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Preface



Notation

For functionsf andg with g > 0, we write f(x) = O(g(x)) or f(X) <« g(x) when there is a constant

csuch thatf(x)| < cg(x); whenf andg are both non-negative, we may also write> g instead of

g < f. Wewritef(x) ~ g(x) when limf(x)/g(x) = 1 asxtends to some limitto be specified at each
occurrence. We usg C, C, Cy, . . . to denote implicit constants; these and the constants &t ply

O- and<-symbols are presumed absolute, unless stated otherwiseughout these notes (and
much of number theory outside them) the legemwith or without subscripts or superscripts, is
reserved for prime numbers. We also gse o + it to denote a complex variable.

For the most part, we use the standard notations for commmibartheoretic functions. These
are usually defined at their first appearance, but for coevesi we also list them here:

6]
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{6}

&2
Logz
d(n)
¢(n)
u(n)
A(N)
n(X)
n(x g, a)
6(x)
w(X)
w(X; g, a)
(X x)
7(x, a)

the distance from the real numbgto the nearest integer;

the integral part of the real number

the fractional part of the real number

eeriz;

the principal branch of the complex logarithm (Log In x whenx > 0);
the number of positive divisors of

Euler’s totient function: the number of reduced residsssés modulo;
the Mobius function (see (1.1));

von Mangoldt’s function (see (1.3));

the number of primep < X;

the number of primep < x, with p = a (modq);

Chebyshev’s function (see (1.4));

the sum of the values a@f(n) overn < x;

the sum of the values @f(n) overn < x, with n = a (modq);

the sum of the values & (n)y(n) overn < x (see (3.50));

the Gaussian sum (see (3.7));
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Chapter O

Historical background

0.1 Early history

The first result on the distribution of primes is Euclid’s¢ihem irca 300 B.C.) on the infinitude
of the primes. In 1737 Euler went a step further and provetlitnéact, the series of the reciprocals
of the primes diverges. In the opposite direction, Euleleobsd that the rate of divergence of this
series is much slower than the rate of divergence of the haimseries:
“The sum of the series of the reciprocals of the prime numbers
1 1 L 1 1 1 N 1 N 1
7 3 5 7 11 13 ’
is infinitely large, but it is infinitely many times less thdre tsum of the harmonic

series,
1+1+1+1+1+
2 3 4 5
Furthemore, the sum of the former series is like the logaritf the sum of the latter
series.”

This statement appears to be the earliest attempt to guéamtifrequency of the primes among the
positive integers.
Consider the prime counting function

() =) 1
p<x
In 1798 Legendre conjectured thg) satisfies the asymptotic relation
m(X)
x—c0 X/(l0g X)

this is theprime number theorerfPNT). Years later, Gauss wrote that back in his adolesczarsy
he had observed that the logarithmic integral

=1; 0.1)

X dt

Li x = —
, logt
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seemed to provide a very good approximatiom(). This, of course, is consistent with (0.1), as
can be seen from the formula

| |
Lix= > Ux o _Kx +o(7x ) 0.2)

“logx 092 T (logx)< (I0g X)<2

The first theoretical evidence in support of the PNT was glwe&hebyshev in the 1850s. He
proved that:

e (0.1) predicts correctly the order of magnituder@x%), that is, there exist absolute constants
C, > ¢; > 0 such that

OX ) < 2

log x log x
Chebyshev showed that forfligiently largex one may takes; = 0.9212 andc, = 1.1056.
In his honor, bounds for(x) of this type are now known a&hebyshev’s estimates

(0.3)

e If the limit on the left side of (0.1) exists, then it must beuagto 1.

Chebyshev used the methods that he developed for the pr¢0f3)fto establisiBertrand’s pos-
tulate: the interval , 2n] contains a prime number for all integers> 1. Furthermore, in 1874
Mertens used Chebyshev’s estimates (0.3) to show that

Z 1_ loglogx + B+ O((logx) ™), (0.4)

p<x

B being an absolute constant. This provided the first rigoppasf of Euler’s observation that “the
sum of the [series of the reciprocals of the primes] is lileeltgarithm of the sum of the [harmonic
series].” We sketch the proofs of (0.3), (0.4), and somdedleesults ir§1.2.

