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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.
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EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.2/1:



DEFINITION:

A prime number is a positive integer greater than 1 that is divisible
by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that

4=2+42
6=3+43
8=3+5
10=3+47

12=5+47
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that
4=2+2
6=3+3
8=3+95
10=3+7
12=5-+7

14=3+11
16=3+13
18=5+13
20=7413

22=5417
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that
4=2+2
6=3+3
8=3+95
10=3+7
12=5-+7

14=3+11
16=3+13
18=5+13
20=7413
22=5417

24=3+411
26=7419
28=5+4+23
30=7423
32=3+429
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that

4=2+42 14=3+411 24=3+411 34=3+431
6=34+3 16=3+13 26=7419 36 =5+431
8=3+4+95 18=5+13 28=5+423 38=7+431

10=3+7 20=7413 30=7423 40=3+37
12=5+47 22=5417 32=3+429 42=5-+4+37
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DEFINITION:

A prime number is a positive integer greater than 1 that is divisible

by no positive integers other than 1 and itself.

EXAMPLE: The integers 2,3,5,7,11,13,17, 19 are primes.

We now note that

4=2+42 14=3+411 24=3+411 34=3+431
6=34+3 16=3+13 26=7419 36 =5+431
8=3+4+95 18=5+13 28=5+423 38=7+431

10=3+7 20=7413 30=7423 40=3+37
12=5+47 22=5417 32=3+429 42=5-+4+37

Goldbach’s Conjecture: Every even positive integer greater that 2

can be written as the sum of two primes.
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TRUE OR NOT TRUE?

Numbers 8 and 9 are the only consecutive powers.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.3/1:



Cathalan’s Conjecture:

Numbers 8 and 9 are the only consecutive powers.
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Cathalan’s Conjecture:

Numbers 8 and 9 are the only consecutive powers.

TRUE (Michalesku, 2002).
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lim = 400
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Leonhard Euler (1707-1783)
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PROBLEM:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:

]

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:

o] [

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:

e [

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:

HRBRGRK

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:
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Consider the following weights:

L] L] L] e (][] e
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Consider the following weights:

L] L] Lol [l [] el e e
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?

/N= 1]
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?
2

/N
2

/2\= 2

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.9/1:



PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?
2
/N
/=2
@ +[2]
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?

+[2]

ENENERIE
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?

S
1

S
2

S,

=+ 7

S,
4
S
1
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?

S
- | 1
S
- |2
S
=1—|—@
S
- 4
S S
- (1| + 4
S S
- 2| + |4
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PROBLEM:

Consider the following weights:

][] (] Lol [l [] (e] e e

Which weight can be balanced by them?

=7 A=+ )+
=z

=[] + 2]

_ﬂ

=4

e S

- 1| +— |4

= =

= 2| + |4
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PROBLEM:

Consider the following weights:

(][] o] (o] [] (e] e e

Which weight can be balanced by them?

=7 A=+ )+
=2 /A= ]
=[] + 2]

_ﬂ

=4

e S

- 1| +— |4

= =

= 2| + |4
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PROBLEM:

Consider the following weights:

(][] o] (o] [] (e] e e

Which weight can be balanced by them?

N\ P Y
-7 A=G

6 R I \in R
.

=[] + ¢
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PROBLEM:

Consider the following weights:

(][] o] (o] [] (e] e e

Which weight can be balanced by them?

= A=+ + 7
=2 /=]
=?+@ &=b11—|—581

e S

- 1| +— |4

= =

= 2| + |4
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PROBLEM:

Consider the following weights:

(][] o] (o] [] (e] e e

Which weight can be balanced by them?

=+ @+

[
BRSNS

_|_
_|_
_I_

4
1

B REH

5
T
LRIEHIEN

+[e]
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PROBLEM:

Consider the following weights:

(][] o] (o] [] (e] e e

Which weight can be balanced by them?

- A=[+R+7
B I
=T+ A=
5 P 2\l e P
=T+W A=[ T
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1=1

2=2
3=142
4=4
5=1+44
6=244
T=1+2+4
8=8
9=1+48
10=2+4-8
11=142-+8
12=4+48
13=144-+8
14=244-+8
15=1+244+8

16=16
17=1+416
18=2-+16
19=1+42416
20=4+4-16
21=1+4+4+416
22=2+4+4+416

23=142+44-
24=8+416

2=1+48+416
26=24-8+16

16

27=14248416

28=448+16

29=1+4+448
30=2+4448-

16
-16

31=1+24+448+

32=32

33=1432

34 =2-

-32

30=1-

36 =4432

37=1+44-

-2 432

-32

38 =2
39=1

4

32

2

4432

40 =8

41 =148~
42 =2+ 8-

43=1

-32

2

-32
-32
8+ 32

44 =4

45=1+44-
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a?* —1=(a—-1)(a>+a*°+a®*®+...+a*+a+1)
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a3? — 1
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(@><0)(a + 1)(a® + 1)(a* +1)(a® + 1)(a'® + 1)
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alt+a’°+a®®+...+a’*+a+1

