topology o (9", Coo(RE x [0,00))) (see
A.2.32). We equip V with the product of these two locally convex topologies,
which is metrizable and locally convex and, in fact, Fréchet. For every pair
(F,h), where F is a vector of distribution functions on [0,00) that vanish
ultimately and h : R? x [0,00) — R is continuous and of compact support,
consider the function

VP ) = [+ [ () udy.ds).
0 RZx[0,00)

The ¥ are evidently continuous linear functionals on V', and their collec-
tion forms a vector space!” I' that generates the Borels on V. If we consider
the pair (°Z,7,) as a V-valued random variable, then equation (4.6.19) sim-
ply says that the law L of this random variable has the characteristic function
LY (yF+") given by the right-hand side of equation (4.6.19). Now this is the
product of the characteristic function of the law of ¢Z with that of j,. We
conclude that the Wiener process °Z and the random measure Jg are inde-
pendent. The same argument gives

Proposition 4.6.13  Suppose ZW . ... ZF) qare R%-valued Lévy proces-
ses on (Q,F.,P). If the brackets [ZU)" ZWO] are evanescent whenever
1<k#1<Kand 1<n,0 <d, then the Z(l), ) ..,Z(K) are independent.

Proof. Denote by (A®*), B(*) (k) the characteristic triple of Z*) and by
L®*) its law on V, and define Z = Dok Z®) _ This is a Lévy process, whose
characteristic triple shall be denoted by (A, B,v). Since by assumption no
two of the Z(®) ever jump at the same time, we have

Y H(AZ)=> > H(Az})

s<t k s<t

for any Hunt function H, which signifies that j, = >, 7,0

and implies that v=>3,v%

From (4.6.9) B=Y,B"

since C[Z(k),Z(l)] = 0. Let F(® :[0,00) — R%, 1 < k,l < K, be right-

continuous functions whose components have finite variation and vanish after

some fixed time, and let h(*) be Borel functions of relatively compact carrier
on R4 x [0,00). Set

M=- Y F®Zz®
1<k<K

17 In fact, T is the whole dual V* of V (see exercise A.2.33).
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which is a continuous martingale with square function

t
v (M, M)y = M, M), = 5, / FPERBM g |
0

ns

and set V=000 e, i= [ W9 () g0 (dy,ds) .
[o,t]

A straightforward repetition of the computation leading to equation (4.6.15)

on page 260 produces

Ey 4 exp (iMy + v /2 + iV})

t
=1- i/ES_ dM; + Zk/ ES_-<eihgk)(y)—1> Iz (dy, ds)
0 [0,¢]

and et ®E[F] =1+E [Zk ES_~(eihgk)(y)—1) Iz (dy, ds)}
10,1

t
:1—|—/ esps ds with ¢, :Zk/ (eihgk)(y)—l)u(k)(dy),
0

R¢
t t .
whence e; = eJo @+ ds — exp (Zk/ / (elhgk)(y)—l)l/(k)(dy) ds) .
0 JRY
Evaluating this at ¢ = co and dividing by exp(vso/2) gives

E[exp (i3, ( / Z® dF®) 4 / PP ()1 500 (dy, d)) )|

—T[exp (‘71 / faty F{P glme ds) X exp ( / / (emgm(y)_l)V(k)(dy) ds)
k

= [[E® () (4.6.20)
k

the characteristic function of the k-tuple ((6Z(k) s J i) )) |<k<y 18 the product
of the characteristic functions of the components. Now apply A.3.36. _1

Exercise 4.6.14 (i) Suppose A®) are mutually disjoint relatively compact Borel
subsets of RY x [0, 00). Applying equation (4.6.20) with h®) 4 o(®) A(R) show that
the random variables 7,(A*)) are independent Poisson with means (rx\)(A®*).
In other words, the jump measure of our Lévy process is a Poisson point process on
R? with intensity rate v, in the sense of definition 3.10.19 on page 185.

(ii) Suppose next that R . R? — R are time-independent sure Hunt functions
with disjoint carriers. Then the indefinite integrals Z ) def h(k)*j; are independent
Lévy processes with characteristic triples (0,0, h(k)y).