0.2 TheRiemann /-function and the prime number theorem

TheRiemann zeta-functios defined in the half-plane Rg(> 1 as

(9= ne=J[1-p9". (0.5)
n=1

p

The identity between the infinite series and the infinite poddn the right (which runs over all
primes) is an analytic expression of the fundamental trearearithmetic and was discovered by
Euler in 1737 (in the same paper as his proof of the infinitudd® primes), at least in the case
whensi s real. The first to considef(s) as a function of a complex variable was Riemann. In
1859 he published his seminal paper [39] (his only paper onbau theory), in which he observed
that/(s) is holomorphic in the half-plane R&(> 1 and that it can be continued analytically to a
meromorphic function, whose only singularity is a simpléepat s = 1. Riemann was interested
in £(s), because Euler’s identity (0.5) provides a connectiowbenh the analytic properties &fs)
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and the PNT. It is not diicult to deduce from (0.5) thaf(s) does not vanish in the half-plane
Re(s) > 1. Riemann proved th&(s) satisfies théunctional equation

75T (;) £(s) = 7S Vr (%S) [1-s),

from which it is easy to deduce that the only zerog'(d) in the half-plane Ref) < 0 are the
negative even integers; these aretthaal zerosof /(s). Besides the trivial zerog(s) has infinitely
many zeros in the strip & Re(s) < 1: thenon-trivial zerosof (s). Riemann proposed several
conjectures about the non-trivial zeros(¢$):

Cl. If
N(T)=#{peC:{(p)=0, 0<Rep) <1 0<Im(p) < T},
then
N(T) = % log <%> + O(logT).

C2. The entire function 1 S
— Tofa_ 1\S2r (2
&(9) = Zs(s— D1 (5) <9

has a product representation

&9 = o] (1 - f) &,

- Y
the product being over all non-trivial zeros{).

C3. If x> 1, there is an explicit formula that represemn{s) as a series over the non-trivial zeros
of £(9).

C4. Riemann Hypothesis (RH). All zeros of£(s) with 0 < Re(s) < 1 lie on the line Reg) = %

By the end of the 19th century, conjectures C1-C3 were pro€&dand C3 were established
by von Mangoldt, and C2 is a consequence of the general thafoentire functions of finite
order developed by Hadamard. In particular, the Riemanmgdiat explicit formula form(x)
demonstrated that the PNT follows from the nonvanishing(sf on the line Re$) = 1. Thus,
when in 1896 Hadamard and de la Vallée Poussin proved (evakmtly) that' (1 + it) # O for all
realt, the PNT was finally proved. In contrast, the Riemann Hypsithes still an open problem
that has been selected by the Clay Mathematics Institute@efdhe seven Millennium Problems.
We remark that under RH, the Riemann—Mangoldt formula iegalhe asymptotic formula

m(X) = Li x+ O(x"?logx), (0.6)

which is essentially best possible.



The last observation has motivated the investigationsegtinor term in the PNT. In 1899 de
la Vallee Poussin refined the original proof tlfét + it) # 0 and showed that, in fact(o + it)

does not vanish in the region c

>1-—

7= 27 log(t| + 10)

for some absolute constant> 0. This sufices to establish the following quantitative version of
the PNT, which will be the main subject of Chapter 2 of thesie$.0

(0.7)

Theorem 1. There exists an absolute constant © such that
m(X) = Li x+ O(xexp( - cvIogXx)).

Further improvements on the error term in the PNT have bega kjuited. In 1922 Littlewood
proved that
m(X) — Li x < xexp( — cylogxloglogx), (0.8)

while the best result to date was obtained by Korobov [31]laiml Vinogradov [50] in 1958:
m(X) — Li x < xexp( — c(logx)**>(log logx) ). (0.9)

Both (0.8) and (0.9) are consequences of repsective imprents on the estimate of the zerofree
region (0.7). Unfortunately, it is known that the approaoipyed in these works can never yield
a bound of the formr(x) — Li x < ¥, with a fixed6 < 1.

0.3 Primesin arithmetic progressions

In a couple of memoirs published in 1837 and 1840, Dirichtevpd that ifa andq are natural
numbers with  q) = 1, then the arithmetic progressiana + g,a + 2q,... contains infinitely
many primes. By refining Dirichlet’s argument, Mertens bithed the asymptotic formula

Z 5 ~ m Z asx — oo, (0.10)

p<x p<x
p=a (modq)
where ¢(q) is Euler’s totient function. Fixq and consider the various reduced residue classes
modulog. Since all but finitely many primes lie in residue clasaenod q with (a, ) = 1, (0.10)
suggests that the primes are uniformly distributed amoegeékuced residue classes to a given
modulusg. Thus, one may expect that &,Qq) = 1, then

Li x
n(x;qg,a) = 1~— asx — oo, (0.11)
pz ¢(a)
p=a (modaq)