=(a+1)(a*+1)(a*+1)(a®+1)(a'® +1)
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=(a+1)(a*+1)(a*+1)(a®+1)(a'® +1)

E1—|—a—|—a2—|—a1+2—|—a4—|—a1+4—|—a2+4

_I_ al+2—|—4 _I_ a8 _I_ al—l—S —I— a2—|—8 —I— a1—|—2—|—8

4 qit8 4 gltat8 4 g2+4+8 | 2+4+8+16

_I_ a16 _|_ a1—|—16 _I_ a2—|—16 _I_ a1-|-2—|—16 _|_ a4-|—16

1 a1+4—|—16 + a2—|—4—|—16 + al—l—2—|—8—|—16 _

| a8—|—16

1 a1+4+8+16 + a2—|—8—|—16 + a1—|—8—|—16 |

 q4t+8+16

4 glt2Ha+8 | g14+2+4+16 4 1424448416
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4
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B al—l—2—|—4 + a8 + a1—|—8 _|_ CL2+8 _|_ a1—|—2—|—8
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B CL16 _I_ CL1+16 _I_ a2—|—16 _I_ a1—|-2—|—16 _I_ a4-|—16

_ a1—|—4—|—16 _I_ a2—|—4—|—16 _I_ a1—|—2—|—8—|—16 1 a8—|—16

B al—l—4—|—8—|—16 + a2—|—8—|—16 + al—l—S—I—lG e a4—|—8—|—16
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B al—l—2—|—4 ‘PQ'S + a1—|—8 _|_ CL2+8 _|_ CL1+2+8

N\

\
B a4—|—8 + al+4+\8\_\|_ aZ—I—4—|—8 + aZ—|—4—|—8—|—16
\

AN
B CL16 _I_ a1—|—16 _I_ a2+L6\_|_ a1—|-2—|—16 _I_ a4—|—16
N

\
_ a1—|—4—|—16 _I_ a2—|—4—|—16 _I_ abt3+8—|—16 1 a8—|—16

N\
| @1 H4t8+16 | 248416 a1-|—8+16 1 g4+8+16
N\
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N

\
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1—|—2—|—4 _|_\ _|_ al—|—8 _|_ a§+&<l‘ a,1+2+8

\

a4—|—8 _I_ a1—|-4—|—“8\_\|_ a2—|—4—|—8 _I_ a2—|—4—|—8—|—16

N

AN
CL16 _I_ a1—|—16 _I_ a2+lﬁ\_|_ a1—|-2—|—16 _I_ a4—|—16
N

N\
gl ta+16 4 ,2+4+16 4 ap(3+8-|—16 L

N
qlT4+8+16 | 2+8+16 | al+8+16 n
N
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1—|—2—|—4 _|_\ _|_ al—|—8 _|_ a§+&<l‘ a,1+2+8

\

a4—|—8 _I_ a1—|-4—|—“8\_\|_ a2—|—4—|—8 _I_ a2—|—4—|—8—|—16

N

AN
CL16 _I_ a1—|—16 _I_ a2+lﬁ\_|_ a1—|-2—|—16 _I_ a4—|—16
N

N\
gl ta+16 4 ,2+4+16 4 ap(3+8-|—16 L

N
qlT4+8+16 | 2+8+16 | al+8+16 n
N
gl t2+4+8 | g1+2+4+16 4 ,1+2+4+8+16

a8—|—16

a4—|—8—|—16
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1+a+a2|'+a1+2+cr41ta1+4+a

1—|—2—|—4 _|_\ _|_ al—I—S _|_ a§+&<l‘ a,1+2+8
RN

4—|—8 "I_ a1+4+8\+ a2—|—4—|—8 _I_ a2—|—4—|—8—|—16

CL16 _|_:_ CL1+16 _I_a2+L6 _I_a1-|-2—|—16 _I_ a4-|—16

alt4ir16 4 q2+4+16 4 abtz—l—8—|—16 1 gB+16
v

N\
qlT4+8+16 | ;248416 4 al+8+16 4 gAt8+16
N
gl t2+4+8 | g1+2+4+16 4 ,1+2+4+8+16

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? —p.11/1:



a31_|_a30_|_a29_|_..._|_a2_|_a_|_1
= (a+1)(a® +1)(a* +1)(a® +1)(a'® + 1)

1 _I_ a _I_ a2 _I_ a1—|—2 _I_ a4 _I_ a1—|—4 _I_ a2—|—4

_I_ a1—|—2—|—4 _I_ a8 _I_ a1—|—8 _I_ a2—|—8 _I_ a1+2+8

_|_ a4—|—8 _|_ a1—|—4—|—8 _|_ a2—|—4—|—8 _|_ a2—|—4—|—8—|—16

_I_ a16 _I_ a1+16 _I_ a2—|—16 _I_ al—I—2—|—16 _I_ a4+16
_I_ al—l—4—|—16 _I_ a2—|—4—|—16 _I_ a1—|—2—|—8—|—16 _I_ a8—|—16
_|_ a1—|—4—|—8—|—16 _|_ a2—|—8—|—16 _|_ a1—|—8—|—16 _I_ a4—|—8—|—16

