LECTURE NOTES FOR AMATH 351
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Abstract. Introductory survey of ordinary differential equations. Linear and nonlinear equa-
tions. Taylor series. Laplace transforms. Emphasis on formulation, solution, and interpretation of
results. Strong emphasis on examples derived from physical, biological, and engineering sciences.

1. Introduction. The Syllabus

The course follows closely the text by W. E. Boyce and R. C. DiPrima, Elementary
Differential Equations (6th Ed.). Included in the syllabus are lectures on Chapter 2
(3 lectures), Chapter 3 (5 lectures), Chapter 5 (3 lectures), Chapter 6 (3 lectures),
Chapter 7 (6 lectures), and Chapter 9 (6 lectures). In each chapter, emphasis is given
for the formulation, solution techniques, and applications.

It is assumed that the student is proficient with methods of differentiation and
integration. Along with the ability to manipulate algebraic equations, these skills are
sufficient for success in the course. Following is a list of contents.
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2. Chapter 2. First Order Differential Equations

This first chapter is concerned with what are called First Order Differential Equa-
tions. To be more precise, a first order differential equation is written in the following
form:

dy
1 — = f(t
1) o = [ (ty)
where f(t,y) is a given function of ¢ and y. In general, we cannot solve this equation
with arbitrary f(t,y). However, there are many forms of f(¢,y) for which we can solve
the first order differential equation (1) explicitly. This chapter considers the various
forms of f(t,y) for which we can generate a solution to Eq. (1).

2.1. Lec. 1. Method of Integrating Factors and Separable Equations

We begin this chapter by considering the linear equation:

dy
2 — t)y =g(t).
2) o TPy =9()
This equation is linear since f(t,y) = g(t) —p(t)y is linear in the variable y, i.e. things
like y2, exp(y), or cos(y) are nonlinear.
With a general p(t) and g(¢), this equation is still too difficult to solve. We
therefore let

p(t) = —-A and g(t)=B

so that we have

dy
— =Ay+B
at ~ Y
where A and B are constants. After some simple manipulation, we can rewrite this

as (divide by Ay + B and multiply through by A):

dy

Now we make the following observation:

ih’l _|_§ —;xd_y
a\"["TA|) Ty B @

A
where we have made use of the chain rule. But this is exactly what we have on the
left hand side of the previous equation! So we can rewrite our previous simplification

as:
d
2 (1
dt (n

By integrating both sides we have
B
—|)dt= | Adt
o)

/%(m

B
5]
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which gives

In

B
—|=At+c
y+ ) ‘ +
where ¢ is some constant of integration. Exponentiating both sides results in

Y+ 2 = exp(At + ¢) = exp(At) exp(c) = Cexp(At)

A
which gives finally
B
y=-7 + C exp(At)
where the arbitrary constant C' can be determined with the aid of the initial condition

y(to) = yo-

Thus with p(t) and g(t) being constant, we can solve the first order equation.
This gives us hope that perhaps we can solve the equation even when p(t) and g(t)
are more complicated functions. Recall that the key step in the above was to notice
that the left hand side was a derivative of somethingl We will utilize this in what
follows. We once again consider

dy

dt
We notice that the left hand side is not a derivative of something. However, we can
try to make it that way by multiplying by some arbitrary function pu(t).

+p(t)y = g(t).

)y + pt)p(t)y = ut)g(t)
From the product rule for differentiation, we note that

9 ity = n() 1 440

which is much like the previous equation on the left hand side. In fact, we can make
it exactly like the left hand side of the previous equation if we choose pu(t) so that

L dn

dp
— = u(t)p(t) PRl i p(t).

dt
We once again notice that the left hand side of the resulting equation for u(t) is a
derivative of something so that:
ldy

LA =P > Gna(®) = p0)

dt

which upon integrating both sides with respect to ¢ gives

n(u®) = [pit > p=ew ( / p(t)dt)

where for the present, we have left off the constant of integration. By utilizing this
u(t) in our original equation, we then have:

9 () = no(t)
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which upon integrating gives

p(t)y = / p(H)g(H)dt + C

v=—i5 ([ nvatvat )

which is the general solution of the problem and includes an arbitrary constant of
integration C. So if we can perform two integrations (which may not be trivial), we
have the general solution to the problem.

Example: Solve y' + 2ty =t with y(0) =0

We note from this problem that p(¢) = 2t and g(t) = t so that
p(t) = exp ( / p(t)dt> = exp ( / 2tdt> = exp (¢?)

1

y=—0 (/p(t)g(t)dt +C> = exp (—t?) (/texp (t*) dt + C)

u(t)

and

1 1
= exp (—t2) (5 exp (tz) + C) =3 + Cexp (—tz)
Making use of our initial condition we find:

y(0)=0 — 0:%+C - C=— = y=

The following theorem applies for first order differential equations of the form we
are considering.

THEOREM: If p(t) and g(t) are continuous on some interval I (a < t < 3) contain-
ing to, then there exists a unique solution satisfying y' + p(t)y = g(t) with y(to) = yo-

Example: Solve ty' + 2y = 42 and find the range of validity

This is a nice example of a problem where things behave nicely so long as t # 0.
To see this, we simply put the equation in the form of the above theorem.

dy 2
A
at Tt

This gives us an integrating factor of

u(t) = exp (/ %dt) =exp (2Int) = exp (Int?) = ¢?
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which in turn gives us

y:i</ﬁmﬂﬁ+c):%(ﬁ+cy:ﬁ+g

t2

But we note that y(t — 0) = +oo depending on the value of C. So the differen-
tial equation does not make sense for ¢ = 0 as is plainly seen in the equation since
p(t = 0) = co. This shows us where the above theorem breaks down.

Another class of equations which can be handled quite nicely are what are called
separable equations. In this case, we write the differential equation in the form:

dy

M N —=

(z,y) + N(z,y) o~

This can be done from y' = f(t,y) by letting M = —f and N = 1. If in addition we
have

=0.

M(z,y) = M(z) and N(z,y) = N(y)

then

multiplying through by dz we find
M(z)dz + N(y)dy=0 — /M(m)dm + /N(y)dy =C

upon integrating. So provided we can once again perform two integrations, we have
the general solution to the differential equation.

example: Solve g—z = ﬁ‘;syﬁ with y(0) =1

Multiplying the above equation through by (1 + 2y?)/y gives us the separable
form:

1+ 292
cosxdr = t2y

dy .

Integrating gives

1+ 2¢2
/cosa:da:+C=/ +yydy — sinz+C=Inly|+9°.

Now if y(0) =1 then 0+ C =0+ 1 so that C =1 and
sing +1=1Inly| +y°

which is the general solution to the problem.
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2.2. Lec. 2. Applications: Population Modeling and Mechanics

2.2.1. Population Dynamics. One of the more pertinent applications of first
order differential equations is to the modeling of population sizes. In particular, it
is reasonable to assume that a population grows according to how big it already
is. This makes sense since for large populations there are more of that species to
mate and reproduce in comparison to a population with a low number of members.
Mathematically, we can write this simple behavior as:

dy

dt
where y is the population size and a determines the growth rate of a species. Thus
this equation allows the rate of change of the population (dy/dt) to be proportional to
the existing size of the population. It is easy to verify that the solution to the above
equation is simply:

:ay

y = yo exp(at) .

This implies that populations grow exponentially from an initial population size yq.
The rate of that growth is determined by the parameter a so that for a large the
population grows more quickly than for a small. This parameter accounts for the
differences in the size and spread of populations of insects and rabbits (large «)
versus perhaps elephants and whales (small ).

Unfortunately, most populations do not simply continue to grow exponentially
since the populations would go to infinity as time goes to infinity. Thus we need a
more realistic model to account for the fact that once a population gets too large,
they must compete for food, water, places to live, etc. In some sense, we think of
Darwinian theory coming along and destroying that part of the population that just
can’t compete. A more realistic model then might be:

dy

dt
which is similar to the above except that now the growth rate (h(y)) now depends
upon the population size itself. This equation is called autonomous since the right
hand side does not depend explicitly on time. To build a more realistic model, we
conjecture the following two behaviors:

h(y)y = f(y)

e when y is small: the population grows (h(y) > 0)
e when y is large: the population declines (h(y) < 0)

The simplest way to implement this is by letting
hy) = a—ay

so that when y is small, h(y) = « > 0 and when y is large, h(y) =~ —ay < 0. This
then gives the population equation

4 oofi-4):

which is known as the logistic equation and which was proposed by the Belgium
mathematician Verhulst in 1838 (note that K = a/a).
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Of particular interest are solutions for which the derivative (or population) is
neither growing or decreasing. This happens when

dy _

i 0 EQUILIBRIUM.

We call this equilibrium since the solution is not growing or decreasing. This however,
does not mean that the solutions are stable. For the logistic equation, equilibrium is
attained when:

%:0 - (1—%),@:0

which gives the equilibrium solutions:
y=20 and y=K.

More generally, equilibrium solutions can be sought for any equation of the form:

dy

at )
The equilibrium solutions g, are given by

flye) =0.

The equilibrium are also called critical points.

We now return to the logistic equation and its critical points. In particular, we
would like to understand the stability of each of them. Recall that for y small, we have
growth, whereas for y large we have decay (decline of the population). In particular
we have the following:

d

d—z >0 (growth) when 0<y <K
d
d_gz <0 (decay) when y>K

where we only consider y > 0 since we are considering a population’s size. These
dynamics can be very nicely depicted in Fig. 1a which shows solutions in the y versus
t plane. The equilibrium solution y = K is called asymptotically stable since all
solutions go to y = K for t — o0o. In contrast, the y = 0 equilibrium solution is
unstable since all solutions go away from it.

Another way to look at this problem is by simply plotting f(y) versus y. Whenever
we find that f(y) > 0, we have growth. Likewise, when f(y) < 0 then we have decay.
Figure 1b gives a nice illustration of this behavior for the logistic equation. Notice
that the equilibrium solutions correspond to when the solution f(y) crosses zero. We
note that solutions below and above the equilibrium y = K both go to y = K as
t — oo. In this case, K is called the saturation level (or environmental carrying
capacity).

Although we now know almost everything qualitatively about the behavior of the
equation, we note a couple of things:

o We haven’t solved anything yet!
e This model behaves markedly different than the linear case.
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F1G. 1. Skematic of the solution field y versus t in (a) and plot of f(y) versus y in (b). Note
that from these sketches, we can understand the stability of the equilibrium y =0 and y = K.

We can now proceed to solve the logistic equation. By the method of separation, we
find

dy (1 1/K )
———— =oadt — -+ ——— | dy=adt
(1—-y/K)y y 1-y/K
which yields upon integration
ln|y|—ln‘1—£|:at+c — L:Cexp(at).
K 1—y/K

Assuming that yg is the initial population, we then have

_ Yo K
yo + (K — yo) exp(—at)

Y

Note that it is clear from this solution that y — K as t gets large. So we see once
again that y = K is an asymptotically stable equilibrium and y = 0 is an unstable
equilibrium.

The logistic equation provides a nice population model since it both accounts for
the growth of a species and its eventual reaching of a population limit. We can also
do more sophisticated things with this kind of modeling. For instance, some species
have been found to only reproduce provided there is a sufficiently large population
(i.e. the carrier pigeon). In this case, if the population is below a certain level, then
the population decays. To incorporate this into the logistic equation, we modify it to
be of the following form:

%:—a(l—%) (1—%)y=f(y)-

In Fig. 2a and 2b, we plot the analog of Fig. 1a and 1b. This simple modification
allows the population to become extinct (go to zero) if the initial population is below
y = K. Further, if the population is greater than K, then the population saturates
to the equilibrium point y = A (i.e. the environmental carrying capacity).
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Fi1G. 2. Schematic of the solution field y versus t in (a) and plot of f(y) versus y in (b) for
population model with threshold phenomena. Note that from these sketches, we can understand the
stability of the equilibrium y =0, y = K, and y = A.

2.2.2. Classical Mechanics. Changing gears, we move on to an example from
physics. Recall that Newton’s Law is given by:

F =ma

where F' is the sum of the forces, m is mass, and a is acceleration. We further recall
that acceleration is the time rate of change of velocity (v(t)) which is in turn the time
rate of change of position (z(t)) so that:

dv d’z dx
= — = — v=—.

dt  dt? dt
Suppose we drop an object which has a wind/air resistance proportional to the speed
|v|. Then

a

Z F = (gravity) — (air resistance) = mg — av

where o measure the amount of resistance and g is the gravitational acceleration.
From Newton’s Law, we then have the differential equation:

dv
ma =mg— v
which is rewritten
dt m

which can be easily solved by either the integrating factor method or separation to
yield:

v= % (1 — exp(—at/m)) .

We note that as t — oo, then v = mg/a which is the terminal velocity of the object.
We can then easily find the position of the object by integrating up v:

o(t) = /v(t)dt = a0+ %4 - "2 (1 - exp(~at/m)
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where x( is the initial position.

2.3. Lec. 3. Exact Equations and Homogeneous Equations

In the first lecture, we learned how to solve equations if they are either separable
or have an integrating factor. However, there are many differential equations that do
not fit into either of these categories. So let’s once again consider the equation:

dy
M(may) +N(m,y)£ =0
where M (z,y) # M(z) and N(z,y) # N(y) so that the method of separation fails.
To solve this equation, we consider a function

b(z,y(z)) = c

where ¢ is a constant and 9 (x,y) is just some function of z and y(z) which we will
determine. Note that by the chain rule:

d _op  Opdy
%W(w,y(x))] = %ﬂLa—y e =0.

If we relate this to the differential equation we have above, then we notice that

d d
%ZM(w,y) and O—ZZN(x,y)-

So if the above relations hold, then ¢(z,y) = c is the solution to the differential
equation!

Two questions come to mind immediately:

e When can we apply such a technique?
e How do we actually solve for ¢ (z,y)

The first question can be easily answered by recalling from multivariable calculus that

O _ 0%
dxdy  Oydx '
Thus we find that
9 (ov)\ _ oM and 9 (@) _ON
oy \ox ) 0Oy ox \ 0y ) Oz’

But since these are equal, we then must have
oM  ON
oy Oz’
This condition must be satisfied in order for ¥(z,y) to be a solution to our problem.

Example: Solve (ycosz + 2z exp(y)) + (sinz + 22 exp(y) — 1)y’ =0
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We first note that:

M =ycosz +2zexp(y) — M, =cosz+ 2zexp(y)

N =sinz+z%exp(y) =1 — N, = cosz + 2z exp(y)

so that M, = N, and the equation is exact. We can then evaluate our solution 9(z, y)
by recalling that:

% _
P M =ycosx + 2z exp(y)

oy

ay =N =sinz + 2% exp(y) — 1

We can integrate up the first equation with respect to z. This gives

Y(z,y) = ysinz + z° exp(y) + h(y)

where h(y) is some arbitrary constant which can depend upon y. But from the second
equations above, we know what 1, must be. So we differentiate our solution for ¢(z, y)
above which gives:

dh

(89—1’; = sinz + 2% exp(y) + ay

It only remains to equate the two equations for ¢,. Upon comparing the two, we find

ah _
dy

which can be integrated to yield

h(y) = —y.

Inserting this value of h(y) back into our solution for ¢ we find:

Y(z,y) =ysinz + 2 exp(y) —y =C

where the constant C is determined by initial conditions.

The concept of integrating factors can also play a role in solving by the method
of exactness. To see this, consider once again the governing equation:

dy
M(z, N(z,y)— =0

(@,9) + N(z,y) o

which is not exact, i.e. My # N,. We can once again try to multiply through by an
appropriate function which makes it exact. So then multiply through by a function

u(z,y) so that

(e, ) M (2,1) + pa,y) N ) 2 = 0.
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Exactness is now established if
(uM), = (uN),
which gives
Mpy = Npg + (My — Nz)p =0.

In general, this is very difficult to solve for u. However, consider the case for which
u(z,y) = p(z). This then simplifies to

dp _ M, — N,
de N
where (M, — N,)/N should be a function of z alone. If this is so, then the integrating

factor can be easily calculated and the problem becomes exact.

Another class of first order problems which can be solved in closed form involves
a differential equation of the form:

Y tan=1(Y).

Equations of this form are called homogeneous. The easiest way to solve such problems
is by defining a new variable

so that the equation becomes:

2 2= ()

where we have made use of the chain rule (y = z2) in calculating the left-hand side
dy/dx = dy/dz-dz/dz +dy/dz = x -dz/dx + 2. In this form, the equation can always
be separated to yield:

dx dz

z f(z)—=z

which can be easily solved by integrating both sides.
Example: Solve dy/dz = (y? + 2zy)/x?
We notice that this equation can be written

2 2
dy _y 42y _ ¢y
dz 2 2 T

Thus it is in homogeneous form and we can define z = y/x so that we have:

d: d
—y=z2+22 — x—z+z:22+2z.
dx dx
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Rearranging gives

dz dz 1 1
@_ (2 dz.
z 22+z z z+1

Upon integrating we finally find that

Injz|+c=In|z|-In|z+1] — czx= .
z+1

Using the fact that z = y/x we find the solution

CZ‘2

Y=1"e"

where the constant ¢ is determined by the initial conditions.

2.4. Chapter 2. Summary

There are four methods which are key to this chapter. Each one can handle a
particular type of differential equation, and each one requires that we perform two
integrations. These integrations are often the most difficult step in the solution pro-
cess. In some cases, a given differential equation can be solved by one or more of the
following methods:

Method of Integrating Factors

In this method, we aim to solve the differential equation

Wt plty = (0.

In order to do so, we define the integrating factor

u(t) = exp ( / p(t)dt)

which allows us to find the solution
_ Jbg()dt +c
pu(t)

This method is very powerful and should always be kept in mind if you find a differ-
ential equation of the above form.

Separable Equations

The separable method is also an extremely powerful tool for considering differen-
tial equations of the form

M(a:)—}—N(y)Z—Z =0.

Upon rewriting we find

M(z)dz + N(y)dy =0
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which can be integrated to yield the solution

/M@M+/N@@:c

Provided we can once again solve two integrals, we have a general solution to the
problem.

Exact Equations

Yet another form of differential equations is

dy

M N —=0.
(z,9) + N(z,y) -
If My = N,, then the equation is said to be exact and the solution is
Y(z,y) =c
where
0 0
a—i)IM(w,y) and 8—15=N(x,y)-

Using these conditions, it is relatively easy to solve for ¢(z,y) itself. Unlike the first
two methods, this technique is somewhat limited since we require M, = N,. Regard-
less, this technique can solve many difficult problems.

Homogeneous Equations

Our final method concerns equations of the form:

dy Y )

dr f (;c '
By making the transformation z = y/z and utilizing the chain rule we find that the
equation becomes separable:

dx dz

T f@)-z
Integrating both sides and substituting back in z = y/z gives us the solution to the
homogeneous equation.

3. Chapter 3. Second Order Linear Differential Equations

In this chapter we move on to consider second-order linear differential equations
which take the generic form

y" + p(t)y' +q(t)y = g(t)

where p(t), ¢(t), and g(t) are continuous functions on some interval of time I. In con-
trast to first-order systems, the unique solution of a second order system requires that
we specify two initial conditions, i.e. we now require both y(t9) = yo and y'(to) = y}-
Fortunately for us, second-order systems tend to be much easier to solve than first
order systems. We just need to keep in mind three simple rules:
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. (ekt)’ = \et
. (ekt)” — \2eMt
e aX+bA+c=0 — A= (-bxvb —4ac)/2a

All of this chapter boils down to the above rules and algebra, so we should be able to
do quite well with these types of equations.

In general, second order systems are more important than first order systems
since they describe a much larger variety of phenomena. For instance, we will show
in the course of the lectures that simple devices like pendulums, spring-mass systems,
and other oscillatory phenomena can be properly described by second-order systems.

3.1. Lec. 1. Homogeneous, Constant Coefficient Equations

We begin by considering what is called a constant coefficient and homogeneous
equation. A constant coefficient equation takes the functions p(t) and ¢(t) to be
constants while a homogeneous equation takes g(t) = 0. The resulting differential
equation is then written as

ay”" +by' +cy=0.

As an illustrative example of second-order behavior, consider the case for which b = 0
and a = 1. Thus we have

y" +cy=0.

If ¢ = —1, then we are looking for a solution for which y” = y. What kind of function,
when you take the derivative twice, gives back the original function itself? You need
look no further than a regular exponential. In fact, we have the following;:

y' —y=0 then y=crexp(t) or y=cyexp(—t).
Interestingly enough, we now have two solutions to this problem. Similarly, if ¢ = 1
then it is easy to verify the following:

y' +y=0 then y=cycos(t) or y=cysin(t).

Again we generate two solutions to the equation. This is markedly different than
the first-order systems which only generate a single solution with a single unknown
constant. The reason for this is that we have now two initial conditions. Thus our
general solution has to produce two arbitrary constants so that we can satisfy the
initial conditions.

To be more precise, there exists a very simple method by which we can generate
a general solution to the homogeneous, constant coefficient problem. Recall that we
are considering

ay" + by +cy =0.
By guessing or attempting a solution of the form

y = exp(Xt)



AMATH 351 17

we find the following quadratic equation, called the characteristic equation, for A:

_ —b+ Vb2 — dac

aX +bA+c=0 then At
2a

Thus our two solutions are y; = exp(A+t) and y2 = exp(A_t), and our general solution
can be expressed as

Yy = c1y1 + Caya = 1Mt 4 cpett

The constants ¢; and ¢y are then evaluated from our initial conditions y(to) and y'(to).
A simple example will serve to illustrate this point a little better.

Example: Solve y" + 5y’ + 6y = 0 with y(0) = 2 and y'(0) = 3.
We try our solution of the from y = exp(At) and derive the characteristic equation
N +5A+6=0

which by factorization can be rewritten (A + 2)(A + 3) = 0 which is only satisfied
if A = —2 or —3. We note that we derive the same result by using the quadratic
formula. Our general solution then is

y=cre 2 +cpe73.

Applying the boundary conditions, we find that

y(0)=2=c; +c and y'(0) =3 =—2¢; — 3cs.
From the first relation, we have ¢; = 2— ¢z which can then be inserted into the second
relation. What we find is that ¢; = 9 and ¢; = —7 so that our unigue solution is
y =9 —Te3t.

So one can see that both constants are necessary in order to generate the solution.

We can make this whole discussion a bit more formal by introducing the notation

L[] = ¢" +po' + q¢

where p and ¢ are continuous on some interval I (i.e. @ < t < (). What can be
proved is that if L[y] = 0 (homogeneous equation) with y(to) = yo and y'(t0) = y;
then a solution ezists and is unique. Further, the solution is twice differentiable which
is rather obvious considering that our differential equation takes two derivatives.

In addition to this existence and uniqueness theorem, we have a fundamental
concept to discuss: that of superposition. Recall that we found two solutions to the
above problems. And in the example, I added (or superimposed) these two solutions
to make my general solution. Why does this work? Consider the following:

e if y; is a solution then L[y;] =0
e if y; is a solution then L[ys] =0
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Then if we ask if

Yy =c1y1 + Cc2y2
is a solution, we find that:
Lly] = Llciy1 + co2y2)
= (c1y1 + c2y2)" + plerys + c2y2)' + qlc1yr + cay2)
=i (Y +pyr +ay1) + c2(ys + pys + qy2)

= c1L[y1] + caL[y2]
=04+0=0

which says that L[y] = 0 and y is thus a solution. Additionally, the unique solution
must satisfy the initial conditions. If we have y(to) = yo and y'(to) = y; then we find:

Yo = c1y1(to) + c2y2(to) and Yo = c19; (to) + c2y5(to)

This is a two by two system of equations for the unknowns ¢; and ¢;. Solving for
these constants gives

¢ = Yoys (to) — yoy2(to)
y1(to)ys(to) — ¥ (to)y2(to)

c —yoyi (to) + Yoy (to)

7 yi(to)h(to) — vi (to)ya(to)

So as long as

W (y1,92) = y1(to)yz(to) — y1(to)y2(to) # 0

then we can find values for ¢; and cy. If W = 0, then we notice that the denominator
goes to zero and ¢; and cp go to infinity, which does not make much sense. Further,
we require that W # 0 for all ¢ since g above was chosen arbitrarily. The quantity
W is called the Wronskian and is very important in differential equations.

THEOREM: If y; and y, are solutions and
Liy]=0 and W(y1,y2) #0 for some tg
then
y = cyi(t) + coy2(?)

is a general solution where the arbitrary constants ¢; and ¢y include every possible
solution of L[y] = 0.

Example: Calculate the Wronskian of the previous example.

Recall from the previous example that y; = exp(—2t) and y2 = exp(—3t) so that

W(:Ul;y?) = y1y§ — ygyll = e_2t (e_3t)l _ e—3t (e—2t)’ — _e_5t ;é 0

Thus we know that the y; and ys truly form the basis of the solution to the previous
example.
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3.2. Lec. 2. Linear Dependence and the Wronskian

We now address the important concept of linear dependence and linear indepen-
dence and show that these ideas are closely related to the Wronskian. We begin
with some basic definitions concerning the linear dependence or independence of two
functions f and g:

linear dependence: c1f+cg=0 for c1,c0 £ 0.

Since ¢; and ¢z are not zero, then we can solve for f in terms of g. Thus f = —(c2/c1)g,
i.e. f is the same as g except for a constant factor. So f and g are thought of as
dependent since they are essentially the same function. In contrast, we define linear
independence as follows:

linear independence: c1f+cg=0 only ifc; =2 =0.

So we can no longer write f as a function of g, i.e. they are completely independent
functions!

Example: Are f = sin(t) and g = cos(t — 7/2) linearly dependent or indepen-
dent? What about e! and e?!?

To answer this, we start with our definitions above:
c1sin(t) + cacos(t —7/2) = 0.

By noting that cos(t — 7/2) = cos(t) cos(m/2) + sin(¢) sin(n/2) = sin(t), we then find
that

cysin(t) + cosin(t) =0 — ¢ =—ca.

Thus ¢1,c¢2 # 0 and the two functions are linear dependent. In contrast, the second
case gives

cret + e =0

for which we can find no constant values of ¢; and ¢y which will make the et term
cancel out the e?! term. So we are forced to conclude that ¢; = ¢ = 0 and the
functions are linearly independent.

Although this technique of inspecting the functions works, we would like to have
a more precise method for determining linear dependence and independence. We
develop this by considering once again our two differentiable functions f and g on
some interval of time:

caf+cg=0

Now suppose we evaluate this quantity at some specific time ¢y on our given interval
and also calculate its derivative:

c1f(to) +cag(to) =0 = cif'(to) + cag'(to) = 0.
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This then gives us two equations and two unknowns for ¢; and c¢s. From the second
equation we find

[f'(to)
2 =—c
’ "9 (to)
which upon substituting back into the first equation gives
f'(to) )
c to) — t =0.
1 (100 - L 0

By multiplying through by ¢'(t9) we find
c1 (f(to)g'(to) — f'(t0)g(to)) = e1W (f(t0), 9(t0)) = 0

So we have two possibilities:

e if W # 0 then ¢; = 0 which implies ¢; = 0: linear independence
e if W =0 then ¢; # 0 and ¢y # 0: linear dependence

So if the Wronskian is zero for some arbitrary to, we have linear dependence,
and alternatively if the Wronskian is nonzero, then the function f and g are linearly
independent.

ABEL’S THEOREM: Let y; and y» be solutions of

Lyl =y" +p(t)y" +q(t)y =0

where p, g are continuous on some interval I, then

W(y1,y2) = Cexp (— /p(t)dt)
so that W is either zero for all ¢t in I (C = 0) or it is never zero (C # 0).

The proof of this theorem is relatively straightforward. We begin by considering
the solutions y; and y, which satisfy:

yi +pyi +ay1 =0 and Yy +pys +ay2=0.
Multiplying the first equation by —y2 and second by y1 gives
—y2yy — PY2y; — qy2y1 =0 and y1ys +py1ys + ayay2 = 0.
By adding the two equations together we find
(W15 — y297) +p() (193 — y2y1) = 0
which upon noticing that W = y1y5 — y2y; and W' = y1y) — y2y7 gives
W' +pt)W =0.

This is just a first order differential equation which we learned how to solve in the
last chapter. The solution is found to be

W = Cexp (- / p(t)dt) .
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So either C' = 0 which makes the Wronskian zero, or C' # 0 and the Wronskian is
non-zero for all time in the given interval and y; and y, are linearly independent.

With this concept of linear independence in hand, we now return to our constant
coefficient, second-order problem. In particular we return to considering;:

ay”" +by' +cy=0.
Recall that we tried a solution of the form y = exp(At) which gave
aX +bA+c=0.

The roots of this characteristic equation were simply:

_ —bx Vb —4dac

A
+ 2a

In the previous examples, we always had b?> — 4ac > 0. However, we can also have
b2 —4ac < 0 or b2 —4ac = 0. Each of these three cases is fundamentally different than
each other. Therefore we will consider each in turn. Since we have already considered
b2 — 4ac > 0 in the previous lecture, we move on to consider b*> — 4ac < 0. In this
case, we have to take the square-root of a negative number. This of course gives
us an imaginary number since v/—1 = 4. In this case, we find the two roots of our
characteristic equation to be:

Ar =B xip
where 8 = —b/2a and p = v/4ac — b?/2a. This implies that our solution looks like

Y = ere B L gy e(B—in)t

where y1 = exp((8 + ip)t) and y» = exp((8 — iu)t). The question now arises about
what is exp(iat)? Without going into details, I will simply tell you that:

et = cos(at) + i sin(at) .

What may also be familiar to you is that sin(t) = (e? — e~%)/2i and cos(t) = (e +
e~ ) /2. Using this we find

y1 = ePHt = eBl(cos ut + i sin put)

yo = eB=MIt = B(cos pt — i sin pt) .

These equations are still a little unwieldy, so we simplify them by defining two new
solutions Y; and Y5 in the following way
Y — Y2

= bt cos ut and Y = T = Pt sin pt
7

_nty

" 2

so that our solution is given by
y=c1Y: + 2Ys = c1€Pt cos it + c2eP sin pt

where the constants are again determined by initial conditions. Why can we do this?
Simply put, both y; and y» and the new Y7 and Y5 are linearly independent solutions.
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F1G. 3. Characteristic behavior of damped oscillations which arise when A\ = 8 +iu (a), and
characteristic behavior when double roots arise (b).

It is straightforward to verify, for instance, that W (Y1,Y2) = pexp(26t) so that some
combination of Y; and Y> describe all solutions of the differential equation.

Example: Solve y" +4' +y = 0.

We begin by plugging in y = exp(At). This gives

M+A+1=0
whose roots are
—1+/1-14 1, V3
Adp=—— =i

Thus our general solution is given by

y=cre /% cos (?t) + coe 2 gin (?t)

Which gives us damped oscillations as depicted in Fig. 3a.

The final case of interest corresponds to the case when we have a double root at
b?> — 4ac = 0. Thus we find that A = —b/2a and we have only one solution:

y=ciy = cle—(b/Qa)t .

