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ABSTRACT. These are the notes I wrote for my candidacy talk. The aims for
this talk were to understand Heegner points, examine the different ways they
can be characterized, and get an idea of how to construct rational points on
an elliptic curve using Heegner points. I cite some good references at the end
if you are also trying to begin learning about this beautiful topic.

The goal of this talk is to explain how Heegner points provide us with a (non-
torsion) rational point on a given (rank 1) rational elliptic curve.

We will do this using a rather abstract approach, and if time permits, we will
explain a more concrete construction which is good for numerical computations.

Let Yp(N) be the open modular curve over Q which is defined by,

Yo(N)(C) = {(E, E',¢): ¢ : E — E isogeny with ker ¢ cyclic of order N}/ ~,

(i.e. its points correspond to N-isogenous pairs of elliptic curves defined over C),
(where (E,E’', ¢) ~ (E,E/, ¢) if there exist isomorphisms v, ¢’

(0.1) E——>F

E—F
such that the above diagram commutes.)

Let Xo(N) be the natural compactification of Yy(N), that is, the modular curve
over Q which classifies N-isogenous generalized elliptic curves.

1. HEEGNER POINTS IN Xo(N) = {(E,E, ¢)}

Given (E,E',¢) € Y5(IN)(C), we get a corresponding pair of N-isogenous tori
and a holomorphic (identity preserving) map

¢:C/M— C/M

where E 2 C/M,E' =2 C/M’, and ker ¢ =2 M’'/M = 7Z/NZ is cyclic of order N (by
homothety we may assume M C M').
And we can choose bases so that
1

M=Z+7Zr and M':NZ—FZT

for some T € H.

Special thanks to my advisor, Fernando Rodriguez-Villegas, for all his help.
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Recall that E is said to have complex multiplication (CM) if
O := End(E) D (properly contains) Z.
In this case O ®7; Q =: K is an imaginary quadratic field with O C Ok an order of
K, and K = Q(v/D) = Q(7) where D is the discriminant of K.

Definition 1.1. A Heegner point of level N and discriminant D is a point (E, E/, ¢) €

Yo(N)(C) C Xo(N)(C) such that E and E’ have the same ring O of CM, i.e.
End(E) = End(E') = O C K.

Let HE denote the set of Heegner points of level N and discriminant D.

(We will see later that HE is in fact a finite set.)
Let’s assume for this talk that O = Ok, the maximal order, i.e. the ring of
integers of K.

1.1. Possible Orders for Heegner Points. The first question we want to address
is which (maximal)orders satisfy the above conditions.
Up to ~ in Xo(N), a Heegner point is of the form
C/a—C/an™"),  (a—an™))

for some [a] € Cl(Ok) and for some ideal n (of norm N) such that Ok /nOk =
Z/NZ is cyclic of order N.
Le. E:=C/a, E' :=C/a(n7!), and ¢ : E — E’ is the natural isogeny.
Note that replacing a in the above with any other representative of its class in
Cl(Ok) gives the same Heegner point (by the ~ relation on Yy(N)).
Hence a Heegner point can be determined by the data,
(Ok,m, [a])

Note that there are h(D) Heegner points for each n, and that we get all the
Heegner points as we vary n, (that is, n such that O /n = Z/NZ).

2. SHIMURA CONSTRUCTION
Let
Das: Xo(N) — Jo(N) := QH(Xo(N))"/H1(Xo(N), Z)
be Abel-Jacobi map, which is defined by,

e

where Q(X((N)) is the (vector) space of holomorphic differentials on Xg(V),
H,(Xo(N),Z) is the first homology group, and Py (in our case) the (rational) point
at infinity in Xo (V).
Let S3(T'o(IN)) be the space of weight 2 cusp forms on I'g(N). Since
S2(To(N)) = Q1 (X),
(by the map f(7) — wy 1= 2mif(7)dr) we can write the Jacobian of Xy(N) as
Jo(N) == S2(To(N))" /Hi(Xo(N), Z).

Let T be the Hecke algebra generated over Z by the Hecke operators {T,} (a
commutative subalgebra of Endc(S2(I'g(V)))). The Hecke operators then give rise
to endomorphims of Jo(V) defined over Q.
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Let Wi be the Atkin-Lehner involution on H defined by

1

N7’
Wy (normalizes I’ (V) and hence) passes to the quotient, Xo(N), so is an involution
of Xo(N), and in fact (non trivially) also an involution of Jo (V).