_|_ a1—|—2—|—4—|—8 _I_ a1—|—2—|—4—|—16 _I_ a1—|—2—|—4—|—8—|—16

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? —p.11/1:



a31_|_a30_|_a29_|_..._|_a2_|_a_|_1
= (a+1)(a® +1)(a* +1)(a® +1)(a'® + 1)

= 14+a+a?*+at't™ +a* + a'tt* + a2+
4 oalt2+e 4 g8 4 gl+8 4 g2+8 4 o1+2+8
4 qdt8 4 glHta+s | g2+4+8 4 ,2+4+8+16
4 aql® 4 ql+16 4 52+16 | 41+2+16 | 44+16
4 @lta+16 | 42+44+16 | ,1+2+48+16 | ,8+16
4 ql+a+8+16 | 42+8+16 | 41+8+16 | ,4+8+16

_|_ a1—|—2—|—4—|—8 _I_ a1—|—2—|—4—|—16 _I_ al—i—2—|—4—|—8—|—16

a’ 14+ a*"24a234+...4a’°+a+1

2n—1

=(a+1)(a®*+1)(a*+1)...(a

+ 1)

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? —p.11/1:



100

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 =64+ 32+ 4

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 =64+ 32+ 4
=1-64+1-324+0-164+0-84+1:440-2+0-1

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be balanced by them?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be balanced by them?

ANSWER:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be balanced by them?

ANSWER:

Any natural number

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



100 = 64 + 32 + 4
—1-64+1-324+0-16+0-84+1-44+0-24+0-1
— (11001001),

PROBLEM:

Consider the following weights:

L] L] Lol [l [] el e e

Which weight can be balanced by them?

ANSWER:

Any natural number, since any natural number can be converted
into the binary system.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.12/1:



Augustin Cauchy (1789 - 1857)

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.13/1:



THEOREM:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Foranyai,...,a, > 0 we have
(al +...4+a,

n
> ay...an
n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

ai+ ...+ a, b + ...+ b"

Vv

Y/br...bn

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

ot an bY 4. .. + b7
Bt td S i Y/ S

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

B + ...+ b > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

b +...+b*>nby...b, = a1 +...+a, =(Ya1)"+ ...+ (Yan)"

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

b +...+b*>nby...b, = a1 +...+a, =(Ya1)"+ ...+ (Yan)"
>nYa,... Ya,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n

THEOREM’: Forany b;,...,b,, > 0 we have

B” + ...+ b" > nby...b,

b +...+b*>nby...b, = a1 +...+a, =(Ya1)"+ ...+ (Yan)"
>nYa,... Ya,

=nYai...a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.14/1:



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
s il > Yay...an
n

THEOREM’: Forany bq,...,b,, > 0 we have

B” + ...+ b" > nby...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.15/1:



THEOREM: Forany b;,...,b,, > 0 we have

b + ...+ b" > nb;...b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

For n = 2 we have:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

For n = 2 we have:

b2 + b2 > 2b, b,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

For n = 2 we have:
bf - bg > 2b, b,

b3 — 2b1bs + b2 > 0

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

For n = 2 we have:
bf - bg > 2b, b,
b3 — 2b1bs + b2 > 0

(by — b3)* >0

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.16/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

For n = 2 we have:

b2 + b2 > 2b, b,

by — 2b.by 4+ by > 0

(b1 — b3)* >0

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? —p.17/1:



THEOREM: Forany b;,...,b,, > 0 we have
b +...+ b >mnb...b,

EXAMPLE:

For n = 2 we have: For n = 3 we have:

b2 + b2 > 2b, b,

by — 2b.by 4+ by > 0

(b1 — b3)* >0

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.18/1:



THEOREM: Forany b;,...,b,, > 0 we have

b + ...+ b" > nb;...b,

EXAMPLE:
For n = 2 we have: For n = 3 we have:
bf —- bg > 2b, b, b‘;’ —- bg’ - bg > 3b1b5b3

by — 2b.by 4+ by > 0

(b1 — b3)* >0

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.19/1:



THEOREM: Forany b;,...,b,, > 0 we have

b + ...+ b" > nb;...b,

EXAMPLE:
For n = 2 we have: For n = 3 we have:

bf —- bg > 2b, b, b‘;’ —- bg’ —- bg > 3b1b5b3
by — 2b1by + by > 0 b3 + b3 + b3 — 3bb2bs > 0

(b1 — b3)* >0

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.20/1:



THEOREM: Forany b;,...,b,, > 0 we have

b + ...+ b" > nb;...b,

EXAMPLE:
For n = 2 we have: For n = 3 we have:

bf —- bg > 2b, b, b‘;’ —- bg’ —- bg > 3b1b5b3
by — 2b1by + by > 0 b3 + b3 + b3 — 3bb2bs > 0

