
HYPER SURFACES WITH

ALMOST CONSTANT MEAN CURVATURE

& CAPILLARITY THEORY

FRANCESCO MAGGI

UT AUSTIN



CAPILLARITY FUNCTIONAL

A CONTAINER M LIQUDIAIR INTERFACE W WETTED SURFACE

E DROPLET g ;ZA→ ( -1,1 ) RELATIVE ADHESION COEFFICIENT

SURFACE
 

TENSION POTENTIAL ENERGY

- m#÷ :*:*.eu.¥i¥÷



CAPILLARITY FUNCTIONAL

A CONTAINER M LIQUDIAIR INTERFACE W WETTED SURFACE

E DROPLET g ;ZA→ ( -1,1 ) RELATIVE ADHESION COEFFICIENT

SURFACE
 

TENSION POTENTIAL ENERGY

- m0¥ :*:*.:iI¥i¥÷
CAPILLARITY : SURFACE TENSION D POTENTIAL ENERGY

÷mnk) 0cm )

GOAL : UNDERSTANDING GLOBAL / LOCAL MINIMIZERS

& CRITICAL POINTS IN THE SMALL VOLUME REGIME



GLOBAL
MINIMIZERS IN RNC NOCONTAINER )

PCE )t{=ge PCFHSG ⇒
PCE )t{=gePCB)+Sg

F B

FOR EVERY IFKIEKM FOR EVERY BALL |B|=m

ME ) - PCB )ESBg - SEGECIEOBI
=O( m )



GLOBAL MINIMIZERS IN Rn ( NOCONTAINER )

PCE )t{=ge PCFHSG ⇒
PCE )t{=gePCB)+Sg

F B

FOR EVERY IFKIEKM FOR EVERY BALL |B|=m

2

cmrhyetlyttye
ME ) -

PCBKSBG - SEGECIEOBI

- =O(m )

SHARP QUANTITATIVE

ISOPERIMETRICINQ

FUSOM
.

PRATELLI ( 08 )



GLOBAL MINIMIZERS IN RNC NOCONTAINER )

PCE )t{=ge PCFHSG ⇒
PCE )t{=gePCB)+Sg

F B

FOR EVERY IFKIEKM FOR EVERY BALL |B|=m

2

cmrhyetlyttye
ME ) -

PCBKSBG - SEGECIEOBI

.

SHARP QUANTITATIVE AS IEOBIIZM PCB )=m←#

ISOPERIMETRICINQ WE HAVE

FUSOM
.

PRATELLI 08 ) lEqtYB÷qCm%
"



THMCFIGALUM
.

11)

IF E GLOBAL MINIMIZER OF ME )t⇒g WITH gECka( RY

&
g coercive THEN IEI=m< Mdn

, g) IMPLIES

rIfe¥es*cm"

2

got|m"" the .

emHc%e,ECmn÷2

IN PARTICULAR E IS CONVEX



THM ( MIHAILA
,

M .
15 )

IF E GLOBAL MINIMIZER OF HYM ) tfwotfg WITH

oAeCmoeLiplAIgcLiptAI@I.twE

* 1
krmin

cost

Tnin



THMCMIHAILA
,M .

15 )

IF E GLOBAL MINIMIZER OF HMM ) tfwotfg WITH

OAECH oelipla ) geliptt ) THEN IEl=m< mdn
, g) IMPLIES

zpeoa
& Llsometrt ST

.

#EE Bcmklp )
ANY .

p

Rp ) - On ;nECm% E

I

hdffANMEII) ,

kfecmkm
on"

sKrmi .

cost

kin



THMCMIHAILA
,M .

15 )

IF E GLOBAL MINIMIZER OF HMM ) tfwotfg WITH

OAECH oelipla ) geliptt ) THEN IEl=m< mdn
, g) IMPLIES

zpeoa
& Llsometrt set

.

#EE Bcmknlp )
ANY .

p

Rp ) - on ;nECm% E

1

hd(L(ANmEj÷)
,

kfecmkh'

on"

skrminMoreover ANZE IS CIRDIFFEO To kg
Costthin

WITH f= ptmhl & ENERGY ( E

)=m¥C(
on ;n)(1tO( MMD



PHYSICAL MOTIVATION ⇒ LOCAL MINIMIZERS / STATIONARY SETS

⇒ NO COMPARISON WITH BALLS ! ! !