Fix a normalized newform f € S3(T'o(N),Z), where So(T'o(N),Z) is the space of
modular forms in S3(T'g(N)) whose Fourier expansion at infinity has integer coeffi-
cients. Since f is a normalized newform, there exists a Z-algebra homomorphism,

N T —7Z

WN(T) =

attached to f that satisfies
T.f=XT.) f VT,

Furthermore f is also an eigenform for Wy, (because Wy stabilizes the one dimen-
sional dimensional subspace in S§%(T'o(N)) that contains f), so

Wnf=ef

where ¢ = £1 is the eigenvalue of Wy acting on this subspace. Also W,, € T (not
trivial).
Let I¢ be the ideal generated by ker(\), so

Iy = ker(\)(T,, — A(T,,)) C T.

Since the Hecke operators give endomorphisms of Jo(N)/Q, we may consider the
image I¢(Jo(N)) C Jo(IN) and form the quotient

Jo(N) /1 (Jo(N)).

This is in fact an elliptic curve, Ef, (because it is an abelian variety of dimension
1 over Q), and we have the maps

Xo(N) = Jo(N) = Jo(N) /1 (Jo(N)) = Ey
whose composition is a non-constant (hence surjective) morphism,
¢: Xo(N)— Ef

defined over Q.

(In fact, the existences of the last two maps are equivalent. That is, given
Xo(N) — E for some elliptic curve E, there exists an f so that the quotient
Jo(N)/I;(Jo(IN)) is isogenous to E.)

3. RATIONAL POINTS ON ELLIPTIC CURVES

From Wiles (and others) we know that all elliptic curves over Q are isogenous
(over Q) to some Ey.

Let E/Q be any elliptic curve of conductor N. Then there exists a normalized
new form f € Sy(I'g(IN)) such that

Jo(N)/I;(Jo(N)) = Ey,
and we have the map

Xo(N) = Jo(N) — Jo(N)/1(Jo(N)) — E
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(the last map is the isogeny over Q) which gives the so called "modular parame-
trization” map, the surjective morphism,
¢: Xo(N)—E

defined over Q.
Let Pg be the sum of all the h(D) Heegner points of discriminant D for a fixed
n?

Pe= > (Ok,nla]) € Div(Xo(N)).
acCl(Ok)

We want to show that Pg gives a rational point on our elliptic curve, that is
¢(Pe):= > 6((Ok,n [a])) € EQ),
aeCl(Ok)

This will mainly follow from the claim below,
Claim. Py € Div(Xy(N))(K)

which we now prove.

Let H be the Hilbert Class Field of K, i.e. the maximal unramified abelian
extension of K. From class field theory, we know H = K(j(Og)) (where j is the
j-invariant) so our Heegner point (O, n,[a]) is in H, hence

Pg € Div(Xo(N))(H).

Now we will show that Pg is in fact in K.
Let 0 € Gal(H/K) be any automorphism of Gal(H/K). Then (by the Artin-

Reciprocity theorem) o = (LE)K) (the Artin map) for some [b] € Cl(Ok) and we
have
Pg = Z (Ok,n, [a])7
aeCl(Ox)
(%)
= Y Ol
aceCl(Ok)
= Z (Og,n,[ab™']) (Shimura Reciprocity Law)
aeCl(Ox)
= Z (Ox,n,[a]) (since [ab™'] runs through all the class of CI(Ok) as a does)
aeCl(Ox)
= Pe.
Therefore

P =Ps VoeGal(H/K)
so Pg € Div(Xo(V))(K).
So far we have that
¢(Pe)= Y ¢((Ok.n, ) € E(K)
aeCl(Ok)

(because ¢ is defined over Q, (and hence over K)) and now we will show that it is
a rational point.
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Observe that

Wx(Pe) = > (Ox,n[a)"™
a€Cl(Ok)
= Z (Og,w,[an"']) (a result from the theory of CM)
aeCl(Ok)
= Z (OK’ n, [a])
a€Cl(Ok)
= Z (Ok,n, [a]).
aceCl(Ok)
Hence
Wn(Pg) = Pg.
As we said above, f is an eigenform for Wy and
Wnf=c¢f
where € = £1.

Assume € = +1. (This is equivalent to the assumption that E has odd functional
equation: from the correspondence between E and f we have, A(E, s) = —eA(E, 2—
5).)

So

Wnf=f

By construction, the quotient Jo(N)/If(Jo(NV)) corresponds to the one-dimensional
new

subspace of S5V (T'o(NN)) containing f that is an eigenspace for all T, and for Wy,
which implies

$o Wy = ¢.
Putting the above two pieces together we get
o(Pe) = o¢(Wn(Pg)) since ¢ = ¢ o Wy,
= ¢(Pg) since Wy (Pg) = Pg,

|
<

(Pg) since ¢ is defined over Q,

which implies
¢(Pr) € E(Q)

as wanted.