(by — by)? > 0 ?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.21/1:



THEOREM: For any b, b>, bg > 0 we have

b3 + b3 + b2 > 3b1bybs

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.22/1:



THEOREM: For any a, b, c > 0 we have

a® + b3+ 3 > 3abce

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have
a’ + b? > 2ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have
a’ + b* > 2ab

az—ab—l—bZZab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

b> 4+ ¢ > (b + c)be

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

b> 4+ ¢ > (b + c)be

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b> 4+ ¢ > (b + c)be

2a3

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b> 4+ ¢ > (b + c)be
2a3+2b°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b> 4+ ¢ > (b + c)be
2a°+2b°4-2¢°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b> 4+ ¢ > (b + c)be
2a°+2b%+2¢°>

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b> 4+ ¢ > (b + c)be
2a*4+2b°4+-2c*>(a + b)ab

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b> 4+ ¢ > (b + c)be
2a*4+2b°+2¢*>(a + b)ab+(a + c)ac

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce
PROOF: We have
a’ + b* > 2ab
a’ —ab+ b* > ab
(a + b)(a®* — ab + b*) > (a + b)ab
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac
b° + ¢ > (b+ c)bc
2a*4+2b°+-2¢*>(a + b)ab+(a + c)ac+(b + ¢)be

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have

PROOF:

a’ + b3+ & > 3abce

We have
a’ + b* > 2ab

a’ —ab+ b* > ab
(a + b)(a® — ab + b*) > (a
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

b> 4+ ¢ > (b + c)be

+ b)ab

2a*4+2b°+-2¢*>(a + b)ab+(a + c)ac+(b + ¢)be

2a3-

-2b% +2¢° >

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have

PROOF:

a’ + b3+ & > 3abce

We have
a’ + b* > 2ab

a’ —ab+ b* > ab
(a + b)(a® — ab + b*) > (a
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

b> 4+ ¢ > (b + c)be

+ b)ab

2a*4+2b°+-2¢*>(a + b)ab+(a + c)ac+(b + ¢)be

2a3-

-2b%+-2¢°>a’b

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have

PROOF:

a’ + b3+ & > 3abce

We have
a’ + b* > 2ab

a’ —ab+ b* > ab
(a + b)(a® — ab + b*) > (a
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

b> 4+ ¢ > (b + c)be

+ b)ab

2a*4+2b°+-2¢*>(a + b)ab+(a + c)ac+(b + ¢)be

2a3-

—2b3——2c32a2b + ab?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have

PROOF:

a’ + b3+ & > 3abce

We have
a’ + b* > 2ab

a’ —ab+ b* > ab
(a + b)(a® — ab + b*) > (a
a® 4+ b*> > (a + b)ab

a® 4+ c® > (a + c)ac

b> 4+ ¢ > (b + c)be

+ b)ab

2a*4+2b°+-2¢*>(a + b)ab+(a + c)ac+(b + ¢)be

2a3-

—2b3——2c32a2b + ab®*+a’c + ac?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have

PROOF:

a’ + b3+ & > 3abce

We have

a’ — ab L

(a + b)(a* — ab +

> 2ab
b®> > ab
b*) > (a + b)ab

a® 4+ b*> > (a + b)ab

3

a® 4+ c® > (a + c)ac

b° + ¢ > (b+ c)bc
2a*4+2b°+-2¢*>(a + b)ab+(a + c)ac+(b + ¢)be

2a3-

—2b3——2c32a2b + ab?-

_a’c + ac’+-b%c + be?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.23/1:



THEOREM: For any a, b, c > 0 we have
a® + b3+ 3 > 3abce
PROOF: We have
a4+ b > 2ab
a*—ab+ b* > ab
(@+b)(a* - ab+b*) > (a+b)ab

a* +b* > (a+b)ab
a*+¢* > (a+cac

b* +¢* > (b+ c)be
20°+20°+2¢*> (a + b)ab+(a + c)ac+(b + c)be
20342034 2¢* > a*b+ab*+a’c + act+bic + be

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a* 4+ b* > 2ab
a* +b* > (a+b)ab
P4 (ot e
B 4+6> (b+olhe

20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
20°4+20° 42> a*b+ab*+a’c + ac*+be + be?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a4+ b > 2ab
a* +b* > (a+b)ab
P 4e (ot e
B 4+¢ > (b+ dlbe

20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+a’c + ac*+be + be?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a4+ b > 2ab
0 +b* > (a +b)ab (a* 4+ b*)c > 2abe
a*+¢* > (a+cac
b* +¢* > (b+ c)be

20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+a’c + ac*+be + be?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a4+ b > 2ab
0 +b* > (a +b)ab (a* 4+ b*)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+ c)be

20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+a’c + ac*+be + be?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a® + b3+ 3 > 3abce
PROOF: We have
a4+ b > 2ab
a* +b* > (a+b)ab
a*+¢* > (a+cac
b* +¢* > (b+ c)be
20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+a’c + ac*+be + be?