But since this is a second order equation, we know that we need two solutions to make
up a general solution. To find the second solution, we guess a solution of the form

y = v(t)y1(t)

where we have replaced the constant ¢; by the function v(¢). Our aim is then to find
some equation for v(t) so that we can get a second solution. This method is known
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as reduction of order since it allows you to get a second solution once you have one
solution. To proceed, we first note that

y' =0y + vy and y" =v"y +20'y1 + oyt
Plugging this into our differential equation we find
av"yy + 2av'y] + avyy + bv'y; + buyl + cvy; = 0.
Rearranging we find
v(ayy +byy + cy1) +v' (2ay; + byr) + 0" (ay1) =0

But since ayf’ + by] + cy1 = 0 by the fact that y; is a solution, we then find after
simplifying:

!
v+ (2y_1+9) =0
Yy a

which is a first-order equation for v'. Letting v = v’ we then have

b
u' + (2£+—)U=0
Yy a
which provided we have y;, we can simply solve this using either the method of
integrating factors or separation. Note that this is a general method! We have nowhere
assumed anything special about the solution y; or the differential equation. At this

point however, we do make use of our solution g; to simplify things further. We note
that

y1 b\ _,—(b/2a)exp(=(b/2a)t) b b b _
(2y_1 + E) =2 exp(—(b/2a)t) + a a + a 0

which results in

Integration then gives
v(t) = cat + 3

Recall that our solution is y = wv(t)y; which generates the general solution for the
double-root case:

y = cre 020 4 ooy (b/2a)t

We note that we folded the constant ¢z in with ¢;. A depiction of this behavior is
shown in Fig. 3b. Finally, we comment that the Wronskian of these solutions can
be calculated to be W(y1,y2) = exp(—(b/a)t) # 0 so that the solutions are linearly
independent.
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3.3. Lec. 3. Nonhomogeneous Equations: Undetermined Coefficients

We now turn our attention to the nonhomogeneous equation:

Lyl =y" +pt)y" + q(t)y = g(t)

where p(t),q(t), and g(t) are continuous over some interval I. In this case, we have
the following important theorem:

Theorem: if Y7 and Y3 solve the nonhomogeneous equation, then Y; — Y5 solves the
homogeneous equation. And if 1 and y2 are the fundamental set of solutions for the
homogeneous equation, then

i =Y =y + ey

where ¢; and ¢ are constants.
To see that this is true, we simply note that by definition
Lyi] = g(t) and LIYs] = g(t).
Subtracting these two gives:
L] - LY2] = g(t) —g(t) — L[Y1-Y]=0

which implies that Y7 — Y, solves the homogeneous equation and thus

i =Y =y + c2y2
where ¢ and co are constants. We can use this theorem to prove the following theorem.
Theorem: The general solution of the nonhomogeneous equation can be written as

y=9¢(t) = cyr + c2y2 + Y (2)

where y; and y» are the fundamental set of solutions of the homogeneous equation, ¢y
and ¢, are constants, and Y (t) is a specific solution of the nonhomogeneous equation.

This theorem follows directly from the last theorem by letting Y7 = ¢(¢) and
Y, =Y (t) so that

Yi—-Yo=¢() - Y(t) =c1y1 + c2u2
so that solving for ¢(t) gives
¢(t) = c1y1 + c2y2 + Y (2)

as stated in the theorem.
These theorems give us a recipe to follow in generating our solution to the homo-
geneous problem

1. Find the general solution of the homogeneous equation
2. Find a single solution to the nonhomogeneous problem
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3. Add the two together
4. Determine ¢; and ¢ from the initial conditions

We certainly know how to calculate the homogeneous solution (also called the
complimentary solution y.). However, we have not yet learned how to calculate a spe-
cific solution to the nonhomogeneous equation (also known as the particular solution
yp). In order to get the particular solution, we will rely on our most successful trick:
smart guessing. It is best to illustrate the concept by an example.

Example: Find a particular solution to y"” — 3y’ — 4y = 3exp(2t).

To determine a particular solution, we need to guess a solution which generates
exp(2t) on the right-hand side. Therefore we guess:

yp = Ae

where A is an arbitrary constant and exp(2t) is used since taking derivatives of it only
drops down factors of 2. We first calculate

y; = 24e? and y;,' = 4A4e?
which when plugged into our differential equation gives
44e* —3-24e — 4 Ae® = 3.

Removing the common factor of exp(2t) yields
1
4A-6A—-4A=3 - AZ_E

so that

which gives us the particular solution we desire.
Example: Find a particular solution to y" — 3y’ — 4y = 2sint

In this case, the smart guess would be to try
yp = Asint + Bcost.

We include both sine and cosine since these both can generate sine terms upon dif-
ferentiating once or twice in the differential equation. Thus we find:

y, = Acost — Bsint and y, = —Asint — Bcost
which upon insertion into the governing equation gives
—Asint — Bcost — 3Acost +3Bsint —4Asint — 4B cost = 2sint.
Collecting terms we find

(—B—3A—4B)cost + (—A+ 3B —4A)sint = 2sint.
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Equating both sides then gives us
B+34+4B=5B+34=0 —A+3B—-44A=3B—-54A=2
which can be solved to give
A=-5/17 and B =3/17

and a particular solution

= 55int+icost
=" 17 7o

Thus a slightly more sophisticated guess gave us the particular solution we were look-
ing for.

There are some relatively simple rules to follow in constructing the particular
solution via the method of undetermined coefficients.

if g(t) = e®* guess y, = Ae**
t) = cosat or sinat guess y, = Acosat + Bsinat
= ant™ + -+ azt® + art + ag guess y, = Apt™ + -+ + Ast®> + At + A4
= e cos Bt or e sin Bt guess y, = e®*(A cos Bt + Bsin (3t)
= g1(t) + g2(t) guess y, for g1, and y, for g, so that y, =y, + v

e & o o o
[P
=
<

N N N A~ A~
o~

Although this provides a nice general method, problems do arise. Specifically, if
your guess is actually a solution of the homogeneous equation, then that guess will
never generate a term to satisfy the right hand nonhomogeneous forcing g(t). Again
an example will serve to illustrate the point.

Example: Solve y" + 4y = 3 cos 2t.

Since we want the general solution, let’s first solve the homogeneous problem
y' +4y=0.
We find the characteristic equation
y=et o5 AN 44=0 - A=+2
which yields the complimentary solution
Yy =c1 €082t + cosin2t.

We now would like to get the particular solution by guessing a solution which includes
terms like cos 2¢ and sin 2¢. But these terms actually solve the homogeneous equation!
Therefore, if we guess a solution of this form, we will never be able to satisfy the non-
homogeneous part. We then guess the following form of solution:

yp = Atcos2t + Btsin 2t

which is the next simplest form of solution which upon differentiation yields cos 2t
and sin 2¢ terms. We then calculate

y, = Acos2t + Bsin 2t — 2Atsin 2t + 2Bt cos 2t
y, = —4Asin2t + 4B cos 2t — 4At cos 2t — 4Bt sin 2t .
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Plugging these into the governing equation yields
—4Asin2t + 4B cos 2t — 4 At cos 2t — 4Bt sin 2t + 4 At cos 2t + 4Bt sin 2t = 3 cos 2t

which simplifies to

—4Asin2t 4+ 4Bcos2t =3cos2t — A=0,B= Z

Thus our general solution is

3
y(t) = ¢1 8in 2t + ¢5 cos 2t + Zt sin 2t

where ¢; and ¢ are arbitrary constants.

3.4. Lec. 4. Nonhomogeneous Equations: Variation of Parameters

In the last section, we learned how to solve the nonhomogeneous equation provided
the forcing g(t) took on the following form:

Lyl =y" +pt)y + q(t)y = g (¢', e, coswt,sinwt, t")

So provided g(t) has cosines, sines, exponentials, or simple polynomials, we can guess
the solution via the method of undetermined coefficients. This method is rather
limiting however, since it pretty clear that this method will not work if we have
something slightly more complicated than the above functions. Thus we would like
to find a more general method for getting solutions for a general g(t).

Recall that for the homogeneous solutions we have

y(t) = cryi (t) + c2y2(t)

which satisfies the equations provided g(t) = 0. Since in this course we are in the
business of judicious guessing, how about we try a solution of the form

y(t) = ug (t)ys (t) + ua(t)ya(t) -

This guess is motivated by the fact that it is very similar to our homogeneous solutions.
And perhaps by letting u; and us (which correspond to ¢; and ¢ respectively) vary
with time, we can solve the nonhomogeneous equation.

We begin by noting the following:

y' = uiyr + way) + uhys + uayh

Now if we take the second derivative of this, then we will get terms like v and u},
but this is highly undesirable since we would be replacing a second order equation
with two other second order equations for u; and us. In order to avoid this, we chose
the following;:

uiyy +usy = 0.

There is no reason why we can’t do this. After all, we have the freedom to pick u
and u- as we desire. This then gives

y' = uy) +uayh
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from which it follows that
y" = uyyy +wyy + usys + uays -
We can then plug these into the governing equations to find
uiyy +uryy +ugys +usyy + pluryy +usys) + q(urys + uayz) = g(t)
which upon rearranging gives
ui(yy +py1 + qyr) +u2(ys + pys + qye) +uiy) + uzys = g(t) .

But the first two terms are zero since both y; and y» are solutions to the homogeneous
equation. This then gives us two equations which must be satisfied

uyy) + upyy = g(t)
uiyr +uyys =0.

The first equation is what is left over from above and the second equation was the
condition we imposed on u; and us so as not to generate second derivatives.

But we know how to solve two by two systems of this form. In particular, we find
from the first equation that

9(t) — uhys
) :

!
uy =
Y1
And since —ufy, = ujy1/y2 from the second equation we find

t + ul ! t !
o, = 90 1Iy1y2/yz _ yzg(l) T Y18
N Y2 Y2t

which can be manipulated to

i (1o 1) 00

Y2yl Y1

Further simplifying

t)
) y1y' _y/y2 = —yag(t oo = — y2g( .
1( 2 1 ) ( ) 1 W(yl; y2)
Plugging back into our expression for u} above we find
__9(d)
Uy = ———"— .
W(y1,y2)
By integrating, we can find the values of u; and ws:
y29(t) y19(t)
U =— [ =——— and Uy = [ =—=————
W (y1,y2) W (y1,y2)

We then are ready to write out particular solutions down. It is given by

Yya2g(t) y19() &t

Yp =urY1 + U2y2 = —41 dt + yo
i W (y1,9y2) W(y1,y2)
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and our complete solution is then

Yy =cyr+cy2 +Yp

where the ¢; and cs are once again determined by initial conditions. Note that this
gives us an extremely general way to get the homogeneous solutions since we only
assume that we can integrate up g(¢) at the end.

Example: Solve y" + 4y = 3 csct.

Note that g(t) = 3csct is not suited for the method of undetermined coefficients
of the last section. So we will use the variation of parameters developed here. We
begin by solving the homogeneous equation:

y=el o XN4+4=0 - I=+2.
Thus our complementary solution is
Yo = €1 COS 2t 4 cosin 2t .
To calculate the particular solution, we first need to find the Wronskian:
W (y1,v2) = cos 2t(sin 2t) — sin 2t(cos 2t)' = 2.
We can now calculate the particular solution

1 1
ygp = ) cos 2t / sin 2t csctdt + 3 sin 2t / cos 2t csctdt

1 1 . 1
= — cos 2t/sintcos t——dt + = sin Zt/(cos2 t —sin?t)—dt
sint 2

sint
1 2¢
= —cosZt/costdt + = sin2t/ (C(?S — sint) dt
2 sint

1
= —cos2tsint + costsin 2t + 3 sin 2¢ In(tan(t/2)) .

So the general solution is
3
y = ¢1 €08 2t + co sin 2t + 5 sin 2t In(tan(¢/2)) — 3 cos 2tsint + 3 cost sin 2t

where ¢; and ¢ are determined by the initial conditions.

3.5. Lec. 5. Applications: Forced Oscillators and Resonance

Let’s consider some applications of the ideas considered in this chapter. A natural
place to begin is with Newton’s Law:

ZF:ma

where > F'is the sum of the forces, m is the mass, and a is acceleration. To be more
precise, we consider, the case of a spring which has a restoring force and a periodic
driving term. Thus we find

my" = —ky + fo coswt
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where the restoring force is given by Hook’s Law. We can rewrite this as
y" + wgy = Fpcoswt
where wg = \/k/m and Fy = fo/m.
This problem is nicely handled by the techniques developed in this section. In
particular, we begin by looking for the homogeneous solution:
y=eM = XN+wl=0 — \=ziw.
Thus our solution looks like

Yo = €1 COSwot + co2 Sinwypt .

The particular solution is then found via the method of undetermined coefficients. So
we try a solution of the form

yp = Acoswt,
which when inserted into our differential equation gives
—w? A coswt + wi A coswt = Fy coswt .

We can solve for A and we find

so that our general solution is
. Fy
Yy = ¢1 coswot + c2 sinwgt + - coswt .
Wi —w
0

Note that this solution is valid provided w # wp since it blows-up if this occurs.
So let’s consider for the moment when w # wgy. Let’s in fact consider the case
which has the initial conditions

y(0) =0 and y'(0) =0.

Plugging this in we find that ¢ = 0 and ¢; = —Fy/(wi — w?). This then gives the
solution as

7F0 (coswt — coswot)
= wl — W .
Y wd — w? 0

Utilizing a trigonometry identity for cosine we then find the final solution

2F sin wo—wt sin w0+wt
wi — w? 2 2 ’

Thus our solution is composed of two distinct frequencies, i.e. (wp —w)/2 and (wo +
w)/2. These two amplitudes form what is called a beat frequency between them.
Figure 4a depicts qualitatively the beating phenomena which is compromised of two
distinct frequencies. Note the rapid and slow frequencies which make up the solution.

y:
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In the case where w = wy, we have already noted that our solution breaks down.
This makes sense since in that case the particular solution that we guessed is actually
a solution to the homogeneous equation. So let’s now consider

y" + wiy = Fy coswot
This time we guess a solution of the form
yp = At coswyt + Btsinwyt .
In order to utilize this guess, we first calculate

y;) = A cos wot — woAt sin wyt + B sinwot + wo Bt cos wot

Yy, = —2woAsinwot — wi At cos wot + 2wo B coswot — wi Bt sinwot

and then plug into our governing equation:

—2woA sinwgt — ngt cos wot + 2weB cos wot — wgBt sin wqt
+wp (At cos wot + Bt sin wot) = Fy coswot .

Collecting terms then gives
—2woA sinwgt + 2w B coswgt = Fy coswopt

from which is readily found that

A=0 and B:ﬂ
2(4)0

Qur solution then takes the form

F
Yy = ¢1 coswot + c2 Sinwgt + 9 ¢sin wot
2w0

which upon assuming once again y(0) = y'(0) = 0 gives

Fo | .
Yy = —tsinwpt.
2w0
Thus solutions have unbounded growth, i.e. the system is forced at the natural fre-
quency which causes the oscillations to grow like t. A depiction of this behavior is
given in Fig. 4b.

The fact that the solution grows to infinity at the resonant frequency seems highly
idealized since in fact, we never really see things grow to infinity! In practice, any
physical system has some small amount of damping; due perhaps to friction, air
resistance, or something of the sort. So we really need to consider the system:

my" +vy' + ky = fo coswt

where vy measures our damping force. The homogeneous solution in this case is given
by

At 2 Y r
= - = — =1 44/ L=
y=e mA” +yA+ k=0 At 2 3
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sin[(w,~w)t/2]sin[(w,+w)t/2] — tsinwt
- - - - sin[(w,~w)t/2] -t
NT T T , N T TN T 10

(@) (b)

F1G. 4. (a) Characteristic behavior of beating phenomena which occurs when w # wo and (b)
growth behavior which occurs when w is at the resonant frequency wo

If 42 /4m? — k/m < 0 then
Ar = =B Lip

where u = \/k/m —~%/4m? and 8 = v/2m. Our homogeneous solution in this case
is given by

ye = cre Pt cos put + coe Plsin pt
which corresponds to damped oscillations. This is exactly as we expect when we have
damping.
The particular solution can once again be found by the variation of parameters
or undetermined coefficients methods. So we try
y = Acoswt + Bsinwt.
After a bit of algebra, we find

2 _ 2
70wF0 and A= F()(u)o W )

B =
(w§ — w?)? + Ygw? (w§ — w?)? + Yw?

where vo = v/m, wi = k/m, and Fy = fy/m. Since the homogeneous solutions die

away as t — 00, we find in that limit that
Fo

(2 = ?)? + 3

y(t = o0) = ((wg — w?) cos(wt) + yow sinwt) .

Note that in this case, the presence of the damping term stops the solution from
blowing up when w = wg. So even the smallest amount of damping has a profound
effect. This is illustrated in Fig. 5 where we show the maximum solution for various
values of w.
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(*)o W

F1G. 5. Qualitative behavior of the forced vibration with demping: above is the amplitude of
the steady-state response versus the driving frequency w. Note that the solution does not blow up at
w = wo with a slight amount of damping.

As a final note to this application section. This fundamental idea of natural fre-
quencies is the basis of microwave ovens (for which the microwaves are at the natural
frequency of the vibrational mode of water molecules), lasers (where light is responsi-
ble for the resonant phenomena of stimulated emission), dribbling a basketball (where
a resonant frequency of dribbling is required to keep the ball bouncing), and of course,
the collapse of the Tacoma Narrows Bridge where a moderate wind was able to col-
lapse a large structure.

3.6. Chapter 3. Summary

In this chapter, we considered second-order, constant coefficient problems. The
basic method was to assume a solution of the form y = exp(At) and get a characteristic
equation for A\. Three cases were found:

R
b2 —4ac>0 — /\:I: = 2—aac y = 616/\+t + 026)\—15

B —4dac<0 — A=fzip — y=cie’cosput+ crelsinput

b
B —4ac=0 — )\iz—% — y=cle’\t+02te’\t
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Thus we can classify all solutions of the second-order, homogeneous differential equa-
tion simply from the roots of the characteristic equation. We also learned some
fundamental concepts concerning the second order equations.

Linear Independence and the Wronskian

Solutions to second order equations can always be written as a sum of two linearly
independent solutions y; and y2. The way we check for this is by calculating the
Wronskian:

W (y1,y2) = y1ys — y2y1 # 0.

If the Wronskian is zero, then the solutions are linearly dependent, and they no longer
represent two solutions for the general solution.

Reduction of Order

If we have one solution y; of a second-order equation, then we can calculate the
second linearly independent solution by letting:

Y2 = v(t)y1

and solving for v(t). This then gives our second solution.
Method of Undetermined Coefficients

If the nonhomogeneous forcing is of the form
g(t) = g(e®t,e=* cosat,sin at, at™)
then to find the particular solution we guess
yp = A{e*, e cosat,sinat, at"}

where we chose the bracketed terms to be same type as g(t) and we solve for A, i.e.
if g(t) = sin at, then we chose y, = Acosat + Bsinat. If this doesn’t work, then we
try

yp = At {e*, e~ cosat,sinat,at™ }
as above and determine A. Finally if this doesn’t work, we can try
yp = At? {e®, e cosat,sinat, at™ } .

We only try these last two if the forcing corresponds to a homogeneous solution of
the problem.

Variation of Parameters

We end the section by giving a very general derivation of how to find a particular
solution for the nonhomogeneous case by considering y = w1 (t)y1 (t) +uz2 (t)y2(t). This
gives the particular solution

y29(t) yig(®)

=y [ 2290 4
e . W (y1,y2) b2 W (y1,y2)

With this method we can consider very general g(t).
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4. Chapter 4. Series Solutions of Second Order Equations

We learned in the last chapter how to solve constant coefficient differential equa-
tions of the form

ay" +by' +cy =g(t).
However, in general we would like to solve more complicated equations of the form

v +pt)y +qt)y = g(t).

The methods developed in the last chapter do not give us techniques for solving
this since we can no longer rely on trying solutions of the form exp(At) and getting a
characteristic equation. Thus we turn to power series solutions which take the general
form

o

y = Zan(m—zo)” =ag + a1(z — zo) +a2(m—m0)2 + az(z —$0)3 4.

n=0

where determining the a,, coefficients is at the heart of the solution technique.

4.1. Lec. 1. Review of Power and Taylor Series

We begin by reviewing some of the more important properties of power series.
More detailed explanations can be found in any Calculus book. One of the most
important concepts is that of convergence. That is, we are going to add an infinite
number of terms and we want it to add up to a finite number. At first, this may seem
counter-intuitive since if you add an infinite number of things you might naturally
expect it to add up to infinity. As an example, consider the common power series:

.Z'2 .’13'4 1’6 $2 .Z'3 1’4
cose=l-grtg et eP@slred g gt
3 5 7
1
sinz=z— > 42 T 4. =l-z+2?—23+2'+--- (z<1).

3 57 142

Notice that each of the above is a relatively common function which we know has a
finite value for a given x. These power series expansions of the above functions are
known as Taylor series. And if we have a function f(z) =  an(x — 20)", then

f(@) = a0 + a1 (z — w0) + as(x — 20)* + az(z — 20)° + f(@0) = ao

f'(®) = a1 + 2as(x — o) + 3as(x — x0)® + dag(x —20)> +---  f'(x0) = a1
f"(x) =2as+3-2-a3(x —20) +4-3- as(z — z0)*> + - - f"(zo) = 2as
f"(z)=3-2-a3+4-3-2-a4(x —x0) + - -~ f"(x0) =3-2-a3

Solving for each a,, then gives the Taylor series expansion about some point xg

f" (o) f" (o)
2! 3!

f(@) = f(zo) + f'(x0)(z — o) + (z —20)® + (x —m0)® +- -

so that each a,, = f(™)(x0)/n! where f(*) is the nth derivative of the function.
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To properly discuss the idea of convergence, we introduce the notion of absolute
convergence. We have absolute convergence if

N

li —x0)" .

Am Z lan(z —z9)"| — converges
n=0

An excellent way to check for this convergence is by the ratio test:

any1(z — )"t
an(x — 2)"

an—i—l
Qn

ratio test: lim =T

n—oo

= |z — 2| lim
n—oo

Once we determine L, convergence or divergence follows from the following:

L<1 series converges for that x
L=1 convergence/divergence can not be determined
L>1 series diverges for that x

We note that we can find the radius of convergence by finding all z for which L < 1.
Thus if L < 1 for some |z — 29| < p, this then gives the interval of convergence and
the radius of converges which is p/2.

oo (z+1)™
n=0 n2n

Example: Find the convergence of y = >

We begin by noting in this example that g = —1 and further that a, = 1/n2".
We can then apply the ratio test:

QAp+1

1/(n +1)20+1

— o+ 1| lim LT D2
o+ 1] lim ==

el 1 _fetd]

B 2 n—>ool+1/n_ 2 -

|z — x| lim
n— 00

L

which then gives

L<1l for —=3<xz<1 — convergence
L=1 at z=-3,z=1 — undetermined
L>1 for x<-3,z>1 — diverges.

All that remains is to determine the behavior at z = 1 and z = —3. At =z = 1,
the powers series reduces to y = Y 1/n which is known to diverge. For z = —3, we
then have y = >"(—1)"/n which converges, but not absolutely. Thus our interval of
convergence is —3 < z < 1 and our radius of convergence about o = —1 is 2.

Other properties of power series you should be aware of include those associated
with division, multiplication, subtraction and addition. If f(z) =Y an(z — 2¢)™ and
g(z) = bp(x — zo)™ then

oo

f@) £g(z) = (an £ bn)(@ — 0)"
n=0
f(x)g(z) = (Z an(z — xo)n)(z bp(z — zo)™) = Z cn(x — 20)"
n=0 n=0 n=0

oo oo

F@)/9(@) = O anl@ —20)")/ O bule —m0)") = Y dn(a — m)"
n=0

n=0 n=0
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where the ¢,, and d,, can be difficult to determine, but they can be determined nonethe-
less. It should also be noted that the summation index n above is a dummy index,
i.e. we can call it whatever we would like. Thus we have that

> 9nn > 9Jpd
>

1
n=0 : j=0 J:

This is an obvious result which is very useful for manipulating power series. For
instance, suppose we have the power series

(o]
E apx™
n=2

whose sum begins with the index n = 2. We can rewrite this in a more convenient
form by letting m = n — 2 so that n = m + 2 and we have

oo oo
E apz" = E am+2$m+2 .
n=2 m=0

This kind of manipulation of power series is important for solving the differential
equations of this chapter.

Example: Derive the Taylor series for f(z) = exp(z) about z = 0.

This calculation is relatively straight forward if we recall that

f”;.f!v()) 9 + flllg(;ljo)

f(@) = f(zo) + f'(x0)(x — o) + (x —m0)® +- -

(T — o)

where g is the point about which we are expanding. In this example 2y = 0 so that
the above equation becomes

') o "0 s

f(x) = f(0) + f'(0)z + TR TR
which leaves us to evaluate f(0) and its derivatives. But since f(z) = ( ), all its
derivatives are also exp(z) which then gives f(0) = f'(0) = f"(0) = = 1. Thus

the power series reduces to

1 1
f()—1+a:+§$ + 3@ S

which is the Taylor series for f(z) = exp(z) about z = 0. The same procedure can
be utilized to derive power series expansions for both sin(z) and cos(z).

Example: What are the a, if f(z) = g(z) where f(z) = > .2 na,a™ ! and
9(z) =302, ana™.

In this case, since f(z) = g(z) we have that

o0 o0
E na,z™ ! = E anx”
n=1 n=0
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But we can rewrite the left-hand side by letting m = n — 1 so that

o o0
E napz™ = E (m+ Dapypr1z™
n=1 m=0

Our equality can then be written (noting that m is just a dummy variable and can
be replaced by n):

o0

Z(n + Dapyp12" Z anx™

n=0
Equating like powers of ™ then gives

an

m+Dapy1 =an, — app1 = ]

so that a1 = ag, az = a1/2 = ag/2, az = az2/3 = ap/3!, and finally culminating in
an = ag/n!. Thus we have

o
_ _ a0 n _
@) =9(0) = 3 fha" =
where we have used our definition of the Taylor series of e”.

4.2. Lec. 2. Power Series Solution Techniques

Now that we have reviewed some basic concepts in power series, we will move on
to utilizing them in solving differential equations. As in the previous chapter, we will
once again “guess” a solutions of the form

oo
y= Z an(z — )"
n=0
to the differential equation:

P(z)y" + Q(z)y’ + R(z)y = 0.

where P(z),Q(z) and R(x) are polynomials. In addition, in this section we assume
P(x) # 0. This means z is an ordinary point. If at some point P(z) = 0, then that
point is called a singular point. This will be discussed further in the following section.

To begin the solution method utilizing the power series method, we first note that
the derivatives of the power series guess are given by (zq = 0):

y = Z na,z" ' = ay + 2as7 + 3azz® + - = Z(" + Dapp1z"”
n=0
Z (n—Dapz™~ :2a2+2-3a3x+2-3-4a4w2+---:Z(n+1)(n+2)an+2x”.
_ n=0

At this point, we can plug in our guess and its derivatives. We then proceed to collect
all terms of like powers of 2. We then equate them to zero in order to satisfy the
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differential equation. This procedure then gives us a recursive way of getting our
power series solution. This method is best illustrated through an example.

Example: Solve y" — zy' —y = 0 about zo = 0.

We first note that every point is an ordinary point since P(z) = 1. Next, we plug
in the power series expansion above along with its derivatives. This gives

Z(n +1)(n+2)apioz™ —x Z(n + Dapy1z™ — Z anx" =
n=0 n=0 n=0

We first note that we must rewrite the middle term since it has a factor of z multiplying
it. Rewriting gives

oo oo
x Z(n + Dapt12"™ = Z(n + Dapp1z™t Z na,x"
n=0 n=0

This then gives the modified equation

o oo
Z(n +1)(n + 2)apy22" Z nanz" Z anz” =
n=0 n=0

Or upon combining the sums we find

o

STl + 1) (0 + 2)anss —nan — aglz™ = 0.

n=0

But in order to satisfy the above equality for arbitrary x, the coefficient of each z™
must be zero. Thus we find the recursion relation

a
(n+1)(n+2)apiz—(n+1ap,=0 — apiz= n—_:2 .

The recursion relation gives us the important information needed to solve the problem.
In particular, we notice that from the above equation we can determine all the even
powers given ag. Likewise, we can determine all the odd powers given a;. To be more
precise, we find

Qo L 0] _ag Qg

G2= U= Ty T g T 1.6
and

a_a1a_(13_al a_@_ a1

T3 T 5 T35 T T 3.5-7

We can then group our ag terms and a; terms to get

z? ozt z8 z3 z® z’
= 142 4+ 2 i T T
Yy ao(—l— +24+246+ >+a1($+3+3‘5+3_5'7+ )

Or by simplifying

o0

n. |
y=a Z : +1222:f

n=0

2n+1



40 J.N. KUTZ

It is interesting to note that since this is a second order equation we expect two
linearly-independent solutions with two arbitrary constants ¢; and ¢, i.e. we expect
Yy = 191 +c2y2- But notice that this is exactly what we have with ag = ¢; and a1 = ¢
and the two solutions y; and y» given by the two power series respectively.

We can also specify initial conditions. Suppose we take y(0) = A and y'(0) = B.
Then since our power series is given by

Yy =ao+ a1z + asx® + azx® + - --
it is relatively easy to show that
ag=A and a1 = B.

Our solution in total then is given by

2™ . p!
y—AZQH. +B Z Bt

which is a unique solution. We can even go on to calculate the radius of convergence
of each power series using the ratio test. We find for the first series that

2n+1

an+1xn+1

anT™

lim 22 =0

n—oo

lim |——
so that L = 0 and the series converges for all . As for the second series we have
Qni1 $n+l

a,T™

= lim ﬂ:ﬁ

lim = lim
n—o0 n—oo

2 |
2n+3|

so that L = 0 and the series converges for all z.

4.3. Lec. 3. Euler Equations and Frobenius Method

In contrast to the last section, we now consider equations

P(z)y" + Q(z)y' + R(z)y =0

for which P(xg) = 0 at some point zg, i.e. x¢ is a singular point. In order to utilize
analytic techniques, the singularity must be classified as a regular singular point. This
means that

Q(=z)

. : R(z)
— = — 2 =
Am @ —eo)poy =4 and Jm @ =20 5

where A and B are some finite numbers. If these conditions do not hold, then the
singular point is called #rregular.
As a simple example, we consider the Fuler equation

#*y" + azy' + Py =0
which has a singular point at z = 0. We see that it is a regular singular point by
noting that

ax . 2 /6

limzr— =« and lim z°— =
z—0 2 z—0 T
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where both a and § are assumed to be finite. Solving this equation is particularly
simple. We simply try a solution of the form

y=2a".
By noting that ¢’ = r2" ! and y" = r(r—1)z" 2
to find

we can plug into our Euler equation

22(r(r —D2" ) +ax(re™ )+ Bz" =2 [r(r — 1) +ar + 8] =0
which can only be solved provided
P +(@-1)r+8=0.

This is analogous to our characteristic equation of the last chapter. In particular, we
find that

ry =

(—(a )t la-17= 4,8)

N =

so that
y=cz't +cox’" (@ —1)2—43>0

and the constants ¢; and ¢s are determined from initial conditions.

Just as in the previous chapter, there are three cases of interest to us. In the case
that (a« —1)%2 — 48 > 0, then we can simply write the solution as above since we have
two distinct roots as expected. If (& —1)%2 —48 < 0, then our roots have an imaginary
part as well. Thus our roots can be expressed as

re=Atip
which upon noting that
pAE A ptin xxelnzi"" — pretinlnz
we find the general solution
A

y = c12* cos(pln z) + coz* sin(pn z) (a—1)2-48<0.