Exercise 4.6.15 If ¢ is a Poisson point process with intensity rate v and
f € L'(v), then fx( is a Lévy process with values in R and with characteristic

triple (J £{1f| < 1]dv,0, f[1]).
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Canonical Components of a Lévy Process

Since our Lévy process Z with characteristic triple (A, B,v) is quasi-left-
continuous, the sparsely and previsibly supported part *Z of proposition 4.4.5
vanishes and the decomposition (4.4.3) of exercise 4.4.10 boils down to

Z="Z+Z+Z+'7. (4.6.21)

The following table shows the features of the various parts.

Part | Given by Char. Triple | Prev. Control
7, | tA=°Z,, see (4.6.10) (A,0,0) | via (4.6.22)
Z; | oW, see lemma 4.6.8 (0, B,0) via (4.6.23)
Ze | [y llyl <1x[0,] 7(dy, ds) (0,0, %) via (4.6.24)
'Z, | [y-[lyl > 1]x[0,t] y5(dy, ds) (0,0, lu) via (4.6.29)

To discuss the items in this table it is convenient to introduce some notation.

We write | | for the sup-norm | |  on vectors or sequences and | |, for the
1 . _ :

¢*-norm: [z |, =}, |z,|. Furthermore we write

v(dy) < [ly| < 1]v(dy) for the small-jump intensity rate,
W(dy) < [|y| > 1] v(dy) for the large-jump intensity rate,
def / p 1/p
and l,# sup ([ @9l i) 0<p<oo,

for any positive measure u on R?. Now the previsible controllers Z(?) of
inequality (4.5.20) on page 246 are given in terms of the characteristic triple
(A, B,v) by

p

sup ((@]4)+ [(@ly) - Iyl > (ay) < Al + L, p=1,

/<1
2
Zt<p> =t ‘Sl‘lp (a:%a:ane —l—/}@’\yﬂ y(dy)) <|B|+ |1/\§ , =2,
z’[<1
sup /\ (@/[y)| v(dy)) = I}, p>2,
|z’ |<1

\

provided of course that Z is a local L?-integrator for some ¢ > 2 and p < q.
Here |B| & sup{x;?x’eBne :|x'| < 1}. Now the first three Lévy processes
Z , °Z, and °Z all have bounded jumps and thus are L?-integrators for all
q < 0o. Inequality (4.5.20) and the second column of the table above therefore
result in the following inequalities: for any previsible X, 2 < p < g < o0,



266 4 Control of Integral and Integrator

and instant ¢

t
H(X*@Z): < (|A\1+\ly\1)H/ X, dsHL , (4.6.22)
p 0 p
H (x2)|| < cousn . pl. H (/t x| ds)l/zH (4.6.23)
t Lr — p 0 s Lp, e
d x2)| <co s xpas) " 4.6.24
wd oz, < 0ol () 1x120s) T, o2

Lastly, let us estimate the large-jump part ‘Z, first for 0 < p < 1. To this
end let X be previsible and set Y % X%/Z. Then

VAP < (e | + ALY = [V P

s<t
p
as p < 1 gZ|AYS|P:Z)<XS|NZS>
s<t s<t

- /HI G ] > 1] (. ds).

Hence H (X*ZZ) :

t 1/
. g\lu|p.<// | X|P dsdIP’) " for 0<p<1.(46.25)
P 0

This inequality of course says nothing at all unless every linear functional
2’ on R? has pth moments with respect to v, so that ||, is finite. Let
us next address the case that ||, < oo for some p € [1,2]. Then 'Z is an
LP-integrator with Doob—Meyer decomposition

7zt [yt [yl 1 gty
0,t

With Y & X +!Z | a little computation produces

¢ 1/p
<, - p 6.
<, (//O X |” dsdIP’) : (4.6.26)

and theorem 4.2.12 gives
2)1/2‘

ia

ia

< O;(;4'2'4) ) Hst[?]‘

Lr Lr

=0 | (S,
<G| (X |xu1aiz,)

p) 1/p
s<t

=0y (B[ Xl 1> gty as)])

¢ 1/p
§0p|lu\p-<//0 X dsdIP’) . (4.6.27)