This is theprime number theorem for arithmetic progressionde may approach this statement
in two different ways. First, we may fia and g and ask whether (0.11) holds (allowing the
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convergence to depend granda). Posed in this form, the problem is a minor generalizatibn o
the PNT. In fact, shortly after proving Theorem 1, de la ®alPoussin showed that

n(x g,a) = m +O(xexp( - c+logx)),

wherec = ¢(q, @) > 0 and theD-implied constant depends granda. The problem becomes much
more dificult if we want an estimate that is explicit and uniform ina. The first result of this
kind was obtained by Page [35], who proved that there exi@mall) positive numbef such that

n(x; q,a) = m +O(xexp( - (logx)’)),

whenever 1< q < (logx)>° and @, g) = 1. In 1935 Siegel [41] proved the following result, which
we will establish in Chapter 3.

Theorem 2. For any fixed A> 0, there exists a constantec(A) > 0 such that

Li x
—— + O(xexp( —cvlogx)),
(@ (xexp( gx))
whenevell < q < (logx)* and(a,g) = 1

n(x;q,a) =

Remark. While this result is clearly sharper than Page’s, it doe®lmne significant drawback: it
is ineffective, that is, given a particular value Af the proof does not allow the constaiif\) or
the O-implied constant to be computed.

The proofs of the above results rely on the analytic propemif a class of generalizations of
the Riemann zeta-function known Bérichlet L-functions For each positive integeythere are
#(q) functionsy : Z — C calledDirichlet characters modulo gwe will define these in Chapter 3).
Given a charactey modulog, we define the respective Dirichletfunction by

Lsx) =D _x(mMn>  (Re© >1).
n=1

Similarly to Z(s), L(s, x) is holomorphic in the half-plane Rg(> 1 and can be continued analyt-
ically to a meromorphic function that has at most one poleclviif present) must be a simple
pole ats = 1. Furthermore, just ags), the continued.(s, y) has infinitely many zeros in the strip
0 < Re(s) < 1, and the horizontal distribution of those zeros has ingyarimplications on the
distribution of primes in arithmetic progressions. Forragde, the results of de la Vallée Poussin,
Page, and Siegel mentioned above were proved by showingdtatunction has zeros “close” to
the line Ref) = 1. We also have the following generalization of the Riemagpdthesis:

Generalized Riemann Hypothesis (GRH). Let L(s, x) be a DirichletL-function.
Then all zeros of(s, y) with 0 < Re(s) < 1 lie on the line Reg) = 3



Assuming GRH, we can deduce easily that

n(x;q,a) = ﬂ +O(x"?logx), (0.12)

whenever 4, q) = 1. This estimate establishes (0.11) for 3y < ¥, 6 < 1.

In many applications one only needs approximations likéZDin some average sense over
the modulig. During the 1950s and 1960s several authors obtained sschgeln particular, the
following quantity was studied extensively:

Li
7y @) — > .

E(x, Q) = max max )

qSQ(a)ly<><

The trivial bound for this sum IE(x, Q) < X, whereas (0.12) implies

E(x, Q) < Qx"2logx. (0.13)
In 1965 Bombieri [5] and A. I. Vinogradov [47] proved (indeqkently) the following result.
Theorem 3. For any fixed A> O, there exists a constantB B(A) > 0 such that

E(x, Q) < x(logx)™,
whenever Q< x*2(log x)B.

We observe that this result provides a nontrivial estimateH(x, Q) under essentially the
same restrictions 0@ as GRH. Because of this fact, the Bombieri—Vinogradov theohas seen
numerous applications in which it has been used @e factoreplacement for GRH. In Chapter 5
we will give a proof of Theorem 3 witlB = A + 4.

It should be noted that unlike the error term in (0.6), thereterm in (0.12) is not necessarily
best possible. In fact, there is some evidence in supponeabodld conjecture that

. _ 1/2+€
n(x; 0, ) = ¢( ) ~ +0.((x/6)V>*)

for any fixede > 0. In Chapter 5 we will establish the so-callBdrban—Davenport—Halberstam
theorem which asserts that this bound holds in the mean-squareativarithmetic progressions
with differences) < x-¢. We should also mention that during the mid 1980s Bombiei&dfan-
der, and Iwaniec [6, 7, 8] obtained several variants of theBieri—Vinogradov theorem, in which
the value ofQ can exceed’?. However, since their methods go beyond the reach of thess,no
we will only state one of their results (see [7]).

Theorem 4. Leta# 0and x>y > 3. Then

2.

a< VXY
(@a)=1

(X, g, a) ;Eq); < (L X><'o§y) (log logX)°.