We note that in this case we have once again made use of cosine and sine solutions
instead of exp(+iz) type solutions. The final case is when (o — 1)? — 48 = 0 and we
have a double root. Just as in the last chapter, we can use the method of reduction
of order (i.e. let y = v(z)z" and solve for v) to get the second solution. Thus we find
the general solution:

y=ciz't +crtInz (@a—1)2-48=0
where . = —(a—1)/2.
Example: Solve z2y" — 2y = 0.
We try a solution of the form y = 2" and derive the equation:

r2—r—-2=(r-2)(r+1)=0
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so that our solution is
N 1
Yy=cx" +ca—.
T

Notice that the solution blows-up at x = 0. This is expected as = 0 is our singular
point.

Example: Solve z2y" — 2zy' + 2y = 0.
Again we try y = 2" and we find:
r2=3r4+2=>r-2)(r-1=0
so that our solution is
Y= clx2 + Ccax .

Note that in this case y is well behaved at z = 0. However, there is still a problem
since if we consider some initial condition y(0) = C, the above solution can never
satisfy it since y(0) = 0 regardless of the value of ¢; and ¢a. Thus this solution once
again reflects the singular nature of the solution at z = 0.

The Euler equation is the simplest case of a singular differential equation. And
although we can feel proud that we know how to solve it, we would actually like to
solve much more complicated problems. So let’s consider the differential equation

y"' + o)y +q(z)y =0.

We can rewrite this to reflect the Euler form by multiplying through by 2. This then
gives

?y" + z[zp(z)]y’ + [z?q(z)]y = 0

for which we have a regular singular point if we can write the xp(z) and z%q(z) as
power series

o0 (o]
op(z) = Y pna” and 2’q(x) =) gna”.
n=0 n=0

Since it looks like the Euler equation, we can then try a power series solution of the
form

oo oo
y=2a" E anz™ = E anz™tT.
n=0 n=0

Three things are needed to determine a solution: the values of r, the recursion relation
giving us the a,s and the radius of convergence of the resulting power series. Note
that the r will take care of the singular behavior for us. This method is known as the
Frobenius Method. To best illustrate its use, we apply it to an example.

Example: Solve 22%y" — zy' + (1 + z)y = 0.
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In this case, we note that zp(z) = —1/2 and z2¢(z) = (1 + x)/2. Thus we
have a regular singular point. This allows us to try an expansion of the form y =
Yoo o anz™ . Before we do this we note that

o 00
zy =z Z(r +n)ane T = Z(T +n)anz™ "
n=0 n=0
o 00
$2y” :.'IS'Z Z(r+n)(r+n— l)anxT-i-n*Q = Z(T’-{-TL)(’I“-FTL— l)aan+".
n=0 n=0

This can then be plugged into our governing differential equation and terms can be
collected. Thus we find

oo o0 oo oo
d2r+n)(r+n—1aa™™ =D (r+n)ag™" + Y apr"™" +2 ) apz™t" =0.
n=0 n=0 n=0 n=0

Rewriting gives

oo o0
2[2(7" +n)(r+n—1a, — (r +n)a, +a,)z"" + Z apz" "t =0.
n=0 n=0
To do things properly, we need to rewrite the last term so that the sum goes in powers

of z™t". We do this by letting m = n + 1 and changing over from n to m. Thus we
find

o o
Z[2(r +n)(r +n—1a, — (r +n)a, +az)z" " + Z Up_1z" " =0.
n=1

n=0

We now need to equate like powers of z"t™. We notice that the first term on the
left starts from n = 0 whereas the second term starts from n = 1. This allows us to
rewrite things as:

apr”[2r(r—1) —r +1] + Z[(Z(r +n)(r+n—-1)—(r+n—1))a,+an_1]z" " =0
n=1

where the first term arises from the n = 0 term of the preceding expression. Each

coefficient of the power series expansion must be zero, so we find immediately that

2r(r—1)—-r+1=0 —= 2 -3r+1=2r-1)(r-1)=0 — r=1/2,1

This equation is known as the indicial equation and is responsible for capturing the
correct behavior due to the singularity. It is analogous to the Euler method for finding
the behavior of the singular differential equation. We also find the recursion relation:

—OGnp—1

Rr+n)(r+n—-1)—(r+n-Dan+ap1=0 = a,= r+n—-1)C2r+n) —1)

This allows us to determine each of the coefficients in the power series expansion for
a given value of 7.
For r = 1, the recursion relation reduces to

an—1
(2n+1)n

ap = —
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which gives the power series solution which is valid for > 0:

=2 1+Z[3.5.7---(2n+1)]n!

The exact range of validity can be determined by the ratio test for absolute conver-
gence. Note that we have arbitrarily taken ag = 1. Recall that the general solution is
y = c1y1 + c2y2 where the ¢; and ¢z account for the arbitrary value of ag.

For r = 1/2, the recursion relation reduces to

an = __On-1
" (2n - 1)n
which gives the power series solution

o0 _l)nxn
— 1/2 1 (
Yya=2 +§1[1-3-5-7---(2n—1)1n!

which is valid for x > 0. The exact range of validity can again be determined by
performing a ratio test for absolute convergence.

4.4. Chapter 4. Summary

The aim of this chapter was to present a method by which we could solve a
broader class of differential equations than those studied in Chapter 3. In particular,
we aimed to study the non-constant coefficient case of

P(z)y" + Q(z)y' + R(z)y =0

by assuming a solution of the form

oo
y= E anT"
n=0

provided that P(z) # 0 at any z. By equating coefficients, we found the recursion
relation which determined the a,s.

If at some point P(z) = 0, then the problem became singular. Under certain
conditions, the singularity is a regular singularity which allows us to try a solution of
the form

oo
y=)Y anz™t"
n=0

where the r captures the correct singular behavior. Again we collect terms to get both
an indicial equation which determines r and a recursion relation which determines the
Qn.
The simplest regular singularity gives the Euler equation
2*y" +azy +Py =0
for which we can look for solutions of the from y = z”. Three cases arise:

(a—1)2—4ﬁ>0 - r=ry — y=cz't +cz""
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(a—1)?-43=0 — (doubleroot) r=7r; — y=ci2'* +cez"*Inzx

A A

(@=1)2-48<0 = r=A+ip — y=cz cos(ulnz)+ cyx’sin(plnz).
This is analogous to our solution method and characteristic equation of the last sec-
tion.

Finally, the absolute convergence of the power series can be tested by using the

ratio test:

)n+1 Qi1

an

a T—z
ratio test: lim nt1( 0 =1L

n—oo | ap(r — xo)"

= |z — x| lim
n—oo

Once we determine L, convergence or divergence follows from the following:

L<1 series converges for that x
L=1 convergence/divergence can not be determined
L>1 series diverges for that x

We note that we can find the radius of convergence by finding all z for which L < 1.
Thus if L < 1 for some |z — x¢| < p, this then gives the interval of convergence and
the radius of converges which is p/2.

5. Chapter 5. The Laplace Transform

All of our attempts at solving differential equations thus far have involved turning
our equation into algebra by judiciously guessing a solution. In each case, we have
transformed our equations into something more manageable. In keeping with this
idea, we introduce an interesting transformation which can help turn many differen-
tial equations to algebra.

5.1. Lec. 1. Introduction to the Laplace Transform

The Laplace transform, unlike our previous transformation techniques, is an in-
tegral transformation. Integral transformations are generally defined as

F(s) = / * K(s.t)f(t)dt

where F'(s) is the transform of f(t) and K (s,t) is the Kernel. The Laplace transform
has a very specific Kernel, namely:

LUOY=F@) = [ e s

0

There £{f(t)} denotes the Laplace transform and the Kernel is e~%'.
Before getting too far, we have to address the fact that we have an improper
integral, i.e. the limit of integration goes to co. From calculus, you should recall that

/a ~ )t = lim / Y.

A—oo
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This integral can converge or diverge depending upon f(¢). Further, in this section
we will consider piecewise continuous functions only. That is, functions that are
continuous everywhere except at perhaps some jumps in solution at fixed locations.
We are concerned with these issues precisely because we are going to be looking at the
Laplace transform of various functions. So the convergence and piecewise continuity
are very important.

In order to ensure that our Laplace transform integral converges, the following
condition must hold:

|[f(t)| < Ke when t>M

where M, a, and K are constants. What this says is that if I have a Laplace transform
f(t), then

F(s):/om e‘“f(t)dt:/OMe_Stf(t)dt+/oo et F(t)dt

M

The only troublesome term is the second term on the right-hand side. But since we
assumed the above inequality, we find

‘ / e_s"’f(t)dt‘: / et £(1)]dt < / Ke—(=0tgp.
M M M

which converges for s > a since the integrand decays exponentially. In all else that
follows in this chapter, we will assume that f(t) satisfies the exponential inequality
so that the Laplace transform exists.

Example: Calculate the Laplace transform of f(t) = 1, f(t) = e, and f(t) =
sinat for t > 0.

We begin with f(t) = 1 and the definition of the Laplace transform:

L{1} = / et .1-dt = / e *tdt = ——e o = =
0 0 s s

Similarly for f(t) = e?:

¢ ® st.at * (5=t I (- 1
a —_ —8 2 —_ —(8—a — —(s—a o0 —
L{e }—/0 e e dt—/0 e dt = pum b T a (s >a)
And finally f(t) = sin(at):
L{sinat} = / e *'sin atdt (integrate by parts twice)
0

1 —st o] s = —st
=——e " cosatlg® — — e~ % cosatdt
a aJo
2 e8]
S et . s st s
- —e 5t sin at|° — — e % sin atdt
a a? Jy
2

- S—L{sin at}

a2

QI |~
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which can be rearranged to give

82 . 1 .
1+ po) L{sinat} = - — L{sinat} =

. 21z >0

The Laplace transform for cosat can be found in a similar way.

We now move on to some important properties of the Laplace transforms. The
first establishes the fact that the Laplace transform is a linear operator. This is
tremendously important in utilizing the transform. So let’s consider the following
transform:

,C{lel (t) + Csz(t)} = /Ooo eist(C1f1 (t) + C2f2(t))dt

= Cl>/0 e ® f1(t)dt+ 02/0 e’ fz(t)dt
=cal{fit)} + c2L{fa(t) -}

This allows us to transform a sum of functions in a fairly easy manner.
Thus far, it is not very clear how we will be able to use these methods to solve a
given differential equation. This becomes clear once we consider the following:

L{f'}= / e *tf'dt (integrate by parts)
0

= f(t)e™%|5° +/Oo se” St f(t)dt

0
:-f(O)—l—s/O e ' f(t)dt
=sL{f} - f(0).

Thus we can replace the Laplace transform of the derivative of a function by the
Laplace transform of the function itself. We can also find by using the above twice
that:

L{f"} = sL{f'} = 1'(0)
= s (sL{f} = £(0)) - £'(0)
=s"L{f} —sf(0) = £'(0).

We can continue this procedure to find
L{FM (@6} = s"L{f} = s F(0) = 82 f1(0) — -+ — s f 72 (0) — £7D(0)

so that all derivatives can be expressed as the Laplace transform of the original func-
tion itself. The next example will illustrate how to use this in solving a differential
equation.

Example: Solve y" + y = sin 2t with y(0) = 2, y'(0) = 1.
We take the Laplace transform of both sides of the equation:

L{y" +y} = L{sin2t}.
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Using the fact that the Laplace operator is a linear operator gives
L{y"} + L{y} = L{sin2t}

which gives

2y —sy(0) =y (0)+Y =2V = 2s—14+Y = ——.
s sy(0) —'(0) + s s—1+ 711

Solving for Y (s) gives

(2s+1)(s*+4)+2 25 +§ 121
(s2+4)(s2+1)  s2+1 3s2+1 3s2+4

Y(s) =

where we have used a partial fraction decomposition. At this point, we need to get
back to our solution y(t) which is the inverse Laplace transform of Y (s). We do this
by noting that all the terms on the right hand side are simple Laplace transforms of
cosine and sine terms. Thus working from a table of Laplace transforms we find

5 1
y(t) = 2cost + gsint— gsin2t.

Although we do not prove it, it should be noted that there is a one-to-one correspon-
dence between the Laplace transform and its inverse. Thus the above solution is the
unique solution to the problem.

5.2. Lec. 2. The Laplace Transform and Heaviside Function

The Laplace transform method is powerful because it reduces to algebra and ta-
bles, i.e. you solve many differential equations with the aid of Laplace transform
tables after your equation has been reduced to an algebraic expression. As a second
example of this consider the following two problems.

Example: Solve y" —y' — 2y = 0 with y(0) = 1 and y'(0) = 0.
We Laplace transform the equation and find
L{y" —y' =2y} = L{y"} - L{y'} - 2L{y} =0
which gives
s2Y — sy(0) —y'(0) — [sY — y(0)] — 2Y = 0.
Inserting our initial conditions and solving for Y (s) gives

s—1 s—1 1 1 2 1

2-s5-2 (s—2)(s+1) 33—2+§s+1'

Y(s) =

But we recall from the last lecture that if f(t) = e then F(s) = 1/(s — a) which
implies that

1 2
y(t) = §€2t + 56%
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which is our unique solution.
Example: Solve y" — 2y’ + 2y = exp(—t) with y(0) = 0 and 3'(0) = 1.

We Laplace transform the equation and find

L{y" = 2y" + 2y} = L{y"} — 2L{y"} + 2L{y} = L{exp(-t)}
which gives
1
2y — —4'(0) — 2[sY — 2y = ——.
Y = sy(0) — y'(0) — 2sY —y(O)] + 2V = —~
Inserting our initial conditions and solving for Y (s) gives

1 1
G-+l GrD)(G-12+1)

Y(s) =

The one difficulty involved in Laplace transforms is getting the transform into the
correct form so that we can utilize Laplace transform tables for inverting them. In
this case, we have to perform a partial fraction decomposition which allows us to solve
the problem. Thus we note that

1 A Bs+C

GO 1241 s+l G-D2+1’

and we proceed to determine that A = 1/5, B = —1/5, and C = 3/5. In total then
we have that

1 4 1 1 1 s
(s—1)2+1 5s+1 5(s—1)2+

1

Yis) = (s—12+1"

L3
15
Combining terms into the Laplace table format then gives

1 +1 1 1 s—1
(s=12+1 5s+1 5(s—1)2+1"

Vis)=1

Each of the individual fractions is now ready for transformation back into the time
domain. Performing the transformation gives

7 1 1
y(t) = R exp(t) sint — R exp(t) cost + R exp(—t)
which is our unique solution.
But this Laplace transform method is no better than our previous techniques
of the last chapter. In fact, it seems a little more unwieldy. As you will see, the

real power of the Laplace transform is in its ability to handle all kinds of piecewise-
continuous functions very nicely. To begin with, we consider the Heaviside function

which is defined as
0 t<e
ue(t) = { 1 t>c

So this function jumps from zero to one at ¢t = ¢, i.e. it is a unit jump centered at
t = c¢. These kind of functions are important to consider in various systems that arise
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in the physical, biological, and engineering sciences. The model systems that “come
on” or “go off” at very specific times. A system that goes on and off may, for instance,
be modeled by the following function:

0 t<m
Yy=ur(t) —u2,(t) =¢ 1 7<t<2rm
0 t>2m

which is one in the interval 7 <t < 27. We can also calculate the Laplace transform
of the Heaviside function:

C{ua()} = /0 " ety (t) = / et = e_:c (s >0).

In addition to this, we can consider the Laplace transform of the Heaviside function
times another arbitrary function. Thus we consider

9(t) = uc(t)f(t - ¢)

whose Laplace transform is given by

£lu®f =0} = [ ettt - e

—/ e U f(t —c)dt let E=t—c,dfé =dt
- / e E) f(E)de = e / ¢ F(€)de
0 0

=e L{f()}

And due to our one-to-one correspondence between the function and its transform we
have

L7He ™ L{ft)}} = ue®)f(t - ).

Likewise we can find the transform for
g(t) = e f(t)
which is

C{etf(1)} = /0 " emstect f(t)dt = / " e=6=9t {()dt = F(s — )

0

by the definition of the Laplace transform. Conversely we have
LTHF(s—c)} = e f(t).
Thus we see that the exponential and Heaviside function serve to translate the func-
tion by ¢. This will be important in the applications that follow.
Example: Solve y" + 4y = g(t) with y(0) = 0 and y'(0) = 0 where g(¢) is given
by

0 0<t<5b
gt)=1¢ 2 5<¢<10
1 t>10



AMATH 351 51

We begin by noting that we can rewrite g(t) using the Heaviside function:

9(0) = ¢ (us(®) - (6= 5) = usol) - (¢ = 10))

This forcing describes a forcing which is zero until £ = 5 and then steadily ramps up
to a value of one at ¢ = 10. This is called ramp loading and describes many practical
systems of interest in which we turn on slowly (ramp up) some parameter in the
problem. We now take the Laplace transform of the equation

L{y" +4y} = L{g(t)}
which results in
L{y"} +4L{y} = %E{U5(t) (t — 5) — u1o(t)(t — 10)}.

Using the derived results of this and the previous lecture this results in the equation
for Y (s):

s°Y — sy(0) —y'(0) + 4Y = < (e > L{t} — e 19 L{t})

[

which can be reduced to

1

1
Vi) = 5 52(s2 + 4)

(6—53 _ e—lOs) .

To solve this, we note that the exponential terms simply give us shifts in time whereas
the factor 1/(s%(s? + 4)) gives us the fundamental behavior. We note that
1 11 1 1 5 t 1 ot
—_— = — = — — —sin2t.
$2(s2+4) 452 4s2+4 4 8
where the second part is derived from the inverse Laplace transform. Since the expo-
nential terms only shift the time, we then find the solution

)= % [u5(t) (t;5 B sin2(;—5)) —uno(t) (t—410 _ sin2(1;— 10))}

So although this problem is fairly complicated, it is nicely done with the Laplace
transform method. We can compare this with how we would solve this with the
Chapter 3 methods of Boyce & DiPrima, i.e. we would have to solve the equations
from time 0 to 5, get the final condition, then use these as the initial condition for
the differential equation from 5 to 10, then use these final conditions for the initial
conditions for time 10 and beyond. This is a rather complicated formula for getting
the solution and so we can think of the Laplace method as a better way to do such a
problem.

5.3. Lec. 3. Impulse Functions: The Dirac Delta Function

Continuing on with this idea of forces acting on the differential equations over
only finite periods of time leads to the concept of an Impulse Function. For instance,
we can consider the differential equation

ay” +by' +cy = g(t)
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where

_ g()(t) to—7T<t<tg+T1
9(t) = { 0 elsewhere

Thus g(t) acts only over the finite time of 27. The strength of the function g(t) acting
on the system can be given by the Impulse of the function:

o0 to+7
I(r) = / g(t)dt = / go(t)dt.
—o0 to—T
As a specific example of an impulse function, consider the following defined function

1
{ 5 —T7<<t<T

g(t) = 0 t<—-1,t>71

which gives an impulse of

> 1 T 1
I(T)_[mg(t)dt_glrdt_ZZT_l.

Thus the Impulse of our defined function is always unity independent of the value of
7. What if we were to let 7 — 0. Then we would have:

lin})g(t)zo for t#0 — lmI()=1.
T—

7—0

We define this unit impulse function as:
0(t)=0 for t#0 — / o(t)=1.

This 6(¢) is known as a generalized function and is called the Dirac Delta Function. So
we notice from this function that it essentially is zero everywhere and goes to infinity
at t = 0 in such a way that if we integrate over it we get unity. We note that a unit
impulse acting at to can be represented by §(t — to).

One of the important properties of this integral is its effect on an integrated
function. Therefore we consider doing the integration:

/ 80t — to) f(t)dt = lim - / T e

7—0 21 o—T
1
= lim —27f(t") (mean-value theorem:ty — 7 =1t*=to+7)
T—0 2T

= lim = f(t).

Thus the integration sifts out the value of the function at ¢o. This makes it trivial to
calculate the Laplace transform:

L{5(t —to)} = /OOO e (t — to)dt = e 5%

where we have made use of the sifting property and we note that its value is unity at
to = 0.
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Example: Solve 2y" +y' + 2y = 6(t — 5) with y(0) =0 and y'(0) = 0.
We Laplace transform the equation to find
2[s’Y — sy(0) — y'(0)] + [sY —y(0)] + 2V = e °*
which results in
(25 +5+2)Y =e75¢
when the initial conditions are implemented. We now solve for Y'(s):

e 5 1 et 1
2 s2+4s/2+1 2 (s+1/4)2+15/16°

Y(s) =

The manipulation of the equation into this form arises from our desire to put the right-
hand side into a form which is listed in the Laplace transform tables. In particular,
we have that

1 4 —t/4 V15
- —e sin | —t| .
(s+1/4)2+15/16 V15

We then recall that the exponential term 5%

the total solution is given by

only serves to shift the function. Thus

y(t) = us(t)e*(tfs)/él . \/%_5 sin l@(t — 5)]

which corresponds to a solution which is zero until acted on by the delta function at
t = 5. After that time, the system has damped oscillations due to the forcing.

There remains one problem with Laplace transforms. It always requires us to
perform a partial fraction decomposition. Since most people have grown to loath
such things, it would be nice to find an alternative way of solving some of the Laplace
transform problems. There does in fact exist a way to overcome this issue. Consider
for the moment that when solving the Laplace transform problem you end up with

where you recognize that your answer is clearly a product of two Laplace transforms

F(s) = / T et (e and G(s) = / " g (n)dn.

The question then arises: can I find h(t) by knowing that it is a product of two known
transforms of f(t) and g(¢)?

The answer will of course be yes. We will use the method of convolution to solve
this problem. We begin by constructing H(s).

H(s) = F()G(s) = / T e (e / " g ().



54 J.N. KUTZ

By doing the £ integral first, we can rewrite things
PG = [ gt [ e fede
= / g(n)dn/ e~ f(t —m)dt (t = &€ + 1 for fixed n)
0

(e t
_ —st _
= /0 e *'dt /0 F(t—=m)g(n)dn

- /0 " hydt

where in the second to last step we interchanged the order of integration (see a calculus
textbook), and we define

h(t) = / £t~ mg(n)ds.

This then gives us a way to determine the h(t) in terms of the functions f(¢) and g(t).
What this effectively does is replaces partial fraction decomposition with integration.

Example: Find the inverse Laplace transform of H(s) = a/(s%(s? + a?)).

We note that

Flo)=5 = f)=1
G(s) = 82;_% g(t) = sinat .

From the preceding arguments, we then have

at — sinat
a? )

h(t) = /Ot f(t—1)g(r)dr = /Ot(t — 7)sinardr =

Thus we found the solution without the need for partial fractions.

5.4. Chapter 5. Summary

The whole idea of this chapter, as in the last chapter, is to find a way to transform
the differential equation into algebra. The Laplace transform provides just such a
method by defining
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The most important properties of this integral transform are that

L{y"} =Y" = s’Y — sy(0) —¢'(0)
L{y'} =Y =5V —y(0).

It is these two properties which are of greatest use to us in solving our differential
equations. In particular, we can Laplace transform our differential equation and solve
for Y(s). The recipe for a solution is then:

Laplace transform the equation

Use the initial conditions and solve for Y (s)
Use Laplace transform tables to get the solution
If applicable, use the Convolution theorem

Although many of the problems considered could have been done with previous
methods, the Laplace transform provides an elegant way to handle jumps and im-
pulses in the forcing. This is something that the previous methods do not handle well.

6. Chapter 6. Systems of Linear Differential Equations

A very large number of applications arise from systems which are coupled in some
manner. For instance, two masses which are attached together by a spring may in-
teract since the motion of one mass effects the other through the spring. The key
concepts in this chapter are much like those of Chapter. 3, except now must intro-
duce a more general way of treating systems by developing methods of Linear Algebra.

6.1. Lec. 1. Introduction to Systems and Matrices

Although we have discovered many techniques for solving differential equations,
there are many relatively simple problems which our methods have thus far not ad-
dressed. As a simple example, we consider a two mass-spring system where the masses
my and mo are acted on by forces Fi(t) and F5(t). A schematic of this situation is
depicted in Fig. 6. For each mass, we can write down Newton’s Law:

where Y Fy and ) F, are the sum of the forces on m; and my respectively. Note
that the equations for z1(t) and z2(t) are coupled because of the spring with spring
constant ks. The resulting governing equations are then of the form:

d2

m1—dtm21 =—kix1 + k’z(mz — ;L'l) + F = _(kl + k2)$1 + koxo + Fy
d2$2

mQ—dt2 = —k’3.’172 — k’z(mQ - 1’1) + Fy = —(k;2 + k3)$2 + koxy + F

which are not in a form that we have learned to solve via the methods of the previous
chapters. And yet, this seems to be a fairly straightforward example of something
that goes on in many physical systems.
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Fic. 6. Two masses which are coupled together through the spring with constant ko.

As a second example, let’s consider a system which we do know how to solve and
which we can write in a systems form. In particular, let’s consider:

mu" + yu' + ku = F(t)

which models, for instance, a pendulum with damping and a forcing. By defining

T=u and y=1u

we can rewrite this system as

=y
my' = —yy —kz + F(t).

Thus we turned our second-order differential equation into a two by two system of
first order differential equations. But we still need to know how to solve such systems.

In general, we would actually like to consider an n by n coupled system of first
order equations:

L
T = F1($1,1E2,$3, "'anat)

]
Ty = Fg(.’L‘l,xz,!Eg, ---axnat)

zl = Fo(21,22,23, ..., Tn, t)
In this chapter, we will be only interested in linear systems where, for instance:
Fj = pj1()z1 + pja(H) @2 + - + pin(t)zn + g;()

where j = 1,2,...,n. Thus there are no nonlinear terms such as x?, COSTj, T1 - T2,
etc. Nonlinear terms will be considered only in the next chapter. Further, just as in
our previous chapters, if the g;(t) = 0, then we have a homogeneous equation while if
9;(t) # 0, the equation is non-homogeneous. For such equations, there is a theorem
which states that we have a unique solution to the above equation provided we can
find some x;(t) = ¢;(t) which satisfy the governing equations and some initial con-
ditions z;(to) = ¢;(to) so that the solution exists around the to provided the F; and
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OF;/0x; are continuous on some interval around ¢p.

Before continuing further with this chapter, we need to lay down some preliminar-
ies of Matriz Theory and Linear Algebra. A matrix is a mathematical object which
allows us to manipulate systems in an elegant and efficient fashion: it is the filing
cabinet of the math world. A matrix is of the form:

ai1 a2 -+ Q1in
a1 QA2 - G2p

A= . = (aij)
Aml Am2 - OGmn

which denotes an m x n matrix where the m refers to the number of rows and n to the
number of columns. Some important concepts which we introduce are the following:

Transpose: A" = (a;;)" = (a;;)) — ifA= ( ; ?, ) then A™ = ( é ; )

. ~ _ 7T e A i b - —i 5
Complex Conjugate: A = (a;;) — lfA_(3+i 6) thenA_(3_Z. 6)

. . e . _ i 5 « [ -1 3—1
Adjoint: A =A" — 1fA_(3+i 6) then A —( 5 6 )

These three concepts will be important in utilizing the matrix approach to solving dif-
ferential equations. Finally, we also introduce the concept of a square matriz: n X n,

and a wvector: n x 1 or 1 x n. We also have the following important properties of
matrices:

1. A =B if a;; = b;; for each 4 and j.
2. Zero matrix 0 for which a;; = 0 for each ¢ and j.
3. Addition and Subtraction: A £ B = (a;;) & (b;;) = (as; + bij)-

e Commutative: A+ B=B+ A
e Associative: A+ (B+C)=(A+B)+C

W

. Multiply by a number: aA = a(a;;) = (aa;;).

5. Matrix multiply: AB = C where Cij = ZZ:l aikbkj.

3 2 1 1 3-1+2-041-2 5
6 5 0 0 |]=(6-1+5-0+0-2 | ={ 6
1 8 3 2 1-1+8-0+3-2 7

e Distributive: A(B+ C)=AB+ AC
e Associative: (AB)C = A(BC)
e NOT Commutative: AB # BA
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. —»T—o_ n
6. Vectors: @' ¥ =), ; uv;

U1
T V2
TT=(ugus ~- up) | . | = (wrvr +u2vs + ugvs + -+ + upvy)
Un
o iTg=70Tad
o @(F+ ) = @7 + @D
o ()T = a(@TF) = i@ (af)

e o o o
NN TN N
SS9 &

Orthogonality: (@,7) =0
7. Identity: I = (d;;) (6;; =1 for i = j and O otherwise) - AI=IA =A
8. Inverse: AB =1 if B = A~! which exists for det(A)#0 (nonsingular).

These properties and identities will be important in manipulating and solving sys-
tems of differential equations. They should be thought of as a guide to understanding
the systems approach to differential equations.

6.2. Lec. 2. Eigenvalues, Eigenvectors, and Linear Independence

This is the second lecture in which a large number of definitions are discussed. The
most important of these ideas relates to what are called eigenvalues and eigenvectors.
But before getting to these, we consider an n x n system of algebraic equations:

a1121 + a12%2 + -+ + 1Ty = by

02121 + a22%2 + - - + a2pTn = by

an1 %1 + ApaZa + -+ AppTy = by

which can be solved for the x; since we have n equations and n unknowns. We can
rewrite this in the matrix formalism of the last chapter:

Z1 b1
T2 b2

Tn by
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In such an equation, if b =0 the equation is called homogeneous and if b # 0 the
equation is non-homogeneous. This terminology is exactly as in our previous chapters.

There are two interesting cases to consider in solving such an equation as A% = b.
The first case is when

det (A) #0

which from the last section implies that we have an inverse to A given by Al Thus
we find upon multiplying our equation AZ = b through by A~! on the left that

f=A"1p

since A1 A = I. Thus we can find a solution once we find the inverse. We also note
that:

if b=0 then £=10

giving a trivial solution for the homogeneous case. The second case of interest arises
when

det (A) =0

which implies we have no inverse. This case will be of considerable interest to us in
what follows.

A couple of things should be pointed out before proceeding. First, the equa-
tion A% = b does not have a solution for generic b. In particular, consider the two
equations:

AT =10 and A*F=0

where we recall that A* is the adjoint of A. Taking the inner product of the first
equation with respect to § gives:

(AZ,9) = (5,) -

By noting that (AZ,¥) = (Z, A*¥), which is the definition of the adjoint, and that
A*§ = 0 by definition, we find

-

(0,5) = 0.