Lp
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Putting (4.6.26) and (4.6.27) together yields, for 1 < p < 2,

|(x+2))| <+l (/ /Ot IX|? ds dIP’)l/p. (4.6.28)

If p>2 and |¥|, < oo, then we use inequality (4.6.26) to estimate the
previsible finite variation part ‘Z, and inequality (4.5.20) for the martingale

part 'z, Writing down the resulting inequality together with (4.6.25) and
(4.6.28) gives

I ¢ » 1/p
C’p.|y|p.H</0 |X|Sds> HLF for 0 < p <2,

H(X*IZ): < (4.6.29)
Lr l t 1/p
C’p~max\u|p~H</ |X|§ds) H for 2<p<gq,
p=2;p 0 Lr
1 for 0 <p <1,
where Cp = 012“-4) +1 forl<p<2,

CoWs 1) for 2 < p.

We leave to the reader the proof of the necessity part and the estimation of
the universal constants C,Sp )(t) in the following proposition — the sufficiency
has been established above.

Proposition 4.6.16 Let Z be a Lévy process with characteristic triple
t=(A,B,v) and let 0 < q < oo. Then Z is an Li-integrator if and only if
its Lévy measure v has qt moments away from zero:

oy swp ([ @) ol > 1v(ay) " < 0.

le'|<1

If so, then there is the following estimate for the stochastic integral of a
previsible integrand X with respect to Z : for any stopping time T and any

p€(0,q)

(4.6.30)

p:1<>727p<>

N T 1/p
X521, < o ([ 10 as)™]

Construction of Lévy Processes

Do Lévy processes exist? For all we know so far we could have been investi-
gating the void situation in the previous 11 pages.

Theorem 4.6.17 Let (A, B,v) be a triple having the properties spelled out in
theorem 4.6.9 on page 259. There exist a probability space (2, F,P) and on it
a Lévy process Z with characteristic triple (A, B,v); any two such processes
have the same law.
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Proof. The uniqueness of the law has been shown in lemma 4.6.4. We prove
the existence piecemeal.

First the continuous martingale part °Z. By exercise 3.9.6 on page 161,
there is a probability space (%2, %F, ) on which there lives a d-dimensional
Wiener process with covariance matrix B. This Lévy process is clearly a
good candidate for the continuous martingale part °Z of the prospective
Lévy process Z .

Next, the idea leading to the “jump part” iz 4t 37 4+ 17 is this: we con-
struct the jump measure j, and, roughly (!), write 17, as fﬂIO,t]]] Y 1 (dy, ds).
Exercise 4.6.14 (i) shows that 7, should be a Poisson point process with inten-
sity rate v on R?. The construction following definition (3.10.9) on page 184
provides such a Poisson point process w. The proof of the theorem will be
finished once the following facts have been established — they are left as an
exercise in bookkeeping;:

Exercise 4.6.18 7 has intensity vx\ and is independent of °Z .

'zt [y <] <2 (. ds) ez,
[0.¢]

has independent stationary increments and is continuous in g-mean for all ¢ < oo;

it is an LY-integrator, cadlag after suitable modification. The sum

K Zk<0 z
converges in the Z?-norm and is a martingale and a Lévy process with characteristic
triple (0,0, V), cadlag after modification. Since the set [1 < |y|] is v-integrable,
7([1 < |y|] x [0,t]) < oo a.s. Now as 7 is a sum of point masses, this implies that

lrz def — k

zest [yl <yl wy i = 3,2
is almost surely a finite sum of points in R¢ and defines a Lévy process 'Z with
characteristic triple (0,0, %). Finally, setting °Z; if A - ¢,

Zy ﬁZt + EZt + gZt + th

is a Lévy process with the given characteristic triple (A, B,v), written in its
canonical decomposition (4.6.21). |

Exercise 4.6.19 For d =1 and v = 41 the point mass at 1 € R, Z; is a Poisson
process and has Doob—Meyer decomposition Z; =t + Z;.