4. CRITERIA FOR NONTRIVIAL RATIONAL POINTS ON E

So far we have given no reason why ¢(Pg) is not a trivial or torsion point on

E(Q).
In 1983, Gross-Zagier proved,

Theorem 4.1. If ged(D,2N) =1 and D # —3 then
- D
h6(Pe) = s L' (B DL(ED, ),

where h is the canonical height function on E(Q), Vol(E) is the area of the period
parallelogram, and Ep is the quadratic twist of E (defined by Ep : y*D = x% +
ar?® +bx + ¢ for E:y* = 2% +az? +bx +c).
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If E has analytic rank equal to 1, then we can pick a fundamental discriminant
D < 0 (with D a square modulo 4N and) with L(Ep,1) # 0. (The existence of

such a D is due to Bump, Friedberg, and Hoffstein). So h(¢(Pg)) is nonzero which
is iff ¢(Pg)) is a non-torsion point.

Furthermore, from this theorem and from the work of (Victor) Kolyvagin, it
follows that if the rank (analytic or algebraic) is strictly greater than 1, then this
point, ¢(Pg) will always be a torsion point.

(Kolyvagin proved that

analytic rank equal to 0 = algebraic rank equal to 0,and

analytic rank equal to 1 = algebraic rank equal to 1.
So if the algebraic (or analytic) rank is greater than 1, then the analytic rank is

greater than 1, so L'(E, 1) = 0 so the h(¢(Pg)) = 0 which is iff ¢(Pg) is a torsion
point.)

5. HEEGNER POINTS IN X((N) = H*/To(N)

The complex points of Yy(N) have the structure of an open Riemann surface,
and are analytically isomorphic to the quotient space (which we will also denote as

"Yo(N)7),
Yo(N) =H/To(N), N=3

where
To(N) = { ( ‘C‘ Z ) ESLg(Z):CEOmodN}.
And X,(N)(C) may be identified with the quotient
Xo(N) == H"/To(N)

where H* = HU P*(Q).
The following can be given as the definition of Heegner points or by the definition
we gave in our other viewpoint of Xo(N),

Definition/Lemma 5.1. Let 7 be a CM point (i.e. T is a root of fr = (A,B,C)
with D := disc(7) := disc(f,) < 0). 7 is a Heegner point of level N and discriminant
D (modT'o(N)) if
D = disc(r) = disc(NT).
Note
_ -B+VD
TE

From this it is not hard to prove,
Lemma 5.2. 7 € HY & f. = (A, B,C) with A[N and gcd(A/N,B,CN) = 1.

Using the composition group law on BQF’s gives an effective way to describe the
set of all Heegner points of level N and discriminant D in Xo(N) = H*/SLa(Z),

Claim.

HE o S = {\/D mod 4N mod QN} x CU(D).
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One direction of the above is easy. Given a Heegner point

__-B+VD
2A
,let fr = (A, B,C) and send,
7 mod I'g(N) — (B mod 2N, [f,]).
For the other direction we need the following fact about BQF’s,

Lemma 5.3. Given any integer M, every class in C'(D) contains a primitive form
f=(M',b,c) such that gcd(M,M’) = 1.

Let (8,[f]) be an element of the right hand side. Since 32 = D mod 4N, there

exists an integer ¢ such that
D =pj3?—-4NC

hence [h := (N, 3,c)] € CI(D). Consider the class [fh~1] € Cl(D). Pick g € [fh™]
such that g = (A, B’,C") where (A’, N) = 1 (possible by the lemma). Now consider
the form gh. By the (Dirichlet) composition law,
B> D
A
where B satisfies B = B’ mod 24’ and B = 3 mod 2N.

Let f' := (A,B,C) = NA’,B,E%L{?). We have shown there exists a form
f’ € [f] such that N|A and B = 3 mod 2N, so we can send

Bl =7 im 2D

Fixing an n and varying over all elements of Cl(Of) thus corresponds to fixing
a ( and varying over all elements of C1(v/D).
Let HE (B) be the subset of 7 € HE such that the associated form f, = (4, B, O)
has B = 8 mod 2N.
There is an analytic description of ¢ given by the map
¢: Xo(N)=H"/SLy(Z) — E

T f(z)dz.
Po

gh=(NA',B,

Then the above work shows that

(Pe)= >  o(m)= D  é(Bxf) cEQ).

TEHR(B) FeCI(OK)
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