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Quiz #3

Instructions. This a 30 minute take home quiz. Take it by yourself, without the aid of
the book, the internet or other students. You will need extra paper to write your answers.

It is due Wednesday April 19.



Questions
1. Compute the Christoffel symbols I'}, and I'?,. Hint:

Ouu =10, + 12,0, + LN.

Solution. Take the inner product with o, on both sides to obtain
Ouu 0y = E+T3F.

Take the inner product with o, on both sides to obtain
Ouwu -0y =T F+THG.

Next, use an integration-by-parts argument to simplify the left-hand sides. Differenti-
ate

Oy 0y =F

with respect to u to obtain

200, 0y = Ey,

and therefore

Ouwn " Ou = Ey /2.

Differentiate

Oy 0y = F
with respect to u to obtain
Oyu * Op T Oy * Oyy :Fu
So
Uuu'av:Fu_au'qu-

Also differentiate

Oy 0y=F

with respect to v to obtain

20, Ouww = Ey.



Therefore,
O " Oy = Fyy — E,/2.

Plug this back into the first two equations above to obtain

E,/2 E F _ Fh
F,—E,/2 F G F%l
Thus
—1
1 _
', _ EF F _ E,/2 _ (EG—F2)1/2 E,G/2 — FF,+ E,F/2
Ffl F G F,—E,/2 —-FE,F/2+ FEF,— EE,/2

. Suppose v is both a geodesic and a line of curvature on a oriented surface S.

(a) Show that N x ' is constant.

(b) Show that 7 lies on a plane.

Solution. For the first part, it suffices to show (]\7 x ') = 0. By the product rule,

(N x 7Y = (N x 7/) + (N x7").
Because 7 is a line of curvature, N = —W(+/) is parallel to ~/. Therefore (N’ x~') = 0.
Because ~ is a geodesic, v is parallel to N. Therefore (]\7 x 7") = 0. This shows
(N x+) =0.
For the second part, let v = (]\7 x 7). This is a constant vector. Moreover, 7' - ¥/ = 0.
Therefore - 7 = C for some constant C'. This shows that C' lies in the plane {@ €
R3: «-v=C}.

<l

Alternatively, one can show that the torsion of v is zero. For example, if 77 is the
normal to v then because v is a geodesic, n = +N. So @ = £N'. But because vy
is a line of curvature, N'is a multiple of 4/. The Frenet-Serret equations state that
—»/ o

it = —kt + 0b. Since 7@ is parallel to 4" = t, this means that 7 = 0 and therefore v is

planar.