Here c is an absolute constant and tkeimplied constant depends only on a.
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0.4 Primesin short intervals

It is an old problem in the theory of prime numbers to prove tbaany integein > 1, the interval

(r?, (n+ 1)?] contains a prime number. This problem leads quickly to tioeengeneral question of
estimating the dferences between consecutive primes. Cramér was the fgtdy this question
systematically. Lep, denote thenth prime number. In 1920 Cramér [10] proved that under RH

pn+1 - pn < p%/z lOg pn-

Cramér also proposed a probabilistic model of the primelmemnthat leads to very precise (and
very bold) predictions of the asymptotic properties of thengs. In particular, he conjectured [11]
that

- Pn+1 — Pn

Ilrliup (10g po)? 1 (0.14)

Nontrivial upper bounds fop,,; — p, can be derived from the quantitative versions of the PNT

stated above, but the ensuing results are rather poor, $etlae known bounds for the error term
in the PNT are barely smaller than the main term. However,9B01Hoheisel [22] obtained a
much sharper result. He proved (unconditionaly) the asgtigofiormula

a(x+ X)) —n(X) ~ ¥(logx)™  asx— oo, (0.15)

with # = 1-(33000)*. Subsequently several authors made further contributiatproduced the
following improvements on Hoheisel’s result:

Heilbronn [21] (1933) 0 = 0.996
Chudakov [9] (1936) 0> 3/4 =0.750
Ingham [26] (1937) 6 >5/8 =0.625
Montgomery [33] (1971) 6> 3/5 = 0.600
Huxley [23] (1972) 0>7/12=0.583...

Heath-Brown [19] (1988) 6= 7/12= 0.583...

We will see the proof of Huxley’s result in Chapter 5 of thes#es. Furthermore, since the
late 1970s, several mathematicians have shown that evetesihdervals must contain primes
(without establishing an asymptotic formula for the numbgprimes in such intervals). Such
results usually take the form

a(x+ X)) —n(x) > ¥(logx)™  for x > xo(6). (0.16)

The following list displays the progress in that directiareothe last 30 years:

lwaniec and Jutila [27] (1979) 0 =13/23=0.565...
Heath-Brown and Iwaniec [20] (1979) 6 > 11/20= 0.550
Iwaniec and Pintz [28] (1984) 0 =23/42=0.547...
Lou and Yao [32] (1992) 0=6/11 =0.545...
Baker and Harman [1] (1996) 6 = 0.535

Baker, Harman, and Pintz [2] (2001) 6 = 0.525

7



Selberg [40] considered the distribution of primes in “asnall short intervals.” Leh(x) be an
increasing function ok. We say thaalmost allintervals &, x+h(x)] contain primes if the measure
of the set ofx € (1, X] for which the interval §, x+h(x)] contains no prime is(X). Selberg proved
that if h(X) grows faster than (log)? asx — oo, the Riemann Hypothesis implies that almost all
intervals &, x+h(x)] contain a prime number (and also that the asymptotic féartu15) holds for
each inexceptional interval). Further, Selberg showednditionally that if¢ > 1/4, then almost
all intervals &, x+x%] contain a prime number. The latter result has been the sutifa long series
of successive improvements, similar to the improvementdameisel’s result described above. In
particular, the best result to date obtained in 1996 by B@¢Rtends the range férin Selberg’s
result tog > 1/20.

In the opposite direction, Erdos [14] showed in 1935 that

Pns1 — Pn 2 clog pa log log pa(log log logpa) ™ (0.17)
infinitely often. In 1938 Rankin [38] showed that one can agplthe right side of (0.17) by

(1/3 + o(1)) log p, log log p, log log log logp.(log log logp,) 2,

but subsequent attempts at further improvements have ot ery successful: the best result
to date (see Pintz [36]) replaces the constgi® ib Rankin’s bound by €, wherey is Euler’s
constant. In fact, the problem appears to be so notoriougigult that Erdos—who was known
for offerring monetary prizes for solutions of problems he wasgogd by—announced that he
would pay $10,000 to anyone who proved that the constaiirl Rankin’s result can be taken
arbitrarily large!



Chapter 1

| ntroduction: basic estimates

The purpose of this chapter is to introduce some of the baslmiques and functions appearing
in the later chapters. The results are mostly elementaryrenceader may be familiar with some
(and possibly all) of them.

1.1 Multiplicativefunctions
A function f : N — C is said to bamultiplicativeif it is not identically zero and
f(mn) = f(m)f(n) whenever gcdf,n) = 1.

