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FREE-RESPONSE PROBLEMS

Problem 3.1. (20 points) Consider a two-period forward binomial tree, where the length of
each period is 6 months. Assume the stock price is $50.00, σ = 0.20, r = 0.06 and the dividend
yield δ = 0.035. What is the lowest strike price for which early exercise could occur after the
first time step and with an American put option?

Solution: With the given data, we get that approximately eσ
√
h = 1.15 and e(r−δ)h = 1.01.

Hence, u = 1.16 and d = 0.88.

Suu = 50 · 1.16 · 1.16 ≈ 62.28;

Sud = Sdu = 50 · 1.16 · 0.88 ≈ 51.04;

Sdd = 50 · 0.88 · 0.88 ≈ 38.72.

Let us denote the strike by K. The payoffs, if there is no early exercise, as a function of K are

Vuu = (K − 62.28)+, Vud = (K − 51.04)+, and Vdd = (K − 38.72)+ .

The risk-neutral probability is

p∗ =
1.01− 0.88

1.16− 0.88
= 0.46.

So, the continuation values of the put after taking a single step back in the binomial tree are

V cont
u = e−0.03 [0.46 · (K − 62.28)+ + 0.54 · (K − 51.04)+] ;

V cont
d = e−0.03 [0.46 · (K − 51.04)+ + 0.54 · (K − 38.72)+] .

On the other hand, the stock prices at these two nodes are

Su = 50 · 1.16 ≈ 58 and Sd = 50 · 0.842 ≈ 44.

So, the values of immediate/early exercise are

V imm
u = (K − 58)+ and V imm

d = (K − 44)+ .

At any of these two nodes, early exercise will happen if V imm
node > V cont

node . Hence, we must have
that K > 44 – otherwise, no early exercise should happen at either of the two nodes. Then, for
51.04 ≥ K > 44, we have that

V cont
u = 0 and V cont

d = 0.97 · 0.54 · (K − 38.72).

So, we need to figure out for which K the inequality

K − 44 > 0.97 · 0.54 · (K − 38.72) ⇔ K(1− 0.97 · 0.54) > 44− 38.72 · 0.97 · 0.54

holds. We get K > 49.81.
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Problem 3.2. (20 points) The current price of a continuous-dividend-paying stock is $100 per
share. Its dividend yield is 0.02 and its volatility is given to be 0.2.

The continuously-compounded, risk-free interest rate equals 0.06.
Consider a $110-strike, half-year American put on the above stock. Use a two-period forward

binomial stock-price tree to calculate the current price of the American put.

Solution: This is a forward binomial tree, so

u = e(r−δ)h+σ
√
h = e(0.06−0.02)(0.25)+0.2

√
h(0.5) = e0.11 ≈ 1.1163,

d = e(r−δ)h−σ
√
h = e(0.06−0.02)(0.25)−0.2

√
h(0.5) = e−0.09 ≈ 0.9139.

Note: You can notice that e0.11 > 1.10 so that the option is out of the money at the up and the
up− up nodes. You do not need to get the explicit value for u. Hence,

Suu > K,

Su > K,

Sud = udS(0) = 100e0.02 = 102.02,

Sd = 91.39,

Sdd = 83.53.

Note: Again, you could have noticed that Sud > 100e0.2 > 120 > K. There was no need to
get the stock price at the up− down node explicitly!

The risk-neutral probability of an up movement in a single step is

p∗ =
1

1 + e0.1
= 0.475.

Now we work backwards through the tree.

the up node:

CVu = e−0.06/4(1− 0.475)(110− 102.02) = 4.1271,

IEu = 0,

V A
u = 4.1271.

the down node:

CVd = e−0.06/4 [0.475 ∗ (110− 102.02) + (1− 0.475)(110− 83.53)] 17.4239,

IEd = 110− 91.39 = 18.61.

We conclude that early exercise is optimal and that the American put value in the down
node equals V A

d = 18.61.
the root node:

CV0 = e−0.06/4 [0.475 ∗ 4.1271 + (1− 0.475)(18.61)] = 11.556,

IE0 = 110− 100 = 10.