L0CALM1N1MlZt= PIE )+f€g E

PIF
) tfg

F

h§
whenever

FOECCIECZE)
,IFHIEI .

E-

NEIGHBORHOOD



PHYSICAL MOTIVATION ⇒ LOCAL MINIMIZERS / STATIONARY SETS

⇒ NO COMPARISON WITH BALLS ! ! !

L0CALM1N1MlZt= PIE )+f€g E

PCF
) tfg

F

h§
whenever

FOECCIDZE )
,IFEIEI -

E-

NEIGHBORHOOD
STATIONARY sets

JXEIR st .

-

H¥Cn+g1n)= X for every
XEOE

-

= MEAN CURVATURE of JE = ⇐
,

KPE



STATIONARY SETS Hz[ ( xltgln ) = X FOR EVERY UEZE

g=0 ⇒ Hot CONSTANT ON OE

ALEXANDROV 'S THM [ EMBEDDED BOUNDED CMC

HYPERSURFACE

⇒ [ 15 A SPHERE



SMALL MASS REGIME ALMOST CMC HYPERSURFACES
-

⇒
-

Hoetg =D ON OE ⇒ X=Hfe -1,1€
, fed 'v(gk)u)dx

the
.tn?ke#xmth



SMALL MASS REGIME ALMOST CMC HYPERSURFACES
-

⇒
-

Hoetg =D ON at ⇒ X=Hfet÷,f=div(gk)u)dx

ftp.npl#=m
-1hI nt1)/E/

THUS E CRITICAL For PIE ) tfglxldx IMPLIES

HHOE-

HfEHc%e ,1h-

e- Can
,g ) m

%
÷

SCALE INVARIANT
,

20

QUANTITY ,. ,

ALEXANDROU 's DEFICIT :

=D < ⇒ E=B+x For KER



11 Hoe -

Hfellcote )
SCE ) = -ftp.nMEI#nt1)IEI

OE

QUESTION DOES 8 (E) SMALL IMPLY ZE CLOSE TO Sphere ?



11 Hoe -

Hfellcote )
8CE) = -ftp.nMEI#nt1)IEI

OE

QUESTION DOES 8 (E) SMALL IMPLY ZE CLOSE TO Sphere ?

THM ( CIRAOLO VEZZONI 2o±)
.

E BOUNDED open SETZEECZ THEN 8ft ) E Un , Ptetffn
- i )

WITH EXYINT BALL COND
. f >D ROYE )

Glues

,#e ,

-1 ECDCE )

@ E SHARP DECAY RATE



ANEXAMPLEBYBOLTSGERMAZZLI

HE ) SMALL ZE

Ayahs
TANGENT

%DBE.tw#IaiI;namNORMAL DEFORMATION

(
k

- NORM of ORDER JC E)

.



ANEXAMPLEBYBLMSGERMLZZLI

AE ) SMALL ZE

Aytes
TANGENT

€§⇐p@)CATENOIDAL NECK OF LENGHT

¥~_h⇒1bgo#1NORMAL DEFORMATION

(
k

- NORM of ORDER S( E)
OTHER Option CHOPPING AN

UNDVLLID

.



THICCIRAOLO
. M

.
2015 ) ftp.cnn.fft#=n ( SCALING )

EOPENBOUNOEDCYNRI" 't

PCE )±( Ltr . a )P( B) [ FFTEF oh€aN⇒

dktefdn ,L ,a )



THI ( CIRAOLO - M
.

2015 ) tlfe  
=Yn+TY⇒,=n ( SCALING )

Even
BOUNOEDCTNRI" 't

PCE )±( Ltr . a )P( B) [ FHTEED oh€aN⇒

dktefdn ,L
, a)

THEN F { Bftj ) }j€j DISJOINT BALLS RADIUS 1 WITH # JEL SOCH THAT

tore ,=Uj€]Bttj ) One " As

@€gg&

I



THI ( CIRAOLO - M
.