If f satisfies the stronger condition thigimn) = f(m)f(n) for all pairsm, n, it is said to becom-
pletely (or totally) multiplicative

Some functions, such &gn) = n® (s € C), are obviously multiplicative. Others are defined so
that they are. One such function is th&bius function

1 ifn=1,
u(n) = ¢ (1) if nis the product of distinct primes (1.2)
0 if nis divisible by the square of a prime

The following lemma provides an easy way to deduce the migiéfivity of a large class of arith-
metic functions. We leave its proof as an exercise.

Lemma 1.1. Suppose that f and g are multiplicative functions. Then titarmetic function f« g,
defined by

(f=g)(n) =) _ f(d)gn/d).

din
is also multiplicative.

The next lemma contains the most important property of tiodiMs function.



1 if n=1,
Lemma 1.2. dzln:“(d) - {o otherwise

Proof. It suffices to consider the case whetis squarefree. Suppose that pip;--- pr, where
P1, P2, . - ., pr are distinct primes, and writ@ = pyp,--- pr_1. Then

Do) =) ud)+ ) pdp) =D p(d)+ (~u(d) = 0.
din dm dm dm dm
where the second to last step uses the multiplicativity. of ]

Corollary 1.3. (Mobius inversion formula) Suppose that K — C is an arithmetic function and
define

F)=>_ f(d).

din
Then f=F x y, that s,
f(n) =) _ Fdu/d).

din
In particular, if F is multiplicative, so is f.

Proof. We have

ST FE@uvd) = >3 fRun/d) = 30" FRuvd) = > S fRu(n/km.

din dn kd kin din kin- mi(n/k)
kid

By Lemma 1.2, the sum ovenvanishes unleds= n, so the first claim follows. The second claim
is a consequence of the first, Lemma 1.1, and the multiphitaof w. ]

1.2 Partial summation

We now discuss a simple trick that is put to a great use in #nalymber theory.

Lemma 1.4 (Abel). Suppose thatgare complex numbers andX) is continuously dferentiable
on[a,B]. Then

B
> af() = A - [ AF)dx

a<n<p

where AX) = 3, <x an.

Proof. Using Stieltjes integration by parts, we have

B B
> et = [ 109dAR = F09A0]L - [ AT,

+
a<n<p @

and the desired result follows. ]
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Corollary 1.5. There is a constant;csuch that

Z% = logx+ €1 + O(x).

n<x

Corollary 1.6. » logn = xlogx — x + O(log x).
n<x
Remark. The constant, is known astuler’s constantind usually is denoted by

y = lim (Z % ~log x) ~05772.... (1.2)

X—00
n<x

Next, we define three arithmetic functions that play an ingoarrole in prime number theory.
These areon Mangoldt’s function

A() = logp ifnis a. power of a primep, (1.3)
0 otherwise
and the functions
6= logp and y(x)=> A(n), (1.4)

p<x n<x

which were introduced first by Chebyshev. Our first resultuditboese functions is a Chebyshev-
type bound fory(Xx).

Theorem 1.7. Suppose thad < ¢, < log2and g > log 4. Then for sgficiently large X,
CoX < Y(X) < C3X.

Proof. Define

T(x) =) _logn.

n<x

Taking logarithms in the prime factorization nfwe see that
logn=">"A(d).
din
SO we can rewritd (xX) as

T =33 A0 =S A > 1= A@) [3} .

n<x dn d<x n<x d<x
din

Thus,
T -2T(x/2) = 3 A(d) ({g} ) [2—’;]) .

d<x

11



el

[g]_z[z—);]:l forx/2<d< x

and

Hence,
Y(X) — y(x/2) < T(X) = 2T (x/2) < ¥(X).
On the other hand, by Corollary 1.6,

T(X) — 2T(x/2) = xlog 2+ O(log x).
We deduce that
Y(X) > xlog 2+ O(log x)
and
Y(X) < yw(x/2) + xlog 2+ O(log x)

<y(x/4)+ (1+ 3) xlog 2+ O(log X)
<y(x/8)+ (1+ 3 + ) xlog 2+ O(log X)

<yY(x/2)+ (1+3+7+---)xlog2+ O(r logx)
< xlog 4+ O((log x)?),

on choosing so that 2 < x < 2+,

Lemma 1.8. Z logp

p<x

= logx+ O(1).

Theorem 1.9 (Mertens) There is an absolute constant B such that
1 -1
Y = =loglogx+B+0O((logx)™).
p<x

Proof. Define the function
R(X) = Z Io%) —log x

2<p<x

and the sequence

_ ) (logn)/n if nis a prime number,
~]o otherwise.