So, the American option is worth 11.56 at time−0.
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MULTIPLE CHOICE QUESTIONS

Please, circle the correct answer on the front page of this exam.

Problem 3.3. The current price of a non-dividend-paying stock is $100 per share and its
volatility is given to be 0.25.

The continuously compounded, risk-free interest rate equals 0.06.
Consider a $110-strike, one-year American put on the above stock. Use a two-period forward

binomial stock-price tree to calculate the current price of the American put.

(a) $20.03
(b) $15.41
(c) $13.38
(d) $11.11
(e) None of the above.

Solution: (c)
By the definition of the forward binomial tree, we obtain

u = e(r−δ)h+σ
√
h = e0.03+0.25

√
1
2 ≈ 1.2297,

d = e(r−δ)h−σ
√
h = e0.03−0.25

√
1
2 ≈ 0.8635.

in our usual notation. The binomial tree modeling the stock price is

The risk-neutral probability of the stock price going up in a single period equals

p∗ =
e(r−δ)h−d

u− d
=

e0.03 − 0.8635

1.2297− 0.8635
= 0.4559.

Should the American option not be exercised early the possible payoffs would be

Vuu = 0, Vud = 110− 106.18 = 3.82, Vdd = 110− 74.56 = 35.44.

It is not sensible to exercise the American put at the up node, so the value of the American
put equals the continuation value at the up node. We get

V A
u = CVu = e−0.03(1− 0.4559)× 3.82 = 2.017.

At the down node, the value of immediate exercise is

IEd = 110− 86.35 = 23.65.

On the other hand, the continuation value at the down node equals

CVd = e−0.03[0.4559× 3.82 + (1− 0.4559)× 35.44] = 20.4031.

We conclude that the American put’s value at the down node equals the value of immediate
exervise, i.e., V A

d = 23.65.
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Should the option be exercised at time−0, the payoff would be 10. The continuation value
at the root node is

CV0 = e−0.03[0.4559× 2.017 + (1− 0.4559)× 23.65] = 13.38.

So, the price we were looking for is $13.38.

Problem 3.4. The current price of a continuous-dividend-paying stock is $100 per share. Its
volatility is given to be 0.2 and its dividend yield is 0.03.

The continuously compounded risk-free interest rate equals 0.06.
Consider a $95-strike European put option on the above stock with nine months to expiration.

Using a three-period forward binomial tree, find the price of this put option.

(a) $2.97
(b) $3.06
(c) $3.59
(d) $3.70
(e) None of the above.

Solution: (c)
The up and down factors in the above model are

u = e0.03×0.25+0.2
√
0.25 = 1.1135,

d = e0.03×0.25−0.2
√
0.25 = 0.9116.

The relevant possible stock prices at the “leaves” of the binomial tree are

Sddd = d3S(0) = 100(0.9116)3 = 75.7553,

Sddu = d2uS(0) = 92.5335.

The remaining two final states of the world result in the put option being out-of-the-money at
expiration.

The risk-neutral probability of the stock price moving up in a single period is

p∗ =
1

1 + e0.2
√
0.25

= 0.475.

So, the price of the European put option equals

VP (0) = e−0.06(3/4)
[
(95− 75.7553)(1− 0.475)3 + (95− 92.5335)(3)(1− 0.475)2(0.475)

]
= 3.5884.

Problem 3.5. (5 points) Consider a non-dividend-paying stock with the initial price of S(0) =
100. Assume that the annual risk-free continuously compounded interest rate equals r = 0.05.
Let the annualized standard deviation of the sontinuously compounded stock return, i.e., the
volatility be σ = 0.25.
Using a one-period forward binomial tree, calculate the price of a one-year at-the-money Euro-
pean call on this underlying asset.

(a) $11.07
(b) $12.46
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(c) $13.38
(d) $14.58
(e) None of the above.

Solution: (d)
By the definition of the forward binomial tree, with the given data,

u = e(r−δ)h+σ
√
h = e0.05+0.25 = e0.3 ≈ 1.35, d = e(r−δ)h−σ

√
h = e−0.2 < 1.