This is known as the Fredholm Alternative Theorem and is commonly called a solv-
ability condition. It states that ¢ must be orthogonal to b in order for the equation
to make sense. To calculate determinants, we note that

det (Ccl b)zad—bc

d
A Ay A
det [ By By Bs | = Ay(B2C3—CsB3)—As(B1C3—C1B3)+ A3(B,Cs— C1Bs) .
C, Cy Cs

Since we will mostly be working with 2 x 2 and 3 x 3 systems, these are important to
know.
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Example: Solve

Ty — 229+ 323 =7
—T1 + 22 — 223 = —H

2.’1&'1—1’2—.%’3:4

To purpose of this example is to illustrate how to manipulate such systems using
linear algebra techniques. We begin be rewriting the equations in augmented matriz
form:

1 -2 3 7
-1 1 -2 | =5
2 -1 -1 4

which corresponds to our original equations above. The trick now is to eliminate
and solve for the z;. Acting on each equation of the original system is equivalent to
acting on a row of the augmented matrix. So we begin by adding the first and second
equations together to generate a new second equation, and we also multiply the first
equation by -2 and add it to the third equation to generate a new third equation.
This gives

1 -2 3 7
0 -1 1 2
0 3 -7 -10

which can be manipulated further by multiplying the second equation by 3 and adding
it to the third

1 -2 3 7
0 -1 1 2
0 0 —4 | -4

We can then simplify again by dividing the last equation by -4:

1 -2 3|7
0 -1 1|2
0 011

This then results in z3 = 1 from the last equation and
—T2t+x3=2 — 12=-1
from the second equation and results in
Ty — 29+ 3x3=7 — x1=2
from the first equation. In total then, our solution is given by

2
r=| -1
1

which is in our convenient vector notation.
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We now move on to a concept which is already familiar to us, that of linear
dependence and independence. If we consider a set of vectors added together:

¥ +ceBo+ -+ cpZn =0

Then

o if there exists ¢; # 0 which satisfy this: linear dependent
e if the ¢; can only be zero: linear independence

There is a very simple way to determine whether a set of vectors is linearly independent
or not. We can rewrite our equation as:

X&é=0 where X=(% & --- &) , C2

Cn

But this is an equation of the form A% = b. And we know that in the homogeneous
case (b = 0), that if the determinant of X is not zero that X has an inverse and &
must be zero. Alternatively, if the determinant is zero, then the ¢; are not necessarily
zero. This gives us:

e if det(X) = 0: then ¢ # 0 and linear dependence
o if det(X) # 0: then &= 0 and linear independence

Thus all we have to do is calculate the determinant to determine linear depen-
dence or independence.

We now reconsider the equation
AZ=b.

Suppose that the vector bis actually Z times some constant. That is, what if b= AT,
then

AZ =)\

which is called an eigenvalue problem. This is very interesting as it implies that we act
on the vector # with some matrix A and it simply makes & shorter or longer depending
on A. The 7 for which this holds is called an eigenvector and the corresponding A is
called the eigenvalue. We can rearrange the equation to read

(A—ADZF=0

for which we know that & = 0 if the det(A — AI) # 0. However, we are interested in
solutions # which are not zero. And the only way this can happen is if

det(A — AI) = 0.

For an n x n system, this condition yields a polynomial of degree n in A whose roots
are the eigenvalues. Recall that a second-order differential equation can be rewritten
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as two first order equations. Thus the resulting polynomial is of degree two. In fact,
the resulting polynomial is the characteristic equation we derived in Chapter 3. The
important thing then to determine is whether the eigenvalues are real, complex, or
perhaps double roots.

Example: Find the eigenvalues and eigenvectors of

1 -1
r=(1 )
The eigenvalues are determined from

1-x -1
det(A-AI)=0 — det( 1 3_)\>

which gives the polynomial
1-XNB-XN+1=0 - (A-2%?=0 — =2

which is a double root. The eigenvectors can be found be recalling that (A —AI)Z = 0

which gives
1= -1 \._ (-1 -1\._,
1 3-x)*=\L 1 1)*7

which gives £; = —z4. So if £; = ¢ where ¢ is a constant then
T =c 1
t= -1

Finally, we close by introducing a matrix for which the adjoint is exactly the same
as the original matrix:

is the eigenvector.

A*=A.

In this case, the matrix A is said to be self-adjoint or Hermitian. The properties of the
special matrix are that the eigenvalues are all real, there exist n linearly independent
eigenvectors which are orthogonal and for a repeated root with multiplicity m, there
are m orthogonal eigenvectors which result. Hermitian matrices are very important
and arise in a variety of phenomena such as quantum mechanics and electrodynamics.

6.3. Lec. 3. Systems of Differential Equations

To utilize the linear algebra techniques of the first two lectures, we consider the
system of differential equations:

F=P@{t)Z+ g(t)

where P(t) and g(t) are continuous on some interval I. As in previous chapters,
g(t) # 0 is the non-homogeneous case and g(t) = 0 is the homogeneous case. The
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following theorem can be found for the homogeneous solution.

Theorem: If the vectors "), Z(2), .. (™ are linearly independent solutions of the
homogeneous problem for all points in I, then each solution

-

T = ¢(t)
can be expressed as a linear combination
(;: cla';‘(l) + 023';’(2) RS Cnii"(n)

in exactly one way.

The #V,#? .., #" form the fundamental solution set which make up the gen-
eral solution ¢(t). A couple of things to note about this fundamental solution set.
First, we once again define the Wronskian:

Wiz, #? 2" =det X # 0

where X is a matrix whose columns are made up of the Z1 #32 .. #™ and whose
determinant is not zero for a linearly independent set of solutions. Second, the solution

(;(to) = Cl.'i"(l) + 625(2) + -+ Cnf(n) =Xcé= l_;

where £y, and b are some initial conditions that can be inverted to determine the Ci.
Since the determinant of X is not zero, we can find X! so that

g=X"1%

and the ¢ is then uniquely determined as stated in the above theorem.
We now turn to actually solving such a differential equations system. To simplify,
we consider the constant coefficient matrix A and the governing equation:

7 = AZ.

We re-introduce the concept of equilibrium by noting that this occurs when ' = 0.
This then gives

AZ=0 - Z=A"'0=0

since det A # 0. Thus the origin is an equilibrium point of the constant coefficient,
linear system of equations. The simplest system we can consider is that corresponding
to a1l x 1 system:

(n=1) 2'=ax — z=ce?.
This case is trivial and was extensively considered in our beginning lectures of this
class. A slightly more difficult case which leads to nontrivial behavior is that given by
a 2 x 2 system. In this case, we will show that there is a convenient way to explore the
dynamics by using phase-portraits in a phase-plane analysis. We begin, however, by
recalling that the 2 x 2 first-order system can be written as a second order equation.
This motivates us to consider guessing solutions of the following form

P =AF - i=7uveM
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so that when using the fact that &' = \fe* we find
Av =)\
which is an eigenvalue problem. The only way to insure that ¥ # 0 is to require
det (A — AI) = 0.

Otherwise, (A — AI) can be inverted and we find ¢ = 0. The actual solution tech-
niques for the system of differential equations is more clearly exhibited through some
examples.

Example: Solve & = 11 z.

4 1
This problem is solved by first trying the solution
,D'e)\t

i
xr=

which yields the eigenvalue problem

1-x 1 \._
( 4 1—A>”_0'

In order to have a nontrivial solution ¥, we require that the determinant of the matrix
be zero. Thus we find

1-A 1

det‘ 4 11—

‘:(1—)\)(1—)\)—4:/\2—2)\—3:()\—3)()\+1):0

so that the eigenvalues are
A=3 and A=-1.
The eigenvectors can then be calculated from the above equations. Thus we find
.. 1-3 1 A | v\
A=3: ( 4 1—3)”_(4 —2><v2>_0

which upon solving gives —2v; + v = 0 and results in the eigenvector

1
’17(1)261(2).

The second eigenvector is determined from

L 1+1 1 . (21 o)
A=-l: (4 1+1)”_(4 2)(1;2)_0

which upon solving gives 2v1 + v2 = 0 and results in the eigenvector

1
1%2)202(_2).

The general solution is then given by

f:cl(;)e3t+c2( _12>6t
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X2

Saddle Point

X1

G (1 2)'exp(31) G,(1-2) exp(-t)

F1G. 7. Saddle point behavior of solutions when the eigenvalues are real and of opposite sign.
Note that the eigenvectors are fundamental in determining the location of growth and decay direc-
tions.

where the constants ¢; and ¢; are determined from the initial conditions. We verify
that the Wronskian is not zero by constructing it explicitly for this case. Thus we
have

3t —t

W[f(l)af@)] = ( 266315 _626—1‘,

) —  detW = —4e? #£0

and (V) and #® form a fundamental set of solutions. The behavior of the solution

can be conveniently analyzed from the phase-plane portraits which are a graph of
21 versus x2 as the solution develops in time. Figure 7 depicts the behavior of the
solution and shows the characteristic behavior of the solution along the eigenvectors.
Thus along 7" the solution grows like exp(3t) while along 7% the solution decays like
exp(—t). This behavior, for which there are two real and opposite signed eigenvalues,
always generates a saddle behavior as depicted in Fig. 7.

Example: Solve 7' = ( \_/‘;—’ \_/g ) Z.

We once again begin with assuming a solution ¥ = @exp(At) which gives the
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X2

“a ¢/

“a Node

/

exp(-4t)
74 AN

exp(-t)

F1G. 8. Node point behavior of solutions when the eigenvalues are real and of the same sign.
Note that the eigenvectors are fundamental in determining the location of growth (decay) directions.

eigenvalue problem

(_3_)‘ V2 )6‘:0.

V2 —2-2
We find the eigenvalues from the determinant of this equation
det | 7322 V2 ‘: (=3-2)(-2-X)-2=X+51+4=(A+4)(A+1)=0

V2 —2-2)
which gives
A=—4 and A=-1.

The eigenvectors are then found to be
—-3+4 \/5 N 1 \/§ U1
= —4 . el =
A ( V2 —2+4>” (\/i 2)(1)2 0
which upon solving gives v; = —1/2 and vy = 1 so that the eigenvector is

a<1>:cl(—1ﬁ)_
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The second eigenvector is determined from

= (S0 (3 ) (0)-

which upon solving gives v1 = 1 and vs = v/2 so that the eigenvector is

a@):@(k).

The general solution is then given by

rme (V) L)

where the constants ¢; and ¢y are determined from the initial conditions. So unlike
the previous example, the eigenvalues here are both real and both negative. This
results in a node point at the equilibrium point at the origin. This behavior is de-
picted in Fig. 8. As before the eigenvectors and eigenvalues are the essential pieces in
determining the phase-plane behavior.

6.4. Lec. 4. Complex and Repeated Roots

The examples of the last lecture showed some interesting behavior. And the
concept of the phase-plane was important in determining the fundamental nature of
the solutions. But just as in the series of lectures of Chapter 3, we would like to know
what happens when the roots are complex or double roots. We begin by considering

7 =AZ.
Recall that we determine the eigenvalues by letting # = d'exp(At) so that
AT=X0 — (A-AD)7=0

which gives us the eigenvalues by requiring that det(A — AI)=0.

Suppose that we find an eigenvalue and eigenvector A\; and #(!) respectively. In
addition, let’s assume that A is a real matrix so that each component is some real
number (i.e. there are no complex numbers). Then we have

(A - D7 =0.

Taking the complex conjugate of this equation and recalling that A was assumed to
be real we have

(A =D =0.

If we call Ay = Ay and 72 = W, then it is clear that the eigenvalues and correspond-
ing eigenvectors are complex conjugates of each other. Thus we only need to find one
eigenvalue and one eigenvector and the second is simply the complex conjugate.

. o[ —1/2 1 .
Example: Solve &' = ( 1 —1)2 z.
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—

We begin by letting & = @e*t so that

( _1/—21_A —1/;—/\ )ﬁzo'

Taking the determinant of the above to be zero

—1/2- A 1

det |4 _1j2-

‘=(—1/2—)\)(—1/2—)\)+1:)\2+)\+5/4=0

results in the eigenvalues

_ -1+ /1-4-(5/4) 1

A = — 4
* 2 2 ="

which are a complex conjugate pair. We can find the eigenvector of A_ = —1/2 — i
by substituting back in above so that

(G ey o= (5 )0

which results in
wy +ve=0.

If we take v1 =1, then vo = —i so that our eigenvectors are then

aw:( 1.) R a<2>:(1.)
—1 (3

so that our general solution is

Z(t) = c < 1_ )e(—1/2—i)t + ¢ ( 1 )e(—1/2+z’)t

—1

where ¢; and co are arbitrary constants.

But recall from Chapter 3 that we decided to write our solution in terms of sines
and cosines instead of things like e#*%. Thus we consider one of our fundamental
sets of solutions:

72 = <1> e(~1/2+t — (1) e ?(cost +isint) = e /2 [( CO.St ) +i (smt)]
7 7 —sint cost

which is written in terms of a real and imaginary part. Recall that since the second
eigenvector is just a complex conjugate, the only thing that changes is the sign in
front of i. Thus we can choose a new basis for our fundamental set of solutions by
adding and subtracting the fundamental sets ') and Z(?):

g TV +ED L ( cost
2 —sint

g TV = sint
21 cost |’
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X2

@p—"
X

Spiral

(

S

—> 0
X
F1G. 9. Spiral point behavior of solutions when the eigenvalues are complex conjugates.

We note that we could have gotten this just as easily by simply taking the real and
imaginary parts of one of the eigenvectors and using these as the new set of solutions.
Notice now that the the solution is purely real as desired:

= *(1) "(2): —t/2 cost o—t/2 sint
T=c X" + X cie (—sint + coe cost |

The behavior of the solution represents a spiral (also known as a sink, or as a source
if the real part had has a positive part). The characteristic behavior is depicted in
Fig. 9 which demonstrates the behavior in the phase-plane.

We also consider in this lecture the case of double roots (repeated roots) for the
eigenvalue problem. In this case, we often need to consider what are called generalized
etgenvectors. This is not always necessary since there are times that a double root
will still produce two linearly independent eigenvectors. But in the case that it only
produces one, then special care must be taken. An example will serve to illustrate
the point.

Example: Solve 7 = ( i _31 >f
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—

We begin by letting & = @e*t so that

1-x -1 \._
( 1 3-2 ) v=0.
Taking the determinant of the above to be zero

=1=XNB=XN+1=X—-4r+4=(1-2)?=0

det‘1—,\ -1 ‘

1 3—-A

results in the double eigenvalue: A = 2. We can find the eigenvector of A = 2 by
substituting back in above so that

1-2 -1 \._ (-1 -1),_,
1 3-2) "\ 1 1 )v=Y

v +v2=0.

which results in

If we take v; = 1, then vo = —1 so that one of our eigenvectors is

17’(1):<_11>.

The question arises now about finding a second eigenvector. By following the methods
of Chapter 3, we guess a solution of the form

72 = gte®t + qet

where the vectors ¥ and 77 are to be determined by plugging into our governing equa-
tion. Plugging in we find:

20te* + et + 27je*t = Advte* 4+ Afje*
which can be simplified to
te?t (20 — A7) + e (T + 27— Aij) = 0.

To satisfy the equation, both expressions in parenthesis must be zero. Thus we have
from the first expression

2W—AT=0 — T=¢V

which gives for the second expression

_ o)t = ¢ L I
(A-2D)j=7 — ( 1 1 )n_(_l)

whose solution is found by letting

771+772:—1.

If we let 71 = k then 17 = —1 — k and

-(4)(4)
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X2 2
X

Improper Node

F1G. 10. Improper node point behavior of solutions when the eigenvalues are repeated (double)
roots.

Since the constant k is arbitrary, we chose it to be zero so that

1 0
7(2) — 2t 2t
T —(_l)te +<_1>e.

Our general solution is then

T =@V + 3?® =¢ ( _11 ) et + ¢y [( _11 > te?t + ( _01 > e2t]

where ¢; and ¢y are arbitrary constants. The corresponding phase-plane behavior
generated by this repeated root is shown in Fig. 10. It is called an improper node.

6.5. Lec. 5. The Fundamental Matrix and Miscellany

In this lecture, a variety of miscellaneous issues are addressed. We begin by
defining the fundamental matriz:

p(e) = (20 & - zm)
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whose columns are simply the fundamental set of solutions of our governing equation
so that:

=PH)E — F=afV +ei® 4. 4, @M.

8

As an example, we can consider one of the examples of Lecture 3:

L (1 1)\,
m_(4 l)x

which yielded the fundamental set of solutions

H) _ f 1\ a3 22 _ 1 —t
T _<2>e and T _<_2)e

and which results in the fundamental matrix:
3t —t
e e
sz(t) = ( 263t _2672)5 ) .
Thus the general solution to a problem can be more compactly written as

#=c1@V 4+ 3 + o e, @™ = o(8)E

where & contains the arbitrary constants ci, ¢, ..., Cp.
When considering the initial value problem for which

Z(to) = %o,
we find then that
P(to)é = Zo .

But since the fundamental matrix v is composed of n linearly-independent vectors, it
has an inverse and we find that the vector € is determined to be

&=~ (to)To -
Thus our solution to the initial problem is simply
(t) = ()Y~ (to)Zo.

This solution form indicates that the solution Z(t) is simply a transformation of the
initial conditions #y via the matrix ¢ (t)y 1 (to).

Another interesting piece of information concerns the idea of diagonalization of a
matrix. To do this, we define the matrix:

T:<mniﬁ>.”¢m)
whose columns are the eigenvectors of a constant matrix A. We further let

#=Tj
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which when inserted into our equation &' = AF yields
T = ATj.

Since the matrix T is composed of n linearly independent columns, it must have an
inverse so that we then find

7 =T 'ATy — ¢ =Dj.

Since T is the matrix composed of the eigenvectors, the matrix D becomes a diagonal
matrix whose diagonal elements are simply the eigenvalues of A:

M 0O -~ 0
0 A - 0
D= . .
0 0 - A

The beauty of such a transformation is that the resulting system for § is now separable
so that each term y; can be calculated independently of the rest:

yi =My
Yy = Aoy
y; = An¥n

This is in contrast to our original system &' = AZ for which all the x; where coupled
together through the matrix A. Once a solution for the y; are found, then we can
find # by noting that £ = T4y

To conclude with the miscellany, we note that we can also define exponentiation
with matrices. Therefore we let
1
3!

which is the same definition of the Taylor series of e** where a is some constant. By
differentiation, we can then conclude that

1
eAt:I+At+5A2t2+ A3 4 .-

%eAt — AeAt

and further that at ¢ = 0, eA* = I. Thus when considering the differential equation

¥ = AT, we can write the general solution as
T = €At -’0

where #(0) = Z.

6.6. Lec. 6. Nonhomogeneous Equations

Just as in Chapter 3, we would like to now use our knowledge of solving homoge-
neous equations to solve the more general nonhomogeneous equation

F =Pt + g(t)
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where g(t) and P(t) are continuous on some interval I. Just as before, we can write
our solution as

Z(t) = a1V + 72? + - + ¢, 7™ 1+ &,

where &, is a particular solution and the # are the homogeneous solutions. The
question we must then address is how to find the particular solution Z,.

Method 1: Diagonalization

Recall the matrix transform T of the last section which we defined as

T = (5(1) 72 ...,7(n))

where the #%) are the eigenvectors of A. Defining
Z=Ty
gives
Ty = AT§+ §(t) .

We recall that since T is made up of the linearly independent eigenvectors of A, it
has an inverse. Thus we find the system

7 =Dy + h(t)

where
0 X 0 -
D= and h(t) = T §(t)
0 0 An

So then if we write down each term component by component we find

Y1 = Ay1 + ha(t)
Ys = Ay + ha(t)

y;» = MYn + ha(t)
which can be solved component by component with the integrating factor method of
Chapter 2. This yields

¢
Yi = e}‘“"/ e *%h;(s)ds + ceMit
0

which can be used to calculate our solution & = Tj. Note that this technique yields
both the particular solution and the homogeneous solutions, i.e. the terms multiplied
by the ¢;s.
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Method 2: Undetermined Coefficients

Just as in Chapter 3, this method allows us to guess a solution of the form of the
nonhomogeneous term §(t) with some arbitrary constant. We plug this guess in and
determine the constant to determine our particular solution.

Method 3: Variation of Parameters

Another technique familiar to us from Chapter 3 is the variation of parameters.
Recall that we can write the homogeneous solution as a product of the fundamental
matrix and a constant matrix:

7= p(t)e

Just as in the variation of parameters method of Chapter 3, we can attempt a solution
of the form

& = (t)u(t)

where we replace the constant ¢ by some time-dependent vector #(t). Plugging this
into our original equation & = P(¢)Z + g(¢) yields

P (B)i(t) + ()’ (t) = P()P(H)a(t) + §(t).

But since ¢ is the fundamental matrix, it satisfies ¢’ = P(t)¢ since every column is
a solution of the homogeneous equation. We are then left with

PO (t) = §(t)

which can be solved for the vector @'(t). Or alternatively, since ¢ has an inverse, we
have

@ =97 = )= /¢_1(t)§(t)dt +é.
Finally, we find the general solution by recalling
7=y =vi+v [ OF0d

which gives the particular and homogeneous solution together. The use of the three
above methods is demonstrated in the following example.

-2 1 2e~t
. 3 —+
Example: Solve &' = ( 1 9 )x+ ( 3t > .

We begin by solving the homogeneous problem for which g(¢) = 0. Letting

- = A\t .-
—2-x 1 \._
( 1 —2—,\)”_0'

&= ve
Taking the determinant of the above to be zero

@t‘QfA _Q{A‘=@4—Ax—z—n—1zxﬁwu+3=(A+$@+¢)=o
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results in the eigenvalues \; = —3 and Ay = —1. The eigenvector corresponding to
A = =3 is found from
—-24+3 1 R 1 11,
( 1 —2+3 )”z ( 11 )”:0'
which results in
v +v2=0.
If we take v; = 1, then v = —1 so that the eigenvector is
0 = ( B ) |
The eigenvector corresponding to A = —1 is found from
-2+1 1 . -1 1 .
( 1 —2+1 )“:( 1 -1 )”:0'
which results in
v —vy=0.

If we take v; = 1, then vo = 1 so that the eigenvector is

5 = ( ! ) .
Our homogeneous solution is then

a'c’(t):cl< _11 )e3f+cQ< i )et

where ¢; and cs are the arbitrary constants.

The particular solution to the nonhomogeneous equation is then found by each
of the three methods discussed above. First, we consider the diagonalization method.
In this case, we can construct the transform matrix is given by

1 11
=7l )
where the eigenvectors 71 and #(2) have been normalized to unity, i.e. the magnitudes

are (79, #?) = 1. Since the matrix A is Hermitian, that is, it is real and symmetric,
then we have that

1 1 -1
—1 _
T —T——ﬁ(l 1).

Applying the transformation & = T yields

(3 Dl D)
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which can be easily solved for y; and ys:

2 3
! —t
+3y1 = et — =t
h bt \/§ \/§
I
vy V2 V2

Both equations can be solved using the integrating factor method of Chapter 2. This
yields

2 t 1
Z/l = £€_t — i (_ — _) +C]_e_3t

2 V2\3 9
3
Y2 :\/ite_t+ ﬁ(t—1)+026_t.

Our solution & = T§ can then be calculated

f(t)zkl(_})e3t+k2<1>et+%<_i)et+(i)tet+<;>t—% (g)

where k1 and ko are arbitrary constants.
We can also use the method of undetermined coefficients. We begin by noting

that
g’(t):(g)e_t+(g)t.

This motivates us to guess a solution of the form
Z,=dte "t +be P+t +d

where the first two terms are guessed since e~ is already a solution to the homo-
geneous solution. Thus we need to consider the more general form above just as in
Chapter 3. We plug this into our governing equations and solve for the four constant
vectors @, 5, ¢, and d. We thus find

= (1) (2)+ ()e-5(2)

which we note is slightly different than the previous particular solution. That is okay,
remember that the particular solution is not unique, only the final solution with a set
of given initial conditions is.

Finally we solve for the particular solution using wvariation of parameters. Our
fundamental matrix is simply given by

v = (7 #) (T )

—e~ e

which when inserted into the expression for 4’ gives

-3t —t ! —t
VR e e up \ _ [ 2e
Yy =g — < —e3t ot ) < uh > = < 3t ) .
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The individual components can then be solved by noting

3
uf = e* — §te3t
3
uhb =1+ itet
which can be solved to give
1 1 1
w = §ezt _ §t63t + gezt +o
3 3
uy =t+ itet — iet + co

and since & = ¥d we have

f(t):cl(_i>6_3t+02<1)e_t+%(_1)6_t+<i)te_t+(;>t—%(g)

where ¢; and ¢ are arbitrary constants.

7. Chapter 7. Nonlinear Systems of Equations

We are finally at a point where we can start to study systems which are much
more realistic in nature: Nonlinear Systems. The methods we will utilize in describing
such systems, which take the form:

dz

T _F

dt (x’y3t)
dy

i G(z,y,t)

with F(z,y,t) and G(z,y,t) being some nonlinear functions of z and y, are qualitative
rather than quantitative. Further, they rely on understanding two primary parts of
the problem:

e Equilibrium Points (also known as Critical Points)
e Stability of Critical Points

Provided these are two issues are understood, we can develop a variety of approaches
to solving very complicated problems. It should be noted that although our analytic
techniques provide a tremendous amount of insight into the problem, quantitative un-
derstanding comes largely through numerical simulations of the governing equations.
However, this is beyond the scope of this course.

7.1. Lec. 1. Introduction to Nonlinear Systems

We begin this Chapter by reviewing the primary conclusions of the last Chapter
concerning eigenvalues and eigenvectors. Thus we consider the linear system:

7 = Af.
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Fi1G. 11. Behavior of Node (a) and Saddle (b) which are determined by having real distinct
eigenvalues which are of the same sign (a) or of opposite sign (b). Changing the signs of the
eigenvalues simply changes the directions of the arrows. Thus the Node can be stable or unstable
whereas the Saddle is always unstable.

The equilibrium points of this system are determined by setting & = 0. This then
yields

AF=0 —- Z=0

since we want to assume that A has an inverse. The dynamics about the equilibrium
point Z = 0 can then be found by solving for the eigenvalues and eigenvectors:

F=vM - (A-A)T=0.
Thus once the eigenvalues and eigenvectors are determined, the phase-plane trajec-
tories can be drawn and the solution behavior understood. There are actually five
distinct cases of behavior which may arise. They are as follows:

Case 1: eigenvalues — real, unequal, same sign

In this case, once the eigenvalues and eigenvectors are found we can express the
solution as

T = 011')'(1)e>‘1t + 021'1'(2)6)‘2t

where we have assumed that A\; and Ay are different and real. The prototypical be-
havior of this case is depicted in Fig. 11a. In this figure, we assumed that Ay < A2 <0
so that decay occurs most rapidly along the eigenvector 7). This is also called a node
or nodal sink. Note that all trajectories go to zero so that the critical point is stable.
If instead we found that A\; > Ay > 0, then the direction of the arrow in Fig. 11a
would be reversed and the critical point (called a nodal source) would be unstable.
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Fi1G. 12. Proper (a) and Improper (b) Nodes corresponding to the double root case with two
independent eigenvectors (a) or one eigenvector and a second generalized eigenvector (b). The nodes
can be stable or unstable depending on the sign of the eigenvalue, i.e. the arrows are switched with
a switch of the sign of the eigenvalue.

Case 2: eigenvalues — real, opposite sign

If the eigenvalues are of opposite sign and real we can write the general solution

7= 0117(1)6’\1t + cy’;’(z)e*’\?t

where we have assumed that A; and A are real and of the same sign. The proto-
typical behavior of this case is depicted in Fig. 11b. In this figure, we assumed that
A1, X2 > 0 so that growth occurs along the eigenvector #!) and decay along #(%.
This is called a saddle point. Note that all trajectories eventually go out to infinity
along the eigenvector #*'). This implies that saddle points are always unstable. If
instead we found that A1, A2 < 0, then the direction of the arrow in Fig. 11b would
be reversed and solutions would go unstable along 7).

Case 3: eigenvalues — real and equal (double root)

For the case of a double root, two possibilities exist: either we can find two linearly
independent eigenvectors so that our solution is

T = ciVeM?t + ey ettt

or, there is only one eigenvector, and we must generate a generalized eigenvector via
the methods of the last Chapter so that our solution takes the form

Z=ctWeMt + ¢, [ﬁl)te)‘lt + ﬁe’\lt] .

In the first case, a proper node (or star point) is generated as depicted in Fig. 12a for
A1 > 0. The second case generates an improper node which is depicted in Fig. 12b,
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F1G. 13. Spiral (a) and Center (b) behavior when the eigenvalues are complex conjugates. The
spiral has a nontrivial real part which determines whether the trajectories spiral in or out in (a)
whereas the center has strictly periodic behavior.

also for the case of A\; > 0. Both points are stable for A; < 0, whereas for A; > 0, the
arrows are reversed in Figs. 12a and 12b and the critical point is unstable.

Case 4: eigenvalues — complex eigenvalues

For complex roots, we know that the eigenvalues and eigenvectors come in complex
pairs. In particular, the eigenvalues are given by

Ar=pF=xip.

The resulting behavior is a spiral where the stability is strictly determined from the
real part 8. For 8 > 0 the solutions spiral outward as in Fig. 13a so that the equi-
librium is unstable. For 8 < 0, the solutions spiral inward (reverse the arrows in
Fig. 13a) so that the the equilibrium point is stable.

Case 5: eigenvalues — purely imaginary

In the case of purely imaginary eigenvalues:
)\:i: = ﬂ:i/,t

our solutions are completely oscillatory and we have a neutrally stable situation with a
center critical point. This behavior is demonstrated in Fig. 13b where generically, the
solution trajectories are ellipses. Thus solutions neither grow or decay: they simply
display periodic motion.

Now that the behavior in linear systems is completely categorized, let’s move on
to consider a classical problem which is actually nonlinear. Such is the case of the
pendulum. The schematic of the pendulum is shown in Fig. 14. By conservation of
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Fic. 14. Schematic of pendulum oscillating from a fized support subject to forces of gravity and
damping.

angular momentum, we find that the swing of the pendulum can be described by the
equation:

2
mLZC;TS) = —cL% —mgLsin©

where m is the pendulum mass, L is the length, g is the acceleration due to gravity,
and ¢ measures the frictional /damping forces acting on the pendulum. We can rewrite
this equation as

0" + 740" +w?sin® =0

where v = ¢/mL and w? = g/L.
To convert this into a system of equations, we define

_ de

=0 and y="

which then results in the nonlinear system

'\ _ y
y' —wlsing —yy /-

Equilibrium solutions are found by letting ' = 3’ = 0 which yields

y=0 and sinz =0
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so that the critical points are
y=20 and z=xnm n=20,1,2,....

Thus unlike our linear systems above, we have more than one equilibrium point. In
fact, we have an infinity of them which lie at multiples of 7 along the the z-axis. We
will learn how to deal with this in the next lecture.

7.2. Lec. 2. The Pendulum and Perturbation Theory

In this section, we consider one of the classical problems of physics: the pendulum.
Up to now, you have probably understood the pendulum problem as a case of simple
harmonic motion which was introduced in physics. However, you may recall that in
this behavior was only approzimate, i.e. it relied on the pendulum swings being rather
small. Here we consider the fully nonlinear pendulum dynamics. Our equations of
motion were given in the last lecture as:

=y
1 _ 2 .
Yy = —wsinx —yy.
To simplify the analysis, we begin by considering the case in which there is no damping
so that v = 0 and our governing equations are

=y

y' = —w?sinz.

As in the last lecture, the key now is to find the critical points and their stability.
The critical points (equilibrium) are determined for z' = y' = 0 so that

y=0 and z=2nm n=20,1,2,...

which were given in the last lecture. The idea now is to look very close to one of the
equilibrium points using the ideas of perturbation theory. Therefore we let

r=+nr+ 2%
y=0+79

where Z and §j are both very small. Thus this implies we are very near one of the fixed
points. Plugging this into our governing equations for no damping yields the system:

=73

§' = —w?sin(+n7 + 7).

To begin, we consider the well known example of the pendulum which oscillates about
the equilibrium z = 0 (which corresponds to © = 0). In this case n = 0 so that we
have

sin(tnm + %) =sini =% — —+—+--- =&

where we have used the Taylor series representation of sine and approximated every-
thing by Z since all the other terms are much smaller (provided, of course, that Z is
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very small). This is the standard trick that is used in introductory physics in order to
turn the nonlinear system into a linear one. In particular, if we plug this result into
the above equation we preceding equation we find.