12
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Then, by Lemma 1.4,

15 & 1
;p_zéxlognJrz

1 logp /x ( log p) dy 1
= + + _
log x 2 p 2 2 p /y(ogy? 2

2<n<x 2<n<y
1 *logy + R(y) 1
= —Iogx( logx + R(X)) + /2 “yogy? dy+ >
R(Y) R(X)
y(logy)? dy+ log x’

3 X
= loglogx + 5" loglog 2+ /
2

Using Lemma 1.8 to bounB(y), we obtain

* R(y) RX [ RY) L
/2 y(logy)? dy+ log x _/2 y(logy)? dy+O((logx)™),

and the desired conclusion follows with

R(y)
y(logy)2

B:§—IoglogZ+/
2 2
]

The final result of this section quantifies the relation betmvéhe error term in the PNT and the
differenceay(x) — x.

Theorem 1.10. Suppose that f is an integrable function such thiat x f(X) < x and

/X@ dt < f(X)logx.
, t
Then
U(X) - X< f(X) =3 n(X) — Li x < f(x)(logx)~2.

Proof. Theorem 1.7 implies that
0(X) = y(x) + O(x"?),

whence
O(X) = X+ O(f(x)).

Let a, be the sequence

_ Jlogn if nis a prime number,
~lo otherwise.
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As in the proof of Theorem 1.9,

a,
7T(X) = ie;—}%'+
2<n<x 9

_ (¥ * 0(y) dy
= logx * /2 yogyy * O

_ XYy fx RRILY
N Iogx+/2 (logy)? +O(Iog><> +O(/2 y(logy)2>
= Li x+ O(f(x)(logx)?),

by (0.2) and the properties df. This proves the direct implication, the converse is lefaas
exercise. ]

1.3 Dirichlet series

A Dirichlet seriesis an infinite series of the form
> an, (1.6)
n=1

wherea, are complex numbers argd= o + it is a complex variable. The following lemma shows
that if a Dirichlet series converges at any finite complex hans, = o + itg, then it converges to
a holomorphic function in the half-plane 6 0.

Lemma 1.11. Suppose thatys= o + ity and the series

> an
n=1

converges. Then the Dirichlet serigs6) converges uniformly on the compact subsets of the half-
planeRe(s) > oo and the sum-function

f(s) = Z apn~®
n=1
is holomorphic in that half-plane.
Proof. It suffices to show that (1.6) converges uniformly in the regions
{seC : Re@)>0o+4, |Im(s) —to| < T}
wheres, T > 0. By Lemma 1.4 witha,, = a,n"% and f(n) = n= (%),

> am

a<nzx

D @ <7 max , (1.7)
<X

a<n<p

so the uniform convergence of (1.6) follows from the coneeae of)_ a,n™® and Cauchy’s
criterion. ]
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The number
inf { Re(®) : (1.6) convergep

is called theabscissa of convergencd the Dirichlet series (1.6). Here, of course, we allow the
possibility that the infimum could bec. The abscissa of convergence of the Dirichlet series
> nlain~sis called theabscissa of absolute convergerufg1.6). The two abscissas are related by
the following inequality.

Lemmal.12. Suppose that. ando, are the abscissa of convergence and the abscissa of absolute
convergence of the Dirichlet seri€k.6). Theno < 03 < o¢+ 1.

Dirichlet series are an important class of generating fonstin number theory. In the re-
mainder of this section, we discuss their properties rdleigheir use in number theory. We first
consider the relation between the sum-function of a Digthkeéries,

f(9=> an,
n=1
and the running sums of its ciieient sequence,

A(X) = Z an.

n<x

The passage frorA(x) to f(s) is easy (at least, when R (s suficiently large):

f(s) = f:an/oo sxStdx= /100 (Zan) sxStdx= /Oo A(X)sxStdx
n=1 n

n<x 1
The inverse relation requires a little bit more work.

Lemma 1.13 (Perron’s formula) Suppose that > 0. Then

1+ O (u*(Tllogu)™) ifu>1,

1 a+iT us
—./ Yas= {140 fu=1
2n J,.it S .
O (u*(T|logul)™) ifO<u<1
Proof. This is an exercise in contour integration. [

Corollary 1.14. Let f(s) be the sum-function of the Dirichlet seri@s6). Suppose that  Z and
a > 04, Whereo, is the abscissa of absolute convergencélo6). Then

_ 1 a+iT <1 X *® |an|n—a
Za”_ﬁ/ f(9)x°s ds+0(?zm).

n<x a-iT n=1
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Corollary 1.15. Suppose thataay, az,... and b, by, bs, ... are sequences of complex numbers
and the holomorphic functiong$) and d's) are defined in the half-plange(s) > o by

f(9=> an® and g =) b
n=1 n=1

If f(s) = g(s) wheneveRe(s) > o, theng =b,foralln=1,2,3,....