We do not care about the actual value of d since the option is at-the-money and we get the
payoff of 0 at the lower node regardless of the actual value. Also, we do not need d explicitly
to calculate the risk-neutral probability in this model, since

p∗ =
1

1 + eσ
√
h

=
1

1 + e0.25
= 0.4378.

Finally, by risk-neutral pricing

VC(0) = e−0.05(135− 100) · 0.4378 ≈ 14.58.

Problem 3.6. The current price of a continuous-dividend-paying stock is $100 per share. Its
volatility is given to be 0.30 and its dividend yield is 0.03.

The continuously-compounded, risk-free interest rate equals 0.06.
Consider a $95-strike European put option on the above stock with three months to expira-

tion. Using a one-period forward binomial tree, find the price of this put option.

(a) $3.97
(b) $4.32
(c) $4.70
(d) $4.97
(e) None of the above.

Solution: (b)
The up and down factors in the above model are

u = e0.03×0.25+0.3
√
0.25 = 1.1706,

d = e0.03×0.25−0.3
√
0.25 = 0.8672.

The possible stock prices at the “leaves” of the binomial tree are

Su = S(0)u = 117.06

Sd = dS(0) = 86.72.

The risk-neutral probability of the stock price moving up in a single period is

p∗ =
1

1 + e0.3
√
0.25

= 0.4626.

So, the price of the European put option equals

VP (0) = e−0.06(1/4) [(95− 86.72)(1− 0.4626)] = 4.32.
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Problem 3.7. Consider a non-dividend paying stock whose current price is $52 per share. You
model the evolution of this stock price over the following year using a one-period binomial tree
under the assumption that the stock price can be either $72 or $42 in one year.

The continuously-compounded, risk-free interest rate is 0.05.
Consider a $50-strike, one-year European call option on the above stock. What is the call

price consistent with the above stock-price model?

(a) About 5.21
(b) About 8.84
(c) About 9.29
(d) About 20.08
(e) None of the above.

Solution: (b)
The risk-neutral probability of an up movement is

p∗ =
52e0.05 − 42

72− 42
= 0.4222.

So, the price of our call is

VC(0) = e−0.05[0.4222× (72− 50)+ + (1− 0.4222) ∗ (42− 50)+] = 8.8355.

Problem 3.8. A rebate option is an option which pays a fixed amount to its owner if the price
of the underlying asset ever crosses a given barrier during the life of the option.

Consider the one-year rebate option on a non-dividend-paying stock with the initial stock
price equal to $100. The evolution of the price of this stock over the next year is modeled using
a 3− period binomial tree with the up factor u = 1.2 and the down factor d = 0.8. Assume
that the continuously compounded risk-free interest rate equals 0.06

The rebate payment in the amount of $10 is paid to the owner of the rebate option at time−1
if the stock price ever crosses the barrier of $125.

What is the price of the above rebate option?

(a) 1.57
(b) 1.61
(c) 2.85
(d) 2.93
(e) None of the above.

Solution: (c)
The risk-neutral probability of the stock-price going up in a single binomial step equals

p∗ =
e0.02 − 0.8

1.2− 0.8
= 0.55.

The only way that the rebate option results in a payment is if the stock price goes through
the “up-up” node. This event happens with the probability (p∗)2. So, the time−0 price of our
option equals

VR(0) = e−0.06 × 10× (0.55)2 = 2.85
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Problem 3.9. (5 points) Assume that the a stock price is modeled using a one-period lognormal
binomial tree with the length of a single period equal to three months. According to this model,
the stock price can take either the value of $55, or the value of $40 in exactly three months.
Calculate the volatility of the stock price (rounded to two decimal places).

(a) About 0.26

(b) About 0.28

(c) About 0.30

(d) About 0.32

(e) None of the above.

Solution: (d)

e2σ
√
h = Su/Sd ⇒ σ =

1

2
√
h

ln(Su/Sd) =
1

2
√

1/4
ln(55/40) = ln(55/40) = 0.3185.