Feller Semigroup and Generator

We continue to consider the Lévy process Z in R¢ with convolution semi-
group p, of distributions. We employ them to define bounded linear
operators 18

¢ — T (y) £ E[p(y+2Z¢)] = g $(y+z) m(dz) = (fix¢)(y) . (4.6.31)

18 F def k def (& ; i & k
P(z) & p(—z) and 1(¢) ¥ (@) define the reflections through the origin ¢ and f.
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They are easily seen to form a conservative Feller semigroup on Cy(R?) (see
definition A.9.5 on page 465). Here are a few straightforward observations.
T is translation-invariant or commutes with translation. This means
the following: for any a € R and ¢ € Cy(R?) define the translate ¢, by

ba(@) = Blx — a); then Ty(¢a) = (Tyd)a-

The dissipative generator A ¢ dT;/dt;,—o of T. obeys the positive max-
imum principle (see item A.9.8) and is again translation-invariant: for
¢ € dom(A) we have ¢, € dom(A) and A¢p, = (Ap),. Let us compute A.
For instance, on a function ¢ in Schwartz space'® S, 1td’s formula (3.10.6)
gives?, with Z% & 2 + Z, |

t

t
AZ7) = o)+ [ 6a(Z2) a7+ 5 [ bu(22) 4120, 7).
0+ 0+

t
+ [ (022 + 9)-0(22)-6(22) -y lly] < 1)) g5(dy.ds)
0
t t
= Mart, +/ A (Z7F) ds + % / B"¢..0(Z7) ds
0 0

T / t / (022 +y)=0(22) =00 (22) - "Iyl < 1]) v(dy) ds.

Here part of the jump-measure integral was shifted into the first term us-
ing definition (4.6.10). The second equality comes from the identifications
(4.6.11), (4.6.8), and (4.6.9). Since ¢ is bounded, the martingale part Mart.
is an integrable martingale; so taking the expectation is permissible, and
differentiating the result in ¢ at ¢t = 0 yields?

Ap(z) = A, (2) + %B"%)mg(z) (4.6.32)
+ [ (s(49)=0(2)=0(2) (1] < 1) vidy)
Example 4.6.20 Suppose the Lévy measure v has finite mass, |v| % v(1) < oo,
and, with AL A /y [ly| < 1] v(dy),

0p(z) = B" 02°¢(z)
4 def AN
set Dp(z)= A oz" 2 021029

and  Jo() [ (olary)-0(=)) vidy) = P50 (2) ~ ] (=)

Then evidently A=D + J . (4.6.33)

198 = {¢ € C°(R") : sup, |z|*|¢p(V (z)| < oo Vk € N and for all partial derivatives ¢(V}.
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In the case that v is atomic, J is but a linear combination of difference
operators, and in the general case we view it as a “continuous superposition”
of difference operators. Now J is also a bounded linear operator on Cy(R%),

and so
o0

th — ot T def Z(tj)k/k"
k=0
is a contractive, in fact Feller, semigroup. With 10 4f §5 and v* 4 k=1
denoting the k-fold convolution of v with itself, it can be written

—tlv tV*(]S
7= —
k=0 ’

If D = 0, then the characteristic triple is (0,0,v), with v(1) < co. A Lévy
process with such a special characteristic triple is a compound Poisson
process. In the even more special case that D = 0 and v is the Dirac
measure d, at a, the Lévy process is the Poisson process with jump a.

Then equation (4.6.33) reads A¢(z) = ¢(z + a) — ¢(z) and integrates to
_ tho(z + ka
Tio(z) =e¢ tZ% .
k>0

D can be exponentiated explicitely as well: with 7, denoting the Gaussian
with covariance matrix tB from definition A.3.50 on page 420, we have

TPg(z) = / O(= + At 1 y)y,p(dy) = Vi (2)

In general, the operators D and J commute on Schwartz space, which is a
core for either operator, and then so do the corresponding semigroups. Hence

TA¢) = T [TP16]] = TP [T 4] , ¢ € Co(RY) .

Exercise 4.6.21 (A Special Case of the Hille-Yosida Theorem)  Let
(A, B,v) be a triple having the properties spelled out in theorem 4.6.9 on page 259.
Then the operator A on S defined in equation (4.6.32) from this triple is conserva-
tive and dissipative on Cjy (Rd). A is closable and T. is the unique Feller semigroup
on Co(R?) with generator A, which has S for a core.

Repeated Footnotes: 196> 203* 235'° 23912 24914 25815 26116 268'8