Proof. We apply Corollary 1.14 witlx ¢ Z, o = o + 2 (this ensures the absolute convergence of
the series on the line Rg(= a), andT = c0. We get

1 a+ico L 1 a+ico L
= f S = — Sg” = .
;aﬂ o /a_ioo (9x°s™tds= /a_ioo g(9)x°stds ;bﬂ

Since this holds for all non-integer> 1, it follows thata, = b, foralln=1,2,3,.... ]

The next two lemmas and their corollaries illustrate whyidilet series are convenient gener-
ating functions in multiplicative number theory.

Lemma 1.16. Suppose that(h) is a multiplicative function. Then the identity

S fmn=T] 1+ f(pp =+ f(P)p>+---)
n=1

p

holds whenever the series on the left converges absolutely.

Proof. The absolute convergence of the sepiés f (n)n~° implies the absolute convergence of the
seriesy_,, f(p™p "*for all primesp. Letx > 2 andr = z(x). Then

h=

[T+ fmps+fE)p>+--)

p<x

F(p™) -+ F(pM)(py" -+ pr)~°

3

[7:
M= 10

f(p - )P p) S

3
o
E
I

h=

= i f(n)n~s,

n=1
pln=p<x

where we have used the multiplicativity 6f Noting that the last sum contains, in particular, all
the terms witm < x, we conclude that

St 1+ f(pp s+ f(PAp>=+---)

n<x p<x

<> I,

n>Xx

which establishes the desired identity. ]
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Corollary 1.17. Suppose that(h) is a completely multiplicative function. Then the identity

ST tmnc=]] (- f(ppe)"
n=1

p

holds whenever the series on the left converges absolutely.

Lemmal.18. Suppose thataa,, as,... and by, b, bs, ... are sequences of complex numbers such
that the Dirichlet series

f(9=> an® and g9 =) bn*
n=1 n=1

converge absolutely in the half-plaRe&(s) > 0. Then the Dirichlet series

he=> cn™  c=) ab,
n=1

uv=n
is also absolutely convergent Re(s) > o and H(s) = f(s)g(s).
Proof. Suppose first that > 0. Then

DG =2

n<x n<x

<> <Z |aubv|) =) ladbd(uy)™

n<x uv=n uv<x

< (Z |au|u‘°') (Z |bv|V‘“)

< (ui:; IaUIU“’) (:2;; IbVIV“’),

which proves the absolute convergencé gfc,n° for Re(s) = o-. In particular, we have that

Z (Z |aubv|) n—0 asx — oo,

n>Xx uv=n

n—O’

> alby

uv=n

so the second part of the lemma follows from the inequality

S s (Z auu‘s) (Z bvv‘s) <3 (Z |aubvl) . (1.8)

n<x us<x V<X n>x uv=n

In the next series of corollariegs) is the Riemann zeta-function.
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Corollary 1.19. Suppose thaRe(s) > 1. Then

. L1
;u(n)n BVCE

Proof. By Lemmas 1.2 and 1.18,

< nz:o;u(n)n‘s) ( nzo:; n‘s) =1

Corollary 1.20. Suppose thaRe(s) > 1. Then

20
ZA(”)” RC)

1.4 Divisor functions

In this section we collect several standard estimates gontimber of divisors functiod(n) and its
averages. First of all, we note thé(n) is multiplicative (by Lemma 1.1) and satisfig&*) = k+1.

These two observations lead (after some work) to the folgwipper bound fod(n).

Lemma 1.21. For anye > 0, d(n) <. n.

The bound in Lemma 1.21 is not tight, but it is also not too fanf the best possible general
bound (see Exercise 21). On the other hand, the next lemmesshat for most values af, d(n)

is significantly smaller: its average value is lng
Theorem 1.22 (Dirichlet). Suppose that ¥ 2. Then
> " d(n) = xlogx+ (2y - 1)x+ O(x*?),

n<x
wherey is Euler’s constant.
Proof. Let D(x) denote the left side of (1.9). We have
D =) "> 1=> 1= 1+> 1- > 1=Dy(x) +Dy(x) - Ds(x),
N<X uv=n uv<x uv<x uv<x UV< VX
u< /X V<X
Thus, (1.9) follows from the estimates
_ _ X7 _ X 1/2
Di(®) = Do) = [G] =3 Z+0(x?)
u< X us< vx
= xlog VX + yx+ O(x"?) (by Corollary 1.5);

Ds(X) = [VX]° = x+ O(x?).