Problem 3.10. (5 points) Let the current price of a non-dividend-paying stock be $95 per
share. The price of this stock in one year is modeled by a one-period binomial model. The
two possible prices that the stock can attain in this model are $120 and $80. Assume that the
continuously compounded risk-free interest rate equals 0.05.

An investor purchases a $100-strike straddle on the above stock with the exercise date in one
year. What is the initial cost of this position?

(a) About 16.26

(b) About 17.28

(c) About 18.30

(d) About 19.02

(e) None of the above.

Solution: (d)
The risk-neutral probability formula:

V (0) = e−0.05[20× p∗ + 20× (1− p∗)] = 20e−0.05 = 19.02.

Problem 3.11. (5 pts) For a two-period binomial model, you are given that:

• each period is one year;
• the current price of a non-dividend paying stock S is S(0) = $20;
• u = 1.2, with u being the up factor as in the standard notation for the binomial model;
• d = 0.9, with d being the down factor as in the standard notation for the binomial

model;
• the risk-free interest rate is r = 0.05.

Find the price of an American call option on the stock S with T = 2 and the strike price
K = $22.

(a) $1.64



9

(b) $1.89

(c) $2.00

(d) $2.42

(e) None of the above

Solution: (e)
Since the stock does not pay dividends, we can price the option as if it were European, i.e.,
without taking into account the possibility of early exercise.

The risk-neutral probability is p∗ = 0.5042.
When one constructs the two-period binomial tree, one gets

Su = 24, Sd < K, Suu = 28.8, Sud = Sdu = 21.6, Sdd < K.

Hence, the payoffs at the end of the second period are

Vuu = 6.8, Vud = Vdd = 0.

So, taking the expected value at time 0 of the payoff with respect to the risk-neutral probability,
we get that the price of the call should be

e−0.1[6.8 · (0.5042)2] ≈ 1.56.

Problem 3.12. (5 points) Consider the one-period binomial option pricing model. Let VC(0) >
0 denote the price of a European call on a stock which pays continuous dividends. What is
the impact on the value of European call option prices if the company decides to increase the
dividend yield paid to the shareholders?

(a) The call option price will drop.

(b) The call option price will increase.

(c) The call option price will always remain constant.

(d) The impact on the price of the call cannot be determined using the binomial option
pricing model.

(e) There is not enough information provided.

Solution: (a)

Let δ < δ̃ be the two dividend yields. Then, the risk-neutral price of the European call on the
stock with the dividend yield δ equals

VC(0) = e−rT [p∗(Su −K)+ + (1− p∗)(Sd −K)+]

with p∗ = (e(r−δ)h − d)/(u− d). On the other hand, the risk-neutral price of the European call

on the stock with the dividend yield δ̃ equals

ṼC(0) = e−rT [p̃∗(Su −K)+ + (1− p̃∗)(Sd −K)+]

with p̃∗ = (e(r−δ̃)h − d)/(u− d). We have

δ < δ̃ ⇒ e(r−δ)h > e(r−δ̃)h ⇒ p∗ > p̃∗ ⇒ VC(0) > ṼC(0).
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3.1. TRUE/FALSE QUESTIONS.

Problem 3.13. In the Cox-Ross-Rubinstein tree, we always have p∗ = 1/(1 + eσ
√
h).

Solution: FALSE

Problem 3.14. (2 pts) It is possible that the Cox-Ross-Rubinstein binomial tree violates the
no-arbitrage condition for binomial models.

Solution: TRUE
yy

Problem 3.15. (2 points) A compound call on a put option costs at most as much as the
underlying put option itself.

Solution: TRUE

Problem 3.16. (2 pts) In the Cox-Ross-Rubinstein tree, we always have u = 1/d.

Solution: TRUE

Problem 3.17. (2 points) It is never optimal to exercise an American call option on a non-
dividend paying stock early.

Solution: TRUE

Problem 3.18. (2 points) The price of a European call option on a non-dividend-paying stock
is equal to the price of an otherwise identical American call option.

Solution: TRUE

Problem 3.19. (2 points) The price of a geometric average price Asian call option is strictly
greater the price of an otherwise identical arithmetic average price Asian call option.

Solution: FALSE