=g

which results in the linear system:

0 11\,
j”=<_w2 0).23‘

where Z = (£ §)'. We learned how to solve this system in the last Chapter and in
the first lecture of this Chapter. Thus we let # = @e* which yields the eigenvalue

problem
-2 1 R
( _w2 _)\ > v = 0 .

The eigenvalues are found by taking the determinant of the above matrix to be zero.
This then yields

)T

N+w?=0 - A=ziw

which are purely imaginary eigenvalues. Thus the equilibrium point for n = 0, i.e.
(z,y) = (0,0) is a center. Thus solutions near the critical point are all elliptic trajec-
tories.

More generally, we can consider all the equilibrium points that are multiples of
27 away from the origin (z,y) = (0,0). Thus we consider the perturbation theory for
these points:

T =X2nm+ 2
y=0+y
where & and ¢ are both very small. This implies we are very near one of the fixed

points located at multiples of 27 from the origin. Plugging this into our governing
equations for no damping now yields the system:

=3
§ = —w?sin(+2n7 + 7).
But since

sin(£2nw + &) =sin& = &,

we then arrive at exactly the same linearized equations as before. Therefore, we can
conclude that all the equilibrium points in multiples of 27 from the origin are centers
with periodic solutions near each critical points (see Fig. 15).

This is not the case for critical points which are odd multiples of 7 from the
origin. For these we can perturb around each critical point by letting

r=+X2nrt+7+2
y=0+y
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F1G. 15. Behavior of solutions near each of the fized points which are multiples of m from the
origin. Note that multiples of 2w produce centers while multiples of odd © are saddles.

where Z and § are both very small. This implies we are very near one of the fixed
points located at odd multiples of 7 from the origin (i.e. +m, £3m,...). Plugging this
into our governing equations for no damping now yields the system:

=7
7 = —w?sin(+£2n7w + 7+ I) .

But since
sin(£2nw + 7 + &) = sin(r + &) = sinw cosE + coswsing = —sinZ ~ —%,

we then arrive at a slightly different set of linearized equations. In matrix form, this
can be written as
0 1
- —
£ (5 1)
where the only difference now is in the sign of w?. Letting # = @e yields the

eigenvalue problem
-2 1 .
( w2 _)\ ) v = 0 .

AN—w=0 - A=tw

whose eigenvalues are

which are purely real eigenvalues or opposite sign. Thus the equilibrium point for odd
multiples of 7 are saddles. The eigenvectors can then be found:

A=w: (_‘; 1 )17‘:0 - —wur+v2=0 — 1')'(1):< 1)

W —w w
w 1 - _,(2) 1

A= —w: 9 7T=0 = wyu+v2=0 — 99 = .
w? w —w

Thus a complete description of the saddle is given near each critical point in odd
multiples of 7 from the origin. The resulting dynamics is depicted in Fig. 15 which
shows the results of our perturbation calculations locally near each of the fixed points.
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y

T N e NS
AN

F1G. 16. Full nonlinear behavior of solutions near each of the fixed points and beyond. This
behavior is deducted directly from Fig. 15 and is the only consistent behavior since all the critical
points are on the line y = 0. The bolded lines are the separatrix which separate the oscillatory
behavior from the behavior above it corresponding to a pendulum which continuously rotates around.

Although the perturbation results are insightful, their full power is not realized
until we generalize our thinking of Fig. 15. In particular, since trajectories cannot in-
tersect, we can utilize the picture in Fig. 15 to develop a full qualitative understanding
of the dynamics. Specifically, we can describe the behavior far from the critical points
by their behavior near the critical points. In Fig. 16, we develop the full nonlinear
qualitative behavior by simply taking the phase-plane picture and generalizing it in
the only way possible. This results in a dynamical picture which makes a great deal
of sense. Note that near the critical points in multiples of 27 (which corresponds to
the rest position of the pendulum), the behavior is exactly as expected: oscillatory.
Whereas for odd 7 values (which corresponds to a pendulum sticking straight up),
the behavior is given by a saddle and is unstable. Note that the trajectory sepa-
rating the oscillatory behavior from the trajectories above it is called the separatriz.
The separatrix projects along the unstable eigenvector of one saddle into the stable
eigenvector of a neighboring eigenvector. The behavior above this corresponds to the
undamped pendulum swinging around and around its support. This is the case if we
give it a strong enough initial speed. And since there is no damping in this model, it
will continue to circle around and around and will never fall into the oscillatory back
and forth motion predicted near the center equilibrium.

We now generalize our treatment in order to treat the case of the damped pen-
dulum. Recall that the system in this case is given by
=y
!

y' = —w?sinz —yy.

As in the undamped case, the key now is to find the critical points and their stability.
The critical points (equilibrium) are determined for ' = ¢y’ = 0 so that

y=20 and r=xnr n=0,1,2,..

exactly as in the undamped case. We once again perturb about these equilibrium
points to determine stability. Therefore we let

r=dnm+ I
y=0+y
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F1G. 17. Full nonlinear behavior of solutions near each of the fized points when under-damping
is applied to the pendulum. There are no separatriz in this case.

where Z and § are both very small. Plugging this into our damped equations yields
the system:

=g
§' = —w?sin(+nm + &) — i .
As in the undamped pendulum case, there are two interesting cases to consider. The
first is when the critical point is at the origin or at multiples of 27 from it. Thus we
have

sin(£2nm + &) =sinZ = &

where we have again approximated sine by # since it is small. Plugging this result
into the linear damped equation above results in the system:

—w —

—

where ¥ = (& §)7. Letting ¥ = @e* yields the eigenvalue problem

-A 1 I
<_w2 —’Y—)\)UIO

The eigenvalues are found from the determinant to be

2

A=y =AN+? =N+ +w?=0 - A= —gﬂ:i wQ—’YZ.

So depending on the quantity w? —~?/4, the equilibrium is either a spiral (w? > v2/4),

an improper node (w? = v%/4), or a node (w? < v?/4). The three different cases are

referred to as underdamped, critically damped, and overdamped respectively. In

any case, the real part of the eigenvalue is negative so that the equilibrium point is

asymptotically stable. In what we depict in Fig. 17, we assume that w? > 7?/4 so
that the equilibrium points at multiples of 27 are all spirals.

When the critical points are at odd multiples of 7 from the origin, we once again

have

sin(£2nm + 7 + &) = sin(m + &) = —sinZ = —%



88 J.N. KUTZ

Plugging this result into the linear damped equation results in the system:

w= =7

where ¥ = (& §)7. Letting ¥ = e yields the eigenvalue problem

—-A 1 R
(w2 _’7_)\>’U:0

whose eigenvalues are found from the determinant to be

2
A= =N =P =N’ =0 = Az—%:l: w2+’yz.

This yields two real eigenvalues which are of opposite sign. Thus a saddle is once

again generated for all equilibrium points which are odd multiples of 7 from the ori-

gin. The complete nonlinear dynamics is depicted in Fig. 17 where the interaction of

the spirals and saddle nodes is shown. Note how in this case, the solutions eventually

end up in one of the spiral points.

7.3. Lec. 3. Predator-Prey Models

We now have enough background material to develop a more general theory and
understanding of nonlinear systems. There are two key concepts in nonlinear systems
that determine all the resulting dynamics. The two primary issues are:

e Equilibrium (Critical Points)
e Stability

Both of these concepts, which were mentioned at the introduction of this chapter, are
rather intuitive in nature and have been illustrated in the previous two lectures.
We begin by considering the following general system of equations

:L,I
Y =G(z,y,t),

where F(z,y,t) and G(z,y,t) are some general functions of z, y, and time ¢. We will
simplify this for the present by considering the autonomous system:

z' = F(z,y)
y' =G(z,y),

where F' and G are not explicitly time dependent.

We begin to analyze this system by considering the concept of equilibrium. Equi-
librium occurs when there is no “motion” in the system, i.e. when both z' = 0 and
y' = 0. The point at which this occurs is the equilibrium point (xg, yo) which satisfies:

F(20,90) =0
G(-TO;ZUO) = 0:
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since ¢’ =y’ = 0. This is all there is to equilibrium. We simply find the points (there
may be more than one) which satisfy the above equations simultaneously. Once this
is done, the behavior of the system can be determined entirely from the stability of
each equilibrium (critical) point.

The stability of each critical point may be determined by looking very near each
individual point. Thus we assume that

T=x9+Z
y=yo+37;

where Z and ¢ are both very small so that they can be considered to be in a very small
neighborhood of the critical point. Plugging this into our original equations gives us

&' = F(xo + &,y0 + 9)
gl :G($0+i7y0+g)7

where we recall that since zo and yo are constants then zj = y), = 0. The key now is
to remember our Taylor expansion formula from the series chapter. Thus to expand
about some point, we have

~2 ~3
F(wo+&) = f(z0) + & (wo) + 71" (w0) + 55 £ (w0) + -+

Keeping only the first few terms in this approximation is good provided Z is small.
In the full problem, we now have to expand about both zg and yy. Doing so yields
the following;:

& = F(20,y0) + ZF3(0,Y0) + §Fy(zo,%0) + - -
§' = G(zo,y0) + 2G4 (20,90) + §Gy(z0,90) + - -

where we have neglected all terms which are smaller than 2, 32, and #j. In matrix
form, this linearized system can be written as:

( z )I _ ( Fy(70,90)  Fy(zo,Y0) ) (
g ) \ Gz(wo,90) Gy(zo,v0)

We call this a linearized system since we turned the original nonlinear system into a
linear system near the critical points. The methods developed in the previous chapter
and reviewed in the introductory lecture of this chapter are now applicable. Thus
we simply need to determine the eigenvalues of the above system and the resulting
global, i.e. nonlinear, dynamics can be understood qualitatively.

To make use of these ideas, we turn to some specific examples to help illustrate
the key ideas. We begin by considering what are called predator—prey models. These
models consider the interaction of two species: predators and their prey. It should be
obvious that such species will have significant impact on one another. In particular,
if there is an abundance of prey, then the predator population will grow due to the
surplus of food. Alternatively, if the prey population is low, then the predators may
die off due to starvation.

To model the interaction between these species, we begin by considering the
predators and prey in the absence of any interaction. Thus the prey population
(denoted by z(t)) is governed by

< &

dx
=ax

=
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where a > 0 is a net growth constant. The solution to this simple differential equation
is z(t) = x(0) exp(at) so that the population grows without bound. We have assumed
here that the food supply is essentially unlimited for the prey so that the unlimited
growth makes sense since there is nothing to kill off the population.

Likewise, the predators can be modeled in the absence of their prey. In this case,
the population (denoted by y(t)) is governed by

dy
dt
where ¢ > 0 is a net decay constant. The reason for the decay is that the population
basically starves off since there is no food (prey) to eat.
We now try to model the interaction. Essentially, the interaction must account
for the fact the the predators eat the prey. Such an interaction term can result in the
following system:

—cy

dx

E = ar —axry
dy

P = —cr + ary

where a > 0 is the interaction constant. Note that alpha acts as a decay to the prey
population since the predators will eat them, and as a growth term to the predators
since they now have a food supply. These nonlinear and autonomous equations are
known as the Lotka—Volterra equations.

We rely on the methods introduced in this lecture to study this system. In
particular, we consider the equilibrium points and their associated stability in order
to determine the qualitative dynamics of the Lotka-Volterra equations.

The critical points are determined by setting ' = ¢y’ = 0 which gives

ax —azy =z(a—ay) =0
—cy + azy = ylaxr —c) =0.
This gives two possible fixed points
. z=0and y=0
I. z=c/a and y =a/a.

Fach of these fixed points needs to be investigated separately in order to determine
the full (qualitative) nonlinear dynamics.

We begin with the critical point 1. (zg,%0) = (0,0). Following the methods
outlined above we calculate the following;:

Fz,y)=ar—azy — F,=a-—ay — F,(0,0)=a
Fy=—ax F,(0,0)=0

Gz,y)=-cy+azy — Gp=ay — G,(0,00=0
Gy=—-c+oazx Gy(0,0) = —c

The resulting linearized system is



AMATH 351 91

0.4 1.3
= 03 |- 12 7 7
o 111 r -
2 02¢+r 1
© A
g Ly |
o i L |

0.1 09 ~ -

0 L L T L L L L 08 L L L L L L L L L
0 0.1 0.2 0.3 04 0.8 0.9 1 1.1 1.2 1.3
(a) Prey x(t) (b) Prey x(t)

F1G. 18. Behavior near each of the fized points. Here we have assumed that a =c=a =1 so
that the two critical points are the saddle at (0,0) and the center at (1,1).

where @ = (% §)T. As with all previous linear systems, we make the substitution
W = Texp(At) in order to yield the eigenvalue problem:

a—A 0 S
( 0 —c—)\)v_o'

Setting the determinant to zero gives the characteristic equation
(a=AN)(—c—=A)=0

whose eigenvalues are
A=a and A= —c

Thus the eigenvalues are real and of opposite sign giving us a saddle at the critical
point (0, 0).
The eigenvectors can also be easily determined for this case. They are as follows:

_ i a—a 0 _ 0 0 _— (1) _ 1
A=a: ( 0 —c—a)v_(O _(c+a))u_o — U —<0)

and

. a—c 0 . f(a—c 0, 2y _ (0
A= c.( 0 —c+c>v_< 0 0)1}—0—)1) —<1>

The behavior near the critical point at the origin in thus completely determined.
Figure 18a depicts the saddle behavior near the origin.

We now consider critical point II. (zo,y0) = (¢/a,a/a). Following the previous
calculation we find:

E,(c/a,a/a) =0, Fy(c/a,ala) = —¢, Gylc/a,ala) =a, Gy(c/a,af/a) =0.

The resulting linearized system is
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F1g. 19. Fully nonlinear behavior of the predator—prey system. As with Fig. 18, we have
assumed that a = ¢ = a = 1 so that the two critical points are the saddle at (0,0) and the center at
(1,1). Note the periodic behavior between these two fized points.

Making the substitution @ = ¥exp(At) yields the eigenvalue problem:

A —c \ . _
(a _)\)v—O.

Setting the determinant to zero gives the characteristic equation

XM 4ac=0
whose eigenvalues are
A+ = tivac

Thus the eigenvalues are imaginary giving a center at the critical point (¢/a,a/a).
Before calculating the eigenvectors for this case, we note that the periodic behavior
goes counter—clockwise in order to be consistent with the flow of the critical point
I. The behavior near the critical point is depicted in Fig. 18b. The full nonlinear
dynamics is depicted in Fig. 19 which shows the saddle behavior near critical point I.
and periodic motion around the critical point II.

To get a better idea of the periodic motion, we can calculate the eigenvectors
associated with critical point II.

a

0 — —ivacvi—cua =0 — 1')'(1)=<

—ia
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F1G. 20. Fully nonlinear behavior of the predator—prey system as a function of time. Here

a=a=1 and c =2. Note the /2 lag between the solutions.

Rewriting the eigenvector then gives

-y _ [ Vac , [ +accos+/act [ +/acsiny/act
wer= ( —ia )exp (ivact) = ( asin /act +e —acos+/act )’

Rewriting our solution in terms of a purely real solution then is easily done by com-
bining the real and imaginary parts to form

@ = e vaccos+/act e vacsin/act
- asin+/act >\ —acosyact |-

Thus the population of predators (y(t)) and prey (x(¢)) can be calculated explicitly:
z(t) = £y civaccos/act + cav/acsin/act
a
y(t) = 9 | ciasinvact — cracosact .
«

To simplify this further, we can replace the constants ¢; and ¢y by the two new
constants K and ¢ so that

mn:§+§Kmqﬁm+@

y@=%+%%§ﬁﬂ%ﬁ+@.

This representation allows us to see explicitly the fact that the populations are /2
out of phase. Thus the reaction to changes of population occur (near the critical
point) one quarter of a cycle out of phase. This behavior is demonstrated in Fig. 20.
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7.4. Lec. 4. Limit Cycles and Periodic Solutions

We now move on to consider an important class of solutions that arise in many
physical systems. These are known as periodic solutions, and they arise often as a
limit cycle of a given system of differential equations. These concepts will be made
more clear as we proceed with the lecture. To begin, we consider the autonomous
differential equation

dz .
E:f(a:).

Periodic solutions of this equation are such that
Zt) =2t +T)=Z(t+ NT)

where T is the period and N = 1,2,3,---. From our understanding of systems of
equations so far, we can conjecture two things about periodic solutions:

e They are closed curves in the phase—plane
e Their eigenvalues must be purely imaginary

The fact that the solution is a closed curve is obvious from the fact that the solution
must return to itself in order to be periodic. The eigenvalues must also be purely
imaginary since a real part would cause the solutions to either grow to infinity or
shrink to zero. The dynamics of periodic solutions and limit cycles is best illustrated
through an example.

!
. g\ _( ytz—a(@+y°)
Example: Solve ( y ) = ( —rty—y@+y?) )

We begin as in the previous sections by looking for fixed points of the right-hand
side. Thus we look for roots of the system:

y+z—2z@@*+y%) =0
—r+y—y@@*+4%) =0

which yields a single fixed point
g = Yo = 0

at the origin. We linearize about the origin to determine its stability, therefore we
calculate

F,=1-—32%2—¢2 F,=1
Fy=1-2zy at (0,0) F, =1
G, =—-1—-2xy G, =-1
Gy =1-3y? — 22 G, =1

which yields the linearized system

(2)=(2 D)%)
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where x = 0+ % and y = 0+ §. We then let &/ = Fexp(At) which yields the eigenvalue

problem:
1-A 1),
( -1 1—,\>“_0'

Taking the determinant gives the characteristic equation
1=XN1=XN+1=X-21+2=0
whose roots are the complex conjugate pair:

24 I-8
LB

At 1+

Thus the origin is a spiral which is unstable since the real part of the eigenvalue is
real.

It is tempting to conclude that we now understand the full nonlinear dynamics
from the stability near the origin. However, by looking carefully at the problem, we
see some very interesting behavior which occurs when z2 + 42 = 1. We rewrite the
original system to elucidate this fact:

g =y+a(l- (2" +y%)
y'=—z+y(l- (2" +y%).

There are three distinct cases we now consider.
Case 1: 22 +y2 >1and 1 — (22 +¢?) = —a
In this case, the system reduces to

r=y—azx
!

y =-z—ay

which is a linear system. Making the substitution ¥ = ¥exp(At) yields the eigenvalue

problem:
—a—A 1 L
(T Lla )=

whose eigenvalue are given by the determinant being zero:
(ma=XN(—a=XN)+1=0 - Ay =—a=i.
Since the real part is negative (a > 0), the solution for 2 +y? > 1 is a decaying spiral.
Case 2: 22 +y? <land 1— (2> +y?) =a
In this case, the system reduces to

¥ =y+az

y' =—z+ay
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F1G. 21. Fully nonlinear behavior of the limit cycle system as a function of time. Note that
solutions inside the circle z2 +y? = 1 spiral out, while those outside the circle spiral in. So for large
time all solutions collapse to the limit cycle which is the unit circle.

which is a linear system. Making the substitution Z = ¥exp(At) yields the eigenvalue

problem:
a—A 1 L
( -1 a—A)U_O

whose eigenvalue are given by the determinant being zero:
(@=XNa—-AN)+1=0 - Ar=axi.

Since the real part is now positive (a > 0), the solution for 22 + y% < 1 is a growing
spiral.

Case 3: 22 +y?=1and 1 — (22 +4%) =0
In this case, the system reduces to

=y

y'=-z

which is a simple linear system. Making the substitution ¥ = Texp(A\t) yields the
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(:;)l\ _1)\>77:0

whose eigenvalue are given by the determinant being zero:

eigenvalue problem:

M4+1=0 - Ap==+i.
Since the eigenvalues are now purely imaginary, the solution for 22+y? = 1 is periodic.

The equation of the circle
:1;,2 + y2 =1

thus plays an important role in the full nonlinear dynamics. In particular, solutions
which are inside the circle grow, and those outside decay. Those exactly on the circle
are periodic solutions which neither grow or decay. The circle with radius one is
known as a limit cycle since all solutions approach it as time goes to infinity. The
periodic solution 2% +9? = 1 is also called asymptotically, or orbitally, stable. It could
have also been unstable or semi—stable as in previous chapters.

Figure 21 demonstrates the behavior of the full nonlinear system. Note that as
predicted, the solutions outside of the unit circle spiral inwards, while those inside
spiral outwards. Thus the unit circle is the orbitally stable (asymptotically stable)
limit cycle of the system. So although there is only a single fixed point at the origin, it
is not enough to determine the full nonlinear dynamics since the nonlinearity acts to
create a stable, attracting periodic solution which is not a fixed point of the original
system.

The question which naturally arises with this chapter is the following: How do we
know if there is going to be a limit cycle? This can be a difficult question to answer
in general, but here are some some theorems which can be helpful in answering this
question provided F' and G, i.e. the right-hand forcings, have continuous first partial
derivative in some domain D.

I. A closed (periodic) trajectory must enclose one critical point which is not a saddle.

II. If F; + G has the same sign in a simply connected domain (i.e. no holes in it),
there is no closed trajectory.

III. Given some region R that contains no critical points, if there exists some time ¢g
for which if t > ¢ and x = ¢(¢) and y = ¢(t) stays in R, then z = ¢(¢) and y = ¥(t)
is either periodic or goes to a limit cycle.

By thinking a little bit about the limit cycle idea, it is obvious that condition I
must hold. In our example, our critical point which was enclosed by the limit cycle
was an unstable spiral. Condition II is not quite so obvious. However, we note that
from our example that

Fo4+Gy=1-32" -9 +1 -3y —2® =2 - 4(2> +4%).

So if we chose a domain for which 22 + 2 < 1/2, then there is no limit cycle within.
This is consistent with our results. If a larger domain is considered whose boundaries
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are both inside and outside z? + y? = 1/2, then the sign of F, + G, changes sign
and there is the possibility of a closed trajectory. The last condition IIT is also an
intuitively obvious idea. For our example, we could have considered a region R which
was around the limit cycle z? + y2 = 1. Trajectories which entered this region would
never leave, thus the existence of the periodic solution would be ensured.

As a last note, the most famous example of limit cycle behavior arises in the
VanderPol equation

g —pl—2%)2' +2=0

which is a model for the current in a triode oscillator. Note that for z2 > 1, the
first derivative acts as a damping term, whereas for z? < 1 this same term causes
growth of the solution. Thus the existence of a limit cycle can be conjectured since it
is qualitatively similar to the example we have just considered.

7.5. Lec. 5. Chaos and Strange Attractors: Lorenz Equations

Up to this point, we have only been considering second—order equations for which
we have a coupled set of first order equations. However, it is natural to ask what can
happen in third—order and higher systems. We will consider a particular third—order
system which was derived by Edward Lorenz is 1963 as a meteorological model for
the motion of the earth’s atmosphere. Through a variety of simplifications, Lorenz
came up with the following equations (The Lorenz Equations):

' =o(—z+y)
Yy =rz—y—az
Z=-bz+uwy

where = measures the intensity of the fluid motion and y and z describe the temper-
ature variation in the horizontal and vertical directions respectively. The constants
o, r, and b are all real and positive and depend upon the material properties of the
atmosphere. Reasonable values can be calculated for our atmosphere for o = 10 and
b = 8/3. The object then is to see how the solutions change with the parameter r
which relates to the temperature difference between layers of the atmosphere.

Our standard techniques for two coupled first—order systems holds here. That is,
we once again search for equilibrium solutions and consider their stability. Equilibrium
is achieved when

which gives

0=o0(—z+y)
O=rze—y—zz
0=—-bz+uzy.

From the first relation we find that £ = y so that the remaining two equations are

z(r—1-2)=0

bz =x2*.
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This yields three distinct equilibrium points (xo, yo, 20) Which are given by

I. (20,%0,20) = (0,0,0)
II. (wo,yo,zo)=(\/b(r—1),\/b(r—1),r—1)
III. (wo,yo,zo)z(—\/b(r—l),—\/b(r—l),r—l)

which actually gives three points provided r > 1 and only the single point I for r < 1
since we require real solutions.

To determine the dynamics of the system, we proceed to linearize about each
equilibrium point and consider the associated eigenvalues. This process is very much
like the generic process introduced two lectures back, i.e. we consider the system

F(z,y,2)
G(z,y,2)
H(z,y,z)

z

'
Y
o

and linearize about an equilibrium solution (zg,yg, 20) so that

T=x0+T
Y=Y +Y
z2=z0+Z.

The resulting linearized system is then

z' Fy(20,y0,20) Fy(xo,y0,20) Fz(w0,%0,%0)
Go(x0,90,20) Gy(®o,%0,20) G=(Z0,y0,20)
H,(%0,90,20) Hy(xo,y0,20) H:(x0,Y0,%0)

~

[SIINSSER 1}

R
Il

For our particular case we find that

Fop=—0,Fy=0,F,=0
Ge=r—2,Gy,=-1,G, = -2
H,=y,Hy=2,H, =-b

and we can now evaluate the stability of each equilibrium point.

We begin by considering the equilibrium point at the origin where (xg,y0,20) =
(0,0,0). In this case, the linearized system becomes:

-0 0 0
¥ = r =1 0 z
0 0 -b

where Z = (Z § 2)T. We can generate the appropriate eigenvalue problem by letting
Z = exp(At)¥ so that

—o— A\ o 0
r —1-A 0
0 0 -b—A

<y
I
o
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Time (t)

F1G. 22. Plot of x(t) versus t for r = 21 and three initial conditions of the Lorenz equations:
(3,8,0), (5,5,5), and (5,5,10) (from top to bottom).

Taking the determinant gives the characteristic equation
(=b=XN[(=0=N(=1=X) —ro] =0

whose eigenvalues are

A=-b

N —(1+0)++/(1+0)2+40(r—1)
2

5= —(1+0)—+/(1+0)2+40(r—1)
5 :

For r < 1, all the eigenvalues are real and negative so that the origin is asymptotically
stable. However, once r > 1, one of the eigenvalues becomes positive and gives rise
to growth and instability. Thus, all the interesting dynamics occurs once r > 1.

Of course, to get a complete picture of the dynamics, we must also linearize about
the other two equilibrium points. Here, only a summary will be given concerning the
stability of the other two points. For 1 < r < 71 = 1.3456, there are three negative
eigenvalues so that the two additional fixed points are asymptotically stable. For r; <
r < ro & 24.737, the other two points have have a single real and negative eigenvalue
along with a pair of complex conjugate eigenvalues with a negative real part. Thus
in this parameter regime the other two fixed points are again asymptotically stable.
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F1G. 23. Plot of z(t) versus t for r = 28 with the initial conditions (5,5,5) (solid line) and
(5.01,5,5) (dashed line). Note that the solutions diverge sharply just after time t = 10 indicating
the characteristic sensitivity to initial conditions of chaotic systems.
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F1G. 24. Plot of z(t) versus y(t) and z(t) versus z(t) for r = 28. All fized points are unstable,
yet the solution oscillates back and forth between the two fized points in o chaotic fashion. This is
known as a strange attractor.

For r > ra, the complex conjugate pair of eigenvalues have a positive real part so that
solutions spiral away from these two points and the equilibrium points are unstable.
For this parameter regime, all equilibria are unstable and it is difficult to determine
from the linearization procedure what the long term behavior might be. We thus turn
to numerical simulations of the Lorenz equations to aid in our understanding of this
system.

We begin the simulations by first exploring the parameter regime for which the
two nontrivial fixed points are stable. In the simulations that follow we take ¢ = 10
and b = 8/3 and vary r. For the case of stable equilibrium, we take r = 21 which
is below the critical value of r;. The simulations are depicted in Fig. 22 for three
different initial conditions. Note that the solutions eventually settle onto one of the
equilibrium points. The eventual fixed point on which the dynamics eventually settles



102 J. N. KUTZ

10
15 o9 -30 y(t)

X(t)

F1G. 25. Plot of x(t) versus y(t) versus z(t) for r = 28. All fized points are unstable, yet the
solution oscillates back and forth between the two fized points in a chaotic fashion. This is known
as a strange attractor.

is determined from the initial conditions. This parameter regime is well behaved and
completely understood from our theoretical linearization techniques.

Above the critical value of 75, none of the fixed points are stable and a very
interesting dynamic occurs. In Fig. 23 we show the dynamics of z(t) versus ¢ for
r = 28 and the two initial conditions: (5,5,5) and (5.01,5,5). One would expect that
such similar initial conditions would give rise to solutions which are fairly close. And
indeed this is true for times just past ¢ = 10. After this, the solutions diverge sharply
and the solutions appear to have nothing in common. This sensitivity to initial
conditions is the hallmark feature of what is called chaotic dynamics. In essence, it
says that unless you known the initial conditions exactly, you will never be able to
predict the long term behavior of your solution since all initial conditions, regardless of
how close, will eventually diverge and be completely different. However, the solutions
in this case have a characteristic dynamic: they circle in a random fashion the two
unstable fixed points. This is depicted in Fig. 24 where we plot z(t) versus both y(t)
and z(t). A full three-dimensional rendering of the dynamics is given in Fig. 25 with
the initial condition (5,5,5). The resulting dynamic is known as a strange attractor.

The moral of this story is that once you have a nonlinear system which is of
three—degrees of freedom or higher, the resulting dynamics can be chaotic, i.e. unpre-
dictable. Everything we have done thus far has been aimed at establishing methods
for predicting the solution for all time. Here we have a fundamental limitation since
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we can no longer do this. The consequences: we can’t predict weather except for
maybe a few days out. This idea has revolutionized the way we think of scientific
problems since at the very core of many physical systems lies chaotic dynamics for
which we forfeit our power of prediction.
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Appendix A. Useful Integrals

fm"d:v:f;:+0(n7él) & =Inz|+C

J exp(z)dx = exp(z) + C J zexp(z)de = zexp(z) — exp(z) + C

[ pPdz = % +C J 2™ exp(z)dz = z" exp(z) — n [ 2" exp(z)dz
fﬁ:%lnkﬂ?—i—”—i—c fw"lnxdxzm"“‘l[%—m]—kc
[sinzdr = —cosz + C [ coszdr = sinz + C

[sin®zde =Lz —lsin2z 4+ C [cos? zdr = 1z + $sin2z + C

[ sin® zdx = —M + 2=L [sin"? zda [ cos™ xdx = Ww + 2=L [ cos" 2 zdx

[ zsinzde = —zcosz +sinz + C Jzcoszdr = zsinz + cosz + C

Jz"sinzde = —a" cosz +n [ 2" coszdx Ja"coszdr = z"sinz —n [ 2" ! sinzdzr

J exp(az) sin badz = %(a sinbz—bcosbz)+C [ exp(ax) cos brdr= %(a cos bz +bsinbx)+C
Jtanzdz =1In|secz| + C [ seczdr = In|secz + tanz| + C

Jtan® zdz = tanz —z + C [ sec? zdz = tanz + C

Jcotzdz = In|sinz| + C J esczdr = In|cscz + cotz| + C

Jeot?zdz = —cotz —z + C Jesc? zde = — cotz + C

[ sinhzdx = coshz + C J coshadx = sinhz + C

[ sech® zdx = tanhz + C [ csch? zdx = — cothz + C



Appendix B. Laplace Transforms
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10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.