a4+ b > 2ab
(a* 4+ b*)c > 2abe
(b* + c*)a > 2abe
(a* + ¢*)b > 2abe

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT

? —p.24/1:



THEOREM: For any a, b, c > 0 we have
a® + b3+ 3 > 3abce
PROOF: We have
a4+ b > 2ab
a* +b* > (a+b)ab
a*+¢* > (a+cac
b* +¢* > (b+ c)be
20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+a’c + ac*+be + be?

a4+ b > 2ab
(a* 4+ b*)c > 2abe
(b* + c*)a > 2abe
(a* + ¢*)b > 2abe

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT

? —p.24/1:



THEOREM: For any a, b, c > 0 we have

a’ + b3+ & > 3abce

PROOF: We have
a4+ b > 2ab

a* +b* > (a+b)ab

a*+¢* > (a+cac

b* +¢* > (b+ c)be
20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+-a’c + ac*+be + be?

a* 4+ b* > 2ab
a* 4+ b%)c > 2abc

(" +0)
(b*+ a
(0" + )b
b+ ¢)a+

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have

a® + b3+ 3 > 3abce

PROOF: We have
a4+ b > 2ab

a* +b* > (a+b)ab

a*+¢* > (a+cac

b* +¢* > (b+ c)be
20°+2b°+2¢*> (@ + b)ab+(a + c)ac+(b + c)be
2042042 > a*b+ab*+-a’c + ac*+be + be?

a* 4+ b* > 2ab

* +b%)e > 2abe

¢*)a > 2abe

4 ¢H)b > 2abe

(a* +b%)c + (b* + c*)a + (a* + ¢*)b > 6abe
a‘c+bic+bha+ cfata’hb 4+ c*b > Gabe

(@
(b +
(@

I\/I

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a2+b2>2ab a* + b > 2ab

a* +b* > (a+b)ab (a* +b%)c > 2abe

a’+¢" 2 (a+clac (b*+ c*)a > 2abe

b* +¢* > (b+ c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfata’hb 4+ c*b > Gabe

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfat a’h 4+ c*b)> Gabe

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfat a’h 4+ c*b)> Gabe

&.} 2a° + 2b° + 2¢°

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfat a’h 4+ c*b)> Gabe

;2&3 -+ 2b° -+ 2c° >

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+20°+2¢*> (a + b)ab+(a + cJact(b+c)be  (a* +b*)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfa+ a’b 4 c*b)> Gabe

&.) 2a° + 2b° + 2¢° > 6abc @—J

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c > 0 we have
a’ + b3+ & > 3abce

PROOF: We have

a4+ b > 2ab a* + b > 2ab
a* +b* > (a+b)ab (a* +b%)c > 2abe
i’ +¢* > (a+cac (b* + c*)a > 2abe
b* +¢* > (b+c)be (a* + ¢*)b > 2abe
20°+2°+2¢*> (a + b)ab+(a + cJact(b+c)be || (a* +b%)c+ (b* + ¢*)a + (a* + c*)b > Gabe

20°+20°+2c3 Aa*b+ab*+ac + ac®+b*c + be? a‘c+bic+bha+ cfa+ a’b 4 c*b)> Gabe

&.) 2a° + 2b° + 2¢° > 6abc @—J

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.24/1:



THEOREM: For any a, b, c, d > 0 we have

a* + b* 4+ ¢t + dt > 4abed

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed

PROOF: Sincex + y > 2./xy

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed

PROOF: Since x + y > 2./xy, we have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c, d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2./xy, we have

a* + b* > 2a°b?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?

ct + d* > 2¢2 d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?

ct + d* > 2¢2 d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?
ct + d* > 2¢2 d?

a* 4+ bt 4+ ct+dt > 2a%b? + 2c2d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?
ct + d* > 2¢2 d?

a* 4+ bt 4+ ct+dt > 2a%b? + 2c2d?

> 2v/4a2b2c2d?

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: For any a, b, c,d > 0 we have
a* + b* 4+ ¢t + dt > 4abed
PROOF: Since x + y > 2,/xy, we have
a* + b* > 2a°b?
ct + d* > 2¢2 d?

a* 4+ bt 4+ ct+dt > 2a%b? + 2c2d?

> 2v/4a2b2c2d?
— 4abcd

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.25/1:



THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—agZSalaz...aS

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag

PROOF: Sincex + y > 2./xy

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag

PROOF: Since x + y > 2./xy, we have

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag

PROOF: Since x + y > 2./xy, we have

8 8 4 _4
a,; + a, > 2aja,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany aq,as,...,ag > 0 we have
ai’—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,‘110,‘21

8 8 4 _4
a; +a, > 2aa;

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany aq,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,‘110,‘21
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany aq,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,‘110,‘21
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany aq,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,‘110,‘21
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—agZSalaz...aS

PROOF: Since x + y > 2./xy, we have

8 8
al—l—a,2
8 8
a; + ay,
8 8
a5—|—a,6

8 8
(17—|—a,8

4 _4
> 2aja,

4 _4
> 2a.a;

