LEAST SQUARES REGRESSION

Assumptionsfor the Simple Linear Modd:
1. E(Y[x)=!,+! X (linear mean fundion)
2. Var(Y|x)="2 (condant variance)

Equivalent form of (2):
2 Var(gx)="2 (congant error variance)

[Picture]

Goal: Toestimate! , and! , (and later " %) from data.

Data: (Xli yl)! (XZ! yZ)! E ' (Xn! yn)

Notation:

¥ Theestimatesof ! ;and! ; will bedenoted by 73, and 4, respectively. They
are called theordinary leag squares (OLS) estimatesof ! ;and ! ;.
E(Y]X)= 8 +8x= 9
Theliney = §, +7,x iscalled theordinary leag squares (OLS)line
y, =8 +8x  (i"fitted valueori"fit)
8=y -9 (i" residual)
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Se-up:

Congder linesy = hy + hyx.

C![ =Y - (hy + hyx)

®, and ", will bethevalues of hy and h, tha minimize# d>.
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More Notation:
¥ RSS(h,,h) =# d? (for Residud Sum of Squaes).
¥ RSS=RSS(",,") = # ¢, -- "the' Residud Sum of Squares (i.e, the
minimal resdud sum of squaes)

Solingfor 7, and §:
¥ We want to minimize thefundion RSS(h, ,h,) =# d*=# [y, - (h, + h;x)]?
¥ [Recal Demo]

Visudly, thereis no maximum.

¥
¥ RSS(hy,,h) ! 0
¥ Theeforeif theeisacritica point, minimum occurs there.

To findcritical points:



o (hoh) = # 2Ly, (B + hax)](-D)
f—mss(ho,hl) =# 21y, - (hy + hx)](x)

So ”,,", mug satisfy thenormal equaions
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oh,
@) o i) =# (2)y - iy + 801 =0

Cancellingthe-2'sand recalingtha e, =y, -V, these become

(I) (f’o’ '01) =# (-2)[yl - (ﬁo + ani)] =0

In words
Visudly:
Note: (i\Omplies& =0 (sample mean of the @'sis zero)

To solve thenormal equaions
(i)$ #y-#9 - 8#x

$ ny-nt -H(nx)=0
$ y - flo - 'oli =0
Consquences.
¥ Canustosolvefor 8, oncewefind #: "=y -7, X
¥ y =19 + /X ,whichsays:
Note andogies to bivariate normal mean line

¥ %, =E(Y)-&yE(X) (equaion4.14)
¥ (My,My) liesonthe (popuktion) mean line (Problem 4.7)

(i) $ (subdituting @,=y -7,%)
# [yl - (y 'nl)_c + ani)]Xi =0
$ #(yi-y)-8(x-X)]x=0

$ #x(yi-V)-9# x(x-X)]=0
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Notation:
¥ SXX=# x(x-X)
¥ SXY =#x(Yi-Y)
¥ SYY=#Y (Y-V)

So for short:
. SXY
4= SXX

Useful identities:
1. SXX =# (x -X)?
2. SXY =# (x,-X)(y;-y)
3. SXY =# (x,-X)vy,
4. SYY =# (y.- §)?

Proof of (1):
# (X -X)?
=# [% (% -X)- X(%-X)]
=# X(X-X)- X# (x-X),
and

# (X -X)=#X%x-nXx
=nX -nX =0
(Try proving (2) - (4) yourself!)

Sunmarize:
. SXY
L SXX
8=y -7, X
_ SXY_
= y -—X
SXX

Connection with Sample Correlation Codficient
Recall: Thesanple correlation codficient

cov(x,y)

r=100) = 00W) = 50y

(Note tha everything hereis calculated from the sample.)



Note that
. 1 - _
cov (X,y) = = 1# (% -X)(Yi-Y)

n_

(S = —# (x-T)

n"1
and similarly,

1
sd(y)]?= —SYY
(A= —
Therefore;
,_ [cov(x )

 [sd(x)[sd(y)I’

(L) (SXY)2

: (n%:;xlx)(n%lsw)
(SxY)’
SRSV

Also,
(3d(y) _ _covixy) sd(y)
sd(x)  sd(x)sd(y) sd(x)
_ oov(x,y)

sd(x)?

L sxy
—_ hn-1
iSXX

n-1
_ SXY _

"~ SXX

For short:

. _ S
Qfsx

Recall andnote theanalogy. For a bivariate norma distribution,



E(Y[X =X) = %, + &/xX (equdion4.13)

#
where &= "=

X

Moreonr:

Recall: [Picture}
Fits 9 =17, +8X
Residuals =Y, -9
=y, - (9 +4x)

RSS(h, ,hy) = # d?

RSS=RSY(",,",) = # 8°-- "the' Residud Sum of Squares (i.e., theminimal
residud sum of squaes)

60: y 'fhi
Calculate:
RSS=# 82 =#[y, - (8 +4x)]°

:#[yi '(y 'ﬁl)_c)'ﬁlxi]z

=#[(y - ¥)-8(x-X)]?

=#[(Y - V)27 (- X)y; - V) + " A% - X)]

=H#H(Y - Y)2-28# (X - XNy - V) + 8% (x-X)°
SXY " SXY%

=SYY -2——=SXY + %— SXX
SXX XX&

(SXY)*

SXX

_s Y#d' (SXY)2 &
b (sxxxsv\af

=SYY -

=SYY(1-r)
Thus
2 RSS
SYY
0]
2= 1 RSS SYY' RSS

SYY  SYY



Interpretation: [Picture]
SYY =# (y, - ¥)?isameasure of thetotal variability of they,'sfrom ¥ .
RSS=# & ?isameasure of thevariability in y remaining after conditioning on x
(i.e., after regressing on x)
So
SYY - RSSisameasure of theamount of variability of y accounted for by
conditioning (i.e., regressing) on x.

Thus
2o SYY' RSS
SYY
regressing onx.

istheproportion of thetotal variability in y accounted for by

Note: One can show (details | eft to theinterested student) that SYY - RSS=# (J, - y)*
ver(@)
ver(y;)
accountd for by regression on x.

and ﬁ =y, sothainfactr’= , the propottion of the sample variance of y