2015 ) Hfe=Yn+TY⇒,=n ( SCALING )

Even
BOUNOEDCYNRI" 't

PCE )±( Ltr . a )P( B) [ FFTEED oh€aN⇒

dktefdn ,L
, a)

THEN F { Bftj ) }j€j DISJOINT BALLS RADIUS 1 WITH # JEL SOCH THAT

FOR G=Uj€]Blzj ) ONE HAS

k¥4 .im#pEtt3pd1
±co#⇐ " Jeff

kd( OE

,dh¥⇐,n±Co⇐P a=0/n- Y

G

CONTINUED
. . .



MORTER : F [ = ZG \{ AT MOST CCML ) MANY SPHERICAL CAPS

OF DIAMETER ECJIEP 2=01 n
-

2) }

Fifed %) For EVERY
y Eloise )iii

.FI#.oeBEf
¥n€#/G

xtylm )°GH
CONTINUED

-
-

i

.



MORTER : 7

Z=ZG\{
AT MOST CCML ) MANY SPHERICAL CAPS

OF DIAMETER ECJIEP 2=01 n
-

2) }

Fifed %) For EVERY
y Eloise )

iii'HiYx. ,⇒e Jif
N

"

( OE \ ( Idtyuakl ) EC 8lEP
°

Mdlaaet

;o⇒uµ⇒¥a
xtylm )°GH

CONTINUED
-

-
-



.

FINALLY : !1! If #J22 THEN I zj Fzp SUCH THAT

llzj - Zal - ZIECJIEP 2=04-2 )



.

FINALLY : !1! IF

ttJ22THENVzjFzpSooHTHATIlzj-Za1-21eC8lEPa-Ocri2j@lFFks0S.T

. |Br(x)\E/2k|Brln)| For EVERY REJE rek

THEN #J=1

.

. .

er
Brk )

oil :



.

FINALLY : !1! IF #J22 THEN F zj Fzp SUCH THAT

Ilzj-Za1-21eC8lEPa-0cri2j@lF7ks0S.T
. |Br(x)\E/2k|Br1n)| For EVERY KEJE rek

THEN #J=1

.

. .

- .
.

GROLLARIT LOCAL MINIMIZERS WITH M SMALL VBRK
)

ARE CLOSE
 

To SINGLE SPHERES !
,

,

~ '

'

'

T.RO# : PREVIOUS THM + DENSITY ESTIMATES



NONLOCAL CAPILLARITY MVALDINOCI ( INCOMING ! )

NO CONTAINER

FRACTIONAL Perimeter BCE )÷§ §
,

,⇐,n+s OC 5<1

BOURGAlNBRezlSM1RoNeScuCAfFARELL1S0UGAN1D1SCAffAleL4R0@uEXffReSAUNW.d

n)=§c⇐n+s==ISTIXPE )

ELYE ) BY COARCA



mirfpshttfglnldnilttm )
.

.mx
.

. .
.⇒ Hfelnltglx )=X on ZE

Hsoelnkpuf
sea 's ' - Itty )

Rn #n+sdy
WHEN M 15 SMALL THEN HFEI CONSTANT



THM ( CIRAOLDFIGALLI M
.

NOVAGA 15 )

!1! HFE CONSTANT ⇒ OE SPHERE ( CABRE FALL SOLA . MORALES WETH )



THM ( CIRAOLDFIGALLIM
.

NOVAGA 15 )

!1! HFE CONSTANT ⇒ OE SPHERE ( CABRE FALL SOLA . MORALES WETH )

Zntzstl

!2!

RATEHRYETEC
FEI Lip ( Hfe)=CnyE )

DIAM (E) IEIZ



THM ( CIRAOLDFIGALLIM
.

NOVAGA 15 )

!1! HFE CONSTANT ⇒ OE SPHERE ( CABRE FALL SOLA . MORALES WETH )

2nt2St1@RaTEhRTEl_eCIEleipCHfeJ-CnslE3D1AMCE71E123OoE-l1dtyuqV0Bd4eCk11y-1llgyqgFcmslEIIEl-lB1s.E

CONVEX



C
.

V.
B

O
Y

S
1
8
8
9