- W o=

© ® N o o

F(s) | f(®)
% H(t), Heaviside function
= t
L tnfl
sm (n—1)!
1 1
Vs Vit
s3/2 2\/Z

m
g~ [n+(1/2)] ongn—(1/2)

13-5-(2n—1)v/r
P exp(at)
(s—la)z t exp(at)
(s—la)" (nil)!tn_lexp(at)
(s—a)l(s—b) a=plexp(at)-exp(bt)]
(s—as(s—b) ﬁ[a’ eXp(at)_ b eXp(bt)]
1 _ (b—c)€XP(at)+(c—a)eXP(bt)+(a—b)€XP(ct)
(s—a)(s—b)(s—c) (a—b)(b—c)(c—a)
52—|1—a2 % sin(at)
S2Jia2 cos(at)
P L sinh(at)
p R cosh(at)
s(s2£ra2) (11_2[1 - COS(CLt)]
52(521+u2) al—g[at — sin(at)]
ey 53 [sin(at) — at cos(at)]
m % sin(at)
ﬁ > [sin(at) + at cos(at)]
(522;522)2 i COS(U,t)
s cos(at)—cos(bt)

(s2+a2)(s2+b2) b2 —a2

1
(s—a)2+b2
s—a
(s—a)2+b2

+ exp(at) sin(bt)
exp(at) cos(bt)
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Appendix C. Solving ODEs with MATLAB

To aid and complement our understanding of the dynamics associated with a
given ODE, it is often instructive to solve it numerically. Numerical techniques have
revolutionized the approach to many difficult problems since it provides a fast, efficient
way to get an exact (although not analytic) solution to a wide variety of problems of
interest. In this appendix, solving ODEs with MATLAB will be emphasized. Details
of numerical solution techniques are outlined in Boyce and DiPrima, Chapter 8.

To use matlab, we require two separate matlab routines or files. These are always
denoted by a .m extention to a file. For instance, in this example we will construct
the files myode.m and myode2.m. The file myode.m will call upon myode2.m in
order to carry out the calculations. From the MATLAB command prompt, all that
needs to be done is to type:

>> myode

to start the run. In the following example, we solve the Lorenz equations. Note that
all ODEs in MATLAB must be put into a system of equations form.

FILE: myode.m

clear all % clear all previously defined values
tspan=[0 20]; % define the range of times to be solved for
y0=[5.01; 5; 5.0]; % define the initial conditiomns x(0), y(0), z(0)

[t,y]l=oded45(’myode2’ ,tspan,y0); % solve using ode45 MATLAB routine

figure(1) % plot each x(t), y(t), z(t) versus time t
plot(t,y(:,1))

hold on

plot(t,y(:,2))

plot(t,y(:,3))

figure(2) % make a 3D plot of the solution
plot3(y(:,1),y(:,2),y(:,3))

view(30,30)

xlabel (’x(t)’); ylabel(’y(t)’); zlabel(’z(t)’); grid on

FILE: myode2.m
function yprime=nonlinear2(t,y);
sigma=10.0; b=8.0/3.0; r=28.0;
yprime=[ sigmax*(-y(1)+y(2))
rxy (1) -y (2)-y (1) *y(3)
—bxy (3)+y (1) *y (2) 1;

Experiment with this basic format and use the HELP feature of MATLAB to aid you.
Specific topics you may want to find help on are: ode45, plot, plot3, clear all.
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Appendix D. Worked Problems
Example: (B&D 2.1 #1) Solve y' + 3y =t + exp(—2t).

We begin by noting that the integrating factor method gives

p(t) =3
9(t) =t + exp(—2t).
This then gives the integrating factor

p(t) = exp [ / p(t)dt] = exp [ / 3dt] = exp(3t)

which yields the solution

_ [u)gt)dt +C

— exp(=31) [ / exp(3) (¢ + exp(—21))dt + C]

= Cexp(—3t) + exp(—3t) [/texp(—?)t)dt + /exp(t)dt]

= Cexp(—3t) + exp(—3t) [exp(3t)(3t — 1)/9 + exp(t)]
y(t) = Cexp(—3t) + exp(—2t) +t/3 —1/9.
And as time ¢ — oo, we have that

y(t = o0) = t/3-1/9.

Example: (B&D 2.1 #4) Solve y' + (1/t)y = 3cos(t).

We begin by noting that the integrating factor method gives
p(t) =1/t
g(t) = 3cos(t) .
This then gives the integrating factor

u(t) = exp [ / p(t)dt] — exp [ / (l/t)dt] — exp(Int) = ¢

which yields the solution

o(t) = J u(t)i(gft))dt +C

= (1/t) [/ 3t cos(2t)dt + C’]

= (1/t) [(3/2)tsin(2t) + (3/4) cos(2t) + C]
y(t) = gsin(%) + %cos(%) + %

And as time t — 0o, we have that

y(t = 00) = gsin(2t) .
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Example: (B&D 2.2 #12) Solve ty' + 2y = sin(¢) with y(7) = 1/7.

Putting this into standard form gives

sin(t)
t
We note that the integrating factor method gives

p(t) =2/t
g(t) = sin(t)/t.

This then gives the integrating factor

L2
Y t.’U—

u(t) = exp [/p(t)dt] = exp [/(Z/t)dt] =exp(2Int) = exp(Int?) = 2

which yields the solution

y(t) = M”ﬁ% - (1)) [ / tsin(t)dt + 0] — 2 [t cos(t) + sin(t) + C].
The initial condition y(r) = 1/m = ==t + £ + % so that C' =0 and

y(t) = t~2 [sin(t) — t cos(t)] .

Example: (B&D 2.2 #16) Solve (1 — t2)y’ + ty = t(1 — t?) with y(0) = 2.

Putting this into standard form gives

! t _t

We note that the integrating factor method gives
p(t) = —t/(1 - )
gt) =t.
This then gives the integrating factor
—tdt In(1 —¢2
u(t) :exp[/p(t)dt] :exp[/m] :exp[%] =exp(In(1—12)/2) = (1-¢2)/2
which yields the solution

_ Ju)g®)dt+C
0=

=(1-¢t%)"1/? [/t(l —t)M2dt + c]
y(t) = —=(1/3)(1 = *) + C(1 = )71/,
The initial condition y(0) =2 = —1/3 4+ C so that C' = 7/3 and

y(t) = —%(1 — ) + g(l _ t2)—1/2 ‘
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Example: (B&D 2.3 #12) Solve 2 =  with r(1) =2.

This equation is separable. So we can rewrite it as

ar_
r2 0

Integrating both sides gives

dr de
/ﬁ_ 5 ¢

which upon integration yields
1
—— =6+ C.
r

The initial condition (1) =2 gives —1/2 =1In1+ C so that C = —1/2 and

2

"1 2me’

which is valid for 0 < r < exp(1/2), i.e. when r is well behaved.

Example: (B&D 2.3 #16) Solve Z—Z = % with y(0) = —1/v/2.

This equation is separable. So we can rewrite it as
dydy = z(2® + 1)dx = (2 + z)dz .

Integrating both sides gives

1 1
y4:Zx4+§w2+C.

The initial condition gives

so that

1 1 1 (2% +1)?
4 _ ~ .4 ~ 2 = T
y—4x +2:L' +4 1 .

Taking the square root and the positive root (since y? > 0) gives
5 1
v’ =S +1).
2
One more square root leads to

2 +1
2

y=-

where we have taken the negative root in order to satisfy the initial condition.

109
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Example: (B&D 2.6 #20) Solve y' = ay(1 — y) with y(0) = yo.
(a) Determine the equilibrium points and their stability.
Equilibrium points are those points for which the population isn’t changing, i.e.
it is neither growing nor decaying. Thus, we consider the points where
y' =0.

But since

!

y' =ay(l-y)
this implies that
y(1-y) =
Thus our equilibrium are
y=0 and y=1.
To determine stability, we first consider two different regimes: 0 < y < 1 and y > 1.
For 0 < y < 1 we have the following:
0<y<l: ay(l—y)>0 — ¢y >0 — growth.
Whereas for y > 1 we have
y>1: ay(l—y) <0 — ¢y <0 — decay.

Thus the population grows for values below y = 1 and decays for values above y = 1.
This means that y = 1 is asymptotically stable since all solutions approach it as time
goes to infinity. However, the equilibrium at y = 0 is unstable since all solutions go
away from it as time goes to infinity. This reasoning is worked out in detail in my
notes (see Lecture 2 of Ch. 2 and take K =1).

(b) Solve the equation with the given initial condition.

The solution to the problem is straightforward since the problem is separable. In

particular, the governing equation is separated to
d

3

y(1-y)

Integrating both sides yields

dy dy dy Yy
at+c=/7:/—+ Yy —m-y)=In
y(1—y) Y 1-y y—In(l-y) 1—y

which upon exponentiation gives

y/(1—y) = Cexp(at).

Insertion of the initial condition y(0) = yo gives C' = yo/(1 — yo) which can then be
used in the above equation to manipulate the solution form to

_ Yo
y(t) = yo + (1 — yo) exp(—at)
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Problem: (B&D 2.6 #24) A chemical reaction is governed by the equation z' =
a(p—z)(g — x) with a > 0.

(a) With z(0) = 0, determine the limiting value of z(t) as t — oo without solving the
problem. Then solve the equation.

We begin considering the limiting behavior by looking at the equilibrium solutions
for which ' = 0. From our governing evolution we find:

d

d—sz = alp—z)lg—2)=0 — z=pandz=gq.

It then remains to determine the dynamic behavior of the system. We can break the
dynamics into three cases:

d
1. z is less than both p,q : d—f =a(p—1z)(g—2x) >0 growth
d
2. x is somewhere between p, q : d—:: =a(p—1z)(g—1) <0 decay
d
3. z is greater than both p,q : d_f =a(p—=z)(g—z) >0 growth.

We can represent this dynamics graphically. Figure 1la shows that the smaller of p
and g, referred to as min{p, ¢}, is asymptotically stable while max{p, ¢} is unstable.
This follows immediately from the three cases above. Thus if 2(0) = 0, we find

z(t) = min{p,q} as z — oo.

To solve the problem, we use the method of separation. We thus find

de 3 3 dx _ dx _
O I (e Rkl e = Rl

The only difficulty lies in evaluating the right-hand side integral. We perform the
partial fraction decomposition to help us

1 A B 1

= + - A=-B=__—_.
(p—z)(g—) p—-2z q-2z q—p

Thus our integral becomes

1 (/ dz _/ dz )= ip[_ln(p—m)—kln(q_m)]:Ll =z

g-p\J p—= g—-z) ¢

Plugging in above yields

1 _
—lnq m:at+c — In
q—p p—=x p—x

qQ—

=a(g-pt+C.

Exponentiating both sides then gives

g—z _ B
pra =Cexpla(g—p)t] .
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max{p,q} //
\ e —
min{p,q} ///—/ //

Concentration x(t)

Time (t) Time (t)

Fi1G. 26. Qualitative depiction of the dynamics of the chemical reaction for (a) p # q and (b)
p = q. Note that in either case, the initial condition x(0) reaches a limiting value.

At this point, it turns out to be convenient to insert our initial condition z(0) = 0.

This gives C = ¢/p. Inserting this into the above equation and rearranging then yields
our solution

_ . expla(g—p)t] -1
) =P plala = = p
(b) Repeat part (a) but with p = g.

We begin by first investigating the limiting behavior as times gets large with
z(0) = 0. The equation in this case is

dz 9
E—a(p x)

which has the equilibrium solutions (z' = 0) when £ = p. When then note the two
cases:

dx

l.z<p: Eza(p—w)2>0 growth
2.z>p: %:a(p—m)2>0 growth.

The equilibrium solution = = p is thus semi-stable (Fig. 1b) and
z(t) > p as T = 0.

To solve the problem, we use the method of separation. We thus find

Z—f:a(p—m)z - (piixxyzadt - /(piimxy:at_"c‘
In contrast to part (a), the integral can be easily evaluated to give:
L=ozt—|—c - p—z= ! .
p—x at +c¢

Inserting our initial condition z(0) = 0 gives C' = 1/p. Inserting this into the above
equation and rearranging then yields our solution

2
t

z(t) = L2
apt + 1



AMATH 351 113

Problem: (B&D 2.7 #7) A skydiver weighing 180 lbs falls vertically downward from
an altitude of 5000 ft, and opens the parachute after 10 seconds of free fall. Assume
that the force of air resistance is 0.75|v| when the chute is closed and 12|v| when the
parachute is open.

Before proceeding to solve this problem, we first formulate our equations of mo-
tion. Both gravity and wind resistance are acting on the parachutter. Thus we have:

ZF:ma — mg—kv:ma:md—v — d—U+£U:g

dt dt  m
where g = 32.2 ft/s?, mg = 180 lbs (m = 180/g = 5.6 slugs), and k measures the
wind resistance constant. This is a familiear first-order differential equation for v.
Using the method of integrating factors, we note that p(t) = k/m and g(t) = g. We
can then calculate u(t) = exp([ p(t)dt) = exp([ k/mdt) = exp(kt/m). The solution
v(t) is then

o(t) = fu(t)gu((% =exp(—kt/m) [/gexp(kt/m)dt + C’] = % + Cexp (—g)

where C' is an arbitrary constant determined by some initial condition. We can then
integrate the velocity v(t) = dz/dt to get the position z(t):

where (' is a second constant of integration. We are now ready to proceed.
(a) Find the speed of the skydiver when the parachute opens

We have the solution for the velocity above provided we can calculate the constant
C. We do this by noting that at time ¢ = 0, v(0) = 0, which gives C = —gm/k. The
velocity at t = 10 is then (with k = 0.75):

v(10) = % (1 — exp (—%10)) = 176 ft/s.
(b) Find the distance fallen before the parachute opens.

We have also calculated the distance z(t) above. We evaluate the constant C; by
noting that at time ¢ = 0, £(0) = 0, which gives C; = mC/k = —gm?/k®. At time
t = 10 we then find:

2

2 k
2(10) = % 10 + %exp (—510) - 9}% = 1075 ft .

(c) What is the limiting velocity vy, after the parachute opens?
Assume that at time ¢ = 0 the chute opens, i.e. we now have a new origin of time.

Recall that the chute opens with an initial velocity v(0) = 176 ft/s. We can then
calculate a new constant C = 176 — gm/k. The limiting velocity is determined by
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F1G. 27. Plot of velocity v(t) versus time t for the parachutter. Note that the chute is opened
at time t = 10 and the skydiver quickly reaches the terminal velocity of vy, = 15 ft/s.

finding the velocity as time goes to infinity. This is easy to do since exp(kt/m) — 0
as t — oco. This then gives (with k£ = 12 now):

mg _ 180
E 12

(d) Determine how long the skydiver is in the air after the parachute opens.

vt >1)=v = =15 ft/s.

Following part (c), we also have that at time ¢ = 0, (0) = 0 so that we can
determine the new constant C; = mC/k = m(176 — gm/k)/k. Unlike part (b) for
which we are given the time and are only required to determine the position, here
we are given the distance to the ground (5000-1075 {t=3925 ft) and are required to
determine the time. Thus there is some time ¢ = ¢* for which we hit the ground. This
then gives

3925 = % 4 (176 - %) exp (—%t*) — % (176 _ %) ,

which is a transcendental equation for ¢*. To solve it, we simply have to note that
the parachutter is likely to fall with his parachute open for quite a bit longer than 10
seconds. Further k/m ~ 2 so that exp(—kt/m) ~ exp(—20) = 10~?. So essentially it
is zero and we can ignore the middle term above. This then leaves

3925@%15*—%(176—%) :

which upon solving for t* gives

= g% [3925 n % (176 ~ %)] — 256 sec.

(e) Plot the graph of velocity versus time from the beginning of the fall until the
skydiver reaches the ground.

This is plotted in Fig. 2 above.
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F1G. 28. Plot of the initial velocity of the ball (a) and some sample trajectories of the flight of
the ball (b) for u=125 ft/s, h=3 ft, and angles A = /8,7 /4,3n/8.

Problem: (B&D 2.7 #17) Let v(t) and w(t) be the horizontal and vertical compo-

nent of a batted ball. Without air resistance, the equations satisfy v' = 0 and w' = —g.
(a) Show that v = ucos A and w = —gt + usin A with and initial speed v and launch
angle A.

We can integrate the governing equations to find the following
d d
d_::() - ov(t)=c and d—:):—g - w(t)=—gt+ca,

where the constants ¢; and ¢y are determined from initial conditions. The initial
conditions are easily found from the diagram of Fig. 3a where cos A = v(0)/u and
sin A = w(0)/u. Plugging these conditions in at time ¢ = 0 yields ¢; = ucos A and
¢ = usin A so that

v(t) =ucosA and w(t) = —gt+usinA.

(b) Find z(t) and y(t), the horizontal and vertical distances respectively, given z(0) =
0 and y(0) = h.

Recall that ' = v and y' = w so that we can calculate z(t) and y(t) by integrating
with respect to time:

t2
z(t) = /v(t)dt =utcosA and y(t) = /w(t)dt = —% +utsinA+h,

where we have used the fact that £(0) = 0 and y(0) = h to determine the constants
of integration.

(c) Plot the trajectories for several values of A.
See Fig. 3b. We have used h = 3 ft, g = 32 ft/s?, and u = 125 ft/s.

(d) If the wall is L away and height H, determine a relationship between u and A so
that the ball clears the wall.
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For the ball to clear the wall, it must be equal to or higher than H and farther
than or equal to L simultaneously. Thus the two equations must be satisfied:

t2
utcosA>L and -— % +utsinA+h>H.

From the first equation we find that ¢ > L/u cos A so that upon substituting into the
second equation we get
gL?
" 2u2cos? A
(e) If L = 350 ft and H = 10 ft, find the range of A values which clear the wall with
u =110 ft/s.

+ LtanA+h>H.

Two methods will be presented here for getting at the solution (or approximate
solution). First, we can realize that 1/cos? A = sec? A = 1 + tan? A. Thus our
previous relation becomes a quadratic equation for tan A:

2u? 2u%(H — h
tan2A—gLLtanA+(l+%) =0

The two roots of this equation give us what we are looking for

u? u 2u?(H — h)
A= + — 1 — = -1 R ; - 0 0_
tand =1 \/92L2 1 P — A= tan"1(1.080+0.3513) = 36°, 55

Alternatively, we note that dividing the relation in part (d) by L gives H — h/L =
0.02 ~ 0.0. By then multiplying through by cos? A we find
L L
_IY L cosAsinA=0 — sin24=97-092 = A=34957°.
2u? u?
(f) If L = 350 and H = 10, find the minimum velocity and angle for the ball to clear
the wall.

For the quick method of approximating this, we note that the approximation
above yields u? = o ngé + Wwhich makes u? minimum when sin 24 = 1 is maximum, i.e.
one. Thus 24 = 7/2 and A = 7/4 = 45° with u = /gL = 106 ft/s. To be more
precise, we must recall that derivatives find minima and maxima of functions. And
we would like to find the minimum w that satisfies the equality

L
—g—2+sin2A—2 cos? A=0

u
which is found by rearranging the result in part (d). Taking the derivative of the
above and setting du/dA = 0 (recall that u = u(A)) gives:

cos2A + sin24 =0

where we have once again made use of sin2A4 = cos Asin A. This then gives

L
“H-h
where n is an integer. Since we are looking for 0° < A < 90°, this then gives n = 1
and

tan24 = =-50 — 24=-8885+180"xn

24=91.15"° — A=4558 — u=1069 ft/s.
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Example: (B&D 2.8 #15) Solve (zy? + bx?y)dz + (z + y)z2dy = 0.
This equation is exact as can be seen by calculating the following:

M(z,y) = zy> + bx’y M, = 2zy + ba”
N(z,y) = (z +y)z? N, = 3z% + 2zy.

So we find that M, = N, provided that b = 3. We now proceed to find ¢(z,y) from
Yy = M =2y* +32%y and 1, = N = (z +y)z*.
Integrating the first equation with respect to x gives
Y(z,y) = *y? /2 + 23y + h(y)
which if we take the y-derivative gives:
U(@,y)y =2y +2° + B (y) = (z +y)a® + h'(y) .

Comparing to the above, we find that h'(y) = 0 so that h(y) = C. Thus we find that
Y(z,y) = 22y?/2 + 2%y + ¢ = constant so that our solution is

2?2+ 23y = C.

Problem: (B&D 2.8 #19) Solve 22y3 + z(1 + y?)y’ = 0 with the integrating factor
p=1/zy>.

This equation is not initially exact since

M(z,y) = 2%y® M, = 3z?y?
N(z,y) = z(1+y?) N, =(1+y%).

So we find that M, # N,. Multiplying through by p = 1/zy® gives z + (1 + y?)/y%y’'
which is exact since

M(.Z‘,y)z.fl;‘ My=0
N(z,y)=1+9y")/y* =y +y! N, =0.

and My = N,. We then have
Y, =M =z and ¢y=N=y_3—|—y_1.
Integrating the first equation with respect to z gives
¥(@,y) = 2*/2+ h(y)

which if we take the y-derivative gives ¥(z,y), = h'(y). Comparing to the above, we
find that h'(y) = y=3 + y~! so that h(y) = —1/2y? + Iny and ¢¥(z,y) = c gives

22 —1/y? +2lny=C.
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Example: (B&D 2.9 #5) Solve g—z = 33:3‘

This equation is homogenous since we can make the right side a function of
z = y/z alone. Dividing top and bottom by z we find:
dy 4y/x)—3 42-3

ir = 2-(yfn) 2=z 1)

We recall that the solution to the homogenous equation is £ = Cexp [ J %} SO
that we must evaluate

dz dz _ (2—-2)dz (2 - 2)dz
/f(z)—z_/(4z—3)/(2—z)—z_/z2+2z—3_/(z+3)(z—1)'

This integral can be simplified by noting that (2 —2) =1 — (2 — 1) so that we get

:/(z+3()i§z—1)_/z(f3:i[/zcizl_/chs]_/ch:a'

Integration then yields

1[1 |z — 1] —In|z 4+ 3|]] = In |z + 3| 1[1 |z —1| = 51n|z + 3| =1 o =17
— — — — In =—|ln — — n =In|—
4 n|z nilz z 4 z z |z+3|5

Plugging this into our solution above we find that

|z —1]
|z + 3|5

1/4
a::C[ ] - 2z +3°=Clz -1

which upon plugging in z = y/z gives
ly +3z> = Cly — z|.

2

Problem: (B&D 2.9 #13) Solve g—z =3

2zy
This equation is homogenous since we can make the right side a function of

z = y/z alone. Dividing the top through by zy gives:

d_y_3y T 3 1

s "2 3y 20 2 T

We recall that the solution to the homogenous equation is x = Cexp [ J %} SO
that we must evaluate

/ dz _/ dz _/ 2zdz —ln|2? - 1|
f(z)—2z ) 32/2—-1/22—2 ] 22-1 '

Plugging this into our solution above we find that

|z| = Cl2* - 1]

which upon plugging in z = y/z gives

Clzf® = ly* - 2?|.
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Problem: (B&D 3.1 #1) Solve y"” + 2y’ — 3y = 0.

We begin by letting y = exp(At) so that we find the characteristic equation
M422-3=0 - (A+3)A-1)=0 — A=-3,1.
The solution is then given by
y(t) = 1 exp(—3t) + co exp(t) .
Problem: (B&D 3.1 #5) Solve y" + 5y’ = 0.

We begin by letting y = exp(At) so that we find the characteristic equation
M4+5A=0 — AXA+5)=0 — X=-5,0.
The solution is then given by
y(t) = 1 + coexp(—5t).
Problem: (B&D 3.1 #12) Solve y" + 3y’ = 0 with y(0) = —2 and y'(0) = 3.

We begin by letting y = exp(At) so that we find the characteristic equation
M43d=0 = AXA+3)=0 — Xx=-3,0.

The solution is then given by y(t) = ¢1 + co exp(—3t). The initial conditions give
y(0) = =2 =¢; + ¢2 and y'(0) = 3 = —3¢2 so that c2 = —1 and ¢; = —1 and

y(t) = —(1 + exp(—3t)) .
Problem: (B&D 3.1 #16) Solve 4y” —y = 0 with y(—2) =1 and ¢'(-2) = —1.

We begin by letting y = exp(At) so that we find the characteristic equation
40 -1=0 — XN=1/4 = Ix=-1/2,1/2.

The solution is then given by y(t) = ¢1 exp(t/2) + ¢z exp(—t/2). The initial conditions
give y(—2) =1 =c1/e+ coe and 2y’ (—2) = —2 = ¢; /e — cze so that c; = 3/(2¢) and
¢ = —e/2 and

y(t) = (3/2) exp[—(t/2 + 1)] — (1/2) exp[(t/2 + 1)].
Problem: (B&D 3.2 #5) Find the Wronskian of f = exp(t) sint and g = exp(t) cost.

W = fg' — f'g = e'sint(e! cost — e’ sint) — e’ cost(e’ sint + e’ cost) = —e 2.

Problem: (B&D 3.2 #9) When does t(t — 4)y" + 3ty' + 4y = 2 with y(3) = 0 and

y'(3) = —1 have a solution?

We first rewrite the equation in the proper form (y" + p(t)y’ + q(t)y = g(t))
y" +3/(t—4)y' +4/(t(t - 4)y = 2/(t(t - 4))

and note that the coefficients blow up at t = 0,4. Thus 0 < ¢t < 4 since we are given
initial conditions at time ¢ = 3.
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Problem: (B&D 3.3 #6) Are f =t and g = 1/t linearly independent or dependent?

It is easy to evaluate the Wronskian for this case:

W(f,9)=fg' —flg=t(-1/t*) =1/t = =2/t #0.

Thus the functions are linearly independent.

Problem: (B&D 3.3 #16) Without solving it, what is the Wronskian of (cost)y” +
(sint)y' —ty = 0.

We first write the equation in the standard form
y" + (tant)y’ — (tsect)y =0

Using Abel’s theorem, we know that the Wronkian is given by

W(y1,y2) = Cexp [— /p(t)dt] = Cexp {—/tantdt] = Cexp|In(cost)] = Ccost.
Problem: (B&D 3.4 #7) Solve y" — 2y’ + 2y = 0.

We begin by letting y = exp(At) so that we find the characteristic equation
MN_2X42=0 — A=14i — A=1+4+i,1—i.
The solution is then given by
y(t) = ¢y exp(t) cost + ¢y exp(t) sint .
Problem: (B&D 3.4 #17) Solve y" + 4y = 0 with y(0) = 0 and y'(0) = 1.

We begin by letting y = exp(At) so that we find the characteristic equation
N44=0 — Ap==42i — A=2,-2i.

The solution is then given by y(t) = ¢1 cos 2t + co sin 2¢. The initial conditions give
y(0) =0 =¢1 and y'(0) = 1 = 2¢ so that c2 =1/2 and ¢; = 0 and

sin 2t
t) =
y(t) 5

Problem: (B&D 3.4 #22) Solve y" +2y' + 2y = 0 with y(7/4) = 2 and y'(7/4) = —2.

We begin by letting y = exp(At) so that we find the characteristic equation
M42X42=0 — Ap=-1%+i — A=—-144-1—3.

The solution is then given by y(t) = c¢1 exp(—t)cost + co exp(—t)sint. The initial
conditions give y(7/4) = 2 = (2/v/2)(c1 exp(—7/4) + coexp(—n/4)) and y'(7/4) =
-2 = (2/v2)[(ca — c1) exp(—7/4) — (cz + ¢1) exp(—m/4)] so that ¢; = v/2exp(r/4)
and ¢y = v/2exp(r/4) and

y(t) = V2exp(—t + m/4) cost + V2 exp(—t + 7 /4) sint.
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Problem: (B&D 3.5 #14) Solve y" + 4y’ + 4y = 0 with y(—1) = 2 and ¢'(-1) = 1.

We begin by letting y = exp(At) so that we find the characteristic equation
Nyda+4=1+22=0 — Ii=-2.

The solution is then given by y(t) = ¢1 exp(—2t) + cot exp(—2t). The initial conditions
give y(—1) = 2 = ¢y exp(2) — c2exp(2) and y'(—1) = 1 = —2¢; exp(2) + 2c2 exp(2) +
coexp(2) so that ¢y = 7/exp(2) and ¢2 = 5/ exp(2) and

y(t) = Texp[—2(t + 1)] + Stexp[—2(¢t + 1)] .

Problem: (B&D 3.5 #25) Use reduction of order to find a second solution of
t?y" + 3ty' + y = 0 given the solution y; = 1/t for ¢ > 0.

The reduction of order method assumes a second solution takes the form

y =v(t)yr =v(t)/t
Before plugging into our original equation, we note that

, ' —w
T2
y o (N2 =2t —v) 20" =2t + 20
y' = = .

4 t3

Plugging this into our original equation yields

1 1 1
g(tzv" —2tv' + 20) + ;(3tv' - 311);1) =0

20" — 2tv' + 3tv' =0

20"+t =0
v = —lv'.
t

We can easily solve this first order equation for v’ by letting u = v'. Thus we have
, 1 du dt

U =——u — =
t u t

Integrating both sides gives
Inu=-Int+c — u=0C/t.

Recalling that u = v' then gives
v=— — wv=Clnt.

Finally we recall that our second solution was y = v(t)y1 so that we have

Int

b=
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Problem: (B&D 3.6 #8) Solve y"” +y = 3sin 2t + ¢t cos 2¢.

We begin by finding the solution of the homogenous equation y” +y = 0 by letting
y = exp(At). This gives the characteristic equation
M+1=0 — A==

and the homogeneous solution y; = ¢j cost + ¢z sint. The next step is to determine a
particular solution y, which gives rise to our nonhomogeneous term g(t) = 3sin 2t +
t cos 2t. We thus guess the following:

yp = Asin2t + Bcos 2t + Ctsin 2t + Dt cos 2t
where the constants A, B, C, and D are to be determined. We first calculate

y' = (2A+ D) cos 2t + (C — 2B) sin 2t + 2Ct cos 2t — 2Dt sin 2t
y" = —4(A + D) sin 2t + 4(C — B) cos 2t — 4Ctsin 2t — 4Dt cos 2t .

Plugging into the original equation then gives

(—4A —4D + A)sin2t + (4C — 4B + B) cos 2t
+(C —4C)tsin2t + (D — 4D)t cos 2t = 3sin2¢ + t cos 2¢

which gives the four equations and four unknowns —3A — 4D = 3, 4C — 3B = 0,
—3C =0, and —3D = 1. This gives C = B =0, D = —-1/3, A = —5/9, and the
general solution

y =cicost+ casint — (5/9) sin 2t — (¢/3) cos 2t .
Problem: (B&D 3.6 #12) Solve 3" — y' — 2y = cosh 2t.

We begin by finding the solution of the homogenous equation y"” —y' — 2y = 0 by
letting y = exp(At). This gives the characteristic equation

M-oXA-2=Q2-2)0+1)=0 = A=2-1

and the homogeneous solution y, = c¢; exp(2t) + ceexp(—t). The next step is to
determine a particular solution y, which gives rise to our nonhomogeneous term g(t) =
cosh 2t = (exp(2t) + exp(—2t))/2. We thus guess the following:

yp = Atexp(2t) + Bexp(—2t)

where the texp(2t) is necessary since exp(2t) is a solution to the homogeneous prob-
lem. We first calculate

y' = Aexp(2t) + 2At exp(2t) — 2B exp(—2t)
y" = 4Aexp(2t) + 4At exp(2t) + 4B exp(—2t).

Plugging into the original equation then gives
(44 — A)e®* + (4A — 24 — 2A)te® + (4B + 2B — 2B)e ' = (e*' + e ") /2

which gives the three equations and two unknowns 34 = 1/2, 44 — 44 = 0, and
4B = 1/2. This gives B =1/8, A = 1/6, and the general solution

y = c1exp(2t) + co exp(—t) + (¢/6) exp(2t) + (1/8) exp(—2t¢) .
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Problem: (B&D 3.6 #7) Solve 2y" + 3y’ + y = t* + 3sint.