4 _4
> 2a a,

4 _4
> 2a,ag

4 4 4 4 4 4 4 4
> 2aja; + 2aza; + 2azag + 2azag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have

af—l—ag—l—...—l—aSZSalaz...aS

PROOF: Since x + y > 2./xy, we have

8 8 4 _4
a,; + a, > 2aja,
8 8 4 _4
a; +a, > 2aa;
8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag

4 4 4 4 4 4 4 4
> 2aja; + 2aza; + 2azag + 2azag

i.4,.4.4 4,44
> 2 /4ataialal + 2\/4atataial

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany aq,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,4110,‘2l
ag -+ ai > 2a§aj
ag -+ ag > 2a§a§
ag -+ ag > 2af;a§

a; + a5+ ...+ af > 2ajaj; + 2a3a; + 2aza; + 2azag

i.4,.4.4 4,44
> 2 /4ataialal + 2\/4atataial

2 2 2 2 2 2 2 2
4ajasazay + 4azagazag

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,4110,‘2l
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag

8 8 8 4 _4 4 _4 4 4 4 4
a; +as+...+ag > 2aja; + 2a;a, + 2aza; + 2a-ag

i.4,.4.4 4,44
> 2 /4ataialal + 2\/4atataial

2 2 2 2 2 2 2 2
4ajasazay + 4azagazag

> 2,/16a2%a2...a?2

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: Forany ai,as,...,ag > 0 we have
a?—l—ag—l—...—l—ag > 8aias...ag
PROOF: Since x + y > 2,/Ty, we have
af -+ ag > 20,4110,‘2l
ag -+ ai > 2a§aj

8 8 4 _4
a; + ag, > 2aga,

8 8 4 _4
a, + ag > 2a,ag

8 8 8 4 _4 4 _4 4 4 4 4
a; +as+...+ag > 2aja; + 2a;a, + 2aza; + 2a-ag

i.4,.4.4 4,44
> 2 /4ataialal + 2\/4atataial

2 2 2 2 2 2 2 2
4ajasazay + 4azagazag

> 2,/16a%a2...a2 = 8aqa;...as

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.26/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,
LEMMA: Suppose
a’+...+a’>nai...a,

forany a;, as,...,a, > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have
a’+a;, +...+a’>mnaas...a,
LEMMA: Suppose
a’+...+a’>nai...a,
forany ay,as,...,a, > 0. Then

b?_l—l—...+b2:} 2 (n—l)bl...bn_l

forany by, bs,...,b,_1 > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.27/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
a?—l—...—l—ag > 8ay...as

forany a;,as,...,ag > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.28/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
a?—l—...—l—ag > 8ay...as

forany a;,as,...,ag > 0. Then
bl + ...+ bl > Tb;...b;

forany by, bs,...,b7 > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.28/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
aI—I—...—I—a; > T7ay...ar

forany a;,as,...,a7 > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.29/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
aI—I—...—I—a; > T7ay...ar

forany a;,as,...,ay > 0. Then
bS + ...+ by > 6by...bg

forany by, bs,...,bg > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.29/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
af—l—...—l—ag > 6ay...ag

forany a;,as,...,ag > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.30/1:



THEOREM: If n = 2%, then for any a1, as, . . . , @, > 0 we have

a’+a;, +...+a’>mnaas...a,

LEMMA: Suppose
af—l—...—l—ag > 6ay...ag

forany a;, as,...,ag > 0. Then
b + ...+ b2 > 5by...bs

forany by, bs,...,bs5 > 0.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.30/1:



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
Lo il > Yay...an
n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
s il > Yay...an
n

PROOF:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
15 il > Yay...an
n

PROOF (ELEMENTARY):

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

a ..t a,
15 il > Yay...an
n

PROOF (ELEMENTARY, SHORT):

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
L1geeesglp & [A,B].

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B]

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; 7# as.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT

? —p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ T,
f(x1y...,xy) = - — Yxy...x)H

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+as
2 2

a
f(a17a29a37°°°9an)>f( 7a37°°°9an7>.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.31/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(ai,a2,a3,...,an)

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/wl...:cn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai+taz
ay +az2+az+...+a

n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/wl...:cn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+az2 ai+taz
ay +az2+az+...+a

n

ai1+az2 ai-+taz
f 2 9 9 s34 c0.0 9 An

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/wl...:cn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f< ,a3,...,an,> N

ay +az2+az+ ...+ an

ai1+ta2 ai+t+az _ arl-% + al—i_%—i_as_'_'”—i_a" _ mn/aitaz aitas
f 9 ’ 9 sy A3y ey Qn | = n 2 5 A3 ...0an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have

ai + ...+ an
> Yai...a
n T v "
PROOF (ELEMENTARY, SHORT): Put
1+ ...+ x "
f(x1,...,n) = - n—\/:nl...:cn

Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].
Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

ai+az+@s+...+an)
" [

a1+az2 ai—+az _ al_i_% + al—i_%—i_@ﬁ_l_'”—i_an)_ n/aitaz aitaz
f 2 9 2 sy A3y 0. 4Qn n > ) as ...an

f(ai,a2,a3,...,an) = ¥aiaza3 ...an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

@1 +a2}'|'@3+---+an)_
1 " 1

ai+az2 ai—+az _ 1—|2-a2 T al—i_%}@ﬁ_l_'”_i_an)_ n/ajtaz ajtasg
f 2 9 2 sy A3y 0. 4Qn o > ) as ...an

f(ai,a2,a3,...,an) = ¥aiaza3 ...an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

1+az+a3+...+a
f(ai,a2,a3,...,an) = f - n)— ¥aiaza3 ...an
11 1 11 1
ai1+ta2 ai+t+az _ Fbl% + wi-%+a3+. - tan n/aitaz aitaz
f 2 9 2 ,G3,..-,an—L n —\/ > ) as ...an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

a1 +az ai—+az
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(ai,a2,as,...,an) = ﬁ1+a2+a3+ +an)

ai1+az2 ai-+az Fbﬁ_az + a1+a2 +as+.. +a" aitaz a1+az
f 2 9 2 ,al3’lo-’aln L n \/ 2 2 3...an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

Z Val...an

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(al,a2aa37°°'aan) — fl nCE +a’§+"-+an)_ \nAalaQé ’

3...0n
11 1 11 1 ™ A\

ajitaz

4

ai+a2 ai+taz (T_I_al—i_%_'_aﬁ_i_'”—i_a" n/fartaz a1+a;E )
2 9 2 s34 ...49Qn :L " _\/\2 > 3 ...0n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

Z Val...an

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(al,a2aa33°°'aan) — fl nCE +a’§+"'+an)_ \nAalaQé ’

3...0n
1 1 1 1 = A\
a1 taz2 ai-+az M‘FM"‘GS"‘""FG’” /b a ‘E )
f(12 9 9 ,a,3,...,a,n):(2 2'n, _\/61‘;@2 1-502 3 e n
% > \/aitaz

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

Z Val...an

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(al,a2aa33°°'aan) — fl nCE +a’§+"'+an)_ \nAalaQé ’

3...0n
| 1 | 1 ™ Q
ai1+az2 ai+az aytaez 4 aitaes 4 4.4 ia, T ——
% S Jaids

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

Z Val...an

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(al,a2aa33°°'aan) — fl nCE +a’§+"'+an)_ \nAalaQé ’

3...0n
| 1 | 1 ™ Q
ai1+az2 ai+az aytaez 4 aitaes 4 4.4 ia, T ——
% > JaTas —>

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

.f(alaa'2,a'33 °'aan) ﬁ1+a2+a3+ +an) \nAala2€3 ’

S—rn Q

ai+a2 ai+taz _Fbl%+m%+a3+"'+a" n/fitaz a1+GzE )
f 2 9 2 ,a3,-.-’aﬂn—L n _\/\2 ) 3 e n

a1 -I—az

a1 + a2

2
> ala
> ) 1a2

> y/ai1a2 —> (

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

.f(alaa'2,a'33 °'aan) ﬁ1+a2+a3+ +an) \nAala2€3 ’

S—rn Q

ai+a2 ai+taz _Fbl%+m%+a3+"'+a" n/fitaz a1+GzE )
f 2 9 2 ,a3,-.-’aﬂn—L n _\/\2 ) 3 e n

a1 -I—az

a1 + a2

2
> ) > ajaz —>

> y/ai1a2 —> (

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

.f(alaa'2,a'33 °'aan) ﬁ1+a2+a3+ +an) \nAala2€3 ’

S—rn Q

ai+a2 ai+taz _Fbl%+m%+a3+"'+a" n/fitaz a1+GzE )
f 2 9 2 ,a3,-.-’aﬂn—L n _\/\2 ) 3 e n

a1 -I—az

a1 + a2 a1 + a2

2
a1 + a2
—) > ajaz —> > ajaz

2

>\/m—_—>( . .

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

Z Va]_ o o o an
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

.f(alaa'2,a'33 °'aan) ﬁ1+a2+a3+ +an) \nAala2€3 ’

S—rn Q

ai+a2 ai+taz _Fbl%+m%+a3+"'+a" n/fitaz a1+GzE )
f 2 9 2 ,a3,-.-’aﬂn—L n _\/\2 ) 3 e n

a1 -I—az

a1 + a2 a1 + a2

2
a1 + a2
— > ajaz —> > aia2

2

>\/m—_—>( . .

A MATHEMATICAE'PROBEEMEASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

Z Val...an

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

f(al,a2aa37°°'aan) — fl nCE +a’§+"-+an)_ \nAalaQé ’

3...0n
11 1 11 1 ™ A\

ajitaz

4

ai+a2 ai+taz (T_I_al—i_%_'_aﬁ_i_'”—i_a" n/fartaz a1+a;E )
2 9 2 s34 ...49Qn :L " _\/\2 > 3 ...0n

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have

ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

1+ ...+ xn

> Yai ...