18
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Remark. The estimation of the error term in (1.9) is a famous problemnalytic number theory.
It is not too dificult to show that

A() = d(n) - xlogx - (2y - 1)x < x"*logx.
n<x

Attempts to improve further on this and other similar bouhdse stimulated the development of
the theory of exponential sums (see Graham and Kolesnikdd8]Huxley [24]). The best result
to date was obtained recently by Huxley [25]:

A(X) <, X131,/4l6+5’

where 131416= 0.3149.... Itis conjectured that

A(X) < XY,

which if proven would be essentially best possible, as itnoll result of Hardy [16] that the
boundA(x) < x*# does not hold for alk.

Often one needs upper bounds for higher moment{mf The following theorem provides
such an estimate.

Theorem 1.23. Suppose that ¥ 1 and ke N. Then

> (d(n)* < x(log)*~t + 1. (1.10)

n<x

Proof. By induction onk. The cas& = 1 follows from Theorem 1.22. Now suppose that (1.10)
holds for somé > 1. Then

D @)t = (du)k <D (du)dv),

n<x uv<x uv<x

where the last step uses tliginn) < d(m)d(n). Hence, by the inductive hypothesis,

> @Wd)* < (d)F Y (dv)X

uv<x usx v<x/u
d(u))X .
< X(log x)?~1 Z % + z:(d(u))k < X(log x)?“ 1,
usx u<x
on using the bound
k
5 CGUF o Gogw?.
usx u
which follows from the inductive hypothesis by partial suatmn. [
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Exercises

10.

11.

12.

13.

14.

15.

16.

17.

18.

Prove (0.2).
Prove that Euler’s functiog(n) is multiplicative.

Prove Lemma 1.1.

. Prove Corollary 1.5[Hvt: The value ofcy is 1— [ {x}x 2 dx |

Prove Corollary 1.6.

. Prove Lemma 1.8{.HINT: First show that the given sum equai$ T(x)+O(1), whereT (x) is the sum appearing

in the proof of Theorem 1.7.
Prove that L c L
(2 5) = ogn (0 (ige) )
bix p 0g X 0g X
whereC is an absolute constant. (It can be shown that, in fact,e”, wherey is Euler’s constant.)

LetB be the constant appearing in Theorem 1.9 @rk the constant appearing in the last problem. Prove that
B+logC=>_ (E +log <1— E)) .
o \P p

Prove that under the hypotheses of Theorem 1.10,

*fy)dy  f(x)
/2 y(ogy)? < logx’

Prove the converse part of Theorem 1.10.
Modify the proof of Theorem 1.10 to show that the PNT isiegjent to the statement thafx) ~ x asx — oo.
Verify (1.7).

Suppose that in Lemma 1.11 the assumption that the Sefj@sn~% converges is weakened to the assertion
that the partial sums

danm®  (N=123,..))

n<N

are bounded. Prove that the conclusion of the lemma stags tru
Prove Lemma 1.12.

Prove Lemma 1.13.

Prove (1.8).

Prove Corollary 1.20.

Prove the following identities:

20



(a) i d(n)n~S = 7%(s) whenever Reg) > 1;

n=1
(b) i lu(mIn~S = £(9)/£(2s) whenever Red) > 1;
n=1

(c) i o(nNn~° = 7(s— 1)/£(s) whenever Res) > 2.

n=1

19. Define a multiplicative functiofi : N — C by
k-1/2 -1/2
Ky _ (1)

where the generalized binomial dbeient (E) s € C, is the coéficient of Z in the Maclaurin expansion of

a+2s
s\  S(s-1)---(s—-k+1)
(k) B k! '

(a) Prove that the Dirichlet seridg(s) = ) f(n)n~° converges absolutely and uniformly on the compact
subsets of the half-plane Rg( 1.

(b) Prove thaF(s)? = £(s) whenever Ref) > 1.
20. Prove thati(n) < V3nforallne N.
21. (a) Prove that there exists an absolute constantO such that

cilogn
loglogn )/ *

d(n) < exp(

(b) Letn = pipz2--- pk, Wherep denotes th&th prime. Prove that there exists an absolute constantO
such that

czlogn>

d(n) > eXp(Iog logn
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