We begin by finding the solution of the homogenous equation 2y"” + 3y’ +y =0
by letting y = exp(At). This gives the characteristic equation

222 +3A+1=2A+1)(A+1)=0 — A=-1/2, -1

and the homogeneous solution y, = ¢ exp(—t/2) + cyexp(—t). The next step is
to determine a particular solution y, which gives rise to our nonhomogeneous term
g(t) = t? + 3sint. We thus guess the following:

yp = Asint + Bcost + Ct* + Dt + E
where the constants A, B,C, D, and E are to be determined. We first calculate
y' = Acost — Bsint +2Ct+ D and 3" = —Asint — Bcost +2C'.
Plugging into the original equation then gives

(—2A - 3B + A)sint + (—2B + 3A + B) cost
+(C)t? + (6C + D)t + (4C + 3D + E) = t* + 3sint

which gives the equations: —A —-3B =3,34—-B =0,C =1,6C+ D = 0, and
4C' 4+ 3D + E = 0. Thus we find A = -3/10, B=-9/10,C =1, D = -6, E = 14,
and the general solution

y = ¢ exp(—t/2) + co exp(—t) — (3/10) sint — (9/10) cost + t* — 6t + 14.

Problem: (B&D 3.7 #3) Solve y" +2y'+y = 3 exp(—t) using variation of parameters.

To find the solution of the homogenous equation 3" + 2y’ +y = 0 we let y =
exp(At). This gives the characteristic equation

MN42X+1=A+1)2=0 — X=—1 (double root)

and the homogeneous solution y, = ¢; exp(—t) + cot exp(—t). Thus y; = exp(—t) and
y2 = texp(—t) and we calculate the Wronskian

W (y1,y2) = exp(—2t) — texp(—2t) + texp(—2t) = exp(—2t) .

It remains to evaluate the two integrals

y29(8) o) _ / texp(—t) -3exp(t) ;, _ 3/tdt = 3t%/2

W(t) exp(—2t)
yg(®) , _ [exp(=t)-3exp(=t) . _ _
win / P T 3/dt =3t.

Our particular solution is then

y29(1)
0

_ yig(t) .,
Yp = Y2 0! dt—y,

which gives the general solution

dt = texp(—t)-3t—exp(—t)-3t*/2 = (3/2)t exp(—t)

y = c1 exp(—t) + cat exp(—t) + (3/2)t* exp(—t) .
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Problem: (B&D 3.7 #4) Solve 4y" —4y' + y = 16 exp(t/2) using variation of param-
eters and the method of undetermined coefficients.

We begin by using the method of undetermined coefficients. To find the solution
of the homogenous equation 4y" — 4y’ +y = 0 we let y = exp(At). This gives the
characteristic equation

40 —4A+1=(22-1)2A=1)=0 — X =1/2 (double root)

and the homogeneous solution y, = c¢; exp(t/2) + cotexp(t/2). The next step is to
determine a particular solution y, which gives rise to our nonhomogeneous term g(t) =
16 exp(t/2). But since both exp(¢/2) and t exp(¢/2) are solutions of the homogeneous
problem, we must guess the following

yp = At” exp(t/2)
where the constants A is to be determined. We first calculate
y' = 2tAexp(t/2) + (A/2)t exp(t/2)
" = 2Aexp(t/2) + 2Atexp(t/2) + (A/4)t? exp(t/2) .
Plugging into the original equation then gives
exp(t/2) [24 + 2At + (A/4)t* — 24t — (A/2)1* + (A/4)t?] = dexp(t/2)
AP (1/4—1/2+1/4) + At(2A — 2A) + 24 =4

where we have divided through by a factor of four. Note that the terms proportional
to both #2 and ¢ both cancel out automatically. This then gives 24 = 4 so that 4 = 2.
The general solution is then

y = ¢ exp(t/2) + catexp(t/2) + 2t* exp(t/2) .

We can compare this to the variation of parameters method. We first must put the
governing equation into the proper form:

y' —y' +y/4=4dexp(t/2).

Recall from the previous calculation of the homogeneous solution that y; = exp(t/2)
and yz = texp(t/2). This allows us to calculate the Wronskian

W (y1,42) = exp(t) + texp(t/2)/2 — texp(t/2)/2 = exp(t) .

It remains to evaluate the two integrals

y29(t) 4 /texp(t/2) ~Aexp(t/2) ., _ 4/tdt "

W(t) exp(t)
y19(t) exp(t/2) - 4exp(t/2)
W()dt / pomps dt = /dt 4t .

Our particular solution is then

_ y19(t) y29(t)
w=v | T dt — iy, o dt

which gives the same general solution as found previously with undetermined coeffi-
cients.

= texp(t/2) - 4t — exp(t/2) - 2t> = 2t? exp(t/2)
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Problem: (B&D 5.2 #5) Solve (1 — z)y" +y = 0 about zo = 0 using a power series
solution.

We first note that the solution is not singular around = = 0. Thus a power series
expansion can take the form y(z) = > 7, a,z™ where the a, are to be determined
from plugging into the governing equation. We first note that taking the derivative

twice gives y' = Y o nap,z™ !t and y” = 37, n(n — 1)a,2™ 2. Plugging in then
gives
o o
(1-2) Z n(n — Dapz™ 2 + Z apz” =0.
n=2 n=0
And upon multiplying through by the (1 — z) factor we find
o0 oo oo
Z n(n —Dapz™ 2 — Z n(n —1)az™ ' + Z anz” =0.
n=2 n=2 n=0

We simplify this by letting m = n — 2 in the first sum and m = n — 1 in the second
sum. Simplifying the result gives

oo o0 oo
Z(n +2)(n + 1)apt22™ — Z n(n+1)apt12™ + Z anz™ =0.
n=0 n=0 n=0

where we have switched back to n as opposed to m and let the second sum start at
n = 0. Combining these gives the single equation

Z [(n+2)(n+1Dapt2 —n(n +1)apnt1 +an]z™ =0.

n=0
which results in the recursion relation

nn+ Daps1 — an
n+2)(n+1)

m+2)n+1ante —nn+1apt1 +a, =0 —  apya =

So if we know ag and a;, we can then calculate all other coefficients:

)
D)
a _2(12—(11__0104'0/1
8T 723 T T 2.3

2-3a3 — as ao + 2a1
a4 = = —

3-4 2-3-4

a _3-4a4—a3__2a0+5a1
T 4.5 T T 2.345°

We can then write down the power series

_ _ao 2_a0+a1 3_a0+2a1 4_2ao—5a1 5,
Y(@) = a0+ aw = 5ot = ot = e = g

Separating out the ag and a; terms gives us what we want

1'2 .'L'S 1'4
—ap |1—— -~ _
y(w) = ao 2 2.3 2.3.4
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Problem: (B&D 5.2 #7) Solve y" + xy' + 2y = 0 about x¢ = 0 using a power series
solution.

We first note that the solution is not singular around = = 0. Thus a power series
expansion can take the form y(z) = > 7, a,z™ where the a, are to be determined
from plugging into the governing equation. We first note that taking the derivative
twice gives y' = Y o napz™ ' and y” = 37, n(n — 1)a,2™ 2. Plugging in then
gives

o0 o0 o]
Z nn —1az"? +x Z Napz™ 1 +2 Z apz™ =0.
n=2 n=1 n=0

And upon multiplying through by the z factor we find

(o] oo (o ]
Z n(n — Dapz™ 2 + Z na, " + Z 2a,2" =0.
n=2 n=1 n=0

We simplify this by letting m = n — 2 in the first term which gives

oo o0 o0
Z(n +2)(n+ Dapg2z™ + + Z na,r" + Z 2a,2" =0.
n=0 n=0 n=0

where we have switched back to n as opposed to m and let the second sum start at
n = 0. Combining these gives the single equation

o0
Z [(n+2)(n+ 1Dapy2 + na, + 2a,]2" =0.
n=0

which results in the recursion relation

an
n+1°

(n+2)(n+Napt2+(n+2)a, =0 = apya=—

So if we know ag and a;, we can then calculate all other coefficients:

az = —ag

as = —ay /2

a4 = —az/3 =ap/3

as = —az/4d=a1/(2-4)

ag = —as /5= —ag/(3-5)

ar = —a5/6=—a1/(2-4-6).

We can then write down the power series

_ G 5, Gty 3_a0+2a1 4_2a0—5a1 5,
y(@)=aotmz— gt = m - o o g

Separating out the ag and a; terms gives us what we want

.'L'4 1.6 .'L'S 1.5 7
y(r) = ao 1_$2+?_ﬁ+"':|+al |:$_—+f—f+"'
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Problem: (B&D 5.5 #3) Solve z2y" — 3zy’ + 4y = 0.

We begin by letting y = z” so that
r(r—1)—3r+4=0
and we find the characteristic equation
r2—4r+4=0 — (r—2?=0 — r=2 (doubleroot).
The solution is then given by
y(t) = c12® + oz’ In |z .

Problem: (B&D 5.5 #4) Solve 22y" + 3zy' + 5y = 0.

We begin by letting y = 2" so that
r(r—1)+3r+5=0
and we find the characteristic equation

—2++4-20
2

r24+2r+5=0 — r= r=—1+9.

The solution is then given by
y(t) = c1z7 cos(21n |z]) + coz L sin(21n |z]) .
Problem: (B&D 5.5 #12) Solve z2y" — 4xy’ + 4y = 0.

We begin by letting y = 2" so that
r(r—1)—4r+4=0
and we find the characteristic equation
rP=5r+4=0 = (r-4)(r-1)=0 — r=14.
The solution is then given by
y(t) = .zt + e
Problem: (B&D 5.5 #13) Solve 2z%y" + zy' — 3y = 0 with the initial conditions
y(1) =1 and y'(1) = 4.
We begin by letting y = 2" so that
2r(r—1)+r—-3=0
and we find the characteristic equation

3
2r’ —r—-3=0 — 2r-3)r+1)=0 — r=§,—1.
The solution is then given by y(t) = c12%/? + caz~!. With the initial conditions, we
find that y(1) = 1 = ¢;1 + ¢2 and y'(1) = 4 = 3¢1/2 — ¢z which gives ¢ = 2 and
¢y = —1. Our solution is then

3/2

y(t) = 20%/2 — 71,
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Problem: (B&D 5.6 #5) Solve 3z2y" + 2zy’ + 2%y = 0 about z¢ = 0 using a power
series solution.

We first note that the solution is a regular singular point at = 0 since P(z) =
3z2, Q(x) = 2z and R(z) = 2, and

lim mQ(x) = lim 22 _2
0" P(z) a50 322 3
2 R(z) a?

1 2% 1 2 _
z—0 P(,’E) —alclgbx 3x2 ;%33} 0.

Thus a power series expansion can take the form y(z) = > ° a,z™" where the
an and r are to be determined from plugging into the governing equation. We first

note that taking the derivative twice gives y' = > 0° (n + r)a,z"*™! and y" =
Yoo o+ r)(n+r—1)a,z™" 2. Plugging in then gives

o0 o .
372 Z(n +r)n+r— 1)anxn+r—2 + 2z Z(n + T)ana;n+r—1 + 2 Z a,z"" =0,

n=0 n=0 n=0

And upon multiplying through by the z factors we find

o o oo
Z 3n+r)(n+r—1az"t" + Z 2(n +r)apz™t" + Z anz™ T2 =90,
n=0 n=0 n=0

We simplify this by letting m = n + 2 in the last term and combining the first two
terms which gives

Z Bn+r)(n+r—1)+2(n+r)]az""" + Z Ap_2z™t" = 0.

n=0 n=2

where we have switched back to n as opposed to m. In order to combine these terms,
we must have the sums add over the same indices n. Therefore, we need to take out
the first two terms, i.e. n = 0 and n = 1, of the first term so that the two sums are
both in powers of z"*" and summed from 2 to occ. This then gives

aoz” [r(3r — 1)] + a13" ! [3r% + 51 + 2]

+ i {Bn+r)(n+7—=1)+2(n+7)]an+an_s} " =0.

n=2

We now equate each power of 21" to zero in order to satisfy the differential equation.
Since ag is not zero, i.e. this term captures the singular behavior, we then have from
the first term that

r(3r—1)=0 —» r=0,1/3.

This then determines the behavior near the singular point = 0. Equating the next
coefficient to zero gives

a1 [3r +5r+2]=0 — a1 =0
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which results in a; = 0 since with » = 0 or » = 1/3 the term in brackets does not go
to zero.

We are now ready for our recursion relationship. This arises from the term which
sums the remaining terms from 2 to co. Setting the coefficients of z™*" to zero results
in the recursion relation:

Qp—2

Bln+n)ntr=1+2n+nantans =0 = an=-r=smr"m gy

So if we know ag, we can then determine a, which gives a4 and so on. Similarly, since
a; = 0 we find that all the odd terms must be zero, i.e. a3 =as =ay =---=0.
We can now construct the two linearly independent solutions. We first consider
the r = 1/3 root. This gives the recursion relation
Ap—2 Ap—2

ap = — =

(n+1/3)3(n+1/3)—1) ~  n@Bn+1)

which gives the terms

__ G
“2="577
s = — a2 _ ao
YT 4137 2-4-7-13
a4 ag
ag =

"6-19 2-4-6-7-13-19°
We can then write down the power series associated with this root
4 6

2
— 134 ¥ il — ad
yi(z) = aox 2_7+2.4.7.13 2.4-6-7-13-19Jr

where ag would be determined from initial conditions.
We can now construct the second linearly independent solution. Thus we consider
the » = 0 root for which the recursion relation reduces to

Qp—2
an=— —"—.
" n(3n —1)
This gives the first few terms
ag
as = ———
27 725
as ap
as = — =
T 411 2-4-5-11
ayg ag
ae: =

6-17  2-4-6-5-11-17°

We can then write down the power series associated with this root

T T ZT

2 4 6
v2(@) = ao [1_ﬁ+2-4-5-11_2-4-6-5-11-17+"']

where 2% = 1 and a¢ would be determined from initial conditions. The total solution
is then
4

2 2 4
—egt/B L T L 1= T
y(@) = e [ s 7t o a7 13" ]“2[ 55 24511 ]
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Problem: (B&D 5.6 #9) Solve z2y" — x(x + 3)y' + (x + 3)y = 0 about zo = 0 using
a power series solution.

We first note that the solution is a regular singular point at = 0 since P(z) = 2,

Q(z) = —z(z +3) and R(z) =z + 3, and
Q(z) — lim x—x(w +3)

s m i St B
, R(z) . (x+3) ..

2 _ 2 — —
iy oy = hp s = me 3 =3,

Thus a power series expansion can take the form

oo
y(x) — Z anwn-i-r
n=0

where the a, and r are to be determined from plugging into the governing equation.
We first note that taking the derivative twice gives

0 oo
y' =Y (n+r)ae™™ ! and y' => (n+r)(n+r - Daa" 2.
n=0 =0

Plugging in then gives

oo o oo
z? Z(n+r)(n+r—1)anx"+r_2—x(a:+3) Z(n+r)anx"+r_1+(:c+3) Z a,z" " =0.
n=0 n=0 n=0

And upon multiplying through by the z? and z in the first two terms, we find

o oo oo
Z(n +r)(n+r—1az"" — (z +3) Z(n +7)anz™t" + (z + 3) Z a,z" " =0.
n=0 n=0 n=0

We simplify this by collecting the resulting terms of power ™" and ™7 +!.

o o0
n+r)(n+r—1)—3n+r)+3laz™" — n+7r—1az"" ! =0.

Dl +r)( )= 3(n+r)+3]

n=0 n=0

We now let m = n + 1 in the second term to arrive at

Z [(n+r)(n+r—-1)=3(n+7)+3az""" — Z(n +r—=2)a, 12" =0
n=0 n=1

where we have switched back to n as opposed to m. In order to combine these terms,
we must have the sums add over the same indices n. Therefore, we need to take out
the first term, i.e. n = 0, of the first term so that the two sums are both in powers of
z"t" and summed from 1 to co. This then gives

apz” [r(r—1)—3r+ 3]+

+Z{[(”+7‘)("+T—1)—3(n+r)+3]an—(n+r—2)an,1}x"+r:0_

n=1
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We now equate each power of 1" to zero in order to satisfy the differential equation.
Since ag is not zero, i.e. this term captures the singular behavior, we then have from
the first term that

r(r—1)—-3r+3=0
which multiplied out gives
r?—4r+3=(r-3)(r—-1)=0
whose roots are easily found to be
r=3,1.

This then determines the behavior near the singular point z = 0 to be given by z3
and z'. Unlike the previous example, this is the only coefficient that is equated to
zero separately from the rest of the sum. Equating the next coefficient to zero gives
the recursion relationship. This arises from the term which sums the remaining terms
from 1 to oc. Setting the coefficients of ™" to zero results in the recursion relation:

[(m+r)(n+r—1)=3n+7r)+3lap,—(n+7—2)a,_1 =0
So then

(n+r—2)a, 1
m+r—1)n+r-3)°

anp =

So if we know ag, we can then determine a; which gives as and so on.
We can now construct the linearly independent solution associated with the high-
est root. Thus we take r = 3 which gives the recursion relation

_ (n+1ap
" nn+2)
which gives the terms
a —_— 2&
1773
gy = 20 _ %o
T 24 4
g = Ja _ a0
735 35
as = 5& = aO
‘T 46 3-4-6°

We can then write down the power series associated with this root

$2 $3 4

2
yi@) =apz® |1+ 2+ 5+ 2
3 4 35 3-4-6

where ag would be determined from initial conditions.
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Problem: (B&D 6.1 #5) Laplace transform (a) ¢, (b) t* and (c) t™.

(a) The Laplace transform of ¢ is given by (integrating by parts)

> —t 1 [ —st)|g° 1
L{t} = / texp(—st)dt = — exp(—st)|+—~ / exp(—st)dt = —w =5
0 S s Jo S

(b) The Laplace transform of ¢2 is given by (integrating by parts)

2

9 >, — o 2 [ 2 2
L{t°} = t* exp(—st)dt = — exp(—st)|° + — texp(—st)dt = —L{t} = —

o s s Jo s s
(c) The Laplace transform of ¢" is given by (integrating by parts)

n

£{t"}=/0 t" exp(—st)dt = %exp(—st)h‘}o + g/o t" ! exp(—st)dt = gﬁ{t’H}.

We can then apply this recursively (n — 1) times to find

(n—l)(n—Q)---Q-lE{t}z n! ‘i: n!

Sn—l 82 Sn—i—l

Problem: (B&D 6.1 #6) Laplace transform f(t) = cos(at).

c{tmy ="

Sn—l

We integrate by parts twice in this evaluation

o0

e 1 s
L{cosat} = / e *'cosatdt = —e *'sinat|® + = / e *! sin atdt
0 a aJo

s s2 [ s &
= ——e *cosat|y + — e~ ** cosatdt = — — = L{cosat}
a? a? a? a?
0

which can be rearranged to give

1+ i L{cosat} = AN L{cosat} = 2
a? B  s2+a

a2

(s >0).
Problem: (B&D 6.1 #15) Laplace transform ¢ exp(at).

The Laplace transform of ¢ exp(at) is given by (integrating by parts)

s—a  (s—a)?  (s—a)?

Problem: (B&D 6.2 #11) Solve y" —y' — 6y = 0 with y(0) = 1 and y'(0) = —1.

00 _tp—(s—a)t|co 0 ,—(s—a)t —st|oo 1
L{te*'} = / te~tengy = 8 / ° dr=—18
0 0

s—a

We begin by Laplace transforming the equation
s2Y — sy(0) —y'(0) — [sY —y(0)] —6Y =Y (s? =5 —6) —s+2=0.
Solving for Y (s) then gives
§—2 s—2 11 4 1

Y - = = — _
(s) 2—s5—-6 (s—3)(s+2) 55—3+5s+2

which upon inversion gives the solution

y(t) = (1/5) exp(3t) + (4/5) exp(—2t).
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Problem: (B&D 6.2 #13) Solve y" — 2y’ 4+ 2y = 0 with y(0) = 0 and y'(0) = 1.
We begin by Laplace transforming the equation
s2Y — sy(0) —y'(0) —2[sY —y(0)] +2Y =V (s> —25+2) —1=0.

Solving for Y (s) then gives

1 1
Y(S):s2—28+2:(s—1)2+1

which upon inversion (#24 with ¢ =1 and b = 1) gives the solution
y(t) = exp(t) sint.
Problem: (B&D 6.2 #15) Solve y" — 2y’ — 2y = 0 with y(0) = 2 and y'(0) = 0.
We begin by Laplace transforming the equation
sV — sy(0) —y'(0) = 2[sY —y(0)] =2V =Y (s> =25 —2) =25 +4=0.
Solving for Y (s) then gives

2s — 4 _2(3—1)—2_2 (s=1) 9 1
$2—25—2 (s—1)2-3 “(s—12-3 “(s—1)2-3

Y(s) =
which upon inversion (#24 and #25 with a = 1 and b = i/3) gives the solution

y(t) = 2exp(t) cos(iv/3t) — % exp(t) sin(iv/3t)

which upon noting that cos(iAt) = cosh(At) and sin(iAt) = isinh(At) gives

y(t) = 2exp(t) cosh(v/3t) — 23£ exp(t) sinh(v/3t)

Problem: (B&D 6.3 #9) Laplace transform f(¢t) = 0 for t < =, f(t) =t — = for
7w <t<2m, and f(t) =0 for t > 27.

We note that the function f(t) is given by

0 t<m
@) = { t—m 7<t<2n = [f)=u ()t —7) —us(t)(t — 7).
0 t> 2w

We simplify the second term by noting ¢t — 7 =t — 27 + 7 so that
@) =ur(®)(t — ) — uar (t)(t — 27) — ua, ()7 .
Laplace transforming then gives

_ exp(—ms)  exp(—2ms) 7Texp(—27rs) _ exp(—ms) exp(—2ms) ‘

E(s) 52

52 52 s 52 = (1+ms)
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Problem: (B&D 6.4 #5) Solve y" + 3y’ + 2y = f(¢t) with y(0) = ¢'(0) = 0 and
ft)=1for 0 <t < 10 and f(¢t) =0 for ¢t > 10.

We begin by rewriting the forcing f(¢) in terms of the Heaviside function f(t) =
1 — u10(t) so that Laplace transforming the equation gives

1 -1
Y = sy(0) = y/(0) +3[sY —y(0)] +2Y = V(s +3s+2) = _ — w.
Solving for Y (s) then gives
1 1
— _(1-exp(—108) = ——————
s(s2+3s+ 2)( exp(~10s)) s(s+2)(s+1)

which upon inversion (#12 with a =0, b = —2, and ¢ = —1) gives the solution

Y(s) = (1 — exp(—10s))

y(t)= %[1+exp(—2t) — 2exp(—t)]— éum(t) [1 4+ exp(—2(t — 10)) — 2 exp(—(t — 10))].
Problem: (B&D 6.4 #9) Solve y"" +y = f(t) with y(0) = 0 and %'(0) = 1 and
f@t)=t/2for 0 <t <6 and f(t) =3 for ¢t > 6.

We begin by rewriting the forcing f(t) in terms of the Heaviside function f(t) =
L —ug(t) (3— %) = L —fug(t) (t — 6) so that Laplace transforming the equation gives

2
1 exp(—6s)
2 _ 9 _
Y —sy(0) =y (O +Y =V (s +1) — 1= o5 - — .

Solving for Y (s) then gives
1 1 1

Vi) = 241 + 252(s2 +1)

which upon inversion (#13 with a = 1 and #18 with a = 1) gives the solution
y(t) =sint + (1/2)(t — sint) — (1/2)ug(t) [(t — 6) — sin(t — 6)] which simplifies to

[1 — exp(—6s)]

y(t) = %sint + % - %ua(t) [(t —6) —sin(t — 6)] .

Problem: (B&D 6.4 #10) Solve y" +y' + (5/4)y = f(t) with y(0) = y'(0) =0 and
f(t) =sint for 0 <t <7 and f(t) =0 for t > .

We begin by rewriting the forcing f(t) in terms of the Heaviside function f(t) =
sint — u,(t) sint = sint + u, (¢) sin(t — 7) so that Laplace transforming the equation
gives

1 exp(—ms)
s2+1 s2+1

SV +5y(0) +9/0) +5Y =y + 3¥ =¥ (454 ) =

Solving for Y (s) then gives (a messy partial fraction decomposition is required)
1 4 (—4s+1 4543
Y — 1o ™ = — 1 — e 78
Al s 3 P By 7 L 17(s2+1 +(s+1/2)2+1>[ el
4 1 1/2 1
——— _4 S 4 (S+ / ) [1_677r5]
17 \s2+1 s24+1 (s+1/2)2+1  (s+1/2)2+1
which upon inversion (#13, #14, #24, and #25) gives the solution

y(t) = f(t)—ux(t) f(t—m) where f(t)= 117 [sint —4cost + e M ?sint + 4e~/? cos t] i
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Problem: (B&D 6.5 #5) Solve y" + 2y’ + 3y = sint+46(t — 37) with y(0) = y'(0) = 0.

Laplace transforming the equation gives

sY—sy(0)—y'(0)+2[sY —y(0)]+3Y =Y (s*+25+3) = Y ((s+1)*+2) = — 1

—3ms
2 1+e .

Solving for Y (s) then gives (via a messy fractional decomposition)
Y(s) = 1 N e=3ms _1 (—s +1 s+1 ) e=3ms

(s24+1)((s +1)242)  (s+1)2+4+2 4\ s24+1 (s+1)242) (s+1)2+2
which upon inversion (#13, #14, and #25) gives the solution

o(t) = sint  cost N e~tcos /2t g (t e~ (t=3m) sin \/2(t — 37) ‘

4 4 4 V2

Problem: (B&D 6.5 #9) Solve y" +y = uy/2(t) + 30(t — 37/2) — uar(t) with
y(0) = y'(0) = 0.

Laplace transforming the equation gives
—ms/2 —27s

+ 36737rs/2 _ 6—
S

s2Y —sy(0) —¢y'(0) + Y=Y (s> + 1) = €

Solving for Y(s) then gives Y (s) = m (e7ms/2 — e72m3) 4 36;:;/2 which upon

inversion (#17 with a = 1 and #23 with a = 1) gives the solution
Y(t) = ug 2(t) [1 = cos(t — m/2)] — ua(t) [1 — cos(t — 2m)] + Bugy /2(t) [sin(t — 37/2)] .

Problem: (B&D 6.6 #13) Solve y" + 2y’ + 2y = sinat with y(0) = y'(0) = 0 using
the convolution theorem.

Laplace transforming the equation gives

$2Y —sy(0) — 4/ (0) + 2(sY —y(0)) + 2Y =V (s + 25 + 2) =V ((s + 1)> + 1) = — =

52 + a2 :
Solving for Y (s) gives Y (s) = T (T = etz Which is a combina-
tion of #13 and #24. Using convolution we find

t
y(t) = / sina(t —7)e” " sinTdr.
0

Problem: (B&D 6.6 #17) Solve y" + 3y’ + 2y = cosat with y(0) =1 and ¢'(0) =0
using the convolution theorem.

Laplace transforming the equation gives

$2Y —sy(0) — 4/ (0) + 3(sY —y(0)) + 2V =V (s2 + 35 + 2) — (s + 3) = ——

24+ a2’
Solving for Y (s) gives

2 1 1
Y (s) s+3 s (s+2)+ s

213542 (P12 43542 G +1) (P40 +2)G LD
whose first two terms are #7 and #10 and whose last term is a combination of #14
and #10. Using the convolution and simplifying we find

¢
y(t) =2t -2 +/ [e_(t_T) — e_Q(t_T)] cos ardr .
0
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Problem: (B&D 6.5 #7) Solve y" +y = §(t — 27) cost with y(0) = 0 and y'(0) = 1.

We first note that the delta function is zero everywhere except at ¢ = 27. Thus
we find

0(t — 2m) cost = &(t — 2m) cos 2w = 6(t — 2m) .
Laplace transforming the equation then gives
Y —sy(0) —¢y'(0) + Y=Y (s + 1) — 1= 2"
Solving for Y (s) then gives

1 e—27rs

V()= —— + =
(s) oy T

which upon inversion (#13 with a = 1) gives the solution

y(t) = sint + ua (1) sin(t — 27) .

Problem: (B&D 6.5 #11) Solve y"+2y'+2y = cost+d(t—n/2) with y(0) = y'(0) = 0.

Laplace transforming the equation gives
$2Y—sy(0) =y (0)+2[sY —y(0)]+2Y =¥ (s +25+2) = V[(s+1)?+1] = ——

—ms/2
21 1+€ .

Solving for Y (s) then gives

s ef7rs/2
(s2+1)[(s +1)2+1] + (s+1)2+1"°

Y(s) =

To invert, we must first perform a partial fraction decomposition:

s _As+B+ Cs+D
(2+D)[(s+1)2+1]  s2+1  (s+1)2+1°

In order to make both sides equal, we collect powers of s and set them equal on both
sides. This gives

$$: A+C=0

s’: 24+ B+ D=0

s: 2A+2B+C =1
constant: 2B+ D =0
which can be solved to give A =1/5, B =2/5,C = —1/5, and D = —4/5. Thus we
have
1 e—7rs/2

(s+1)2+1 + (s+1)2+1°
which upon inversion (#13, #14, #24, and #25) gives the solution

s 2 1 1 s+1 3
5

1
YO =5 V50 5GrEel

1 2 1
y(t) = s cost+ =sint — ge’t cost — ge’t sint + g o (t)e” /D sin(t — 7/2).
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Problem: (B&D 7.1 #1) Write u” +u'/2+2u = 0 as a system of first-order equations.

We define £ = u and y = v’ so that y' = u" and z' = ' = y which leads to

=y

1

!
=——y—2z.

y 5y~ 2

Problem: (B&D 7.1 #3) Write t2u” + tu' + (2 — 1/4)u = 0 as a system of first-order
equations.

We define x = u and y = v’ so that ¢y’ = u” and 2’ = «' = y which leads to

=y

1 1
!
=y (1- =2 )a.
y=3y ( 4t2>x

Problem: (B&D 7.1 #9) Solve x| = (5/4)x1 + (3/4)z2 and x}, = (3/4)z1 + (5/4) 2
with z1(0) = —2 and z,(0) = 1.

From the first equation, we find that x5 = (4/3)z}] — (5/3)z1 which gives z =
(4/3)x} — (5/3)z}. Upon plugging both of these into the second equation we find

é:t:”—§z" _ 3, +§ éx'—iqr - a:"—ém'+x =0
371 T 3T T g T\ T3 LT
We can solve this by letting z; = exp(At) which gives
b} 1(5 25 1
2_ 9y 1= = (24,2 _4) =22
A 2)\+ 0 = A 2<2 1 5

Thus our solution is z1 = ¢1 exp(t/2) + ¢z exp(2t). Our initial conditions in this case
are 21(0) = —2 and 2} (0) = (5/4)z1(0) + (3/4)z2(0) = —7/4. Plugging in and solving
the two by two system gives ¢; = —3/2 and ¢z = —1/2. We can then calculate
zo = (4/3)z] — (5/3)z1 so that

1 3 1
z1(t) = —g exp(t/2) — 3 exp(2t) and z»(t) = 2 exp(t/2) — 2 exp(2t)
Problem: (B&D 7.1 #9) Solve z} =2z, and z4,=—2x; with 2;(0)=3 and z»(0)=4.