Flaa, ...

Assume to the contrary that f(x1,...

,iBn): n

Suppose that f(x1,...

y®n) < 0 for somexy,...
, &n, ) attains its minimal value on [A, B] atsome ay, . .

— Yx1...Tn

,Tn € [A, B].

[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+taz ai+tas

b

f(al,az,ag,...,an)>f( >

2

,a3,...,an,> .

. ﬁ1+a2+a3—|—---+an

f(ai,a2,a3,...,an)

n

a10;2a3 e o o CLn

RN
| I |

1l ANNNN

ai1+az2 ai-+taz

4

’ sy A3,y . .
2 2 n

ﬁ1+a2
.,a,,,,): -

a —|—a +as a
| %_l_as—i—,..—i—anj @al 2 1—|—a2a aJ
2 2 30!' ’I’L

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n
PROOF (ELEMENTARY, SHORT): Put

Z Val...an

1+ ...+ x
f(x1,...,n) = - n—{‘/:nl...mn
Assume to the contrary that f(x1,...,xn) <O for somezx1,...,xn € [A, B].

Suppose that f(x1,...,xy ) attains its minimal value on [A, B] atsome a1,...,an €

[A, B] with a1 7 a2. This gives us a contradiction, since

ai+az2 ai—+asz
2 2

f(al,az,ag,...,an)>f( ,a3,...,an,> N

. ﬁ1+a2+a3—|—---+an

f(ai,a2,a3,...,an) = k

— Yaiazasz ... an)
n
\V \V/ \V \V/ \V \V/ \V

ajitaz

\
ai1+ta2 ai+t+az (T + wi-%+a3+. - tan n/aitaz aitaz
f 2 ’ 2 3 A3y ey n :L n — ) 5> Qa3 ...0an

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.32/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ELEMENTARY, SHORT): Put
r1+ ...+ @
f(x1ye..,xy) = - L YEy...xn

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+t+as
2 2

a
f(a17a29a37°°°9an)>f( 7a’37°°°9a'n).

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.33/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ECEMENTARY, SHORT): Put
1+ ...+ x,
f(x1y...,x,) = - — YTy ... Ty

Assume to the contrary that f(x1,...,x,) < 0 for some
T1,y...5T, € [A, B|. Suppose that f(xy,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+t+as
2 2

a
f(a17a27a37°°°9an)>f( 7a’37°°°9a'n).

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.33/1:



THEOREM: Foranyai,...,a, > 0 we have

ai+ ... +a,
- > Yay...an
n
PROOF (ECEMENTARY, SHORT): Put
1+ ...+ x,
f(x1y...,x,) = - — YTy ... Ty

Assume to the contrary that f(x1,...,x,) < 0 for some
LT1,...,L, € [A, B]. Suppose that f(xq,...,x,) attains its
minimal value on [A, B] at some a;,...,a, € [A, B] with

a; # as. This gives us a contradiction, since

1t+a2 aj;-+t+as
2 2

a
f(a19a29a37°°°9an)>f( 7a’39°°°9a'n).

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.33/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

> Yai...an
PROOF (ECEMENFARY SHORT): Put

1+ ...+ xn

f(x1,...pn) = - — Yx1...2n

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

a1+az ai—+az
2 2

f(al,aQ,ag,...,an)>f< ,a3,...,an> N

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.34/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

> Yai...an
PROOF (ECEMENFARY SHORT): Put

1+ ...+ xn

f(x1,...pn) = - — Yx1...2n

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

a1+az ai—+az
2 2

f(al,aQ,ag,...,an)>f< ,a3,...,an> N

THEOREM:

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.34/1:



THEOREM: Foranyai,...,an > 0 we have
ai + ...+ an

n

PROOF (ELEMENFARY, SHORT): Put

> Yai...an

1+ ...+ xn

f(x1,...pn) = - — Yx1...2n

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+a2 ai—+a2
2 2

f(CLl,CLQ,CL3,...,an)>f< ,a3,...,an> N

THEOREM (Extreme-Value Theorem):

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.34/1:



THEOREM: Foranyai,...,an > 0 we have

ai + ...+ an
> Yai...a
n = Y "
PROOF (ECEMENFARY, SHORT): Put
1+ ...+ x
f(x1,...pn) = - n—{"/ml...mn

Assume to the contrary that f(x1,...,xn) <O for somex1,...,xn € [A, B].
Suppose that f(x1,. .., xy ) attains its minimal value on [A, B] atsome a1,...,an €
[A, B] with a1 7 a2. This gives us a contradiction, since

ai1+a2 ai—+a2
2 2

f(CLl,CLQ,CL3,...,an)>f< ,a3,...,an> N

THEOREM (Extreme-Value Theorem): If f(x1,...,Ty,) is contin-
uous on a closed and bounded set R, then f has both an absolute

maximum and an absolute minimum on K.

A MATHEMATICAL PROBLEM: EASY OR DIFFUCULT? — p.34/1:
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