
m381c: Homework #14

November 26, 2014

1. Show that
∑∞

n=1
1
n2 = π2/6. Hint: consider the function f(x) = π−x

2
on [0, 2π). Com-

pute the Fourier coefficients of this function and use 1
2π

∫ 2π

0
f(x)2 dx =

∑
n∈Z |f̂(n)|2.

2. We’ll show in class that the span of {en}n∈Z is dense in C(T) (where en(x) = einx

and we are identifying T with [0, 2π)). Use this (or any other method) to show that
polynomials are dense in C([0, 1]).

3. Suppose f ∈ L1(T). Prove that f ∈ C∞(T) if and only if the Fourier coefficients f̂(n)
“decrease rapidly” as |n| → ∞. That is for any α > 0 there exists a constant Cα such
that

|f̂(n)| ≤ Cα|n|−α

for all n ∈ Z. Hint: if f ∈ C∞ use the relation f̂ ′(n) = (in)f̂(n) (we will prove this
in class; you don’t have to show it). If f̂ decreases rapidly use the Inversion Theorem
(see below):

Theorem 0.1 (Inversion Theorem). Let f ∈ L1(T) and assume that the Fourier series
of f converges absolutely:

∑
n∈Z |f̂(n)| < ∞. Then there exists a continuous function

g ∈ C(T) such that f = g a.e. Moreover, the Fourier series
∑

n∈Z f̂(n)en converges
uniformly to g.

You don’t have to prove this since we’ll prove it in class.
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