From the first equation, we find that z, = z} /2. Upon plugging into the second

equation we find
1
imlll =2z — z+4,=0

We can solve this by letting x; = exp(At) which gives
N4+4=0 — A==£2

Thus our solution is z; = ¢1 cos(2t) + ¢o sin(2t). Our initial conditions in this case are
z1(0) = 3 and z}(0) = 2z2(0) = 8. Plugging in and solving the two by two system
gives ¢; = 3 and ¢z = 4. We can then calculate z2 = /2 so that

x1(t) =3cos2t +4sin2t and z2(t) = —3sin2t + 4 cos2t
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F1G. 29. Phase—plane dynamics depicting the saddle-node dynamics. The bolded lines are the
eigenvectors and the arrows indicate the direction of the flow of the solutions.

3

Problem: (B&D 7.5 #1) Solve #'= ( 9

:; ) Z and plot the solutions.

We turn this into an eigenvalue problem by letting & = Texp(At) so that

3-2 -2\ ._
( 2 —2—,\)”_0

The eigenvalues are found by taking the determinant of the above matrix

3—-X -2

det 9 _9_

‘ =(B3=-N)(=2=-N)+4=MN=-2A=2=A+1)(A=2)=0 — A=-1,2

which lead to the eigenvectors:

4 -2\ o 1
A=-1: (2_1>v=0 = 201 —v2 =0 — v(1)=(2)
. (1 72\ oy — 72 _ [ 2
A=2: (2_4)1;—0 — v —203=0 —> U —(1)
and the solution
a':’(t):cl(;>exp(—t)+02(?)exp(Zt).
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1

Fi1Gc. 30. Phase-plane dynamics depicting a stable node dynamics. The bolded lines are the
eigenvectors and the arrows indicate the direction of the flow of the solutions.

Problem: (B&D 7.5 #5) Solve #'= ( _12 _12 ) Z and plot the solutions.

We turn this into an eigenvalue problem by letting & = Texp(At) so that

—2-x 1 |
( 1 —2—,\)”_0

The eigenvalues are found by taking the determinant of the above matrix

-2-A 1

det 1 9

‘ =(2+20)2=1=A+42+3=(A+3)(A+1) =0 —» A =-1,-3

which lead to the eigenvectors:
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_2 L 1 1 L 1 L 1 T 1 L 1 L 1 L
-2 -1.5 -1 -0.5 0 0.5 1 15 2

X

1

F1G. 31. Phase—plane dynamics depicting an unstable node dynamics. The bolded lines are the
eigenvectors and the arrows indicate the direction of the flow of the solutions.

5 —1

Problem: (B&D 7.5 #15) Solve &= ( 3 1

) Z and plot the solutions.

We turn this into an eigenvalue problem by letting & = ¥exp(At) so that

oA -1 \._
( 3 1—A>”—0

The eigenvalues are found by taking the determinant of the above matrix

5—A -1
3 1-2A

which lead to the eigenvectors:
3 -1

e (371)
1 -1

vme (1)

and the solution

det =(B-AN1-N)+3=A—6A+8=(A-2)(A-4)=0 - A=24

<y

=0 = 3v1—v2=0 — 1‘)‘”:(%)

<y
Il

0 & v1—v2=0 — 17'(2)=(1)

ﬂﬂzq(é)wﬂ%+@(}>wmm.

We can easily put in our initial condition #(0) = (2 — 1)7 to find that ¢; + ¢, = 2
and 3¢; + ¢o = —1. Thus ¢; = —3/2 and ¢y, = 7/2 giving

f@z—%(é)mﬂ%+;<}>wmm.
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Fic. 32. Phase—plane dynamics depicting an unstable spiral dynamics. The bolded lines are

the eigenvectors and the arrows indicate the direction of the flow of the solutions.

Problem: (B&D 7.6 #1) Solve #'= ( 8 2 ) Z and plot the solutions.

4 -1

We turn this into an eigenvalue problem by letting # = ¥exp(At) so that

3-A -2 \._
( 4 —1—,\>”_0

The eigenvalues are found by taking the determinant of the above matrix

3—-X -2

det 41—

‘z(3—)\)(—1—)\)+8:)\2—2>\+5:0 S A=1+2

which leads to the eigenvector (recall the second eigenvector is the complex conjugate):

2—-2 -2 1

A=1+2i: ( A _2_2i)17:0 - (I—ijyi—v2 =0 — 17<1>=<

so then

2(1) _ 1 (1+2i)t _ cos 2t . sin 2t ‘
r ( 1—14 )e [( cos 2t + sin 2t T sin 2t — cos 2t €

and the solution

S cos 2t ¢ sin 2t ¢
Z(t) = c1 ( cos 2t + sin 2t )e te ( sin 2t — cos 2t )e )

L)
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-2 -15 -1 -0.5 0 0.5 1 1.5 2
Fi1G. 33. Phase—plane dynamics depicting a neutrally stable center dynamics.

Problem: (B&D 7.6 #3) Solve #'= ( 2 =5 ) Z and plot the solutions.

1 -2

We turn this into an eigenvalue problem by letting & = Texp(At) so that

2-2 -5 \._
( 1 —2—A>”_0

The eigenvalues are found by taking the determinant of the above matrix

2—-Xx =5

detl” 1~ 9

‘:(2—)\)(—2—)\)+5:)\2+1:0 - A=
which leads to the eigenvector (recall the second eigenvector is the complex conjugate):

o (2=i =5\, I 5
/\_z.( 1 _2_i)v—0—> (2—9v —bva =0 — o _<2—i)

so then

«1) _ 5 it Scost . 5sint ¢
r _(2—2')6 _[( 2cost + sint T 2sint — cost €

and the solution

S dcost 5sint
Z(t)=a ( 2cost +sint ) +e ( 2sint — cost ) ’
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Fic. 34. Phase—-plane dynamics depicting a stable spiral dynamics. The bolded lines are the
eigenvectors and the arrows indicate the direction of the flow of the solutions.

Problem: (B&D 7.6 #5) Solve #'= ( -l ) Z and plot the solutions.

5 -3

We turn this into an eigenvalue problem by letting # = ¥exp(At) so that

1-x -1 \._
( 5 —3—A>“_0

The eigenvalues are found by taking the determinant of the above matrix

1-x -1

det 5 _3_2

‘:(1—A)(—3—A)+5:A2+2A+2=0 - A=—-1+i
which leads to the eigenvector (recall the second eigenvector is the complex conjugate):

L f2—i -1 L I 1
A= 1+z.( 5 _2_i)v—0 = 2-ivy—v2=0 - ¢ _(2—i>

so then

_,(1) _ 1 (—1+i)t _ cost . Sint —t
r _(2—1')6 _[( 2cost +sint T 2sint — cost €

and the solution

SN cost —t sint —t
Z(t) =c ( 2cost +sint )e te ( 2sint — cost )e )
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-2 -15 -1 -0.5 0 0.5 1 15 2

Fic. 35. Phase—plane dynamics depicting the improper node dynamics. The bolded lines are
the eigenvectors and the arrows indicate the direction of the flow of the solutions.

3 —4

Problem: (B&D 7.7 #1) Solve #'= ( 1 —1

) Z and plot the solutions.

We turn this into an eigenvalue problem by letting & = Texp(At) so that

3-XA -4 ).
( 1 —1—,\>”_0

The eigenvalues are found by taking the determinant of the above matrix

3—-x 4

det 1 —1—2x

‘:(3—A)(—1—,\)+4:/\2—2A+1:(A—1)2=0 - A=1

which is a double root and leads to the eigenvector:

2 —4 1\ 2
A=1: (1 _2)1)=0 — vy —205=0 — 1_)'(1)=(1)

The second eigenvector takes the form #?) = @tet + fjet, which can be evaluated by
plugging into the governing equation. Collecting te! terms gives A7 = ¢ which has
the eigenvalue A = 1 and eigenvector & = #!). The e’ terms give (A — I)i7 = #(1).
This leads to 5, — 212 = 1 for which we can choose 7 = (1 0)7. The solution is then

#(t) = o1 ( 2 )exp(t) +o [( 2 )texp(t) + ( h )exp(t)] .
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-2 -15 -1 -0.5 0 0.5 1 15 2

Fic. 36. Phase—plane dynamics depicting the improper node dynamics. The bolded lines are
the eigenvectors and the arrows indicate the direction of the flow of the solutions.

-3/2 1

. 3 __
Problem: (B&D 7.7 #3) Solve &'= ( ~1/4 —1/2

) Z and plot the solutions.

We turn this into an eigenvalue problem by letting # = ¥exp(At) so that

( 3/—2174A —1/;—)\ )U:O

The eigenvalues are found by taking the determinant of the above matrix

3/2-x 1

det‘ ~1/4 —1/2—X

‘=/\2+2A+1:(/\+1)2=0 - A=-1

which is a double root and leads to the eigenvector:

L -1/2 1 L _ _ 1) _ [ 2
A=1: (_1/4 1/2)v—0—>v1 20=0 —» o = E

The second eigenvector takes the form #(?) = Fte~* +ije~*, which can be evaluated by
plugging into the governing equation. Collecting te~? terms gives A7 = —& which has
the eigenvalue A = —1 and eigenvector ¥ = #(1). The et terms give (A + I)ij = o1,
This leads to —n;/2 + n2 = 2 for which we can choose 7 = (0 2)7. The solution is

then
#t) = o1 ( 2 )exp(—t)—l—cz [( 2 )texp(—t) + ( X )exp(—t)] .
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3 -2

Problem: (B&D 7.8 #1) Solve #'= ( 9 _9

) Z and construct the fundamental

solutions matrix ®(t).

We turn this into an eigenvalue problem by letting & = Texp(At) so that

3-2 -2 \._
( 2 —2—A)”_0

The eigenvalues are found by taking the determinant of the above matrix

3—-X -2

det 9 _9_

‘ =(B=N)(=2=N)+4=22-XA=2=(A+1)(A=2)=0 = A= —-1,2
which lead to the eigenvectors:

il G LEUE R
2
1

A=2: (; :i>ﬁ=0 = v —205=0 — 17(2):<

and the solution

ﬂn=q<;)mm—ﬂ+@(f)mmmy

In order to construct the fundamental matrix ®(t) which satisfies ®(0) = I, we need
two new solutions. One (X;(t)) which satisfies the initial condition (1 0)7, and a
second (X»(t)) which satisfies (0 1)7. Since X;(¢) and X,(t) are just the general
solution with some specific ¢; and c2, we thus find:

X : X2(0)=<(1])=c1(

which yield the following two by two systems:

Xi: c1+4+2c=1 and 2¢1 +c =0 — cl=—7, =

W = W

2
Xo: ¢1+2c=0 and 2¢1 +c2=1 — C1:§, Cy = —

Our two solutions are then
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2 =5

Problem: (B&D 7.8 #5) Solve #'= ( 1 —o

) Z and construct the fundamental

solutions matrix ®(t).

We turn this into an eigenvalue problem by letting & = Texp(At) so that

3-A -2 \._
( 2 —2—,\>”_0

The eigenvalues are found by taking the determinant of the above matrix

2—-Xx =5

det 1 _9_

‘:(2—)\)(—2—)\)+5:)\2+1:0—>)\:ii
which leads to an eigenvector:

. 2—1 =5 L s B _ 1) _ )
/\—z.< 1 —2—@')1}_0 = (2-9v —bvy=0 —» V= 9_i )

The real and imaginary parts of the solution are then

W — 5 it _ dcost . 5sint
’ (2_i>e (2cost+sint T 2sint — cost

which give the solution

N Scost 5sint
Z(t) = ( 2cost +sint ) Tt ( 2sint — cost ) )

In order to construct the fundamental matrix ®(t) which satisfies ®(0) = I, we need
two new solutions. One (X;(t)) which satisfies the initial condition (1 0)7, and a
second (X2(t)) which satisfies (0 1)7. Since X;(¢) and Xo(t) are just the general
solution with some specific ¢; and ¢, we thus find:

(e () (1)
X5 : X2(0)=((1]>=cl(g)+62<_01)

which yield the following two by two systems:
Xi: bcg=1 and 2¢1 —c3=0 — ¢ =
Xo: bc;=0 and 2¢i —c2=1 — ¢ =0, cg =-1.

Our two solutions are then

1 5cost 2 5sint
X1(t) = 5 ( 2cost + sint ) +5 ( 2sint — cost )

Xo(t) :_< 5sin ¢ )

2sint — cost

and the fundamental matrix ®(t) = (X; X3) is

_ [ cost+2sint —dsint
o(t) = ( sint cost — 2sint )
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2 -1

Problem: (B&D 7.9 #1) Solve #'= ( 3 _9

t
) z+ ( et ) and plot the solutions.

We solve the homogeneous part first by turning it into an eigenvalue problem.
Letting & = vexp(At) gives
2-x -1 \._
( 3 —2-2) ) v=0

whose eigenvalues are found by taking the determinant of the above matrix

2—-Xx -1

det 3 _9_\

‘:(2—,\)(—2—/\)+3=)\2—1=0 - A==l

which lead to the eigenvectors:

1 -1 1

_ 1. = _ _ 1) _

A=1: <3 3>v—0—)v1 vo=0 — o —(1)

_ ) 3 -1\, _ [ 1
A=-1: (3_1>1)—0—>31)1—1)2—0—>’U —<3).

The homogeneous solution is then

a'c’h(t)zcl<i)et+cz<;)e_t.

To find the particular solution and the resulting general solution given §(t) = (ef )7,
we can use either the method of undetermined coefficients or variation of parameters.
For the method of undetermined coefficients, we guess the following particular solution

&, =ate! +be! + @t +d

where the te’ is necessary since e! is already a homogeneous solution. Plugging this
into the governing equation and collecting like terms results in the following sets of
equations:

tet: Ad=a

et 6+5:A5+((1)>

t: AE:_((I))

constant : &= Ad

We can solve each equation in turn. We have in fact already solved the first equation
Ad = d. This problem corresponds to the eigenvalue A = 1 case for which we found
the eigenvector v(1) above. Thus we have

=)

where k is some arbitrary constant at this point. The next equation is then given by

P_o 1 k-1 k
(A—I)b=a—<0)=( b ) = bi—by=k-1and b ~b=7.
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For consistency, we must then have k — 1 = k/3 which gives kK = 3/2. Once this is
established, we have b; — by = 1/2 so that we can choose by = 0 and bo = —1/2. Thus

- 1/0
b__§<1)'

Solving for ¢ results in the equations 2¢; — ¢ = 0 and 3¢; — 2co = —1 so that ¢; =1
and ¢z = 2. Plugging this into the last equation gives 2d; —ds = 1 and 3d; — 2dz = 2
so that d; = 0 and ds = —1. Thus

-

The solution is then given by (£ = &, + %)

:E’(t):q(i)et+02(;>6_t+%<i)tet—%(?>et+(;>t—(g>.

Variation of parameters requires the construction of the fundamental matrix

ot et
P(t) = ( ot et ) .
We then have that ¢id’ = §(t) so that
et et up \ [ €
et 3et uy )\t )

This yields two equations and two unknowns (uj and w}) so that

u ——lte_t+§ Doup = 1te_t+le_"’+§t‘+c

1= 73 2 ° 1T 2 2
1 1 1 1 1

PO S VI S St S -1

Uy = 2te 26 t 1 us 2t‘e 26 46 + c2

where we integrated to get u1 and us. The vector 4 is then:

1p,—t 4 1.t | 3
. gte -+ 56 + gt + ¢
U= .
Lpet — Lot _ L2t 4 ¢

2 2 1 2

The solution is then

1p,—t 4 1,—t 3
. . et et steT"+ e "+ 5t+a
T=yu= et 3et Lygt _ Lot _ L2t

ste’ — —3€7 +

56
Lt 4 340t tyt 1 _ 1.t —t
_( 5+ +stel +eel + 5 — 5 — 7ef + e )
I W R A PO t 3t _ 3 _ 3.t —t
3 tstate" +ae +5 — 5 — e+ 3ce

which upon separating out the constituative parts greatly simplifies to the following
form

a‘:’(t)=01<i>et+cQ(;)e_t+g(1>tet—i(;>et+(;>t—(g).

We note that this solution is slightly different than that generated by the method of
undetermined coefficients. That is okay since the particular solution is not unique.
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. [ 2 =5\, —cost
Problem: (B&D 7.9 #3) Solve #'= ( 1 9 ) z+ ( sint )

We solve the homogeneous part first by turning it into an eigenvalue problem.
Letting & = vexp(At) gives
2—A -5 L
( 1 —2-]) ) 7=0.

We have solved this problem previously (7.6 #3 and 7.8 #5). The homogeneous

solution is then
- _ Scost Ssint
Zn(t) = ( 2cost +sint ) to ( 2sint — cost ) )

To find the particular solution and general solution given §(t) = (—cost sint)”, we
use variation of parameters. We first construct the fundamental matrix

v = (
We then have that ¥4’ = g(t) so that

5cost 5sint up \ _ [ —cost
2cost +sint 2sint — cost uy ) sint )

From the first equation, we find v} = —1/5 — v/, tant. When inserted into the second
equation, this yields an equation for u) alone. Thus we find

Scost 5¢int
2cost +sint 2sint —cost /) °

1 6 1 1 3 1
ul = gsin2t+3sin2t—3 Pow=< (2t—§sin2t—§cos2t+c1>

3 . 2 ., 1 1 . 3
u2:—3s1n2t—gcos t : u2:g —t—551n2t+§c0s2t+02

where we integrated to get u; and us. The vector 4 is then:

o1 ( 2t — 3sin2t — § cos 2t + ¢y )
qa=- )

5 —t— 1sin2t + 3 cos2t + ¢y

The solution is then

1( Scost 5sint > ( 2t — 35in2t — L cos2t +¢; )

T=vyYi=- . .
5 2cost+sint 2sint —cost —t—%sin2t+%cos2t+cQ

which upon separating out the constituative parts into the two different eigenvectors
simplifies to the following form

NN | 3 . 1 dcost
Z(t) = & <2t— ism2t— §c052t+c1> ( 9 cost + sint )

1 1 . 3 5sint
+3 (—t—§s1n2t+ §cos2t+cz) ( 2sint — cost ) .

We note that generating this solution via the the method of undetermined coefficients
is extremely difficult. However, it can be done.
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B _3
Problem: (B&D 7.9 #5) Solve #'= ( g - )f+( o ) and plot the solutions.

We solve the homogeneous part first by turning it into an eigenvalue problem.
Letting & = Texp(At) gives
4-A -2 L
( 8  —4-2A ) v=0

whose eigenvalues are found by taking the determinant of the above matrix

4-X =2

det 8  —4_2

‘:(4—)\)(—4—)\)+16:)\2:0 - A=0

which is a double root and has the eigenvector:

_q. (4 2)\-_ e — A _ (1
A=0: (8_4>v—0—>2v1 vo =0 — U —<2)

and the generalized eigenvector 72 = #1¢ 4 77 where
2 gD 2__1(0
Aij=10 = 4y —2p=1 — T=-3{1)-

The homogeneous solution is then

o= (3)e=l(1)-3(9)]

To find the particular solution given §(t) = (72 —t=2)T, we can use either the
method of undetermined coefficients or variation of parameters. For the method of
undetermined coefficients, we guess the following particular solution

Z,=at >+t ' +ént+d

where the Int is necessary since it can generate a 1/t contribution. Plugging this
into the governing equation and collecting like terms results in the following sets of

equations:
1
-3. _ > _
t 7 2a (0)

=2 —g:A&'—((l))

™1 @=Ab
Int: Ac=0
constant : Ad =0

We can solve each equation in turn. The first equation is trivial. We simply divide
through by —2 to get
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The next equation is then given by

e (1)-3(5 ) (3)+(D)-(2)

The last two are also very easily solved since they simply correspond to the case of a
zero eigenvalue so that

S 1 - (1
c—k<2> and d—(2)

where we keep the constant &k in ¢ since we still need to solve the last equation. This
gives us a certain degree of freedom that becomes necessary in the solution. Note
further that d is just part of the homogeneous solution and can be folded into the
constant c;. The last equation (for the t—1 terms) gives

= (13)(2)-(2)

For consistency then, the k found above must be —2. The solution is then given by
(f =T + fp)

co-a(t) oo (3O (oo

Variation of parameters requires the construction of the fundamental matrix

vt = ( ; 2t—tl/2 ) '
We then have that ¥d’ = g(t) so that
(2 2t ) (1) =(5)
2 2t—1/2 )\ w )T\ =t2 )"
This yields two equations and two unknowns (u} and w}) so that
wf =t -4t -2t L oy = —%t‘z +4t7 1 = 2Int + ¢

uhy =473 4272 0 wp =272 -2t 4oy

where we integrated to get u; and us. The solution is then

1 t —%t_2+4t_1—2lnt+c1
Z=i=
( 2 2t-1/2 ) 2072 -2t ¢y

—4t72 44t —2Int+ o — 27 — 24 oot
—t72 4+ 8t —4Int+2¢; — 4t — 4+ 20t +t 2+t — Lo

which upon separating out the constituative parts greatly simplifies to the following
form

w0 =a(a)+e[(2) =3 ()] 2 (0) 2+ ()2 (2) e

We note that this solution is exactly the same as that generated by the method of
undetermined coefficients. Note further that we have folded the constant vector in as
part of the homogeneous solution with constant c;.
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11

Problem: (B&D 7.9 #T7) Solve Z'= < 11

coeflicients and variation of parameters.

) zZ+ ( _21 ) e! using undetermined

We solve the homogeneous part first by turning it into an eigenvalue problem.
Letting & = vexp(At) gives
1-x 1 \._
( 4 1-) ) v=0

whose eigenvalues are found by taking the determinant of the above matrix

1-X 1

det 41—

=(1-2)1=-XN)—-4=X2-22-3=1-3)(A+1)=0 - A =3,-1

which has the eigenvectors:

.. -2 1 L _ a _ (1

A=3: ( 4 _2)1)—0 — 20—y =0 — ¢ —(2>
_ ) 21\, _ 1 _ 1
A=-1: (42)1)—0 - Wi4v,=0 - & _< 2).

The homogeneous solution is then

. 1 1 _
xh(t):cl<2>e3t+02< T )e t,

To find the particular solution given §(t) = (2 — 1)Te?, we can use either the method
of undetermined coefficients or variation of parameters. For undetermined coeflicients,
we guess the solution

2 1 1 1 1
-+ __ =1 -+ - = __ —»:_ t
T, =de" — a-Aa—l—(_l) — a—4<_8> - T 4(—8)6'

Variation of parameters requires the construction of the fundamental matrix ¢ (t). We
then have that ¥4’ = g(t) so that

et et uf ) _ [ 2€
2e3t  —2e~t uh | T\ =€t )

This yields two equations and two unknowns (u} and w}) so that

3 3
uy = 16_2’5 Doup = —ge_Qt +c
5 )
ub = Ze% Doug = gezt +co

where we integrated to get u; and us. The solution is then
3,—2t
e i ( e3t et ) -3¢ T ta
=Yu= 3t —t
2e —2e % e+ ¢y
which upon separating out the constituative parts greatly simplifies to

Z(t) =cl<;> et + ¢y (_12) e*t—}—i (—18) et.

We note that this solution is exactly the same as that generated by the method of
undetermined coefficients.
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Fi1c. 37. Phase—plane dynamics depicting the nonlinear dynamics. The arrows indicate the
direction of the flow of the solutions.

Problem: (B&D 9.3 #5) Consider ' = (2+ z)(y — z) and y' = (4 — z)(y + z) and
plot the solutions.

We begin by considering the equilibrium solutions for which F' = G = 0:

F=2+z)(y—2)=0

G=(4—2)y+z)=0 —  Equilibrium: (0,0), (-2,2), (4,4).

To proceed to stability, we first note that F, = —2+y—2z, F, = 2+z, G, = 4—y—2z,
and G =4 — z. For each equilibrium we then find:

(-2 2. —2-x 2 . ) B 3
(0,0) : x—(4 4)33 - ( 4 4oy T=0 = X-22-16=0 — A=1+V17

(=2,2) : f’:(‘é g)f N (4? 6%) F=0 > (A—4)(A—6) =0 — A=4,6

(4,4) ; 5@“:(:2 g)a':' - (‘6_? _6) F=0 = M+6A+48 =0 — Ay= —3+iv/39

The combination of critical points contains an unstable saddle at (0,0), and unstable
node at (4,6), and a stable spiral (counter—clockwise) at (4,4).
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Fi1c. 38. Phase—plane dynamics depicting the nonlinear dynamics. The arrows indicate the
direction of the flow of the solutions.

Problem: (B&D 9.3 #9) Consider 2’ = —(z —y)(1 —z —y) and ¢’ = 2(2 + y) and
plot the solutions.

We begin by considering the equilibrium solutions for which F = G = 0:
F=@-y)l-z-y)=0
G=z(2+y)=0

To proceed to stability, we first note that F, = -1+ 2z, Fy, =1—-2y, G, =2 +y,
and G = z. For each equilibrium we then find:

—  Equilibrium: (0,0), (0,1), (-2,-2), (3,-2).

(0,0) : ;E":<_21 (1));?:‘ - (‘12_’\ _1/\) T=0 = A=1)(A+2) =0 = A\ =1,-2

(0,1) : j:":<_1 - );ﬁ N (‘13‘A il) T=0 = N4+A+3=0 — A=(=1+iVI1)/2

(—2,-2) - y:(“” 5)33' o (‘%‘A _25_A) F=0 > A+5)(A42) =0 = Ap=—2,—5

(3,-2) : f’:(g §>f N (5? 3:) 7=0 = (A=5)(A=3) =0 — Ap=3,5

The critical points contain an unstable saddle at (0,0), an unstable node at (3,5), a
stable node at (-2,-2), and a stable spiral (counter—lockwise) at (0,1).
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Xy

Fi1Gc. 39. Phase—plane dynamics depicting the nonlinear dynamics. The arrows indicate the
direction of the flow of the solutions.

Problem: (B&D 9.3 #13) Consider 2’ = z—y? and y' = y—22 and plot the solutions.

We begin by considering the equilibrium solutions for which F = G = 0:

F=z-y>=0 T
G=y—22=0 —  Equilibrium: (0,0), (1,1).

To proceed to stability, we first note that F,, =1, Fyy = =2y, G, = —2z, and G = 1.
For each equilibrium we then find:

o (1 0. -2 0 ). 2 _
(0,0) : a:—(o 1)3: — ( 0 1_)\>’U—0 - (A=1)*=0 - A=1,1

(1,1) : :2”:(12 _12>;E‘ N (1_‘; 1‘_2A> T=0 = (A=3)(A+1) =0 — A=3,—1

The critical points contain a double root at the origin which produces an unstable
improper node at (0,0). In addition, there is a unstable saddle at (1,1). Note that all
solutions eventually end up at infinity as time goes to infinity.
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Fi1Gc. 40. Phase—plane dynamics depicting the nonlinear dynamics. The arrows indicate the
direction of the flow of the solutions.

Problem: (B&D 9.3 #15) Consider 2’ = —2z—y—z(z*+y?) and y' = z—y+y(z?+y?)
and plot the solutions.

We begin by considering the equilibrium solutions for which F' = G = 0. Besides
(0,0), there are two remaining equilibrium points (z # 0 and y # 0).

F=-2z—y—z(z?+4?) =0 -2—y/z— (2" +y*) =0
_)
G=z-y+y@*+y*) =0 z/y—1+@*+y*) =0

which upon adding gives z/y — 3 — y/z = 0. Multiplying by z/y then gives

(£>2—3(£>—1:0 — gzﬂ — xz(L\/ﬁ>y

Y y 2 2

We can then plug this back into the second reduced equation above to find

2
+ /13 +V13) . —(1- /13
CEVAE RN <323> F :O%y:i\/ ( 3)

2 2+ (3-13)2/2
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where we take the negative root of v/13 so that we have a real equilibrium point.
To proceed to stability, we first note that F, = —2 — 3z? — 2, F, = —1 — 2zy,
G, =1+ 2zy, and Gy = —1 + z? + 3y®. For the equilibrium at the origin we then
find that the eigenvalues are:

—3+iv/3

2

(0,0) : 5:":(_12 :D;ﬁ - (_21_’\ _iA) =0 - N43X+3=0 > Ap=

which gives a stable spiral at the origin (0,0). The stability of the remaining two
points can now be calculated. First we note that

_ -1-v13)  _
y= :t\/2 T e +1.0924

which gives the the z—location of

_(3-vi3
T = T

) y = F0.33076 .

The two remaining critical points are then
(0.33076, —1.0924) and (—0.33076,1.0924) .

To determine stability, we must now calculate the eigenvalues of the linearized prob-
lem. In both cases we find:

F, = —3.52150
F, = —0.27736
G, = 0.27736
G, = 2.6893.

Thus we calculate the linearized system for both points to be:

o_(~3.52150 —0.27736) .
~\ 027736 2.6893

which yields the eigenvalue problem:

—3.52150—-X —0.27736
T=0 — A\?40.83221-9.3935 =0 — Ay =—3.509,2.677.
0.27736 2.6893— X

Thus the two remaining points are both saddles since the eigenvalues are purely real
and of opposite sign. The dynamics is then determined by the interaction between
the stable spiral at the origin and the two unstable saddles away from the origin.
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(0,0) (0,0) /

elo, X e,lo, X

(a) (b)

Fi1Gc. 41. Phase—plane dynamics depicting the nonlinear dynamics. The arrows indicate the
direction of the flow of the solutions. We consider the two cases: (a) €2/as > €1/01 and €2/02 >
e1/a1 and (b) ea/az < €1/01 and €2/o2 < €1/a1.

Problem: (B&D 9.4 #8) Consider 2’ = z(e; —o12 —a1y) and y' = y(e2 — o2y — anx).
Plot the solutions where all the constants are positive and consider the two cases: (a)
62/062 > 61/0'1 and 62/0'2 > 61/041 and (b) 62/042 < 61/0’1 and 62/0'2 < 61/(11.

We begin by considering the equilibrium solutions for which F = G = 0:

F=z(es —o1x—a1y) =0

G = y(es — 02y — a>z) = 0 —  Equilibrium: (0,0), (0,e2/02), (€1/01,0).

To proceed to stability, we first note that F, = €; — 2012 — oaqy, Fy = —ouz, G, =
—aay, and Gy = €3 — 200y — asx. For each equilibrium we then find:

(0,0) : :E’:(:; 8):3 > (elaA 620_A) F=0 = (A—e1)(A—6s) =0 = Ap=e1,6

(0,e2/02) : & (61 —aie/oy 0 ):E' — A=—€z and A = oy (6—1 - 6—2>
—0262/0'2 —€9g aq b

(61/0’1,0) : 5:":(—61 —a161/<71 ):Z" — A=—¢€; and A = a» (6_2 _ 6_1)

0 €2 —a2€1/01 Qg o1

There are two parts two this problem:

(a) 259 and 259 (0,€2/02) — stable node (€1/01,0) — saddle
a2 01 02 ay

(b) 2 L and 2 <& (0,€2/02) — saddle (e1/o1,0) — stable node
(6] g1 g9 a1

Thus for the two cases, the dynamics are depicted in the figure with (a) giving rise to
an attractor at (0,e3/02) and (b) giving an attractor at (e1/01,0). In case (a), only
the y species survives: causing the extinction of bluegill. Alternatively, in (b) on the
x species survives: causing the extinction of redear.



